Linear Correlation and Regression

It is sometimes necessary to compare two sets of data.

e.g. compare the test score with number of hours study, or compare sales with advertising.

Two questions arise concerning the relationship between two interdependent variables:

(a) How intense is the relationship?


(correlation)

(b) What is the form of the relationship?

(regression)

Correlation

To visualise the intensity of a relationship between two variables construct a 

scatter graph . The closer the plotted points are to a straight line the closer the relationship. The independent variable is plotted on the horizontal (x) axis and the dependent variable is plotted on the vertical (y) axis.

The correlation coefficient is usually denoted by r, where  (1 ( r ( +1 and is used to measure the degree of association between two variables.


r = +1 indicates perfect positive correlation


r =   0 indicates no correlation


r = (1 indicates perfect negative correlation

Note:
A high correlation between two variables does not imply that a cause and 

effect relationship exists between them.

Spearman’s Rank Correlation Coefficient

Spearman’s correlation coefficient, rs, or ( (rho), can be used when data is ranked and is a non-parametric analysis on ordinal data.

Kendall’s tau Rank Correlation Coefficient

Kendall’s tau correlation coefficient, (, is another method for calculating rank correlation, and usually produces slightly smaller correlations than Spearman’s coefficient in research findings. It has one advantage of dealing better with tied ranks.

Example

A study was undertaken to examine whether there was any correlation between an employee’s rated stress level and their rated spare mental capacity after the completion of a particular task.

Null Hypothesis

H0: There is no correlation between the stress level and 

      spare mental capacity remaining

Alternative Hypothesis
H1: There is a correlation between the stress level and 

      spare mental capacity remaining

The SPSS printout below shows the results of the Spearman’s Rank Correlation coefficient on the data collected.

Nonparametric Correlations
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There are 200 employees in the study.

Spearman’s rho, (  =  (0.258, Sig. = 0.0001 < 0.05, Reject H0.

There is significant negative correlation between the stress level and the spare mental capacity remaining at the end of the task.

Note: It might appear that a correlation coefficent of (0.258 is quite low. However the sample size is 200, and the correlation coefficient does not have to be as close to 1 for significance with such a large sample.

Pearson’s Correlation Coefficient

Pearson’s correlation coefficient, r, is a parametric analysis which is more accurate than Spearman’s rho (() and Kendall’s tau (() and is used to investigate the correlation between data measured on an interval scale.

The method of calculating Pearson’s correlation coefficient, r, involves examining the variances of the two variables and hence an ANOVA is used to examine the significance of the correlation.

Regression

This is used to determine the quantitative relationship between two variables and usually follows on from the establishment of good correlation.

The regression line is the line of best fit of the scatter graph where the slope of the line is called the coefficient of regression, b.
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The equation of the regression line of y on x is  y  = a  (  bx where a (the intercept)and b (the slope) are constants.

The equation of the regression line enables estimations to be made for values of the dependent variable corresponding to given values of the independent variable. 

For reliability, keep these estimates within the range of values of the given data. Extrapolation outside these limits can produce misleading results since the linear relationship may not be true.

Coefficient of Determination

The coefficient of determination, r2, provides an indication of how much of the variability in the dependent variable is accounted for by the variability in the independent variable.

e.g. If the correlation coefficient, r = 0.6 then r2 = 0.36, so that 36% of the variance in   one variable is due to the other.

Even if the correlation is significant, then if it only explains a small amount of the variability it may not be of much predictive worth and the value of x as a predictor of y should be questioned.

Standard Error of the Estimate

This statistic allows the researcher to determine the limits of the confidence that he or she can exhibit in the prediction from a regression equation. The 95% confidence interval for the prediction for y is given by  y  (  t  (  s.e.

Notes:

1. The significance level of the correlation coefficient depends upon the size of the sample. A larger sample gives a more reliable result.

2. Regression assumes that the dispersion of points in a scatter diagram is homoscedastic, or where the pattern of scatter of the points about the line shows no clear pattern. When the opposite is the case, and the pattern exhibits heteroscedasticity, where the amount of scatter around the line of best fit varies markedly at different points, the use of regression is questionable.
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3. The effect of outliers (extreme values of x or y) can exert an excessive influence on the results of both correlation and regression, if it does not follow the pattern of the rest of the data.

Example

A study was undertaken to investigate the relationship between age (years) and 

salary (£000) for the employees of a company.

Null Hypothesis

H0: There is no correlation between age and salary.
Alternative Hypothesis
H1: There is a correlation between age and salary.
The first stage is to draw a scatter diagram of the data to investigate the relationship.

The scatter diagram and Pearson’s correlation coefficient as produced by SPSS is shown below.
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The age/salary correlation coefficient, r = 0.572, Sig. = 0.001 < 0.05, Reject H0.

There is a positive correlation between age and salary at the 5% significance level.

The details of the regression equation can be obtained from the linear regression printout from SPSS as shown below.

Regression
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Model Summary
The correlation coefficient, r = 0.572 as before.

r2 = 0.327 indicating that 32.7% of the variation in salary is due to the variable of age.

r2 = 0.327 refers to the variance in the sample whereas adjusted r2 = 0.303 refers to an estimate of the variance in the population and includes a correction factor for small samples. For large samples these two values will be very similar.

The standard error of the estimate = 3.704 is the statistic used to evaluate confidence intervals for predictions. It indicates that the standard distance of the salary values (y) from the regression line is 3.704 units.

ANOVA

This analysis of variance section gives an F value in order to test the significance of the correlation coefficient.

F(1,28) = 13.592, Sig. = 0.001 which is in agreement with the significance level in the correlation printout.

Coefficients
The regression equation can be obtained from this table.

The regression equation  y  =  a  +  bx has constant, a = 12.292 and regression coefficient, b = 0.291.

The equation is therefore y  =  12.292  +  0.291x, or

                     Salary (£000)  =  12.292  +  0.291 ( age (years)

To predict the salary of an employee whose age is 45 years, substitute x = 45:

                                         y  =  12.292  +  0.291  (  45




         =  25.387

The predicted salary is £25,387.

The 95% confidence interval for this prediction for y  =  y  (  t  ( se








  =  25.387  (  2.048  (  3.704








  =  25.387  (  7.586

i.e. there is a 95% chance that the salary will lie between £17,801 and £32,973.

The standard error of the regression equation and Beta are important statistics for multiple regression.

The calculation of a t value together with a Sig. indicate the significance of the regression coefficient. The Sig. of 0.001 agrees with the significance of the correlation.

heteroscedasticity








