Multiple Regression

In many situations we want to be able to use more than one independent variable to predict the value of the dependent variable. We use multiple regression in these cases.

For example, we might suspect that the price of a house depends not only on the number of bedrooms it has but also depends on the number of living rooms, number of bath/shower rooms, size of garden and so on. To predict the price of a house we would need a model that took into account all the significant factors.

We denote the independent variables as x1, x2, ........xk and the associated coefficients as b1, b2 ..... bk . The constant of the regression equation is denoted by α .

Thus the regression equation is:	

 y    = a + b1x1 + b2x2 + b3x3 + .......... bkxk   

The formulae for calculating the values of a ,  b1 ,  b2 , b3.......... bk are too complicated to include here. We will focus on analysing the SPSS printouts.


t-test on Regression Coefficients
We can use the t-test to decide if the coefficients of the regression line are significant 

H0:	βi = 0   [coefficient = 0 :no significant contribution to linear relationship]                                                    
H1:	βi ≠ 0           

The test statistics is given by:		t = 	     bi   /  Std Err of bi

We reject H0 if 	|t| > t( α/2, n-2)		[found from statistics tables]

As before, we can reject  H0   if the value of p <0.025 in SPSS printout..


Multicollinearity
If a regression equation contains two or more “independent”  variables that have a strong linear relationship between them, then the model has “multicollinearity”. This means that the independent variables are not really independent in the sense that they are related to each other.
 This strong linear relationship between two or more of the independent variables may make the estimates of the coefficients unreliable and may, in fact, make some coefficients negative when they should be positive (or vice versa). 
We can check for collinearity by looking at the correlation matrix.


Multiple Regression Example:

London Theatres
Data was obtained from the Society of London Theatres about various statistics recorded for London Theatres from 1986 to 2010. The data set was obtained from 	http://www.solt.co.uk/downloads/pdfs/theatreland/2010-Graph2.pdf

The full data file is shown overleaf.


	year
	attendances in thousands
	gross box office revenue £ thousands
	average no of theatres open 
	no of performances
	no of new productions 

	1986
	10236
	112068
	42
	16543
	213

	1987
	10881
	129589
	42
	16603
	212

	1988
	10897
	139338
	43
	16970
	28

	1989
	10945
	153251
	42
	16436
	237

	1990
	11321
	177904
	40
	15887
	187

	1991
	10905
	186790
	39
	15508
	192

	1992
	10900
	194772
	41
	15916
	193

	1993
	11503
	215619
	41
	15922
	198

	1994
	11163
	217763
	41
	16063
	208

	1995
	11938
	238741
	43
	17163
	208

	1996
	11179
	229017
	41
	16084
	186

	1997
	11466
	246082
	39
	15568
	195

	1998
	11925
	257920
	41
	16018
	207

	1999
	11931
	266565
	44
	17089
	265

	2000
	11555
	286556
	43
	16633
	252

	2001
	11735
	298989
	44
	17035
	264

	2002
	12064
	327972
	44
	17090
	221

	2003
	11585
	321485
	42
	16664
	225

	2004
	12025
	343674
	43
	17235
	225

	2005
	12319
	383942
	45
	17406
	221

	2006
	12351
	400853
	43
	16912
	268

	2007
	13636
	469939
	44
	17455
	243

	2008
	13892
	483349
	45
	18275
	241

	2009
	14257
	504984
	45
	17923
	260

	2010
	14152
	512332
	46
	18615
	264


	
We are going to use multiple regression to produce a model that will enable the value of gross box office revenue to be explained by the other variables.
			

There are two basic approaches to multiple regression, top-down and bottom-up. 

With top-down regression, we start by using all the independent variables in our model and then successively eliminate those have values of bi that are not significant (Sig T >0.025) or are highly correlated with other variables (multicollinearity)

Bottom-up approaches successively add variables to the model until no improvement can be made. The order in which the variables are added is often the order of the values of the correlation coefficients with the dependent variable (variable with the highest r is used first, then variable with second highest r is added and so on) excluding multicollinearity at each stage.

For both of these approaches we need to know what the values of the various correlation coefficients are. This can be obtained by using the correlate command in SPSS .

Note: SPSS highlights any correlations that are significant by the use of * and **.


We get:



	Correlations

	
	attendance
	revenue
	theatresopen
	performances
	newproductions

	attendance
	Pearson Correlation
	1
	.954**
	.720**
	.803**
	.489*

	
	Sig. (2-tailed)
	
	.000
	.000
	.000
	.013

	
	N
	25
	25
	25
	25
	25

	revenue
	Pearson Correlation
	.954**
	1
	.715**
	.771**
	.559**

	
	Sig. (2-tailed)
	.000
	
	.000
	.000
	.004

	
	N
	25
	25
	25
	25
	25

	theatresopen
	Pearson Correlation
	.720**
	.715**
	1
	.955**
	.397*

	
	Sig. (2-tailed)
	.000
	.000
	
	.000
	.050

	
	N
	25
	25
	25
	25
	25

	performances
	Pearson Correlation
	.803**
	.771**
	.955**
	1
	.367

	
	Sig. (2-tailed)
	.000
	.000
	.000
	
	.071

	
	N
	25
	25
	25
	25
	25

	newproductions
	Pearson Correlation
	.489*
	.559**
	.397*
	.367
	1

	
	Sig. (2-tailed)
	.013
	.004
	.050
	.071
	

	
	N
	25
	25
	25
	25
	25

	**. Correlation is significant at the 0.01 level (2-tailed).
*. Correlation is significant at the 0.05 level (2-tailed).



From this correlation matrix we can see that:
· All of the other variables are correlated with revenue
· Attendance is highly correlated with the number of theatres open and the number of performances

As we want to use “revenue” as our dependent variable, we can guess that “attendance” will be in the model and at most one of “theatres open” and “performances”. We would not expect both “theatres open” and “performances” to be included as they are highly correlated and thus not really independent.

“Top-Down” Approach

The “top-down” approach initially involves using all four independent variables in the model.
The relevant printout is shown below with some comments in italics.

The SPSS commands are summarised below 
[image: ]


The output is shown below:
	Variables Entered/Removedb

	Model
	Variables Entered
	Variables Removed
	Method

	1
	newproductions, performances, attendance, theatresopen
	.
	Enter

	a. All requested variables entered.
b. Dependent Variable: revenue



Variables Entered/Removed
All four possible independent variables have been added using the “Enter” method.
Revenue is the dependent variable.	
This indicates that all 4 independent variables were used in the model.


	Model Summaryb

	Model
	R
	R Square
	Adjusted R Square
	Std. Error of the Estimate

	1
	.961a
	.924
	.909
	36143.148

	a. Predictors: (Constant), newproductions, performances, attendance, theatresopen
b. Dependent Variable: revenue



Model Summary
The value of r = 0.961		and r2 = 0.924.
However for multiple regression models, it is usual to use the adjusted R square value of 0.909 for r2 as this value takes into account the number of variables being used as well as the strength of the correlation.


	ANOVAb

	Model
	Sum of Squares
	df
	Mean Square
	F
	Sig.

	1
	Regression
	3.166E11
	4
	7.915E10
	60.586
	.000a

	
	Residual
	2.613E10
	20
	1.306E9
	
	

	
	Total
	3.427E11
	24
	
	
	



ANOVA
The F statistics of 60.586 indicates that the model as a whole is significant ( sig < 0.025)


	Coefficientsa

	Model
	Unstandardized Coefficients
	Standardized Coefficients
	t
	Sig.

	
	B
	Std. Error
	Beta
	
	

	1
	(Constant)
	-1043627.767
	177852.629
	
	-5.868
	.000

	
	attendance
	101.514
	13.178
	.913
	7.703
	.000

	
	theatresopen
	12735.681
	14486.506
	.200
	.879
	.390

	
	performances
	-28.361
	39.178
	-.191
	-.724
	.478

	
	newproductions
	260.547
	186.511
	.104
	1.397
	.178

	a. Dependent Variable: revenue



Coefficients
The regression equation is given by :
revenue = -1043627.767 + 101×attendance + 12735.681× theatres open + -28.361×performances +260.547×new productions
Looking at the p values (Sig. Column):
Coefficient of the constant is significantly different from zero		(p =  0.000 <0.025)
Coefficient of attendance is  significantly different from zero		(p =  0.000 < 0.025)
Coefficient of theatres open is  NOT significantly different from zero	(p = 0.390)
Coefficient of performances is NOT significantly different from zero	(p =  0.478)
Coefficient of new productions is NOT significantly different from zero	(p =  0.178)

This implies that we should get a better model if we went through a process of deleting variables one by one . The first one to delete would be “performances “ as it has the highest value of p and is correlated with other variables.


	Residuals Statisticsa

	
	Minimum
	Maximum
	Mean
	Std. Deviation
	N

	Predicted Value
	116690.98
	536192.75
	283979.76
	114851.420
	25

	Residual
	-50616.152
	68157.070
	.000
	32994.029
	25

	Std. Predicted Value
	-1.457
	2.196
	.000
	1.000
	25

	Std. Residual
	-1.400
	1.886
	.000
	.913
	25

	a. Dependent Variable: revenue



Residual Statistics
The Maximum standardised residual = 2.196	minimum standardised residual = -1.400
Thus all points are fairly close to the regression line and there are no outliers.
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Conclusion:	Try another model that leaves out the variable performances.


However,  we will not go through the whole procedure ourselves as we can utilise a special facility in SPSS that uses a “bottom up” procedure. 

Bottom-Up Approach (SPSS STEPWISE facility)

From the correlation matrix ,we can see that the order of the correlation coefficients with sales are:
1.  attendance  (0.954)		2. performances (0.4578)	3. Theatres open (0.2277
4. new productions (0.559)

Attendance is highly correlated with the number of theatres open and the number of performances
 This means that we have a case of multicollinearity here. We are unlikely to use all three of these in the “best” model.

The rest of this printout is the result of the stepwise multiple regression command.
NB. The user did not have to specify the order in which the variables were introduced. 

The “stepwise” command works by introducing the variables, one at a time, based on the value of the correlation coefficients. “Stepwise” stops when it cannot find a “better” model.

 Thus the last model produced by stepwise is considered the best model to use for predictions.


[image: ]
We also can choose to have some useful plots here

[image: ]


The step-wise process is summarised in the final output.

	Variables Entered/Removeda

	Model
	Variables Entered
	Variables Removed
	Method

	1
	attendance
	.
	Stepwise (Criteria: Probability-of-F-to-enter <= .050, Probability-of-F-to-remove >= .100).

	a. Dependent Variable: revenue


The final (and best) model only uses “attendance” to predict the gross box office revenue.


	Model Summaryb

	Model
	R
	R Square
	Adjusted R Square
	Std. Error of the Estimate

	1
	.954a
	.909
	.905
	36753.551

	a. Predictors: (Constant), attendance
b. Dependent Variable: revenue


The value of adjusted r2 is high at 0.905

	ANOVAb

	Model
	Sum of Squares
	df
	Mean Square
	F
	Sig.

	1
	Regression
	3.116E11
	1
	3.116E11
	230.702
	.000a

	
	Residual
	3.107E10
	23
	1.351E9
	
	

	
	Total
	3.427E11
	24
	
	
	

	a. Predictors: (Constant), attendance
b. Dependent Variable: revenue
The regression model as a whole is significant as F has p=0.000 




	Coefficientsa

	Model
	Unstandardized Coefficients
	Standardized Coefficients
	t
	Sig.

	
	B
	Std. Error
	Beta
	
	

	1
	(Constant)
	-974724.442
	83195.461
	
	-11.716
	.000

	
	attendance
	106.037
	6.981
	.954
	15.189
	.000

	a. Dependent Variable: revenue



The regression equation is revenue = -974724 + 106.037×attendance
Both of the coefficients of the constant and attendance are significantly different from zero.




	Excluded Variablesb

	Model
	Beta In
	t
	Sig.
	Partial Correlation
	Collinearity Statistics

	
	
	
	
	
	Tolerance

	1
	theatresopen
	.060a
	.650
	.523
	.137
	.482

	
	performances
	.013a
	.124
	.902
	.026
	.355

	
	newproductions
	.122a
	1.770
	.091
	.353
	.761

	a. Predictors in the Model: (Constant), attendance
b. Dependent Variable: revenue


	Residuals Statisticsa

	
	Minimum
	Maximum
	Mean
	Std. Deviation
	N

	Predicted Value
	110668.88
	537043.06
	283979.76
	113951.373
	25

	Residual
	-52402.609
	67772.398
	.000
	35979.706
	25

	Std. Predicted Value
	-1.521
	2.221
	.000
	1.000
	25

	Std. Residual
	-1.426
	1.844
	.000
	.979
	25

	a. Dependent Variable: revenue


	The minimum standardised residual is -1.426 and the maximum is 1.844 so there are no outliers



[image: ]
The histogram of the residuals closely approximates to a normal distribution, thus the model is a good one.
[image: ]
The points on the p-p plot are quite close to the diagonal line and do not really exhibit any particular pattern.


[image: ]

A scatter graph of the standardised residuals and the standardised predicted values is evenly scattered above and below the zero line and there is no particular pattern here.
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