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Introduction to the Problem Under Consideration
This report reviews a computational model which, was created using MATLAB, with the aim of simulating the conduction of heat through an Aluminium object until said object reaches thermal equilibrium.
The model will numerically solve the Heat Diffusion Equation by applying the Explicit Finite Difference Model (EFDM), used to calculate the temperature at a point in space in the future. 
Established theory was reviewed and comparisons made to determine the most effective translation of the EFDM to the computational model for the function to be performed correctly.
User defined variables shall be discussed with particular attention focusing on consequences to the accuracy of the computational model. 
Verification of the numerical solution was achieved with a comparison to the analytical solution.
The Constitutive equation of the Problem
Diffusion of heat is the natural flow of energy from a highly concentrated area of energy to an area of lower concentration, in a metal this process is conduction. Propagation of heat through a metal object over time is subject to the temperature at any given point on the object with respect to space. 
The rate  at which heat is transferred in a one dimensional plane according to Biran & Breiner (2002), can be determined with  the Heat Equation (shown in Equation 1), which was  published in 1822 by Joseph Fourier .

Equation 1



When heat energy transfers through an object the material will absorb energy, the amount of energy absorbed will affect the rate at which heat propagates through the object. Equation 2 finds the quantity of heat energy conserved by a material . 

Equation 2




The Heat Conduction equation, according to Connor (2019), can then be derived from combining Equation 1 and Equation 2, then reduced to form the Thermal Diffusion Equation (Equation 3).

Equation 3
 , a term which considers two dimensions.

 = Thermal Diffusion





The brief describes a scenario whereby the heat profile of the object is not at steady state therefore, 2 must be considered otherwise, this term would have been replaced by 0.
There shall be no heat generated from within the object therefore,  shall be considered as 0.
Equation 4 shows the two-dimensional, time dependant Heat Diffusion Equation which is the constitutive equation for the problem. 

Equation 4 
Explicit Finite Difference Form of the Constitutive Equation
Many dynamic problems require a differential equation to solve for the answer.  Equation 4 shall provide an analytic solution with respect to the final temperature of the object. However, it is the purpose of this report to analyse the objects evolution of temperature therefore, the time and spatial domain must be considered at uniformed locations throughout the object.
A hypothetical mesh, the dimensions of which were considered to me 1m X 1m (h), was overlaid onto the object, provided an accurate reference point for the calculation of temperature at each location. Reference points were located at each intersection (node), of the mesh and identified with cardinal coordinates (Figure 1).   

Figure 1 Illustration of fictitious uniform mesh depicting cardinal notations.
Taylor’s Series Expansion method (TSEM), was used with to transform Equation 4 to a linear equation, finding a satisfactory approximation of the solution at each node.
The forward difference scheme of the TSEM was used to create an approximation of the first derivative of Equation 4 the solution (Equation 5),  of which represents a different location in time .

Equation 5
An alternative to approximate the time domain would be to use the backward difference technique this provides an unconditionally stable numerical solution however, close observation of the time step is needed to ensure truncation errors are not amplified . This technique is implicit therefore, an indirect application of a coefficient matrix derived from Gaussian elimination theory  will be needed to allow it’s use in an explicit model ergo, the reason why we have not used the backward difference technique to solve this problem. 
Transformation of the second and third derivative terms of Equation 4, used the central difference scheme which represents a different location in space for the x and y plane.

Equation 6

Equation 7
Substitution of Equation 5, Equation 6 and Equation 7 into Equation 4  provides a numerical solution and once derived, provides the discretised form of the Heat Equation ( Equation 8 ).








A dimensionless term called the Fourier Number (FO) can be introduced to the equation for a simpler representation of the final form of the Heat Equation .




Equation 8 
Equation 8 , provided an accurate approximation of the temperature at an isolated location on the grid at a single point in time however, the Von Neumann stability Analysis was used to ensure that the truncation error, caused by replacing derivatives with finite differences for interior nodes, were minimised by limiting the step of the algorithm to the condition stated in Equation 9 for a 2D cartesian mesh .

Equation 9 The condition of Fourier Number for Stability 
To ensure the algorithm complies to Von Neumann’s rule of stability and Wilson & Turcotte (1997), observation that accurracy will be related to the adjustment of the time incriment, this report deconstructed the terms of the Fourier coefficient and made  the subject, identifying the maximum permissible time step of the algorithm to be 3891.61 Seconds.




The Initial and Boundary Conditions Implemented
The temperature at the boundaries of the object is known and shall remain constant and corresponds to the Dirichlet Boundary Condition . As we did not need to consider the ambient temperature of the environment and therefore convection of heat from the boundary, the specified East, South and West boundary values of 0°C provided the initial  temperatures to be considered at  to calculate heat propagation through the interior nodes of the object which, had an initial temperature of 0°C.
The North was exposed to the primary heat source of 50°C and considered to have a non-uniform distribution  which was determined by Equation 10.

Equation 10 
Code’s Detail and Explanations
Once the code is initiated it shall step-through commands which perform routine maintenance as shown in Figure 2. The purpose of this section is that; any open figures from previous operations have been closed, the text from the command window has been erased and that the workspace is cleared. The latter, ensures MATLAB operates efficiently by freeing memory capacity of the device which is being used. 

Figure 2,  Section 1 of MATLAB code.
The following two sections of the code; establish the variables used to store the values of Conductivity, Density, and Specific Heat of the Aluminium plate (Figure 3); initiates the calculation to determine the thermal diffusivity of the material being used (Figure 4).

Figure 3, Section 2 of MATLAB code.

Figure 4, Section 3 of MATLAB code.
Section 4, shown in Figure 5, establishes the spatial domain. The model’s author determined the X & Y plane of the Aluminium plate however, the variable which determines the distance between each node is determined with by the Input function which, requests the user to input a value in the Command window.

Figure 5, Section 4 of MATLAB code.
A while loop (Figure 6), is used to verify the spacing between the nodes are compatible with the dimensions of the Aluminium plate. The while loop repeats its function while the condition remains true. 
The first part of this section performs a test on the variable ‘h’ to ensure its value is less than or equal to 0, if this is true, the proceeding ‘While’ loop notifies the user that their desired grid spacing between is too small and to request the user to enter a compatible value.
The second segment of this section creates a variable using the ‘Mod’ operator which, returns the remainder of a divisional calculation . The value returned shall be used in conjunction with the final segment of this section to determine if the spacing between nodes shall be an integer of the smallest dimension of either the X-plane or the Y-plane.
A value returned from the operator which establishes that the desired node spacing is incompatible will initiate the final While loop of this section which shall inform the user of the error and prompt them to re-enter an appropriate dimension.

Figure 6, Section 5 of MATLAB code.
Section 6 of the code (Figure 7) creates a matrix. First, the required number of rows and then, the number of columns is determined as a ratio of the X-plane and the Y-plane dimension to the dimension of the spacing between nodes. The code, then populates the matrix zeros using the ‘Zeros’ operator.

Figure 7, Section 6 of MATLAB code.
A vector is created which would be used to determine the North boundary of the matrix generated in the section identified in Figure 6. A ‘For’ and an ‘If’ function were used to translate the rules of Equation 10 to calculate the values of the Vector.
The purpose of the ’For’ loop in this section is to iterate the embedded ‘If’ function of the code in steps of 1 for however number of columns there are in the vector.
Two rules determined which formular was used to calculate each value, the embedded ‘If’ function of this section performed the calculation of each cell in conjunction with the iteration number of the ‘For’ loop.

Figure 8, Section 7 of MATLAB code.
Amalgamation of the vector into the first row of the previously initiated matrix is performed in the first line of code shown in Figure 9, the second line of code initiates a second duplicate matrix which enables a later section of the code to make comparisons for thermal equilibrium.

Figure 9, Section 8 of MATLAB code.
The time domain variable is assigned in the section of code (Figure 10). The solution to the Fourier’s number is solved, establishing the maximum permissible time step. The model asks the user to input their desired time step which is evaluated against conditions which are stated in the two ‘While’ loops that proceed. The First ‘While’ loop prompts the user to re-enter a valid time step duration for as long as that duration remains greater than the maximum permissible duration (previous line of code), the second ‘While’ loop performs a similar function but instead, checks that the time step is not too small. 

Figure 10, Section 9 of MATLAB code.
A calculation is performed to determine the Fourier’s number shown in Figure 11.

Figure 11, Section 10 of MATLAB code.
Calculations of the temperature at each node during each time step is made, in the section of the computational model that has been illustrated in Figure 12. The model translates the discretised equation into code using a ‘Counter’, a ‘While’ loop, two ‘For’ loops and an ‘If’ loop.
The ‘Counter’ operator is used and informs the user at which the time of thermal equilibrium was reached. 
The second matrix create in the section of code illustrated in Figure 9 is populated with values calculated by the discretised formula which has been translated to code nested within a ‘For’ loop which, has also been nested within another ‘For’ loop. The first ‘For’ loop, distinguishing the correct row of the matrix, the second the correct column.
The ’If’ loop compares the recently calculated matrix with the first, which the model updated during the previous time step. If the difference between each matrix is less than 0.01°C, the user shall be informed that; thermal equilibrium has been reached and, the ‘break’ operator shall be used to stop the ‘While’ loop.  
The final line of code in this section of the computational model copies all values to the first matrix which was created in the section of code illustrated in Figure 9, to be used as a comparison to determine thermal equilibrium during the next time step.

Figure 12, Section 11 of MATLAB code.
To make comparisons between the numerical solution which has formed the basis for the computational model and, the analytical solution, a matrix (shown in Figure 13), was created using Equation 11. The notion of this section of code was to mimic the methodology used in the section of code which has been illustrated in Figure 12, with the caveat that an additional ‘For’ loop was required to create an iteration for the ‘nth’ term.

Figure 13, Section 12 of MATLAB code.
Equation 11 
The following two sections of the computational model (shown in Figure 14 and Figure 15), uses identical methodology to plot a contour map which represents heat has propagated through the Aluminium plate for both the numerical and the analytical solution. 
The ‘Contourf’ operator is used to plot a 2-D filled contour plot with the added specifications of; temperature is displayed on each isoline; an isoline illustrated on the map at every 2°C interval. The remaining code in these sections are to performing labelling and formatting operations.

Figure 14, Section 13 of MATLAB code.

Figure 15, Section 14 of MATLAB code.
A third contour map shall be plotted, this shall illustrate the second contour map superimposed onto the first, its purpose was to enable validation of the model. The code for this is shown in Figure 17, the code is similar to that of which is shown in Figure 14 and Figure 15 but, for the replacement of the ‘Contourf’ operator in favour for the 'Contour’ operator and the addition of the ’hold on’ operator. The first alteration removes colour from the plot enabling a better comparison, the second, facilitates another plot which was overlaid onto the other.
The concluding section of the model (Figure 16), commands the code to display both matrices in the command window. 

Figure 16, Section 15 of MATLAB code.

Figure 17, Section 15 of MATLAB code.
Validation of the Model
This simulation’s code generates a temperature contour map which illustrate how heat, was distributed across the specified plate when using the Finite Difference and the Analytical Method. As previously stated, the FDM calculates heat propagation as a function of time therefore, Figure 18 shows distributed temperature at thermal equilibrium which we consider to be the final temperature. Figure 19 shows the final temperature derived by the analytical solution.

Figure 18 Temperature distribution at thermal equilibrium using FDM.

Figure 19 Temperature distribution using the analytical solution.
A comparison between Figure 18 and Figure 19 is made to evaluate the accuracy of the FDM model. Comparable difference cannot be seen for the direction and magnitude of the heat transferred through the aluminium plate.
However, Figure 20 shows the temperature profile illustrated in Figure 19, superimposed onto that of Figure 18, which identifies a  marginal discrepancy between the magnitude of the heat propagated through the plate which has been derived from the FDM and, that of the analytical solution. 
We can see that the error of the FDM model is minimised towards the nodes close to the East, South, and West borders which, all have a low temperature.
The error is relative to the heat source applied to the North border and augments as heat propagates along the ‘Y-plane’ of the aluminium plate. An error of this nature is consistent with theory and categorised as a truncation error .
Contrary to this theory we can see that the error is minimal towards the north border of the plate, increasingly accumulates in the middle region then, reduces towards the outer regions of the plate. The author considers this to be an interaction between a roundoff error and the truncation error.

Figure 20 A comparison of the temperature distribution between FDM and the analytical solution.
Sensitivity Analysis of the Model
We know from Figure 20 that both the numerical and analytical solution at thermal equilibrium is comparable. Therefore, further analysis of the computational model shall establish its sensitivity, analysis shall focus on time taken for the model to reach thermal equilibrium. The analysis shall perform three tests which measured the effect of adjustments to an isolated variable; grid spacing dimension; time step; tolerance, of the model.
Figure 21 shows that decreasing the grid spacing dimension of the mesh reduces the time to reach thermal equilibrium, therefore, increases the model’s sensitivity. This plot oscillates to a point where the grid spacing dimension is 0.75m, there after the plot stabilises with slight difference on the effect to time taken to reach thermal equilibrium. According to Croft & Lilley (1977), this characteristic demonstrates that the Finite Diference Method’s solution converges to the analytical solution, a verification of the model’s accuracy.
An exponential growth of the time taken to reach thermal equilibrium can be seen when an initial adjustment to the time step duration was made, as shown by Figure 22. This demonstrates that as the user commands the model to look ever further into the future by increasing the time step duration, it’s  sensitivity is reduced, indicating that the EFDM’s solution becomes less convergent with the analytical solution ergo, less accurate.
As an adjustments were made to the Tolerance Coefficient of the model we can see by reviewing Figure 23 that an exponential decline is observed with an initial increase to the tolerance coefficient, with the response measured after a point becoming linear in nature. When the tolerance coefficient was reduced it was observed that the time taken to reach thermal equilibrium increased, this shows that the model becomes increasingly more accurate.  

Figure 21, the measured effect of an adjustment to the grid spacing dimension of the EFDM model.

Figure 22, the measured effect of an adjustment to the Time step Variable of the EFDM model.

Figure 23, the measured effect of an adjustment to the Tolerance Variable of the EFDM model.
Main Model’s Limitations
A truncation error exists within this model to accurately simulate the analytical solution numerically, we have used Taylor series expansion. However, this method relies on the summation of an infinite number of terms, to do so is impossible ergo, this model has summed the first four terms of this method to establish an accurate calculation which satisfies the scope of the brief. The elimination of terms proceeding the fourth, produces the truncation error.
Representation of the numerical values in each matrix are approximations of the actual number which have led to the existence of round-off errors within the model. The author instigated these error’s by using the ‘Shortg’ operator, as there was the desire for the model to display the result of each calculation to only five decimal places. 
This model considers a uniformed grid because the alluminium plate is rectangular, if there was a requirement to simulate the propogation of heat through an irregular shape then, this model would not be able to perform said task.
If the summation of the temperature at each node of the 5-point cartesian system is less than that of the value of the  term, a negative temperature value that will not represent the analytical solution shall be calculated. 
Suggested Improvements and Future Developments
There are various methods used to numerically transform a derivative; the Crank-Nicholas scheme; Maclaurin expansion scheme; Eulers method; Adams–Bashforth Method; Adams–Moulton Method, all of which attempt to reduce the error associated with the transformation. The author would like to explore the use of the Adams–Moulton Method which is intended as a method used to correct the backward difference method of an FDM .
The architecture of the spatial domain of the model was constructed by the code with a uniformed grid which, was mathematically represented using the 5-point cartesian coordinate system. Croft & Lilley (1977), informs that a more accurate calculation for the temperature at any node on the grid can be found if, we consider a 9-point system.
To mitigate the model returning a negative temperature value when the  term is greater than the combined value of the relevant nodes used in Equation 8 we could assume that the later value will always be positive therefore, we could write a function in the script to ensure the value of  is equal to, or less than 4.
Conclusion
We have learnt that an accurate approximation can be made for the temperature at any given point of the aluminium plate however this is subject to stability of the methods used to discretise the analytical solution.
Stability of the approximation has a direct relationship with the time and the spatial domain. Von-Neumann’s constraint which, restrains the model becoming un-stable by looking too far into the future returns an accurate approximation however, accuracy of this approximation increases with a reduction of the time-step.
The constraint imposed on the dimension of the grid spacing ensures stability by complying with Von-Neumann’s criteria but, further accuracy can be sought by refining the dimension to until the approximation of temperature is an accurate representation of the analytical solution.   
As we Refined the isolated variables during the construction for the graphs illustrated in Figure 21, Figure 22, and Figure 23 we found duration to complete the simulation increased. We believe that this an effect of the additional calculation required for the computational to perform its function, the duration of which is dependent on both the hardware specification of the user’s device, or the structure of the code used to write the model. Therefore, the user must consider that accuracy is not only dependent on the mathematical model but also cost of technology and knowledge of the programme.


Appendix
%% House Keeping
clc
clear all
close all
%% Define Variables to calculate Alpha
K=143; % define conductivity value of material
RH=2.8*10.^3; % define density value of material
C=795; % define Specific Heat value of material
%% Calculate Alpha
A=K/(RH*C); %calculate Alpha
%% Define Dimensions
Y=6; % define height of material
X=6; % define Length of material
h=input(' Enter the dimension of the mesh you wish to use for analysing heat propogation within the sample: ');                                               % Ask user to input dimension between each node of the mesh
%% A 'While Loop' to validate dimension of the mesh
while h<=0 %this is to ebsure that a possitive value is entered for this dimension
    h=input(' The dimension of the mesh you wish to use for analysing heat propogation must be greater than 0, please re-enter an appropriate value: ');
end

while h>=(Y-2) %this is to ebsure that a possitive value is entered for this dimension
    h=input(' The dimension of the mesh you wish to use for analysing heat propogation must be less than the objects dimension, please re-enter an appropriate value: ');
end

TestForInterger=~mod(X,h); % to make sure that h is an interger of the smallest dimensions of the sample.

while TestForInterger==0
    h=input(' The dimension of the mesh you wish to use for analysing heat propogation must be an interger, please re-enter an appropriate value: ');            % ask for a different dimension because the previous dimension is not acceptable.
    TestForInterger=~mod(X,h); % to make sure that h is an interger of the smallest dimensions of the sample.
end
%% Define and initiate a matrix
R=Y/h+1; %define how many rows of the matix

C=X/h+1; % define how many columns of the matrix
T=zeros(R,C); % Create a matrix with the previously defined dimensions of R*C then populate with zeros
%% Calculate and Store in Vector 'D' the temperature of each node in the north boundary
for i=2:1:C
    if i<=(2/3*(X/h))+1%defines how many columns to the ratio of 2/3 of 6m
        D(1,i)=(12.5*(h*(i-1))); %define the value of each node in the north boundary for columns 1 to 2/3's of the total
    else
        D(1,i)=(-25*(h*(i-1)))+150; %define the value of each node in the north boundary for columns after 1 to 2/3's of the total
    end
end
%% Amalgamate vector 'D' with matrix and create a duplicate
T(1, :)=D; % the first row of matrix 'T' is created by the Vector Matrix 'D'
T_New=T; % create a duplicate matrix
%% Define time step variable and validate
MFO=h.^2/(4*A);% store the maximum time step permitted to calculate the Fourier Number and therefore, make an accrate assessment of heat propogation.
dt=input('\n Enter time step duration (Sec): '); % Ask user to input time step durating to input into calculation
while dt>MFO;%check that the entered time step is not too large
    fprintf('\n The time step needs to be less than %g.\n',MFO)
    dt=input('\n Please re-enter an appropriate value: '); % ask the user to re-enter another time step
end

while dt<1;%check that the entered time step is not too small
    disp(' The time step needs to be greater than 0.') % message if the time step is too small
    dt=input('\n Please re-enter an appropriate value: ');% ask the user to re-enter another time step
end
%% Calculate Fourier's Number
FO=(A*dt)/h.^2; % calculatate the Fourier Number
%% A 'While loop' that calculates the temperature at each node in the matrix
t=0;% set time counter
while true
    for i=2:1:R-1; % set this iteration for rows
        for j=2:C-1; % set this Iteration for columns
            T_New(i,j)= FO*(T(i,j+1)+T(i,j-1)+T(i-1,j)+T(i+1,j)-(4-1/FO)*T(i,j));                                                                                 % this is the temperature formula for the propogation of heat throuugh the plate
        end
    end

    t=t+dt; %add each time step to time counter
    if max(max(abs(T_New-T)))<0.01;                                                                                                                 %%%%%%% The 'If' statement which stops the temperature being calculated at each node
        fprintf('\n Thermal equilibrium was reached in %g seconds \n\n',t)
        break
    end
    T=T_New;
%% Calculate analytical solution
T_Comparisson = zeros(R,C);
T_Comparisson(1,:)=T(1,:);
for i = 2:R-1;
    for j = 2:C-1;
        for n = 1:200;
            T_Comparisson(i,j)=T_Comparisson(i,j)+(sin(2*n*pi/3)/(n^2*sinh(n*pi)))*sin(n*pi*(i-1)*h/6)*sinh(n*pi*(j-1)*h/6);
        end
    end
end
T_Comparisson(2:R-1,2:C-1)=rot90(T_Comparisson(2:R-1,2:C-1)*(450/pi^2));
%% Plot and display heat map from FDM
    figure(1);
    contourf(flip(T),'ShowText','on',LevelStep=1);
    colormap(autumn);
    colorbar;
    title(sprintf('Heat Propogation using FDM'))
    xlabel('Dimension of X-plane (m)')                                                                                                                            %
    ylabel('Dimension of Y-plane (m)')
    xticklabels({'','1','2','3','4','5','6'})
    yticklabels({'0','1','2','3','4','5','6'})
    axis equal tight;
end
%% Plot and display heat map from analytical solution
    figure(2);
    contourf(flip(T_Comparisson),'ShowText','on',LevelStep=2);
    colormap(autumn);
    colorbar;
    title(sprintf('Heat Propogation using Analytical Solution'))
    xlabel('Dimension of X-plane (m)')
    ylabel('Dimension of Y-plane (m)')
    xticklabels({'','1','2','3','4','5','6'})
    yticklabels({'0','1','2','3','4','5','6'})
    axis equal tight;
%% Plot a comparison heat map
    figure(3);
    contour(flip(T),EdgeColor='G',LevelStep=2), hold on
    contour(flip(T_Comparisson),EdgeColor='B',LevelStep=2);
    title(sprintf('Heat Propogation Comparisson between FDM & Analytical Solution'))
    xlabel('Dimension of X-plane (m)')
    ylabel('Dimension of Y-plane (m)')
    xticklabels({'','1','2','3','4','5','6'})
    yticklabels({'0','1','2','3','4','5','6'})
    legend('FDM','Analytical Solution')
    axis equal tight;
    %% Display Matrix
    fprintf(' The temperature derived from the numerical solution at the specified points of the Aluminium plate are quantified in the Matrix below.\n\n')
    format shortg
    disp(T)
    fprintf(' The temperature derived from the analytical solution at the specified points of the Aluminium plate are quantified in the Matrix below.\n\n')
    format shortg
    disp(T_Comparisson)




Bibliography
Biran, A. & Breiner, M., 2002. Matlab for Engineers. 3 ed. Essex: Pearson Eductaion Limited.
Chakraverty, S., Mahato, N. R., Karunakar, P. & Rao, T. D., 2019. Advanced Numerical and Semi-analytical methods for Differential equations. 1swt ed. s.l.:John wiley and Sons Inc..
Connor, N., 2019. What is Thermal Diffusivity – Definition. [Online] 
Available at: https://www.thermal-engineering.org/what-is-thermal-diffusivity-definition/
[Accessed 10 01 2024].
Croft, D. R. & Lilley, D. G., 1977. Heat Transfer Calculations Using Finite Difference Equations. 1st ed. London: Applied Science Publishers Ltd.
Croft, D. R. & Stone, J. A. R., 1977. Heat Transfer Calculations Using Finite Difference Calculations. 1st ed. Sheffield: PAVIC Publications.
Karthika, M., 2013. Numerical methods for 2 d heat transfer. [Online] 
Available at: https://www.slideshare.net/arunstkmce/numerical-methods-for-2-d-heat-transfer-32095150
[Accessed 10 1 2024].
Kwon, Y. W. & Bang, H., 1997. The Finite Element Method Using Matlab. 1 ed. London: CRC Press.
Lewis, R., Morgan, K., Thomas, H. R. & Seetharamu, K. N., 1996. The Finite Element Method in Heat Transfer Analysis. 1st ed. Chichester: John Wiley & Sons Ltd.
Marotin, A., 2024. 2D Diffusion Equation Model Using the Explicit Finite Difference Method - Assignment Brief. Swansea: University of Wales, trinity Saint Davids.
Mathworks, 2024. MATLAB version: 9.13.0 (R2022b), Natick, Massachusetts, United States: The Mathworks Inc..
Narasimhan, T., 1998. Fourier's Heat Conduction Equation: History, Influence, and Connections. Reviews of Geophysics.
Nuclear-Power.com, 2024. Dirichlet Boundary Condition – Type I Boundary Condition. [Online] 
Available at: https://www.nuclear-power.com/nuclear-engineering/heat-transfer/thermal-conduction/heat-conduction-equation/dirichlet-boundary-condition-type-i-boundary-condition/
[Accessed 14 01 2024].
Shivanian, E., 2016. More accurate results for two‑dimensional heat equation. Engineering with Computers, 32(4), pp. 729-743.
Wilson, H. B. & Turcotte, L. H., 1997. Advanced Mathematics and Mechanics Apllications Using Matlab. 2nd ed. London: CRC Press.



image1.gif
PRIFVSGOL CYMRY
Y Drindod Dewi Sant
UNIVERSITY OF WALES

Trinity Saint David




image2.png
1~
T





image3.png
2
125x ifosxs< (Ex s)
fe= )

—25x +150 tf(axﬁ)<x£5




image4.png
%% House Keeping
c1c

clear a1l

close all





image5.png
X% Define Variables to calculate Alpha





image6.png
A/ (mC); Sealeuiate Alpha





image7.png
aput(-E





image8.png
A “While Loop® to validate dimension of the mesh
hetnput(The dinension of the meh you wish to

than 5, plesse re-enter an sppropriate value: );

restrortnterger=—so(x,

heinput( The dinersion of the mesh you wish to
TestForTnterger--eed(,); % to moke sure

gation must be on interger, plesse re-enter an sppropriste value: °);





image9.png
v sactine v seny roe o1
K0 X cetine ow many coumns of e o
T e e e





image10.png
(Calculate and Store in Vector 'D° the temperature of each node in the north boundary

15 LC2(2/3% (1) 1detines o many colums Lo the ratio of 213 of Ga
DL 5)-(32.54(h+(3-1))); Sdeting the valus of sach nade in the north boundary for columns 1 to 2/2'% of the tatsl

(1-0)))+158; Leine the value of each node in the ror

boundry for columns after 1 1 2/3's of the total





image11.png
Amalganate vector "D’ with matrix and create a duplicate
7(1, 21207 % the first row of matrix T is crasted by t Vector Matrix ‘g





image12.png
Define time step variable and validate
70uh~21(842)% store. the maxiun tine step permitied to calculate the Fourier Mmber and therefore, nake an sccrate assessment of heat propogation.
itoinput(‘Enter ting step duration (Sec): 3 ¥ ASk user o SrpUE £1s8 Stef] Quating £o toput snto chlculation
hiLe GLHFOScheck that the entersd tine step 5 ot too Large
Sorinte(Tha tine Step nescs o be Iucs than Ag.\n' E0)

Aetaput((Please re-anter on spropriste valie: )i % ask the user to rh-enter another tise step

hite atctiicneck that the entered tine step i3 not too small
assp(The tine
e

Lep necds to be greater than 5.°) ¥ massa

re-anter on appropriate valie! ©)i% ask the user to ra-enter another tine step





image13.png
FOe(A%at)/h."2; % calculatate the Fouriar





image14.png
A "While loop” that calculates the temperature at each node in the matrix

Ther(5,3)= FONT(E, 1) 4T(E, §-1)4T(1-1, 4TC441, 5)- G-/FO)T(E, )5

55 mox(nan(abs (T Mo 1)) <0015
Sprinee( Therwal sautibrin was resched i %g





image15.png
TG =52 Z( smh(n n) (g




image16.png
Calculate analytical solution

T_corparisson - zeros(R,0);
T_comparisson(1,1)=T(1,%);
-1
2icy;
Forn

_comparisson(1, )+(s1n(2*n%p1/2)/ (w2 sith(n*p1))) sin(n*pi (1-1) /6) sinh(n*pi* (1-1)*h/6);

Co1)7(450/pi%2));.
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< Plot and display heat map from FOM
Figure(1);
contourF(FLip(T), "ShouText" "o’ Levelstep=2);
colornap(autumn) ;
colorbar;
title(sprintf(‘Heat Propogation using 7))
Xlabel("Dinension of X-plane (m)')
Ylabel("Dinension of v-plane (m)')
ticklabels({"",'1",'2",'2","4",'5", 6" })
yeicklabels({'e’, 1", 2", 2", 4", 5", '6' D)
axis equal tizht.
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%% Plot and display heat map from analytical solution
Figure(2);
contourF(FLip(T_Comparisson), ’ShouT:
colornap(autumn) ;
colorbar;
title(sprintf(‘Heat Propogation using Analytical Soluts
xlabel("Dinension of X-plane (m)')

Ylabel("Dinension of v-plane (m)')

Xticklabels({',
yeickIabels( e,
axis equal tizht.

JLevelstep=2);

Sl
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<% Display Matrix
forintf(" The tenperature derived from the nunerical solution at the|sp
Format snortz

disp(1)

forintf(" The tenperature derived from the analytical
format snorte

di5p(7_conparisson)

ified points of the Aluminiun plate are quantified in th

ution at the s

in the Hatrix be
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<% Plot a comparison heat map
Figure(3);
contour (FLip(T), Edgecolor="G", Levelstep=2), hold on
‘contour (f11p(T_Conparisson), Edgecolor="s"  Levelstep=2);
title(sprintf( Heat Propogstion Comparisson betwesn £ & Analytical
Xlabel("Dinension of X-plane (n)')
Ylabel("Dinension of v-plane (m)')
ticklabels({"",'1",'2", L1586
yeicklabels({'e’, 1", 2", 2", 4", 5", '6'})
Tegend(Fou', *analytical solution')
axis equal tight;
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