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[bookmark: _Toc219823230]Abstract
This report presents the development and numerical assessment of a computational model for transient heat conduction in a 2D aluminium plate using the Explicit Finite Difference Method (EFDM). The governing heat equation is discretised in space and time on a uniform structured grid, with user defined plate dimensions, grid spacing, and time step. Dirichlet boundary conditions are applied on all boundaries, providing consistency between the numerical formulation and the analytical steady state solution used for validation. Numerical stability is ensured through enforcement of the Fourier number criterion, and thermal equilibrium is identified using a convergence threshold based on successive temperature field differences. The numerical solution is validated against the analytical steady state temperature distribution, showing good agreement across the domain. The influence of discretisation parameters on stability, convergence behaviour, accuracy, and computational efficiency is examined. The results demonstrate that, when stability and convergence constraints are carefully managed, the EFDM provides a reliable and transparent framework for modelling transient heat conduction in 2D.
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[bookmark: _Toc219823234]1.0 Introduction 
This report models transient heat conduction in a 2D aluminium plate using a numerical approach to resolve the temperature field from prescribed initial and boundary conditions to thermal equilibrium. While an analytical solution exists for the steady state case, the transient response requires numerical treatment.
The EFDM is employed for its simplicity and suitability for structured grids, enabling examination of numerical stability, convergence, and discretisation effects. The governing equations and numerical formulation are presented, results are validated against the analytical steady state solution, and the model’s numerical performance and limitations are assessed.


[bookmark: _Toc219823235]2.0 Problem Definition and Governing Equation 
The physical system is a 2D rectangular aluminium plate defined in a Cartesian coordinate system. The plate is assumed homogeneous and isotropic, with temperature independent thermal properties, and heat transfer is modelled solely by conduction with no internal heat generation (Incropera, et al., 2007). These assumptions simplify the numerical formulation and are appropriate for aluminium over moderate temperature ranges.
Under these assumptions, the temperature distribution within the plate is governed by the 2D transient heat conduction equation (Jaramillo-Fernandez, et al., 2018). Let  denote the temperature at spatial location  and time  (Incropera, et al., 2007). The governing equation is expressed as

[bookmark: _Toc219823156]Equation 1 Governing Equation: 2D Transient Heat Conduction Equation (Croft & Lilley, 1977)
In Equation 1,  denotes the thermal conductivity of aluminium ,  is the material density in  and ​ is the specific heat capacity in . The spatial variables  and  represent the horizontal and vertical coordinates of the plate, respectively, while  represents time in seconds. Temperature  is expressed in °C.
The ratio is defined as the thermal diffusivity, , with units of . 
Thermal diffusivity governs the rate of heat diffusion relative to thermal storage and directly affects the transient response and numerical stability of the explicit scheme (Mustafa, et al., 2014) (Itasca, 2024).
Using this definition, the governing equation may alternatively be expressed in the simplified form

[bookmark: _Toc219823157]Equation 2 Alternate 2D Transient Heat Conduction Equation (Khayal & Osama , 2025)


[bookmark: _Ref219222617][bookmark: _Toc219823236]3.0 Explicit Finite Difference Formulation of the Governing Equation 
The EFDF is derived using Taylor series approximations of the spatial and temporal derivatives, enabling systematic construction of the scheme and assessment of truncation error (Adamowicz, 2022).
[bookmark: _Toc219823237]3.1 Taylor Series Expansions and Truncation Error
Consider the temperature field  , assumed to be sufficiently smooth. A Taylor series expansion in time about  at a fixed spatial location ​ gives:

[bookmark: _Toc219823158]Equation 3 Taylor series expansion of the temperature field in time about tn, showing the first and second order temporal derivatives and the associated truncation error term .
If the series is truncated after the first derivative term, all neglected higher-order terms are proportional to  or higher powers. These terms are compactly represented using  notation as , where , denotes the order of magnitude of the truncation error as  (Incropera, et al., 2007) (Adamowicz, 2022).
Rearranging the truncated expansion gives the forward difference approximation for the temporal derivative,

[bookmark: _Toc219823159]Equation 4 Forward FD approximation of the first order temporal derivative obtained from a truncated Taylor series expansion and first order accurate in time, with a truncation error of order .  
This shows that the forward difference scheme is first order accurate in time, with truncation error proportional to .
[bookmark: _Toc219823238]3.2 Spatial Finite Difference Approximations
A Taylor series expansion in space about the point gives:

[bookmark: _Toc219823160]Equation 5 Taylor series expansion of the temperature field about xi in the positive x-direction, truncated at second order with truncation error . 
Similarly, expanding in the negative spatial direction gives:

[bookmark: _Toc219823161]Equation 6 Taylor series expansion of the temperature field about xi in the negative x-direction, truncated at second order with truncation error .  
Subtracting these expressions yields the central difference approximation for the first spatial derivative,

[bookmark: _Toc219823162]Equation 7 Central FD approximation of the first order spatial derivative, derived from Taylor series expansions and second-order accurate in space with truncation error .
while adding them and rearranging gives the central difference approximation for the second spatial derivative,

[bookmark: _Toc219823163]Equation 8 Central FD approximation of the second order spatial derivative, derived from Taylor series expansions and second order accurate in space, with truncation error of order .
showing that the central difference scheme is second order accurate in space. Equivalent expressions are obtained for derivatives in the -direction.
For completeness, the forward and backward difference approximations for the first spatial derivative may also be obtained from the Taylor series:
Forward difference:

[bookmark: _Toc219823164]Equation 9 Forward FD approximation of the first-order spatial derivative, first-order accurate in space with truncation error .
Backward difference:

[bookmark: _Toc219823165]Equation 10 Backward FD approximation of the first-order spatial derivative, first-order accurate in space with truncation error .
Central Difference:

[bookmark: _Toc219823166]Equation 11 Central FD approximation of the first-order spatial derivative, second-order accurate in space with truncation error .
The forward and backward difference schemes are first order accurate in space and therefore less accurate than the central difference approximation, which is second order accurate.
[bookmark: _Toc219823239]3.3 Explicit Finite Difference Scheme
In the present model, the temporal derivative is approximated using a forward difference scheme, while second order central differences are employed for the spatial derivatives. Applying these approximations to the governing heat equation yields the EFD update equation for an interior node,

[bookmark: _Toc219823167]Equation 12 EFD update equation for the 2D transient heat conduction problem.
where the Fourier number ​ is defined as:

[bookmark: _Toc219823168]Equation 13 Definition of the Fourier number for the 2D EFD scheme, relating thermal diffusivity α, time step  and spatial grid spacing .
The explicit nature of the scheme allows the temperature at the next time level to be computed directly from known values at the current time step. However, the use of a forward difference in time leads to a conditionally stable scheme, requiring careful selection of the time step, as discussed in the following section.

[bookmark: _Toc219823240]4.0 Initial Conditions, Boundary Conditions and Analytical Solutions 
The transient heat conduction problem is defined over a 2D rectangular aluminium plate occupying the domain  and ​. Gaikwad & Naner, (2020) analyse transient heat conduction in a plate with a prescribed initial temperature field at , including the case of a uniform initial temperature prior to boundary driven heat transfer.
Boundary conditions are imposed in the form of prescribed temperatures (Dirichlet conditions) on all four edges of the domain. The north boundary is maintained at a constant temperature , while the south, east, and west boundaries are fixed at 0 °C for the duration of the simulation. These boundary conditions fully define the thermal behaviour of the system and represent surfaces held at constant temperatures (Incropera, et al., 2007) (Ozisik, 1993).
The boundary conditions are chosen to match the analytical steady state formulation, enabling direct validation of the numerical solution at thermal equilibrium. (Obi, 2022) formulates the steady state heat conduction problem for a rectangular plate, shows that it reduces to 2D Laplace equation, derives a Fourier series solution using separation of variables under Dirichlet boundary conditions, and uses this analytical solution to validate a FD numerical scheme. The analytical solution is used solely as a steady state benchmark, ensuring meaningful pointwise comparison with the converged numerical field.

[bookmark: _Toc219823241]5.0 Code Structure, Numerical Controls and Implementation Limits  
The MATLAB code implements the EFD formulation derived in Section 3 and enforces the initial and boundary conditions defined in Section 4. The script is structured for numerical stability and repeatable execution, beginning with workspace initialisation. User inputs specify plate dimensions, grid spacing, boundary temperature, and time step, with validation checks preventing non-physical configurations and violations of the explicit stability constraint. Numerical stability is enforced through the Fourier number condition , ensuring operation within the valid range of the explicit scheme.
The temperature field is initialised with all nodal values set to zero. Dirichlet boundary conditions are applied on all boundaries, with the north boundary heated to the prescribed temperature on interior nodes only while corner nodes remain fixed at zero. Boundary values are reapplied at every time step to prevent numerical drift.
Time integration is carried out using a fully explicit, vectorised update applied to interior nodes only. Thermal equilibrium is detected when the maximum absolute nodal temperature change between successive iterations falls below a prescribed tolerance. Because convergence is defined using an absolute temperature threshold, the solver may continue iterating even when remaining changes are below physically meaningful resolution, leading to additional computation dominated by numerical noise rather than significant thermal evolution.
After convergence, the numerical steady state temperature field is recorded and compared with the analytical solution. Contour plots of the numerical, analytical, and error fields are generated, and accuracy is quantified using the maximum absolute error and the root mean square error (RMSE), evaluated over both the full domain and the interior region.


[bookmark: _Toc219823242]6.0 Validation of the Code
Validation of the numerical implementation is carried out by comparing the temperature field obtained at thermal equilibrium with the corresponding analytical steady state solution of the 2D heat conduction equation. Once the convergence criterion is satisfied, the numerical solution is assumed to represent the steady state temperature distribution and is used for validation (Obi, 2022).
Figure 6.1 shows the numerical temperature distribution at thermal equilibrium obtained using the EFDM. The temperature field exhibits smooth spatial variation across the plate, The highest temperatures occur along the heated north boundary and gradually decrease toward the other boundaries, reflecting the expected spread of heat through the plate.
[image: ]
[bookmark: _Toc220429007]Figure 1 Numerical temperature distribution at thermal equilibrium.
The analytical steady state temperature distribution, evaluated using the same boundary conditions and sampled on the same spatial grid as the numerical model, is shown in Figure 6.2. The analytical solution displays a similar spatial structure and temperature gradient to the numerical result, indicating qualitative agreement between the two approaches.
[image: ]
[bookmark: _Toc220429008]Figure 2 Analytical steady state temperature distribution evaluated on the numerical grid.
To enable direct visual comparison, both temperature fields are presented using comparable contour styles and colour scales. The close correspondence in contour shape and gradient direction suggests that the numerical solution has converged toward the correct steady state behaviour for the chosen discretisation and time step.
The spatial distribution of discrepancies between the numerical and analytical solutions is illustrated in Figure 6.3, which shows the error field defined as the difference between the analytical and numerical temperature distributions. The error field indicates minimal discrepancies near the boundaries, where temperatures are prescribed exactly, with maximum errors occurring in the interior of the domain. This behaviour is consistent with the accumulation of truncation error in the FD scheme and the finite truncation of the analytical Fourier series.
 [image: ]
[bookmark: _Toc220429009]Figure 3 Error field showing the difference between analytical and numerical temperature distributions.
Quantitative validation is performed by computing the maximum absolute error and the RMSE between the numerical and analytical solutions. The maximum absolute error captures the worst-case deviation, while the RMSE provides a measure of the overall agreement across the domain. To reduce the influence of corner nodes, where multiple boundary conditions intersect and localised numerical effects may occur, error metrics are evaluated over both the full domain and the interior region.
Overall, the close qualitative and quantitative agreement between the numerical and analytical temperature fields confirms that the EFD implementation accurately reproduces the steady state solution within acceptable numerical error bounds. This validates the correctness of the numerical formulation, boundary condition enforcement, and convergence strategy adopted in the model.


[bookmark: _Toc219823243]7.0 Sensitivity Analysis of the Code 
[bookmark: _Toc219823244]A sensitivity analysis is performed to examine how variations in key numerical parameters influence the behaviour, accuracy, and computational performance of the EFD implementation. The parameters considered are the spatial grid spacing, the time step size, and the thermal equilibrium tolerance, as these directly affect numerical stability, convergence behaviour, and solution accuracy, consistent with established characteristics of explicit finite-difference heat-conduction schemes (Incropera, et al., 2007) (Hu, et al., 2022). In addition to physical time to equilibrium, the number of iterations required for convergence is reported as a consistent, scheme-independent measure of computational cost, enabling direct comparison of efficiency across different parameter choices for a fixed numerical formulation.
7.1 Effect of Grid Spacing.
[bookmark: _Toc219823245]Table 1 summarises the influence of spatial grid spacing  on the thermal equilibrium time and the number of iterations required for convergence, with the time step, convergence tolerance, and applied boundary temperature held constant. As the grid is refined from  to , the equilibrium time increases slightly from approximately 4.0 days to 4.32 days before stabilising.
Beyond , further grid refinement produces negligible changes in the predicted equilibrium time, indicating that the transient thermal response is already well resolved at moderate spatial resolution. This behaviour is consistent with diffusion dominated heat transfer, where the equilibrium timescale is governed primarily by material diffusivity and domain size rather than spatial discretisation.
Although finer grids reduce spatial truncation error, the explicit scheme requires a greater number of grid points and time iterations, increasing computational cost without meaningful improvement in the predicted equilibrium time. The near constant iteration count observed for smaller values of  reflects the fixed time step and convergence tolerance used in the simulations.
The small variations observed for refined grids are of the order of the convergence tolerance and may not be physically significant. A three decimal place reporting of equilibrium time or a stricter convergence criterion would be required to resolve these subtle differences more clearly.
[image: ]
[bookmark: _Toc220518471]Table 1 Effect of grid spacing on thermal equilibrium time for a 12 m × 12 m aluminium plate. 
7.2 Effect of Time Step Size.
[bookmark: _Toc219823246]The time step  has a strong influence on the predicted thermal equilibrium time and the number of iterations required for convergence, as shown in Table 2. Increasing  reduces the total number of iterations required to reach equilibrium but results in a longer physical time to convergence. Conversely, reducing  decreases the equilibrium time in physical units while significantly increasing the number of iterations, leading to higher computational cost. Although smaller time steps improve temporal resolution, the explicit scheme remains conditionally stable and does not yield proportional improvements in accuracy once stability is satisfied. These results demonstrate the trade-off between computational efficiency and temporal resolution inherent to the EFDM. 
[image: ]
[bookmark: _Toc220518472]Table 2 Effect of time step size on thermal equilibrium time for a 12 m × 12 m aluminium plate.
7.3 Effect of Thermal Equilibrium Tolerance.
The convergence tolerance defines the stopping criterion and strongly influences computational sensitivity. Loose tolerances terminate the simulation early but may retain residual numerical error relative to the analytical steady state solution. Conversely, very strict tolerances prolong the simulation even when remaining temperature changes are smaller than physically meaningful, causing the solution to become dominated by numerical noise rather than heat diffusion. As shown in Table 3, progressively tighter tolerances increase equilibrium time and iteration count with diminishing gains in accuracy, highlighting the trade-off between numerical precision and computational efficiency.[image: ]
[bookmark: _Toc220518473]Table 3 Effect of convergence tolerance condition on thermal equilibrium time for a 12 m × 12 m aluminium plate.

[bookmark: _Toc219823247]8.0 Limitations of the Numerical Model
The numerical model presented in this study is subject to several limitations arising from both the EFDM itself and the specific coding choices used in the implementation. These limitations affect numerical accuracy, computational efficiency, and the extent to which the solution represents physical heat transfer behaviour.
[bookmark: _Toc219823248]8.1 Limitations of the Numerical Method
The EFDM is inherently affected by truncation and round-off errors. Truncation error arises from the FD approximations used to replace spatial and temporal derivatives, with second order accuracy in space and first order accuracy in time. Although these errors decrease with finer grid spacing and smaller time steps, they cannot be eliminated entirely. Round off error results from finite precision arithmetic and can accumulate over a large number of iterations, particularly when very small-time steps are used.
A key limitation of the explicit scheme is its conditional stability. The time step must satisfy a restrictive stability criterion governed by the Fourier number. As the spatial grid is refined, the allowable time step decreases quadratically, leading to a substantial increase in the number of iterations required to reach thermal equilibrium. This limits the computational efficiency of the method and makes it impractical for fine meshes or materials with high thermal diffusivity.
The method is also limited in its ability to handle complex geometries. The structured Cartesian grid employed in the EFDF is well suited to simple rectangular domains but becomes inefficient or inaccurate for irregular geometries, curved boundaries, or locally refined regions.
[bookmark: _Toc219823249]8.2 Limitations of the Coding and Convergence Definition
Additional limitations arise from the numerical definition of thermal equilibrium used in the code. Equilibrium is identified when the maximum absolute temperature difference between successive time steps falls below a prescribed tolerance. While this provides a practical stopping criterion, it does not represent a true physical definition of thermal equilibrium.
When the convergence threshold is chosen to be very small, the solution may continue iterating even when remaining temperature changes are smaller than physically meaningful or experimentally measurable. In such cases, the algorithm becomes sensitive to numerical noise rather than heat diffusion, resulting in unnecessary computational effort without significant improvement in physical accuracy. Conversely, a larger tolerance may cause premature termination before the steady state temperature field is fully resolved.
These limitations highlight that numerical convergence does not necessarily imply physical equilibrium and that care must be taken when interpreting convergence-based stopping criteria.
Overall, while the numerical model provides an effective and transparent framework for studying transient heat conduction, its accuracy and efficiency are constrained by the properties of the EFDM and by the numerical representation of equilibrium. These limitations should be considered when extending the model to more complex problems or when interpreting results near convergence thresholds.


[bookmark: _Toc219823250]9.0 Suggested Improvements and Future Developments  
Several improvements could enhance the accuracy, robustness, and applicability of the numerical model.
A key limitation of the EFDM is its conditional stability, which imposes a restrictive time step constraint that becomes increasingly severe as the spatial grid is refined (Chivers Jr, 1983). This could be addressed by adopting an implicit FD scheme or an Alternating Direction Implicit (ADI) method (Karahan, 2007). Implicit schemes are unconditionally stable for diffusion problems, allowing larger time steps and reducing the number of iterations required to reach thermal equilibrium. The ADI method further improves efficiency by decomposing the 2D problem into a sequence of 1D implicit solves.
Alternative numerical methods could further extend the model. Finite Element and Finite Volume Methods offer improved geometric flexibility and conservation properties (Fallah, et al., 2000), while Boundary Element Methods can be efficient for steady state conduction in simple domains (Cheng & Cheng, 2005).
The definition of thermal equilibrium also warrants refinement. The current convergence criterion, based on maximum temperature change, may be overly sensitive to numerical noise and not fully representative of physical equilibrium (Sutradhar & Paulino, 2004). More robust alternatives include norm-based or energy-based measures, or thresholds linked to experimental resolution.
These developments would improve numerical efficiency, reduce parameter sensitivity, and broaden applicability to more realistic heat-transfer problems.


[bookmark: _Toc219823251]10.0 Conclusion 
This report developed and validated a numerical model for transient heat conduction in a 2D aluminium plate using the EFDM. The model accurately captured the transient temperature evolution and converged to a steady state solution in good agreement with the analytical benchmark.
Sensitivity analysis highlighted the strong coupling between spatial resolution, stability constraints, and computational cost inherent in the explicit scheme, with limitations arising from conditional stability, discretisation error, and the numerical definition of thermal equilibrium.
Overall, the EFDM is shown to be an effective and transparent approach for transient heat conduction in simple geometries, provided stability and convergence constraints are carefully controlled.
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[bookmark: _Toc219823253]Appendix
%% 0. Script information
% ACMA6012 – 2D Transient Heat Equation (Explicit FDM)
% Solves the 2D transient heat equation on a rectangular plate using an
% Explicit finite difference method (EFDM), then compares the converged
% numerical field to the supplied analytical steady-state solution.

%% 1. Workspace management
clear;
clc;
close all

%% 1.1 Repeat loop - for multiple configurations
continueSim = 'y';

while lower(continueSim) == 'y'

    %% 2. Material properties (aluminium)
    k   = 143;           % Thermal conductivity [W/(m·°C)]
    rho = 2.8e3;         % Density [kg/m^3]
    cp  = 795;           % Specific heat capacity [J/(kg·°C)]
    alpha = k/(rho*cp);  % Thermal diffusivity [m^2/s]

    %% 3. User inputs: plate geometry
    fprintf('2D Transient Heat Equation – Explicit FDM solver\n');
    fprintf('Plate dimensions in metres; grid spacing in metres; time step in seconds.\n\n');

    valid_dims = false;
    while ~valid_dims

        Xdim = input('Enter plate width Xdim [m]: ');
        Ydim = input('Enter plate height Ydim [m]: ');

        if isempty(Xdim) || isempty(Ydim) || ~isnumeric(Xdim) || ~isnumeric(Ydim) || ~isscalar(Xdim) || ~isscalar(Ydim)
            fprintf('\nERROR: Xdim and Ydim must be single numeric values.\n\n');
            continue;
        end

        if Xdim <= 0 || Ydim <= 0
            fprintf('\nERROR: Xdim and Ydim must both be strictly positive.\n\n');
            continue;
        end

        valid_dims = true;
    end

    %% 4. User input: grid spacing h
    valid_h = false;
    while ~valid_h

        h = input('Enter grid spacing h [m]: ');

        if isempty(h) || ~isnumeric(h) || ~isscalar(h)
            fprintf('\nERROR: h must be a single numeric value.\n\n');
            continue;
        end

        if h <= 0
            fprintf('\nERROR: Grid spacing h must be strictly positive.\n\n');
            continue;
        end

        % Must divide evenly for a structured grid
        if mod(Xdim, h) ~= 0 || mod(Ydim, h) ~= 0
            fprintf('\nERROR: h = %.6f m does not divide Xdim = %.6f m and/or Ydim = %.6f m exactly.\n', h, Xdim, Ydim);
            fprintf('For a structured grid, Xdim/h and Ydim/h must both be integers.\n\n');
            continue;
        end

        Nc = Xdim/h + 1;  % number of nodes in columns (x-direction)
        Nr = Ydim/h + 1;  % number of nodes in rows    (y-direction)

        if Nc < 3 || Nr < 3
            fprintf('\nERROR: h is too large; need at least one interior node in each direction.\n\n');
            continue;
        end

        valid_h = true;
    end

    x = linspace(0, Xdim, Nc);
    y = linspace(0, Ydim, Nr);

    fprintf('\nGrid successfully constructed:\n');
    fprintf('  h  = %.6f m\n', h);
    fprintf('  Nc = %.0f nodes (x-direction)\n', Nc);
    fprintf('  Nr = %.0f nodes (y-direction)\n', Nr);
    fprintf('  Total nodes = %.0f\n\n', Nc*Nr);

    %% 5. Boundary temperature and initial temperature field
    valid_T0 = false;
    while ~valid_T0
        T0 = input('Enter north boundary temperature T0 [°C]: ');

        if isempty(T0) || ~isnumeric(T0) || ~isscalar(T0)
            fprintf('\nERROR: T0 must be a single numeric value.\n\n');
            continue;
        end

        valid_T0 = true;
    end

    % Everything starts at 0 °C
    T1 = zeros(Nr, Nc);

    % Boundary conditions (Dirichlet, with corners fixed at 0 °C)
    % West  (x = 0)   : T = 0
    % East  (x = Xdim): T = 0
    % South (y = 0)   : T = 0
    % North (y = Ydim): T = T0 on interior only; corners remain 0
    %
    % Mapping note:
    % row 1   -> y = 0    (south)
    % row end -> y = Ydim (north)

    T1(:, 1)   = 0;            % West boundary
    T1(:, end) = 0;            % East boundary
    T1(1, :)   = 0;            % South boundary
    T1(end, :) = 0;            % North boundary set to 0 first (keeps corners at 0)
    T1(end, 2:end-1) = T0;     % Heat only the interior of the north edge

    T2 = T1;                   % Initialise T2 so sizes match

    %% 6. Time step input and stability check
    dt_max = h^2/(4*alpha);  % Explicit stability limit in 2D (Fo <= 0.25)

    fprintf('Time-step stability limit:\n');
    fprintf('  Maximum stable Δt is %.6f s (Fo ≤ 0.25).\n', dt_max);
    fprintf('  Tip: choosing Δt closer to this limit usually reduces runtime.\n\n');

    valid_dt = false;
    while ~valid_dt

        dt = input('Enter time step Δt [s]: ');

        if isempty(dt) || ~isnumeric(dt) || ~isscalar(dt)
            fprintf('\nERROR: Δt must be a single numeric value.\n\n');
            continue;
        end

        if dt <= 0
            fprintf('\nERROR: Δt must be strictly positive.\n\n');
            continue;
        end

        Fo = alpha * dt / h^2;

        if Fo > 0.25
            fprintf('\nERROR: Δt is too large for the explicit scheme.\n');
            fprintf('  With Δt = %.6f s, Fo = %.6f, but must satisfy Fo ≤ 0.25.\n', dt, Fo);
            fprintf('  Please enter Δt ≤ %.6f s.\n\n', dt_max);
            continue;
        end

        valid_dt = true;
    end

    fprintf('Stability accepted:\n');
    fprintf('  Fo = %.6f\n', Fo);
    fprintf('  Δt = %.6f s\n\n', dt);

    %% 7. Simulation controls (tolerance for equilibrium)
    CC = 0.000001;        % Tolerance: stop when max nodal change per step is below this
    iter = 0;
    time_elapsed = 0.0;
    max_diff = CC + 1; % Initialise Above Tolerance to gaurantee at least one time step
 

    fprintf('Starting explicit time integration...\n');
    fprintf('Stop when: max |ΔT| < %.4f °C\n\n', CC);

    %% 8. Time-stepping loop until thermal equilibrium is reached
    while max_diff > CC

        iter = iter + 1;

        % Reapply boundary conditions at every step (so boundaries never drift)
        T1(:, 1)   = 0;            % West
        T1(:, end) = 0;            % East
        T1(1, :)   = 0;            % South
        T1(end, :) = 0;            % North row reset (keeps corners at 0)
        T1(end, 2:end-1) = T0;     % North interior heated

        % Explicit update for interior nodes only
        T2 = T1;
        T2(2:end-1, 2:end-1) = (1 - 4*Fo) * T1(2:end-1, 2:end-1) + Fo * ( ...
            T1(2:end-1, 3:end)   + ...   % East
            T1(2:end-1, 1:end-2) + ...   % West
            T1(3:end,   2:end-1) + ...   % North
            T1(1:end-2, 2:end-1) );      % South

        % Convergence metric (largest change anywhere in the plate)
        max_diff = max(abs(T2(:) - T1(:)));

        % Advance time and shift
        time_elapsed = time_elapsed + dt;
        T1 = T2;

        % Optional console progress (kept lightweight so it runs faster)
        if mod(iter, 5000) == 0
            fprintf('  iter = %d, time = %.2f s, max |ΔT| = %.6f °C\n', iter, time_elapsed, max_diff);
        end
    end

    fprintf('\nConvergence achieved:\n');
    fprintf('  Final convergence metric: max |ΔT| = %.6f °C\n', max_diff);
    fprintf('  Time steps taken = %d\n', iter);

    if time_elapsed < 60
        fprintf('  Time to equilibrium ≈ %.2f seconds.\n\n', time_elapsed);
    elseif time_elapsed < 3600
        fprintf('  Time to equilibrium ≈ %.2f minutes.\n\n', time_elapsed/60);
    elseif time_elapsed < 86400
        fprintf('  Time to equilibrium ≈ %.2f hours.\n\n', time_elapsed/3600);
    else
        fprintf('  Time to equilibrium ≈ %.2f days.\n\n', time_elapsed/86400);
    end

    %% 9. Plot numerical equilibrium field ONCE (no redundant plots)
    T_num = T1; % Converged numerical field

    figure('Name','Numerical Temperature (Equilibrium)');
    contourf(x, y, T_num, 30, 'LineColor','none');
    set(gca,'YDir','normal');     % y increases upward (so north is at the top)
    axis equal tight;
    xlim([0 Xdim]);
    ylim([0 Ydim]);
    colormap(jet);                % blue = cold, red = hot
    cb = colorbar;
    ylabel(cb, ' [^{\circ}C]' );
    clim([0 T0]);                 % lock colour scale to boundary temperature
    title(sprintf('Numerical temperature distribution at equilibrium\nTime = %.2f s', time_elapsed));
    xlabel('x [m]');
    ylabel('y [m]');

    %% 10. Validation against analytical steady-state solution (brief requirement)
    N_modes = 100;   % Fixed for consistency with validation requirement

    TA = zeros(Nr, Nc); % Analytical field on the same grid

    fprintf('Computing analytical solution (series, truncated to %d odd modes)...\n', N_modes);

    for iy = 1:Nr
        yy = y(iy);
        for ix = 1:Nc
            xx = x(ix);

            series_sum = 0.0;
            for n = 0:(N_modes-1)
                km = 2*n + 1;

                num_y   = exp(km*pi*(yy - Ydim)/Xdim) - exp(-km*pi*(yy + Ydim)/Xdim);
                denom_y = 1 - exp(-2*km*pi*Ydim/Xdim);

                series_sum = series_sum + (1/km) * sin(km*pi*xx/Xdim) * (num_y/denom_y);
            end

            TA(iy, ix) = (4*T0/pi) * series_sum;
        end
    end

    error_matrix  = TA - T_num;
    max_abs_error = max(abs(error_matrix(:)));
    rmse          = sqrt(mean(error_matrix(:).^2));

    fprintf('\nValidation against analytical steady-state solution:\n');
    fprintf('  Max |T_analytical - T_numerical| = %.6f °C\n', max_abs_error);
    fprintf('  RMSE                             = %.6f °C\n\n', rmse);

    %% 11. Plot analytical and error fields (brief-aligned)
    figure('Name','Analytical Steady-State Temperature');
    contourf(x, y, TA, 30, 'LineColor','none');
    set(gca,'YDir','normal');
    axis equal tight;
    xlim([0 Xdim]);
    ylim([0 Ydim]);
    colormap(jet);
    cb = colorbar;
    ylabel(cb, ' [^{\circ}C]' );
    clim([0 T0]);
    title('Analytical steady-state temperature distribution');
    xlabel('x [m]');
    ylabel('y [m]');

    figure('Name','Error Field (Analytical - Numerical)');
    contourf(x, y, error_matrix, 30, 'LineColor','none');
    set(gca,'YDir','normal');
    axis equal tight;
    xlim([0 Xdim]);
    ylim([0 Ydim]);
    colormap(jet);
    colorbar;
    title('Error field: T_{analytical} - T_{numerical}');
    xlabel('x [m]');
    ylabel('y [m]');

    fprintf('Computation completed – numerical, analytical, and error plots generated.\n\n');

    %% 12. Closing loop
    fprintf('Simulation completed for this configuration.\n');

    continueSim = input('Would you like to run a new plate configuration? (y/n): ', 's');
    while ~ismember(lower(continueSim), {'y','n'})
        fprintf('Please enter ''y'' for yes or ''n'' for no.\n');
        continueSim = input('Would you like to run a new plate configuration? (y/n): ', 's');
    end

    if lower(continueSim) == 'n'
        fprintf('\nAll Simulations Complete.\n');
    end

end
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Analysis of the Influence of the Grid Spacing on the Thermal Equilibrium Time for an Aluminium Plate 12m x 12m

Grid Spacing(h) | _Time Step Tolerance | _Applied Temperature_| Thermal Equilibrium Time (In Days) | (In Seconds)|_terations to Equil
4 150 0.001 50 4 345600 2302
3 150 0.001 50 433 374112 2494
2 150 0.001 50 4.33 374112 2492
15 150 0.001 50 4.32 373248 2491
12 150 0.001 50 4.32 373248 2490
1 150 0.001 50 4.32 373248 2490

0.75 150 0.001 50 4.32 373248 2489
06 150 0.001 50 4.32 373248 2489
05 150 0.001 50 4.32 373248 2489
0.4 150 0.001 50 4.32 373248 2489
03 150 0.001 50 4.32 373248 2489
0.25 150 0.001 50 4.32 373248 2489
0.2 150 0.001 50 4.32 373248 2489
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Analysis of the Influence of the Time Step on the Thermal Equilibirium Time for an Aluminium Plate 12m x12m
Grid Spacing(h) | _Time Step Tolerance | _Applied Temperature | Thermal Equilibrium Time (In Days) |(in Seconds) | Iterations to Equi
075 2000 0.001 50 771 666144 333
075 1500 0.001 50 7.34 634176 423
075 1000 0.001 50 6.81 588384 588
075 800 0.001 50 6.52 563328 704
075 600 0.001 50 6.15 531360 886
075 400 0.001 50 5.61 484704 1212
075 200 0.001 50 47 406080 2030
075 100 0.001 50 379 327456 3275
075 50 0.001 50 2.89 24969 4994
0.75 25 0.001 50 2.04 176256 7050





image7.png
Analysis of the Influence of the Tolerance Condition on the Thermal Equilibirium Time for an Aluminium Plate 12m x12m

Grid Spacing(h) | _Time Step Tolerance | _Applied Temperature ime (In Days) [ (In Seconds)|_Iterations to Eqy
1 500 0.1 50 1332288 111
1 500 0.01 50 248832 497
1 500 0.001 50 510624 1021
1 500 0.0001 50 773280 1546
1 500 0.00001 50 1035072 2071
1 500 0.000001 50 1297728 259
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