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[bookmark: _Toc157156362]Introduction
This report will investigate a numerical simulation model to study heat transfer and thermal equilibrium in a two-dimensional plane. Thermal equilibrium is often simulated using finite difference methods; this paper explores the strengths and limitations of this method and emphasises the importance of accuracy, stability, and adaptability in capturing the dynamics of heat transfer. The model will be validated against an analytical solution to thermal equilibrium which aims to identify potential improvements and future developments through the exploration of advanced numerical methods and alternative modelling approaches in order to enhance the versatility and precision of the simulation model.
[bookmark: _Toc157156363]Constitutive Equation
The constitutive equation describes the relationship between two physical properties of a material, for example, the stress applied to a material and the strain produced, (Roylance, 2001). The constitutive equation for most metals is based on Hooke’s law which states that “the strain of the material is proportional to the applied stress within the elastic limit of that material,” (Nutting, 1921). In fluid mechanics, the constitutive equation can describe the relationship between stress and strain in fluid flow; it can be used in thermodynamics to describe thermal conductivity based on Fourier’s number, additionally, Ohm’s law serves as a constitutive equation when considering electrical conductivity, Engelhardt (2016). This paper will explore the temperature distribution through time within an aluminium plate.

[bookmark: _Toc157156364]Heat Equation
The heat equation is a partial differential equation that describes how the distribution of heat, in a region of an object, changes over time. This equation plays a crucial role in understanding and modelling how heat flows through a physical object, this equation is derived from the conservation of energy and Fourier’s law of heat conductivity, (Kasner, 1946) and (Widder, 1976). 
The mathematical equation for a one-dimensional form can be written as:
[image: ]
Equation 0.1
Where:
·  represents temperature distribution at position  and time .
·  is the change of temperature concerning time.
·  is the second spatial derivative concerning the position.
· α is the thermal diffusivity of the material.
This form of the equation only represents an object in one dimension, Dehghan (2007), however this paper will study how heat conducts through a two-dimensional plane. For this equation to be representative of a two-dimensional plane you will need to consider the temperature distribution at position  and position  through time. This can be expressed mathematically as:
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Equation 0.2
Where:
·  is the spatial derivative of temperature with respect to .
·  is the spatial derivative of temperature with respect to . 
This equation describes how temperature distribution changes over time in a two-dimensional plane by considering heat conduction in the x and y directions. This equation can also be scaled further to represent a three-dimensional object by introducing a new axis in the ‘z’ direction. This two-dimensional form of the heat equation is essential in modelling heat conduction in planar structures and is commonly used in engineering and scientific applications, (Hsiao, 1993). 

[bookmark: _Toc157156365]Explicit Finite Difference Form of the Constitutive Equation
To use the constitutive equation, it will need to discretised using Taylor’s series. Taylor’s is a mathematical representation of a function as an infinite sum of terms, named after mathematician Brook Taylor, (Corliss, 1982).
[bookmark: _Toc157156366]Taylor Series
Taylor series of function  about point  can be expressed in terms of an infinite sum of functions such as:[image: ]
Equation 1.0
The Taylor series that relates the value of a function at a point x0 to the value of the function at a nearby point (x0 + h) is:
[image: ]
Equation 1.1
This can be rearranged to get:
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Equation 1.2
[bookmark: _Toc157156367]Forward Difference Approximation
In addition to equation (1.2), this can be used to make the forward difference approximation , which is:
[image: ]
Equation 2.0
As previously stated, this is only an approximation, however, the accuracy of the equation  improves as the value for  decreases. How the accuracy of equation (2.1) is affected by the  value can identified by letting  denote the error incurred using this forward difference approximation:
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Equation 2.1
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Equation 2.2
This approximation is of order , meaning that as  decreases the error of the forward difference approximation also decreases in a linear fashion. To generate a more accurate approximation we can examine how the function varies as we decrease.
[bookmark: _Toc157156368]Backward Difference Approximation
Using the Taylor Series, we can write:
[image: ]
Equation 3.1
Rearranging yields:
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Equation 3.2
Then using equation (3,2) the backward difference approximation can be constructed as:
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Equation 4.0
Again, this is an approximation. The approximation gets more accurate as  gets decreases, to quantify how the error depends on  the equation yields will need to be analysed.
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Equation 4.1
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Equation 4.2

[bookmark: _Toc157156369]Central Difference Approximation
This approximation is of order . As  reduces the error also decreases in a linear fashion. However, this is not an improvement on the forward difference approximation, to improve the accuracy of the equation we can combine the forward (1.1) and backward difference approximations (3.1), this can be expressed mathematically as:
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Equation 4.3
This can  be finalised as:
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Equation 4.4
From equation (4.4) the central difference approximation can be constructed:
[image: ]
Equation 5.0
This equation is accurate to order , therefore for small values of , the equation will generally be more accurate than the forward and backward difference approximation.



[bookmark: _Toc157156370]Second Order Derivatives
We can add both approximations to get higher-order derivatives:
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Equation 5.1
+
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Equation 5.2
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Equation 5.3
This can be expressed as:
[image: ]
Equation 5.4
Now the we central difference approximation to the 2nd derivative can be constructed as:
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Equation 6.0
The error is of order  and is given by the equation:
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Equation 6.1
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Equation 6.2



To summarise this section of the paper:
Forward Difference Approximation (2.0)
[image: ]

Backward Difference Approximation (4.0) 
[image: ]

Central Difference Approximation (5.0)
[image: ]

Central Difference Approximation to the 2nd Derivative (6.0)
[image: ]

[bookmark: _Toc157156371]Finite Difference Method
The finite difference method is a numerical approach used to solve partial differential equations. This entails discretising a special domain and dividing it into a uniformly spaced grid, and a temporal domain is represented through a ‘time step’ (LeVeque, 2007). Derivatives are then approximated using the forward, backward or central finite differential methods. The resulting equation is then used iteratively at each pre-defined time step until a steady state of the simulation is reached, meaning there is very little, or no change between the current and succeeding iteration. Boundary and initial conditions are specified in these equations; the boundary condition remains constant and represents a heat or cooling source. Initial conditions are used to represent the temperature at the first iteration. The accuracy of this equation depends on two aspects, the grid spacing and the time step, these will be the user inputs for the model.
[bookmark: _Toc126517106]

[bookmark: _Toc157156372]Time Dependant Thermal Diffusion Model using the Finite Difference Method
The objective of this paper is to explore temperature distribution within an aluminium plate through time, meaning we will need the thermal diffusion equation (6.1) to be considered in two dimensions. Conduction in solids can be expressed mathematically with the following equation:
[image: ]
Equation 6.1
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Equation 6.2
Where:
·  is the Laplacian defined by   in two dimensions
· t is time
· T is the temperature
·   is the thermal diffusivity [m2.s-1]
· k is the thermal conductivity [W.m-1.K-1]
·  the density [kg.m-3]
·  the specific heat [J.kg-1.K-1].

The differential thermal diffusion equation (6.1) can be represented in finite difference form. The central differences can be used to discretise  and the forward difference can be used to discretise . At the point P (Figure1):
[image: ]This can then be represented as:	
[image: ]
Equation 6.5
Substituting (6.5) into the thermal diffusion equation gives the explicit finite difference Equation.
[image: ]
[image: ]Equation 7.0
Where the Fourier Number is calculated using:  
                       Equation 7.1


This equation considers temperature at a point P, heat is then transferred to four adjacent points through a distance h, (Figure 1). The equation will then be repeated at these adjacent points until thermal equilibrium is reached.
[image: A graph of a graph of a line

Description automatically generated with medium confidence]
[bookmark: _Toc157156494]Figure 1 - Grid Conditions
[bookmark: _Toc157156373]The Initial Domain and Boundary Conditions
Adhering to the specified boundary conditions, the East and West edge of the aluminium plate are to remain at a constant 0°C. The North boundary will use a linear distribution equation (8.0) to determine the temperature which will remain constant throughout the simulation.
[image: ]
Equation 8.0
Equation (8.0) will use the value along the x axis to calculate the temperature along the North boundary. If the x value is less than two-thirds of six, the top equation will be used, for x values greater then two-thirds the bottom section of equation (8.0) will be used. The temperature at two-thirds of the plate length will be 50°C. The temperature distribution can be seen in Figure 2, the initial domain condition at the first iteration will be 0°C.
[image: ]
[bookmark: _Toc157156495]Figure 2 - North Boundary Temperature Distribution
The full conditions at the first iteration can be viewed in Figure 3. Now that the heat equations have been derived and the plate boundary and domain conditions have been established, a code can be produced to begin the simulation of heat transfer.
[image: A diagram of a rectangular object with arrows
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[bookmark: _Toc157156496]Figure 3 - Complete Plate Conditions
[bookmark: _Toc157156374]Code Details 
[bookmark: _Toc157156375]Material Properties
The first section of the code is dedicated to assigning the appropriate material properties for aluminium, the thermal conductivity (k), density (p) and specific heat (c) are used to calculate the thermal diffusivity (a) of the material (Figure 4). This value will later be used to calculate the Fourier number.
[image: ]
[bookmark: _Toc157156497]Figure 4 - Material Properties
[bookmark: _Toc157156376]User Inputs
The code is required to ask the user to choose a grid spacing (h), the user inputs a value for the grid spacing, the code will check the validity of that value. The value for ‘h’ must be factor of six, which is the plate dimension in the ‘x’ and ‘y’ directions, to achieve an even grid spacing. If the value chosen is not a factor of six the code will ask the user to input a new value; the value for ‘h’ will determine the error in our approximation. When a value for ‘h’ has been determined, the number of nodes in each row (NR) and column (NC) within the plate are calculated by dividing ‘h’ by six and adding one (Figure 5). 
[image: ]
[bookmark: _Toc157156498]Figure 5 - User Input (Grid Spacing)
The next user input the code will require is a time step (dt). The time step will determine the length of time between each iteration in seconds. If the time step is to great the code will become unstable, the code prevents this by checking the dt is greater than or equal to h²/4*a. If the code does not prevent this error the Fourier number will be greater than ¼, if this is the case then the temperature and the following iterations will increase, breaking the laws of the conservation of energy (Hecht, E., 2008). The Fourier number is then calculated using the thermal diffusivity, the time step and the grid spacing (Figure 6).
[image: ]
[bookmark: _Toc157156499]Figure 6 - User Input (Time Step)

[bookmark: _Toc157156377]Define T1 Matrix
The T1 matrix is defined by using equation (8.0) and the number of rows (NR) and columns (NC). Firstly, the matrix is defined with zeros in all rows and columns, the then first row is defined with our initial temperature (Figure 7).
[image: ]
[bookmark: _Toc157156500]Figure 7 - T1 Matrix
[bookmark: _Toc157156378]While Loop for T1 & T2 Matrices
The T1 matrix is used to represent temperature at the current iteration, the T2 matrix is the temperature at the next time step. The T2 matrix is calculated using the Fourier number (F0), the first matrix is then overwritten by the second matric and the process is repeated, each iteration is then counted.
[image: ]
[bookmark: _Toc157156501]Figure 8 - T2 Matrix
[bookmark: _Toc157156379]Thermal Equilibrium
[image: ]In order for the code to be effective, the loop created between the two matrices must be broken when thermal equilibrium is reached. First, we must define thermal equilibrium, if thermal equilibrium has been reached there will be no change in temperature through time in the matrices. Therefore, if the matrices are subtracted and the sum is equal to zero, thermal equilibrium would be reached. It would take many iterations to reach absolute thermal equilibrium, a tolerance can be added that is close to zero to improve the efficiency of the code. In this model, a tolerance of 0.001 has been set (Figure 9). The time taken to reach thermal equilibrium can be calculated by multiplying the number of iterations with the time step. The code will then display the time taken to reach thermal equilibrium in seconds, minutes, hours, or days (Figure 10).
[bookmark: _Toc157156502]Figure 9 - Thermal Equilibrium Tolerance
[image: ]
[bookmark: _Toc157156503]Figure 10 - Time Taken to Reach Thermal Equilibrium
[bookmark: _Toc157156380]Visual Display of Data
[image: A diagram of a temperature distribution

Description automatically generated]The model will need to clearly display the data to the user. The data shown in Figure 12 will produce a graph in MATLAB. The graph will then be flipped to display the temperature change from the correct orientation. Grid lines and labels have also been added to improve readability. The resulting graph can be observed in Figure 11. [bookmark: _Toc157156504]Figure 11 - Temperature Distribution Graph
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[bookmark: _Toc157156505]Figure 12 - Graph Data

[bookmark: _Toc157156381]Validation of the Model
The code will be tested against the following analytical solution of the temperature at thermal equilibrium (Daileda R.C., 2012), equation (9.0). The equation is then coded into MATLAB (Figure 13).
[image: ]
Equation 9.0
[image: ]
[bookmark: _Toc157156506]Figure 13 - Analytical Solution
The matrix produced at thermal equilibrium through the analytical solution can be subtracted from the matrix determined using the tolerance to give us a deviation, both methods were run with the same inputs. The highest deviation is 1.9°C (Figure 14) but the error decreases as we move through the plate. The deviation is enough to prove the validity of the code.
[image: A number of numbers on a white background
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[bookmark: _Toc157156507]Figure 14 - Deviation
[bookmark: _Toc157156382]Sensitivity Analysis of the Model
Now the validity of the code had been proven against an analytical solution (Daileda R.C., 2012), a sensitivity analysis of the model can be conducted. Observing how the code reacts to different inputs will give insights as to how the accuracy of the approximations are impacted.


[bookmark: _Toc157156383]Influence of the Grid Spacing
	Grid Spacing
(h)
	Time to Reach Thermal Equilibrium (Seconds)

	3
	129300.192

	2
	119399.616

	1.5
	121500

	1.2
	118050.048

	1
	121049.856

	0.75
	119700.288

	0.5
	119549.952

	0.25
	119099.808

	0.2
	119099.808


To run an accurate analysis of the effect of the grid spacing on the model, the code will be run with a fixed time step and thermal equilibrium tolerance. The time step will be fixed at 150 seconds and the tolerance to determine thermal equilibrium will be set at 0.001. The grid spacing will start at 3 and then decrease incrementally to 0.2. The data will then be displayed in a graph to give a visual representation of how the code’s results have been affected by the variable.

[bookmark: _Toc156581683][bookmark: _Toc157089962]Table 1 – Analysis of Grid Spacing
Figure 15 shows that the time taken to reach thermal equilibrium has been affected by changing the grid spacing, the time oscillates as the grid spacing approaches zero. In finite difference equations the error in the approximation is linked to the value for the grid spacing (Caretto, 2014). The error is due to a loss of significant Figures when we do the subtraction, referred to as a round off error. This error is visible Figure 15 between the longer time steps. When the grid spacing is below one the error because significantly smaller, between 0.25 and 0.2 the time taken to reach thermal equilibrium has not been affected, this could be considered the optimal grid spacing for this model.


[bookmark: _Toc157156508]Figure 15 - Effect of Grid Spacing


[bookmark: _Toc157156384]Influence of the Time Step
	Time Step (Seconds)
	Time Taken to Reach Thermal Equilibrium (Seconds)

	2000
	253999.584

	1500
	247499.712

	1000
	238000.032

	800
	232000.416

	600
	224399.808

	400
	213199.776

	200
	193999.968

	100
	174199.68

	50
	154350.144

	25
	134474.688


The code will be run with varying time steps to analyse the influence it has on the time taken to reach thermal equilibrium. To make the analysis reputable, the grid spacing will be fixed at 0.75, the tolerance to determine thermal equilibrium will be fixed at 0.0001. The time step is directly linked to the stability of the equation (Trefethen & Bau, 1997), if the time step is too large the simulation will not accurately capture the behaviour of the system. On the other hand, if the time step is too small, the simulation becomes computationally expensive. The time step needs to be less than:

[bookmark: _Toc157089963]Table 2 – Analysis of Time Step 
Where ‘ is the grid spacing and ‘ is the thermal diffusivity, if this rule is broken the equation will become unstable.  
As expected, the time taken to reach thermal equilibrium decreases with the time step (Figure 16), the reason for this trend is related to the numerical stability and accuracy of the simulation. Smaller time steps produce a more accurate result but require more computing power. There will need to be a trade-off between simulation accuracy and computational efficiency when conducting a simulation (Zienkiewicz, 2005).


[bookmark: _Toc157156509]Figure 16 - Effect of the Time Step


[bookmark: _Toc157156385]Influence of the Thermal Equilibrium Tolerance
	Tolerance
	Time Taken to Reach Thermal Equilibrium (Seconds)

	0.1
	29000.016

	0.01
	89500.032

	0.001
	155500.128

	0.0001
	221999.616

	0.00001
	287999.712

	0.000001
	354500.064


In the conducted simulation, a constant grid spacing of 1 and a fixed time step of 500 seconds was used to observe the influence of the thermal equilibrium tolerance. The aim is to investigate the affect of varying tolerance levels on the time to reach thermal equilibrium. The result shows a correlation between tolerance and simulation time (Table 3), as the tolerance decreases from 0.1 to 0.000001 the simulation time significantly increases (Figure 17). This aligns with the expectations in numerical solutions such as the finite difference approximation.

[bookmark: _Toc157089964]Table 3 - Analysis of the Tolerance
This trend is due to lower tolerances yielding more accurate results, but at the expense of extended computational time. These findings show the balance between simulation accuracy and efficiency, highlighting the need to consider specific requirements for the simulation.


[bookmark: _Toc157156510]Figure 17 - Effect of the Tolerance
[bookmark: _Toc157156386]Model Limitations & Improvements
The effectiveness of any numerical simulation model is subject to limitations from both numerical methods and coding restrictions. This chapter aims to explore these limitations, the source of the errors and suggest where improvements may be necessary.

[bookmark: _Toc157156387]Limitations due to Numerical Methodology
Numerical simulations that involve finite precision arithmetic tend to suffer from round-off errors. These errors accumulate during computations and can negatively impact the simulation results (Golub et al., 1996). Errors can also be introduced to the simulation when discretising the special and temporal domains, these errors can be controlled by reducing the size of the grid spacing and time step, but this will be at the expense of computing power (LeVeque, 2007).  
Complex geometry and dissimilarity in density may inhibit the model’s ability to produce an accurate simulation. Meshing techniques can be used to capture intricate details and will ensure the accuracy and stability of the simulation (Trefethen & Bau, 1997). Numerical stability crucial for the reliability of simulations, unstable methods will result in unrealistic solutions and behaviours. To address the issues with complex geometries, finite element method (FEM) techniques can be employed. This offers benefits when handling irregular or complex shapes, and can provide a more accurate representation in the simulation (Zienkiewicz et al., 2005). Exploring boundary element method (BEM) can also help with this by improving how we can simulate the heat transfer near the boundaries (Katsikadelis, 2002), this is more suitable when simulating a boundary dominant model.

[bookmark: _Toc157156388]Limitations due to Coding Implementation
The representation of thermal equilibrium in the code can only be defined through a minimum difference tolerance between successive temperature matrices, this does not perfectly capture real world conditions. This method does not fully capture the true thermodynamic equilibrium state and introduces subjectivity, alternative methods could be explored for a more accurate representation (Ferziger & Perić, 2002). Dynamic equilibrium criteria can be used for defining thermal equilibrium that is more physics-driven, this may yield a more robust representation of real world conditions.
Computational power is also a big limitation, the efficiency and robustness of the code will impact outcomes. Poorly optimised code will result in unnecessary long simulation times and can hinder the model’s utility (Press et al., 2007). The stability of the model can be enhanced using ADI or FDM techniques. These implicit methods allow for larger time steps which can enhance stability and have the potential to reduce computational time. By incorporating implicit schemes, the model can better simulate dynamic thermal processes with increased accuracy (LeVeque, 2007) & (Ascher & Petzold, 1998).

[bookmark: _Toc157156389]Conclusion
[bookmark: _Toc126517117]In summary, this report has examined the strengths and limitations of the current numerical simulation model for studying thermal equilibrium. The stability issues have also been addressed to improve accuracy by adopting Alternating Direction Implicit (ADI) or Implicit Finite Difference Method (FDM) methods. Additionally, alternative numerical methods such as Finite Element Method (FEM), Finite Volume Method (FVM), and Boundary Element Method (BEM) can be employed to enhance the model’s ability to handle complex geometries. These improvements aim to make the model more versatile, accurate and adaptable for a variety of scenarios. This report lays the foundation for future research, emphasising the need for continuous improvement to gain deeper insights into heat transfer simulations.
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Effect of the Grid Spacing
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Effect of the Time Step
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image6.emf
𝒇 ′ ሺ 𝒙 𝟎 ሻ ≈ 𝒇 ሺ 𝒙 𝟎 + 𝒉 ሻ − 𝒇 ( 𝒙 𝟎 ) 𝒉  


image7.emf
𝜖 𝑓   ≡ 𝑓 ′ ሺ 𝑥 0 ሻ −   𝑓 ሺ 𝑥 0 + ℎ ሻ − 𝑓 ( 𝑥 0 ) ℎ  


image8.emf
=   −   ℎ 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ −   ℎ 2 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯  


image9.emf
𝑓 ሺ 𝑥 0 − ℎ ሻ = 𝑓 ሺ 𝑥 0 ሻ − ℎ . 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 2 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ − ℎ 3 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯  


image10.emf
𝑓 ሺ 𝑥 0 − ℎ ሻ − 𝑓 ሺ 𝑥 0 ሻ ℎ = − 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ − ℎ 2 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯  


image11.emf
𝒇 ′ ሺ 𝒙 𝟎 ሻ ≈ 𝒇 ሺ 𝒙 𝟎 ሻ − 𝒇 ሺ 𝒙 𝟎 − 𝒉 ሻ 𝒉  
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∈ 𝑏 ≡ 𝑓 ′ ሺ 𝑥 0 ሻ − 𝑓 ሺ 𝑥 0 ሻ − 𝑓 ሺ 𝑥 0 − ℎ ሻ ℎ  
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= ℎ 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ − ℎ 2 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯  


image14.emf
𝑓 ሺ 𝑥 0 + ℎ ሻ = 𝑓 ሺ 𝑥 0 ሻ + ℎ . 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 2 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ + ℎ 3 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯   −   𝑓 ሺ 𝑥 0 − ℎ ሻ = 𝑓 ሺ 𝑥 0 ሻ + ℎ . 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 2 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ − ℎ 3 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯   𝑓 ሺ 𝑥 0 + ℎ ሻ − 𝑓 ሺ 𝑥 0 − ℎ ሻ = 2   . ቈ ℎ   . 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 3 3 !   𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯ ቉  
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𝑓 ሺ 𝑥 0 + ℎ ሻ − 𝑓 ሺ 𝑥 0 − ℎ ሻ 2   . ℎ = 𝑓 ′ ሺ 𝑥 0 ሻ +   ℎ 2 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯  
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𝒇 ′ ሺ 𝒙 𝟎 ሻ ≈ 𝒇 ሺ 𝒙 𝟎 + 𝒉 ሻ − 𝒇 ( 𝒙 𝟎 − 𝒉 ) 𝟐   . 𝒉  
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𝑓 ሺ 𝑥 0 + ℎ ሻ =    ቈ 𝑓 ሺ 𝑥 0 ሻ + ℎ . 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 2 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ + ℎ 3 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯ ቉  
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𝑓 ሺ 𝑥 0 − ℎ ሻ = ቈ 𝑓 ሺ 𝑥 0 ሻ − ℎ . 𝑓 ′ ሺ 𝑥 0 ሻ + ℎ 2 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ − ℎ 3 3 ! 𝑓 ሺ 3 ሻ ሺ 𝑥 0 ሻ + ⋯   ቉  
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𝑓 ሺ 𝑥 0 + ℎ ሻ + 𝑓 ሺ 𝑥 0 − ℎ ሻ = 2 . ቈ 𝑓 ሺ 𝑥 0 ሻ + ℎ 2 2 ! 𝑓 ′′ ሺ 𝑥 0 ሻ + ℎ 4 4 ! 𝑓 ( 4 ) ሺ 𝑥 0 ሻ + ⋯ ቉  


image20.emf
𝑓 ሺ 𝑥 0 + ℎ ሻ − 2 . 𝑓 ሺ 𝑥 0 ሻ + 𝑓 ሺ 𝑥 0 − ℎ ሻ ℎ 2 = 𝑓 ′′ ሺ 𝑥 0 ሻ + ℎ 2 12 𝑓 ( 4 ) ሺ 𝑥 0 ሻ + ⋯  
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𝒇 ′′ ሺ 𝒙 𝟎 ሻ ≈ 𝒇 ሺ 𝒙 𝟎 + 𝒉 ሻ − 𝟐 . 𝒇 ሺ 𝒙 𝟎 ሻ + 𝒇 ሺ 𝒙 𝟎 − 𝒉 ሻ 𝒉 𝟐  


image22.emf
∈ 𝑐 ≡ 𝑓 ′′ ሺ 𝑥 0 ሻ − 𝑓 ሺ 𝑥 0 + ℎ ሻ − 2 . 𝑓 ሺ 𝑥 0 ሻ + 𝑓 ሺ 𝑥 0 − ℎ ሻ ℎ 2  
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= − ℎ 2 12 𝑓 ( 4 ) ሺ 𝑥 0 ሻ + ⋯  
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∇ 2 𝑇 = 1 𝛼 . 𝜕𝑇 𝜕𝑡  
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∴     𝜕 2 𝑇 𝜕 𝑥 2 + 𝜕 2 𝑇 𝜕 𝑦 2 = 1 𝛼 . 𝜕𝑇 𝜕𝑡  
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𝜕𝑇 𝜕𝑡 = 𝑇 𝑃 𝑡 + ∆ 𝑡 − 𝑇 𝑃 𝑡 ∆ 𝑡  
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𝑻 𝑷 𝒕 + ∆ 𝒕 = 𝑭 𝟎 ൬ 𝑻 𝑬 𝒕 + 𝑻 𝑾 𝒕 + 𝑻 𝑵 𝒕 + 𝑻 𝑺 𝒕 − ൬ 𝟒 − 𝟏 𝑭 𝟎 ൰ . 𝑻 𝑷 𝒕 ൰  
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𝑭 𝟎 = 𝜶 . ∆ 𝒕 𝒉 𝟐  
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𝑓 ሺ 𝑥 ሻ = ቐ 12 . 5 𝑥                                                                     𝑖𝑓   0 ≤ x   ≤ ( 2 3 𝑥   6 )   − 25 𝑥 + 150                                         𝑖𝑓   ( 2 3 𝑥   6 ) <   x   ≤   6                                          
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The initial and boundary conditions implemented.
Specify the initial conditions for the temperature distribution at the beginning of the time interval,
as well as the boundary conditions that are under considerations.

The linear distribution equations defining the Dirichlet condition implemented at the northern
boundary should be highlighted.

The geometry to be considered is a square plate [0,6] X [0,6]. subject to the following initial and boundary
conditions,
« Initial domain condition:
T(xy0)=0 0<x<6 0<y<6
 Constant boundary conditions:
Tyt

T(6.7.0) = g} for 0<y<6 and 0 <t < thermal equilibrium

i (;)} for 0<x<6 and 0<t< thermal equilibrium

. 125% .‘/ozs x< st)
~25x 4150 if (Ex s)qss

The east and west edges are to remain at 0 degrees

Code’s details and explanations.

This chapter should provide an illustration of each section of the codes with some explanations.

Thermal conductivity is calculated using the equation: K(T) = a(T) - CP - p where K(T) is the thermal
conductivity, a(T) is the thermal diffusivity, CP is the specific heat and p is the bulk density of the
coating.

Validation of the model

Compare the resulting temperature map at thermal equilibrium with the analytical solution.

Make the appropriate conclusion.
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T(O.y,t):()} o
T(6,y,t) = 0. for 0<y<6 and 0 <t < thermal equilibrium

T(x,0,t) = f(x)

<x< <t< ilibri
T(x.6.)=0 }faro,x,é and 0 <t < thermal equilibrium

‘Where,

2
12.5x ifos::s(gxs)
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_25x+150  if (§X6)<xsé

The graph of f(x) is shown in figure 2,
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Figure 2: North boundary’s temperature profile.

The initial and boundary conditions are summarised in figure 3.

T(x,6,0) = f(x)

B comment

A, Fill&sign

% More Tools

Store and share files in the
Document Cloud

Lear More




image37.png
—>

7(0,y,6) =0

T(x,6,t) = f(x)

T(x,0,t) =0

T(6,y,t) =0




image38.emf
%_Material Properties   k = 143;           %  Thermal   Conductivity ( W / m.C )   p = 2.8*10^3;      % Density              ( Kg / m^3 )   c = 795;           % Specific Heat        ( J / kg.C )     %_Thermal  Diffusivity   a = k / (p*c);     % ( M^2 /s )  


image39.emf
%_User Input  -   Grid Spacing   h = input ( 'Choose the grid spacing: ' );   msg = ( "Grid spacing is not valid. Enter a value that is a factor of 6: " );   x = 6;  % (  Dimension   along the X axis )   y = 6;  % ( Dimension along the y axis )   while  (h>=x||h>=y||rem(x,h)~=0||rem(y,h)~=0)        h = input(msg);   end   NR = (y/h)+1;                        %Number of rows%   NC = (x/h)+1;                        %Number of Columns%  


image40.emf
%_User Input  -   Time step   dt = input( "Input time step ( seconds ): " );   while  dt>=h^2/(4*a)        fprintf( 'The solution is unstable. Please choose a time step less than:  %g \ n' ,h^2/(4*a))       dt = input ( 'Enter the desire time step: ' );   end     %_Fourier Number   F0 = a*dt/h^2;  


image41.emf
%_Defining T1 Matrix   T1 = zeros (NR,NC);   for  c=1:NC        if  c<4/h+1            T1(1,c) = 12.5*(c - 1)*h;                              else                   T1(1,c) =  - 25*(c - 1)*h+150;        end   end  


image42.emf
%_While Loop for calculation between T1 and T2   while  true        Count = Count + 1;        T1=T2;        for  r = 2:NR - 1            for  c = 2:NC - 1                %_Temperature Equation              T2(r,c) = F0*(T1(r,c+1)+T1(r,c - 1)+T1(r - 1,c)+T1(r+1,c) - (4   1/F0)*T1(r,c));            end        end  


image43.emf
     %_Thermal  Equilibrium        if  max(max(abs(T2 - T1)))<=0.001            break ;        end  


image44.emf
%_Time Taken to Reach Thermal Equilibrium   eq = Count*dt;   if  eq<60        fprintf( 'The time take to reach Thermal Equilibrium is %g seconds \ n' ,eq)   elseif  eq>=60 && eq<60^2        fprintf( 'The time take to reach Thermal Equilibrium is %g minutes \ n' ,eq/60)   elseif  eq>=60^2 && eq<24*60^2        fprintf( 'The time take to reach Thermal Equilibrium is %g hours \ n' ,eq/60^2)   else       fprintf( 'The time take to reach Thermal Equilibrium is %g days \ n' ,eq/(24*60^2))   end  
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    %_Define Graph      figure(1)   contourf(flip(T2), 20)   grid  on     % Add labels and adjust font size   xlabel( 'X - Axis' )   ylabel( 'Y - Axis' )   title( 'Aluminium Plate Temperature Distribution  -   °C' ,  'FontSize' , 14)   colormap( 'Jet' )   c = colorbar;   c.Label.String =  'Temperature (°C)' ;   c.Label.FontSize = 12;  


image47.png
The grid spacing /7 and the time step At should be the choice of the user of the model.

The code will be tested against the following analytical solution of the temperature at thermal equilibrium (Daileda
R.C.,2012),

450 Sin(z-nT.n) Somemexy  memey
T(x'Y):F.Z nz-sinh(n-n).Sm(T).Smh(T)

You must complete the computational model in Matlab based on the EFDM and considering the aforementioned
initial and boundary conditions.

The code must achieve the following,
a. Define the plate dimensions and properties.
b. Ask the user to choose the grid spacing.
c. The code should prevent the user to enter a grid spacing that does not comply with the dimensions of the
plate.
Ask the user to choose a time step.
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Validation of the model
The code will be tested against the following analytical solution of the temperature at thermal
equilibrium (Daileda R.C., 2012), equation (9.0).

(9.0)

% Function to calculate the analytical temperature distribution
function T3 = analytical_solution(x, y, num_terms)

T3 = 0;

for n = 1:num_terms

term = (sin(2*n*pi/3) / (n"2 * sinh(n*pi))) * sin(n*pi*x/6) * sinh(n*pi*y/6);

T3 = T3 + term;

end

T3 = (450/pi~2) * T3;
end

Figure 13 - Analytical Solution
Compare the resulting temperature map at thermal equilibrium with the analytical solution.
Make the appropriate conclusion.

With a grid spacing of 1 and time step 3600, the number of terms is 200.

Code Validation:

o 0.0004 0.0000 0.0010 0.1134 0.0013 0.0000
o 0.0035 0.0867 o.3e8s  losdk2  0.3924  0.0000
1] 0.0324 0.1510 0.4869 0.9875 0.4545 0.0000
o 0.0535 0.1656 0.3624 0.5186 0.3089 0.0000
o 0.0873 o215  0.215  0.2680  0.178  0.0000
o 0.0261 0.0614 0.1003 0.1141 0.0742 0.0000
] ' o o o o o

Figure 14 - Deviation
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image48.emf
% Function to calculate the analytical temperature distribution   function  T3 = analytical_solution(x, y, num_terms)        T3 = 0;        for  n = 1:num_terms         term = (sin(2*n*pi/3) / (n^2 * sinh(n*pi))) * sin(n*pi*x/6) * sinh(n*pi*y/6);            T3 = T3 + term;        end        T3 = (450/pi^2) * T3;   end  
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image50.emf
clc   clear   close  all     %_Material Properties   k = 143;           % Thermal Conductivity ( W / m.C )   p = 2.8*10^3;      % Density              ( Kg / m^3 )   c = 795;           % Specific Heat         ( J / kg.C )     %_Thermal Diffusivity   a = k / (p*c);     % ( M^2 /s )     %_User Input  -   Grid Spacing   h = input ( 'Choose the grid spacing: ' );   msg = ( "Grid spacing is not valid. Enter a value that is a factor of 6: " );   x = 6;  % (  Dimension   along the X axis )   y = 6;  % ( Dimension along the y axis )   while  (h>=x||h>=y||rem(x,h)~=0||rem(y,h)~=0)        h = input(msg);   end   NR = (y/h)+1;                        %Number of rows%   NC = (x/h)+1;                        %Number of Columns%     %_User Input  -   Time step   dt = input( "Input time step ( seconds ): " );   while  dt>=h^2/(4*a)        fprintf( 'The solution is unstable. Please choose a time step less than:  %g \ n' ,h^2/(4*a))       dt = input ( 'Enter the desire time step: ' );   end     %_Fourier Number   F0 = a*dt/h^2;     %_Defining T1 Matrix   T1 = zeros (NR,NC);   for  c=1:NC        if  c<4/h+1            T1(1,c) = 12.5*(c - 1)*h;                              else                   T1(1,c) =  - 25*(c - 1)*h+150;        end   end   T2=T1;     %_Start Count   Count = 0;     %_While Loop for calculation between T1 and T2   while  true        Count = Count + 1;        T1=T2;        for  r = 2:NR - 1            for  c = 2:NC - 1                %_Temperature Equation                T2(r,c) = F0*(T1(r,c+1)+T1(r,c - 1)+T1(r - 1,c)+T1(r+1,c) - (4 - 1/F0)*T1(r,c));  


image51.emf
         end        end          %_Thermal  Equilibrium        if  max(max(abs(T2 - T1)))<=0.001  %_Thermal  equilibrium   is reached when T2 - T1 IS  <0.01            break ;        end                %_Define Graph      figure(1)   contourf(flip(T2), 20)   grid  on     % Add labels and adjust font size   xlabel( 'X - Axis' )   ylabel( 'Y - Axis' )   title( 'Aluminium Plate Temperature Distribution  -   °C' ,  'FontSize' , 14)   colormap( 'Jet' )   c = colorbar;   c.Label.String =  'Temperature (°C)' ;   c.Label.FontSize = 12;   end     %_Time Taken to Reach Thermal Equilibrium   eq = Count*dt;   if  eq<60        fprintf( 'The time take to reach Thermal Equilibrium is %g seconds \ n' ,eq)   elseif  eq>=60 && eq<60^2        fprintf( 'The time take to reach Thermal Equilibrium is %g minutes \ n' ,eq/60)   elseif  eq>=60^2 && eq<24*60^2        fprintf( 'The time take to reach Thermal Equilibrium is %g hours \ n' ,eq/60^2)   else        fprintf( 'The time take to reach Thermal Equilibrium is %g  days \ n' ,eq/(24*60^2))   end     % Analytical Solution Calculation   num_terms = 200;              % Number of terms in the series to include   T3 = zeros(NR, NC);   for  i = 1:NR        for  j = 1:NC            x = (i  -   1) * h;            y = (j  -   1) * h;            T3(i, j) = analytical_solution(x, y, num_terms);        end   end   T3 = rot90(T3);               % Rotate matrix      % Visualization of the analytical solution (Figure 2)   figure(2)   contourf(flip(T3), 20)   grid  on     % Add labels and adjust font size   xlabel( 'X - Axis' )   ylabel( 'Y - Axis' )   title( 'Analytical Temperature Distribution  -   °C' ,  'FontSize' , 14)  


image52.emf
colormap( 'Jet' )   c = colorbar;   c.Label.String =  'Temperature (°C)' ;   c.Label.FontSize = 12;                       D=abs(T3 - T2);   % Display Code   disp( 'T2 Matrix At Thermal Equilibrrium:' );   disp(T2);   disp( 'Analytical Temperature Distribution at Thermal Equilibrium:' );   disp(T3);   disp( 'Code Validation:' );   disp(D);     % Function to calculate the analytical temperature distribution   function  T3 = analytical_solution(x, y, num_terms)        T3 = 0;        for  n = 1:num_terms            term = (sin(2*n*pi/3) / (n^2 * sinh(n*pi))) * sin(n*pi*x/6) *  sinh(n*pi*y/6);            T3 = T3 + term;        end        T3 = (450/pi^2) * T3;   end  
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