Heat Transfer Calculations using Finite Difference Equations
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I. Time-Dependent Thermal Diffusion Model using the Finite Difference Method

Conduction is the mode of heat transfer in which energy exchange takes place in solids or fluids at rest (i.e. no convective motion resulting from the displacement of the macroscopic portion of the medium) due to an internal temperature gradient. Direct physical contact between interacting systems is required for conduction to happen. The transfer of thermal energy occurs at the molecular and atomic levels. In solids, conduction of heat proceeds by both lattice vibration and migration of free electrons. In fluids, energy is transferred by molecular interaction.
Conduction in solids is described by the following thermal diffusion equation


	
where  is the Laplacian defined by   in three dimension; and where t is time, T is the temperature,   is the thermal diffusivity [m2.s-1], k is the thermal conductivity [W.m-1.K-1],  the density [kg.m-3], and  the specific heat [J.kg1.K-1].

If there is an internal heat source Q in the problem under consideration, the thermal diffusion equation (17) becomes




We consider the region of interest covered by a uniform grid, as shown in the following figure, where the grid spacing is  .
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Figure Typical point P with its six neighbours
in a 3D region with uniform grid spacing.

The basic idea behind the finite difference technique is the substitution of the derivatives in the above differential equation by forward, backward and central differences according to Taylor series expansion. This transforms the differential equation into a set of algebraic equations solvable according to the initial and boundary conditions. Several methods can be implemented depending on the stability, convergence, accuracy and speed required. They will be briefly described in this section. A detailed analysis of the finite difference approximation is given by Croft and Lilley in the text book "Heat Transfer Calculation Using Finite Difference Equations".

II. Explicit Method
The differential equation (18) is represented in finite-difference form by using central differences to discretize  and forward differences to discretise .

At the point P

and	


with the notation  temperature evaluated at time-level t and location P,
and  temperature evaluated at time-level t + t and location P.

Substituting equations (19) and (20) into the thermal diffusion equation (18) gives


	
where  is a dimensionless expression known as the Fourier number


	
The Finite Difference representation given by equation (21) is called the explicit form because the unknown temperature  can be explicitly determined knowing the temperatures at the previous time step. The main disadvantage of this method is that once  and h are fixed, there is a maximum permissible time-step size  which should not exceed the value imposed by the following stability criterion


	

For given values of  and h, if the time step  exceeds the limit imposed by the above criterion, the numerical calculations become unstable as a result of the amplification of errors. 

Similar derivation for a 2D conducting region yields the analogous expression



with the following stability criterion


	


III. Implicit Method
The computation implementation of the explicit method is relatively simple, but the stability criterion becomes an issue when calculations are performed over a large period of time. In this case, as the restriction on  tends to lead to small , the number of calculations needed may become prohibitively large. The implicit method has been developed to overcome this limitation.
The Finite Difference approximation of equation (18) with the implicit scheme is given by



which is unconditionally stable. This is an implicit scheme because, at each time level, the nodal temperatures at the future time step are required for the neighbouring points around the point P, in contrast to the explicit method (21) where the neighbouring nodal temperatures at only the old time step are required. For the entire three-dimensional grid, a series of equations are to be solved simultaneously in order to determine the nodal temperatures at the next time level.
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Figure Simple implicit scheme implementation.

The above Figure illustrates the implementation of the simple implicit scheme in one dimension. The temperatures at the new time level  cannot be directly computed. If the problem involves N unknown node temperatures, a simultaneous solution of N equations is then required at each time step. Such a solution procedure is more involved computationally than the procedure of the explicit method, but benefits from the fact that no stability restrictions limit the size of the time step .


IV. Combined method
A combination of the explicit method given by equation (21) and the implicit method given by equation (26) is written as




where the constant  () is the weight factor which represents the degree of implicitness. Depending on the value chosen for, the simple explicit, the simple implicit, and the Crank-Nicolson methods are obtained as special cases:
:	The explicit scheme. The stability constraint on the time step   is .
:	The Crank-Nicolson scheme. The finite difference equations are unconditionally stable.
:	The implicit scheme. The finite difference equations are unconditionally stable.
For values of , the scheme is unconditionally stable.


V. Alternating Direction Implicit (ADI) method
The ADI method consists of splitting the time-level integration into equal time steps for X, Y and Z directions in three dimensions. The time-step restriction for stability is removed by virtue of the implicit algorithm, although this requires a matrix calculation at every time step. The technique subsequently requires one direction of the second-order space derivatives of equation (18) to be represented fully implicitly and the other two explicitly for each third-step level. This approach has the advantage of generating a set of equations expressible in the matrix form A.X = Y, with X and Y being vectors and A being a tridiagonal matrix. Therefore, an efficient inversion algorithm specific to the tridiagonal expression of A can be used in order to significantly reduce the computation time and solve for all the rows of vector X at each time level. Hence, when all the rows have been solved sequentially at time (n+1/3) – supposing the computations are to be advanced from time level (n) to (n+1) –, it is possible to advance to the next time level (n+2/3) by changing the direction of explicit and implicit representation. Once vector X has been solved at that latter level, progression to time level (n+1) is achieved by expressing the last space derivative explicitly and the remaining two implicitly and solving for X. 


VI. Boundary Conditions

Consider a problem which has a grid system covering the solution domain with boundaries coinciding with mesh lines. In order to be soluble a Finite Difference Equation (FDE) must be provided for each one of the entire set of node points, which in general consists of all internal points and all boundary points. The FDE for each internal point can be deduced from the material presented so far; the objective here is to supply an equation for each boundary point.
In heat transfer problems two cases often arise for each boundary point:


i. Boundary surface temperature is known (Dirichlet known boundary condition), in which case



where  is the known temperature given in the problem specification. Thus equation (28) provides a simple FDE for the point B; without it,  would occur in the set of unknowns and the problem would not be solvable.


ii. Boundary surface temperature is not known (Neumann derivative boundary condition), in which case the additional problem specification is in the form of knowledge about the outward normal gradient of temperature . This may be:



where K is simply a given value;




where h is the surface heat transfer coefficient (which is usually taken to be known beforehand), k is conductivity, and  and  are boundary and ambient temperatures, respectively. Equation (29) may also take the form




where F is a geometric factor, E is emissivity and  is the Stefan-Boltzmann constant.
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