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Researching the impact of a carefully designed scheme of work on learners’ use of misconceptions in fractions and associated assessment for learning.

Sub - title: Can the teaching of misconceptions impact positively upon learners understanding  
                                                   and construction of fractions?

Introduction 

The intention of this research was to explore and address the issue of misconceptions in learners understanding and construction of a particular topic of mathematics i.e. fractions with the aim of developing suitable teaching practices, methods and resources to remediate this.  The study itself was undertaken with a year 9 class from my current placement school; a class of approximately 30 learners of medium to high abilities and focused on the following key questions; 
1. What are the commonly held misconceptions/mistakes made with fractions? 
2. Why do learners have these misconceptions/make these mistakes with fractions?

3. What activities, resources and strategies (in line with research) best address these misconceptions when teaching fractions?
4. How can assessment for learning (AfL) inform the development and evaluation of the intervention?

Reasons behind the interest in misconceptions was inspired by previous studies. That outlined the need to address and implement intervention strategies, in order for learners to reach a level of conceptual understanding of mathematical ideas in void of using incorrect rules, or using correct rules beyond their proper domain of application (Swan, 2001).

As current research shows many learners at Key Stage 3 (KS3) in particular have fostered a range of misconceptions within mathematics, which “will remain hidden unless the teacher makes specific efforts to uncover them” (Askew & Wiliams, 1995, p. 13).  Misunderstandings and mistakes in Mathematics are often a result of alternative interpretations of a concept, which can negatively impact a learners conceptual understanding and therefore obstruct their ability to acquire new knowledge within the subject. Although alternative research insinuates teachers can and should stay steer clear of activities and examples that might encourage them, misconceptions should not and cannot simply be avoided (Swan, 2001). Thus, it is important for teachers to have strategies in place for uncovering as well as for correcting misconceptions. 
An area of study I also believe has significant relevance in the context of national priorities in accordance with Professor Donaldson’s ‘four purposes’ outlined in his review - Successful Futures i.e. ‘the capable learner’ – equipped with the necessary skills to “meet the needs of today and the challenges of tomorrow” (Donaldson, 2015, p.6). Equally and also in relation to key stage results, are levels of attainment and performance in core subjects. With greater emphasis on ensuring every learner is able to achieve their potential, it is therefore important to consider whether this can be accomplished by subjecting and teaching misconceptions to learners as a technique for improving their understanding, application and as a result, their performance in mathematics.
Prior to introducing and testing of my own interventions within the chosen topic of fractions, I have examined literature content on the issue from both a teaching and learning perspective, in order to identify what are considered the common causes and how different approaches from theorists and previous research have influenced teaching methods in view of reducing and/or preventing such errors.

Literature Review
Firstly, what do we mean by misconceptions in learning?  Is it a bad thing or can it be used to enhance the learning process?  Reviews of research undertaken in 1995 reflect the same idea of many theorists that addressing misconceptions can provide a pathway to improve learners learning (Askew & Wiliam, 1995).  Common misconceptions are, as suggested by Swan (2001) universal - does this mean teaching is failing or is it a product of something more entrenched in a young person’s nature?  Some theorists have argued that misconceptions are systematic and a direct result of robotic teaching techniques - whereby the learner is merely following a set of rules that does not necessarily provide the mechanisms for comprehensive understanding to develop, or undeniably, the more taxing metacognitive approaches involving analysis and synthesis ().  Even though learners can be taught successfully through repetition, it has been contested that this approach does not lend itself “beyond school” in the long term i.e. adulthood, which relies on a more profound and deeper understanding to solving problems (Black-Hawkins & Pollard, 2014, p.14).  Swan (2001) adds that conceptual mis-understanding of a mathematical concept could be argued as poor teaching techniques, however curriculums around the world suffer the same misfortunes.  He also insinuates that misconceptions can occur because learners form their own language and thus create alternative concepts, irrespective of a thorough pedagogical teaching approach (Swan, 2001; Burgoon, Heddle, Duran, 2010; Lucariello & Naff, n.d.).
After further research projects into the area of misconceptions during/dating back to the 1980’s “(e.g. the work of Strategies and Errors in Secondary Education Mathematics (SESM); project, Booth 1984, Hart 1984, Kerslake 1986)” (Hart, 1987 cited in Gates, 2001, p.151) the underlying principle noted from this was the need to explain/explore how misconceptions occurred and introduce suitable treatment to avoid it. The “medical metaphor” solution of “prevention is better than cure” was supported by the Department for Education and Employment (DfEE) at the time who assigned new criteria for trainee teachers to understand/investigate/examine how misconceptions develop and as such, very much like a Doctor, provide remedies to cure them (DfEE, 1998: 57 cited in Gates, 2001, p.151).
Piaget (1978) on the other hand believed in a social induced learning environment where ideas are formed and challenged amongst peers to introduce conflict and subsequent modification to one’s original ideas – misconceptions could therefore be ironed out through social acceptance. In agreement with Piaget’s notion Swan (2001) also believed in social dialogue amongst learners whilst exploring concepts, their construction and their application; it creates long term embedded learning through discussion and is an avenue that should not be discouraged. This social approach to learning however has been argued to reduce the ability of a teacher to maintain control, as their role could become diluted and equal in status to the learner (Vygotsky, 1993).  Correspondingly with the time that has to be set aside for open discussion, such activities can also generate an unruly atmosphere where learners can be left unsure, if the social interaction challenges/confronts their original understanding (Vygostky, 1993). 
Vygotsky (1993) disagreed with the peer led interaction as a means of building concrete learning and understanding, as he renders the areas of uncertainty and conflict could become destructive if unsubstantial thoughts are generate/accrued.  His philosophy of social constructive education insists the teacher be placed at the forefront; where as the ‘knowledgeable other’ can create an apprenticeship in the zone of proximity enabling the learners to operate freely within that zone assisted and/or un-assisted for learning to occur, yet monitored. Vygotsky (1993) advocated the most effective teaching involves specific words and symbols that can strengthen analysis and synthesis of a concept. The teacher in this respect must remain unequal to the learner, to enable unknown areas to be explored, but ultimately the teacher must provide the definitive resolution. 
Mathematics and the understanding of fractions in particular relies on a learners ability to comprehend what is being represented. As it is not an obvious representation of knowledge, it can require understanding of fractions in different dimensions. Hence it provokes questions, it challenges an answer and how it came about (Baguley, Danaher & Midgley, 2013). As pointed out by Chambers and Timlin (2013) there are ‘key skills’ that a learner needs to succeed in mathematics.  One of these skills is analysis, which is the ability to break down mathematical concepts through reasoning, linking and applying understanding acquired from different parts. A learners strength of analysis should include the ability to also provide accurate arguments and representations of a mathematical concept and transpose these through practical and written dialogue (Chambers & Timlin, 2013). However, the greatest challenge facing teachers is the ability to engage learners interest in something that is not necessarily obvious and does not take place outside of school – therefore teachers have to make “‘subjects’ fit different interests” (Black-Hawkins & Pollard, 2014, p.223). Black – Hawkins and Pollard (2014) concluded that learners interests can be catered for from different aspects of a particular subject and this is what is likely to be required, in order for complete conceptual understanding to occur.
As Illingworth’s (2015) philosophy of education portrays, Governments are looking for standards in set definable modules, however what a teacher believes is important is how a learner develops under their care. Learners can he suggests naturally look to a teacher as a leader, one who has to be listened to, one who tells the truth and whose opinion can provide re-assurance on many areas, not just the lesson in hand. The teacher can, by default, become the cultural leader where there is a profound interest in what you say – Illingworth (2015) further suggests this can be used to assist the learning process in re-directing incorrect ideas, as learners value the teachers opinion. However, it is equally important that a teacher allow learners to express their views, to be open to the differing opinions and support learners in nurturing the truth. This he believes is critical in establishing learners decision making processes. (Illingworth, 2015). Misconceptions are thought to be born out of a broad number of areas, from lack of concentration to deeper misunderstandings (Swan, 2001). Therefore, by encouraging interaction, engaging the learner through discussion is considered an effective way of preventing misconceptions being established (Wood 1988: 210 cited in Swan, 2001). Thus, supporting Illingworth’s (2015) cultural philosophy that learner/teacher association can help in developing correct decision making.
While the learners can be subject to the spotlight of theory and development, how does a teachers own conceptualisation of the subject and how its taught influence outcomes. A paper by Fredua – Kwarteng (2015) representing ‘Ontario Institute for Studies in Education’ defined the nature of teaching mathematics from two different viewpoints of ‘absolutism’ and ‘fallibilism’ (Ernest, 1996 cited in Fredua-Kwarteng, 2015). The absolutism is, as it suggests, a definitive and unmoveable base of knowing that has been formed and developed; the fallibilist conversely is a social constructivist approach, vulnerable and able to be changed. The paper further concludes that these two philosophical approaches tend to influence teachers training that might foster inflexible thoughts, whereas a teacher can be moulded into areas of sound pedagogical curricular, assessment, knowledge and skills, conceptualisation can still remain “a private matter” (Fredua-Kwarteng, 2015, p.78). This suggests that teachers own conceptualisation is also fundamental to how the learners perception of mathematics will evolve in their domain and the effect this will have on their progress towards understanding its concepts (Dossey, 1992 cited in Fredua-Kwarteng, 2015). As according to Hirst & Peters (1970, cited in Black-Hawkins & Pollard, 2014, p.223) mathematical knowledge “is not about the world of our sense [it evolves from] axioms” of logic and builds further bridges to advance understanding. 
An analysis of teaching methods in the United States undertaken by Shifter and Twomey - Fosnot (1993) also highlighted the impact when teachers re-engaged with their own teaching methods to galvanise mathematics in a constructivists form; where existing practices were replaced and new pedagogy created. This idea of reconstructing mathematics education involved addressing what it means to understand (Schifter & Twomey - Fosnot, 1993). They looked at the abstract mathematical teaching of third graders (i.e. primary) where learners are taught ‘formal’ modes of transcript that does not allow a connection with ‘informal’ means of acquiring mathematical knowledge. The example provided within the research involved the learners distributing objects into equal sized groups and deciding what to do with what was left. This it is implied planted more concrete understanding of division and fractional remainders via the symbolic representations, allowing the learners to move forward more effectively from using this baseline of informal mathematical representation/understanding/reasoning. 
This notion of establishing meaning through experience was also emphasised by Ball, 1988; Leinhardt & Smith, 1985; McDiarmid, Ball, & Anderson, 1989, (cited Schifter & Twomey-Fosnot, 1993, p.66) as they felt most teachers were products at the time of formal maths “devoid of meaning”.  Further examples of using everyday objects and/or connections were also used as one teacher re-explored their teaching of fractions and division. The use of cakes and portions were modelled to establish the meaning of fractions of an amount. Teacher A was asked to show 4 cakes divided into portions of 3/5 and find the amount of portions that could be obtained. By dividing the cakes initially in 5 equal amounts provided the basic understanding. Allocating numbers to the portions counting in sets of three’s established how many portions there were and what was left (remained). The implanting of concrete conception of the fundamentals was therefore established informally before moving forward. Once the ‘actuality’ of division involving numbers less than a whole had been nurtured, the learners principle thoughts were able to be developed, so the mathematical structure in finding the fraction of an amount via basic division in mathematics was obtained correctly. As pointed out by Burton, 1984; Mason, Burton & Stacey,1982 (cited Schifter & Fosnot, 1993) this method allowed teacher A to evaluate and comprehend a concept which previously had been relayed through formal mathematical processes. The example of using abstract and physical models of the same concept to introduce more profound understanding amongst leaners proved effective, as it allowed Teacher A to relate to both, with each set/both sets of relationships providing meaning to the other (Sarage cited in Schifter and Fosnot, 1993).
Therefore, it is apparent that Mathematics requires sound principles and knowledge from both a teaching and learning perspective. If we consider the process of acquiring understanding that a learner or teacher requires to explain a meaning in mathematical terms e.g. What does a fraction represent? - being able to define its representations as easily understood, but not clearly stated in its underlying principle, is seen as the first stages of conceptualisation. 
Likewise, many theorists believe it is important to establish how understanding occurs before misconceptions can be evaluated and averted/diverted. Sierpinska (1994:32 cited in Gates, 2001, p.152-153) proposed understanding occurs when somebody “achieve[s] a sense of order and harmony,” teaching is not merely to “explain a new word or symbol,” but “create and shape a conceptual framework.” David Pimm (1995, p.179) refers to “inclusion or incorporation” needs to become a part of us. We can ‘define’, ‘construct’ and make meaning as part of process’s that are described as ‘higher order thinking’ (Baguley, Danaher & Midgley, 2013, p.2). These are seen as fundamental before being able to progress to more complex and detailed stages of analysis and synthesis (Bloom, Engelhart, Furst, Hill & Krathwohl, 1956, Krathwohl, Bloom & Masia, 1964 cited in Baguley, et al., 2013). 
Altering fractions is considered an example of a higher order question, such that simplifying 49/63 can only be brought into the forefront by a general concept of reducing the numerator and denominator by the highest common factor i.e. 7 in this particular case. Nevertheless, a teacher maybe more challenged to explain where the 7 came from if there is a weakness in associating with division (and using factors other than 2) to begin with. Skemp (1976) states mathematical understanding emerges from two main ways ‘instrumental’ and ‘relational’. He subjectively puts forward instrumental as predominantly favoured method of teaching, as by virtue it involves a lower order of skills leading to quicker results; yet it remains stagnant in its application. Whereas, in adopting a more relational approach could stimulate “proper understanding” whereby learners can navigate fully within a conceptual framework moving successfully from any particular point to another, hence the analysis and synthesis is firmly established (Skemp 1976:25 cited in Tanner & Jones, 2000, p.19).
According to Swan (2001) misconceptions of ‘higher order’ are frequently not necessarily a learner’s mistake, but indicates that misconceptions have evolved from an overstated generalisation of another idea. In an exercise Swan (2001) conducted involving multiplication of a fraction, the initial generalisation of thought that dominated the learners thought process was that multiplication makes things bigger. Conversely, on being asked to use a calculator to quantify 1.5 x 0.7 the calculator revealed the initial belief of what was true to be factually wrong. Wood (1988:196 cited in Gates, p.155) puts forward that misconceptions amongst younger learners can sometimes be an “impulse” reaction to a generalisation in relation to another mathematical concept. As denoted by Cockroft (1982: para 228 cited in Tanner & Jones, 2000) for higher levels of denotation to be understood clearly these may only be accessed once there is clear understanding of other less obtrusive fundamentals.  Whereas Vygotsky (1993) and later agreed by proposed and that a learners ability to self-monitor and avoid intuitive responses can only be installed through interaction with a more ‘knowledgeable other’ and further agreed by Wood (1998:210 cited in Gates, 2001) that avoiding the misconception taking precedence is most effectively achieved through interfering dialogue. As the awareness prompts reconstruction of knowledge, in a more conscious effort by learners to recognise that something “is not quite right” in the current situation (Tanner & Jones, 2000, p.92). 
The APU after annual surveys involving 11 and 15 groups of learners between 1978 and 1982 concluded that learners assessed their maths based on a degree of logic, irrespective of their incorrect notions (Foxman 1985: APU 1991 cited in Tanner & Jones).
Studies also carried out by Concepts in Secondary Mathematics and Science (CSMS) identified 51% of 12 year olds as believing 16 divided by 20 was not possible (Hart 1988:20 cited in Tanner & Jones, 2000, p.87). The identification and belief of numbers as a whole and subsequent justification that these therefore could not be divided indicated misconception was present within the majority of learners (Johnson 1989: 2 cited in Tanner & Jones, 2000).
More recent analysis involving National and International data confirmed continuing similarities in misconception behaviour from previous research: - 
(A) Developing shallow understanding that cannot be built on or expanded.
(B) Applying general application of a concept over many areas.
(C) Repetitive/robotic use of erroneous procedures.
(D) Incorrect assessment of writing systems involving symbols or symbolic expression.
(E) Misreading information.
(F) By making incorrect or by chance assumptions through lack of concentration.
(Tanner & Jones; 1997; Keys et al. 1996; William and Ryan 2000, cited in Tanner & Jones, 2000)
This research implied learners will need to be exposed to the issues and restrictions of their current status before developing further (Tanner and Jones, 2000). Thus, teaching misconceptions and exposing learners to sound methods of explanation and practices may not necessarily be an effective remedy. Nevertheless, Piaget (2006) and Vygotsky (1993) theories of educational constructivism based on social application advocates learners are more likely to change and accept the change through engaging in dialogue with their peers and their teachers, which will allow for further assimilation. It is also documented that planning to teach misconceptions should involve a consideration of what misconceptions could materialise and from what, but should avoid ‘analogies’ and ‘metaphors’ that can give rise to learners compiling limited understandings. As pointed out by Pimm (1995, p.48) “a metaphor is seen as condensed analogy;” when we are presented with a metaphor, for complete understanding to occur, it is deemed necessary to be able to link the “latent analogy” that/to defines its meaning. 
As Brooks (2002, p.13) suggests learners will, as a matter of habit, use previous knowledge to enter new areas of learning; “anchoring” or linking previous understanding to construct new understanding is seen as central in the theories of constructivists in relation to developing concepts/progression. Even though Brooks (2002) further relates to “efficacy” of this in the learning process, misconceptions however can already be well established and the cognitive theory of being able to expose these successfully is based on the learners previous understanding being challenged. Maker and Confrey (2007, p.113 check Schifter & Twomey – Fosnot, 1993) concluded from their research that teachers “learning to teach mathematics” using an inquiry based approach needed numerous interactions over extended periods to develop an effective solution. However, the philosophy that questioning can effectively impede and eradicate all misconceptions would still be flawed in the face of assumptions, as even though a learner could have a sound baseline to move forward with new ideas, assumptions can transpire at any given time from many different areas of teaching/ being inconsistent with their prior knowledge. Such assumptions can remain undetected and destructive, as they can lead to learners unknowingly embedding misconceptions (Brooks, 2002, p.13). In consideration of social interaction as a means of extracting the learners ideas and how they compare to the teacher, this method it is suggested can only cover a certain percentage of misconceptions, it cannot substantiate a definite understanding of all the contributing factors (von Glasersfeld, 1991 cited in Tanner & Jones 2000).
Albeit questioning and how we pose a question can provide a meaningful way of assessing understanding. Black and William (1998a: 56 cited in Brooks, 2002, p.54) relate to “information seeking” and “response seeking;” response seeking as a shallower more closed form of feedback that does not necessarily provide teachers with an understanding of the learners knowledge and information seeking as more effective in exposing ‘incorrect’ answers, providing more insight into a learners thinking process (Brooks, 2002). This suggests that skilful questioning by teachers can be fundamental/critical/vital to discovering whether a learner has a deeper understanding that can avoid or be re-directed away from misconceptions, or a shallower disposition that can harbour them (Lucariello & Naff, n.d).
Methodology

A pre and post in-class diagnostic test (Appendix A.) consisting of 8 questions was generated and utilized in order to firstly identify impeding misconceptions and then evaluate the teaching and learning of the topic of fractions in relation. Questions were individually designed in correspondence with literature findings and in alignment with the departments scheme of work (SOW) and conducted in triangulation with in-class observations and assessments of learners within the lessons. Taking this approach would enable me to monitor and measure the impact of teaching misconceptions (i.e. the interventions) had on learners attainment levels based on their initial to their later understanding in their formation of fractions. Explanations would also be provided on what anticipated misconceptions were being addressed by each question in the diagnostic tests and whether this differed once the misconceptions were identified and explained. 
Prior to conducting the in-class diagnostic tests I ensured that all participants were briefed in full and received consent forms beforehand, so that they were able to understand and give an informed decision. In order for my research to remain ethical it was also emphasized that even though all learners within the class would be involved in and therefore not exempt from the lessons in order to ensure consistency of the learning experience, they still had the right to withdraw from the research at any point and that there would be no consequences in them withdrawing from a research and that their data would be excluded from any data analysis or further scrutiny outside of normal teaching practice e.g. assessment (Brooks, Maguire & te Riele, 2014; BERA, 2011; UWTSD, 2017)
The in-class diagnostic test results have also been and will remain anonymized out of respect for the confidentiality of the participant who were involved in the research, as per and in accordance with the guidelines stipulated by BERA and SWWCTE/ Yr Athrofa. In addition, all school and university processes, including ethical guidelines were followed to minimise any risks; as such approval of this investigation was also sought from the Module Lead, Programme Leads and Assessment Officer (Brooks, et al., 2014; BERA, 2011; UWTSD, 2017).
The research took place over 5-6 lessons and involved the following; 
- Administrating a pre diagnostic written test on fractions. 
- Teaching a prepared scheme of work on fractions (based on the pre diagnostic test results). 
- Administrating a post diagnostic written test on fractions. 
The principle methods utilised in the research was based on a number of theories and models from literature on the premise to ultimately provide improvements to practice/ “improve practice” (Brause & Mayher, 1991, p.46; Arthur, Coe, Hedges & Waring, 2012). As outlined further in Brause and Mayher (1991, p.46-47; Lucariello & Naff, n.d), research provides a “lens” to be able to evaluate our (teachers) pedagogical approach from which we are able to re-plan and adjust to benefit learners in providing a more informed pathway to enhance their understanding. In my research approach I have considered these areas referred to as the ‘instructional dynamic’ which promotes interaction between the teacher, learner, the curriculum and classroom as effective means of research (Ball & Forzani, cited in Arthur, et al., 2012, p.11). As Ball and Forzani (Arthur, et al., 2012) describe educational processes as ones that rely on interaction, therefore for ‘educational research’ to be effective it needs to be based on learning through ‘multiple interactions.’

With this in mind my research is not solely based on a ‘positivistic’ model of extracting answers from a set of pre-determined questions and corresponding right or wrong answers, a method described as ‘data-gathering,’ which would not necessarily expose the areas of misconceptions (Cohen, Manion & Morrison, 2007). Hence the purpose of an initial pre-test was designed to also examine more specific features, such as learners ideas/explanations of fractions, in aim of using this information to make sense of their thought process (Kaplan 1973 cited in Cohen, et al.2007). I have therefore focused on a method acknowledged in Mcateer, (2013, p.17) as “democracy in action research and the nature of knowledge.”  As pointed out knowledge is inherently based on a “scientific’ concepts of ‘truths,” as such the pre-test has been designed to test those truths, challenging the learners “way of knowing” (Mcateer ,2013, p.17).  This can, according to Kuhn (1970:65 cited in Macteer, 2013, p.17) be an effective method of preparing “the way for […] change,” by exposing misconceptions and re-directing existing knowledge.  Based on the purpose of this research to ‘improve practice’ this is considered the most effective; a strategy involving one which poses problems, asking the learner to re-examine their “taken for granted” notions and re-organise their thoughts that will provide a strong foundation for progression (Elliot, 1991 cited in Mcateer, 2013, p.18). 

Accordingly, the questionnaire I designed for the pre-test asks learners to also explain their answers, prompting how they got there and the concepts used.  Enabling myself to obtain both quantitative and qualitative research retrospectively, as suggested by Weisner (2005 cited in Somekh & Lewin, 2011, p.260) the use of “mix[ed] methods” can lead to “better understandings.” The questions were set to different levels of learning, designed to establish the contextual differences that may exist, hence on examining the results it allowed the quantitative research element to be put into perspective the learners initial level of understanding from prior knowledge (Somekh & Lewin, 2011). In hindsight, this provided an opportunity for my own reflection in line with QTS S3.2.1 – Assessment Strategies; the requirement for trainee teachers to prepare their pedagogical approach and planning in accordance. Whereas there may be some initial reflection at this stage by learners, this provides opportunity to best “support and guide learners to reflect on their learning,” which can only be fully addressed in the lesson stages (Mcateer, 2013, p.25). This democratic method can be used to assist the means by which a teacher needs to be able to cater for the range of learners misconceptions; thus establishing the design of an intervention and AfL strategies. Somekh & Lewin (2011, p.94) adhere to action research as one which is not “a linear” process of knowledge that consequently gets re-installed, but should be used to gather information that promotes/stimulates best practice.

Whereas Carr (2007 cited in Mcateer, 2013, p.23) identifies the effectiveness of “epistemic and “practice based criteria” in his methodology of educational research, my aim was to draw more analysis of the learners in relation to the reasons for their actions. Setting questions based on exposing misconceptions I saw as a chance to undertake research that would provide a critical analysis of my teaching, challenge my pedagogical approach, consequently allowing the development of other methods of assessing the links between theory and my own practice (Mcateer, 2013).  As stipulated by Brause and Mayher (1991, p.46) the “reflective process” can enhance teachers position from an ‘intuitive’ reasoning to a deeper understanding of truth and direction. Carr (2005 cited in Mcateer, 2013) on the other hand upholds that developing a dialogue is necessary for assessing research and effectively developing further understanding, therefore conversation should be encouraged and not ignored. Hence creating a dialogue would also form part of the interventions planned for the lessons and would continue until the post test.

A distinguishing and important feature of much action research in teaching is the researcher must maintain “their original role” (Brooks, et al., 2014, p.91.) In assuming my role as both the research practitioner and the teacher I was nevertheless conscious of the ethical responsibility in my representation of the data from both pre and post test. Campbell and Groundwater Smith (2007, p.155) point out that ethical responsibility is inherent in establishing accurate knowledge to improve practice; albeit this may include critical reflection and representing correct analysis; seen as fundamental in promoting the “best interests of [the] clients.” As further suggested by Brooks, Riele and Maguire 2014 the analysis of data has an ethical position that according to ( Ruane,2005, p.27 cited in Brooks, Riele and Maguire ) should be a ‘trustworthy source of knowledge’. Whereas it is further alluded that researchers can be tempted to promote analysis based on their position. Even though I have followed the viewpoint that the ethical approach in data collection should involve an “objective” stance devoid of ulterior motives that promote analysis based on position (Brooks, et al., 2014, p.163); this the research is by nature nonetheless limited as the dual role of participant – researcher limits a subjective viewpoint, as only one viewpoint is represented. Additionally, in this respect it was also difficult, in absence of an partner/observer, to cover all aspects of the ‘triangulation’ process in effectively managing a “self-sustaining research” (Somekh & Lewin, 2011).  

In considering other limitations of the process from pre to post diagnostic test the area of unexpected misconceptions arising at lesson stages, not originally identified at pre-test stage could proved difficult to manage; the unexpected approaches, coupled with other learners needs, meant ultimately learners did not receive a total resolution (Swan, 2001). Additional limitations revolved around familiarity and learner-teacher relationships. For example, the use of AFL strategies involving feedback through questions; sometimes the learner may be swayed by the research situation that providing a particular answer is in the best interests of the teacher and consequently their relationship; affecting the “quality of the research,” due to its dependence on the “quality of the relationships.” (Campbell & Groundwater – Smith, 2007, p.14).

On the contrary, a number of benefits resulted from the pre diagnostic test data. The scheme of work (SOW) for fractions I was able to structure/tailor compiled on the results and the types of questions I had administered in the pre-test. I was therefore able, from learners responses, to re-plan/design the lessons to engage with the different viewpoints which was advantageous. Standard worksheets, visual aids, interactive systems and board work were all utilised; however in addressing questions and learners responses, drawing on the common areas of misconception identified from the pre-test, utilising the whole-class method of teaching – it is uncertain what percentage of learners have gained the necessary understandings ahead of a post-test. 

In order to increase learner participation and self-evaluation as a means of developing understanding and associated learning; the pre-test asked learners to comment on the structure and validity of the questions as a concluding statement (i.e. WWW. & EBI., Appendix C.). The reasons and subsequent benefits are based on the additional assessment of the learners own perspective, as test results have validity arguably in the direction of “cognitive ability,” however they may not address the drivers of learner dispositions, such as motivation and attitude towards their learning (Baumfield, Hall & Wall, 2013, p.).  It is further suggested that informed teaching and learning should be evaluated from other sources of information including learners opinions of the experience in support of increasing their engagement in overcoming misconceptions (Baumfield, et al., 2013; Tanner & Jones, 2000).

















Evaluation 

From the research, the quantitative data collected (i.e. marks achieved) reflecting the pre and post in-class diagnostic test were collated into spreadsheets (Appendix B.) and comparisons (denoted as a %) made between the results. The results of the qualitative data (i.e. a sample of learner comments and feedback from questioning and in-class observations) are shown in (Apendix C.).

From the results I was able to compare and contrast the learners’ answers from the pre and post diagnostic tests with respect to fractions misconceptions both from a qualitative and quantitative perspective, providing purposeful evidence of the effectiveness of the interventions and AfL strategies employed.

The purpose of the assessments was to analyse both pupils and teaching perspectives in relation to the lessons and SOW utilised and the effectiveness of the interventions and AfL strategies employed. My overall pre-judgement about this were very much in line with the conclusions of Hart (what you do to the top you do to the bottom).

Q.1 a & b:  Addition and Subtraction of fractions: The reason I selected this particular question was to address the misconception, as highlighted in most literature, relating to the operation of  the ‘addition’ and ‘subtraction’ of two fractions by simply adding the numerators and denominators. An analysis of the results indicated 91% of the learners were able to correctly add and subtract fractions with denominators of equal value. Even though the overall percentage result did not vary between pre and post diagnostic test, 5 % of learners who got this right in the pre-test, did not in the post-test. In evaluating this change the original analysis in regards to the numerator this remained correct, however a misconception had occurred in relation to the denominator, where adding was seen as adding the numbers as a whole e.g. 1/5 + 1/5 became 2/10. Since both tests had a high percentage of correct answers, it is possible that this was down to a lack of concentration with the first question and certainty not a misconception. On the contrary, the other explanation could come from the lesson stages, where according to Brooks (2002, p.13) a learner can further assume knowledge from other areas of teaching, even post possessing the correct knowledge in the first instances, these “dangerous” assumptions can deter a learner whose confidence is lacking. It is well documented when considering fractions, that many learners have misconceptions through the in-abilty to see fractional representations as less than a whole; adding numbers is perceived as it must increase in size, similar to that of whole number application (Baroody & Hume, 1991; Streefland, 1991; D’Ambrosio & Mewborn, 1994).

Q.1 c: Multiplication of fractions: The purpose of this question was to establish learners ability in relation to using prior knowledge/linking concepts and applying it to something new in order to establish whether a common misconception would occur.  Documentation suggests students with a misconception in this operation incorrectly assume that the product will always give an answer larger than the factors when multiplying, regardless of the factors sizes (em2, n.d.). In reviewing the pre diagnostic test results many pupils assumed that the fraction result needed to be bigger than the initial multiplication values as predicted. The pre diagnostic test results showed only 18% of learners had the correct analysis, whereas the post-test showed an increase to 31%. Pre diagnostic test results indicated that many pupils had limited and/or no prior knowledge of this operation, as in addition to the low pass rate, the question was also not attempted by some. When planning the intervention and AfL for this lesson, the strategies needed to take into account the limited prior knowledge, the teaching strategy concentrated on questioning to determine whether the misconception mentioned was present to begin with. Thus, pupils were asked ‘does multiplication always makes things bigger?’ (Appendix E.) and to explain their reasoning before introducing statements that would either confirm or correct learners. This whole class assessment at the exposition stage re affirmed the pre diagnostic test results that pupils were not necessarily at stages of misconception, rather that prior knowledge was not present. My pedagogical approach therefore concentrated on communicating and implanting correct concepts allowing pupils to operate in the “zone of proximity,” as the limited understanding needed a more ‘knowledgeable other’ (Vygotsky, 1993). Post diagnostic test results revealed some improvement, however the overall concept of multiplication remained areas that students had applied their own rules to with a number of different methods being utilised by students (Swan, 2001). In evaluation of this concept all reasonable methods were utilised within the lesson; pupils limited exposure to this particular subject meant that we may have only covered the first stages of conceptualization towards “higher order thinking”; and even though many pupils had attempted to “construct to make meaning,” as described by (Baguley, et al., 2013, p.2) the answers were incomplete in many instances, which suggests further work is required to assist learners to refine and embed the correct mathematical approach to this concept. 

Q.1 d: Division of Fractions : Similarly to multiplication, the pre diagnostic test question was set to examine pupils understanding in relation to the literature documented by Baroody and Hume (1991 cited in Newstead & Murray) who imply the division of fractions is an area of contextual conflict in relation to connotations of prior knowledge; the result of division is inevitably providing answers ‘smaller than the number to be divided’ and hence original principles of ‘sharing’ are potentially applied. The pre diagnostic test results show a very low ability level with only 9% success rate. Consequently, the analysis of both the literature and pre diagnostic test results determined my strategy for intervention of firstly promoting a class discussion of the posed question ‘does division always makes things smaller?’ (Appendix E.) before introducing statements that would either confirm or correct learners (as per the multiplication of fractions lesson). Then by providing a simplistic formula to alter the pupils idea of how division changes/does not follow a rule in fractions in comparison to that applied to a whole-number. The use of a relatable acronym ‘KFC’ (in mathematical terms - keep, flip, change, Appendix E.) was used to encourage pupils to make sense via a possible interest (Black-Hawkins & Pollard, 2014; Ball, 1988; Leihardt & Smith, 1985; McDiamid, Ball, & Anderson 1989 cited in Schifter & Twomey-Fosnot, 1993). Despite Pimm’s (1995) disagreement with /dismissal of with the use of analogies or metaphors, the post diagnostic test results were encouraging with a 43% success rate.  However, many pupils could have achieved better results as even though the formula for division had been utilised correctly and answers represented the fraction e.g. 2/1 or 4/2 – pupils had not recognised that the question required the answer in its simplest form. 

Q.4: Comparing fractions (Linear representation): The anticipated area of misconception identified from the pre diagnostic test is pupils provide intuitive responses based on a generalisation rather than working rationally through the question (Wood 1988:196 cited in Swan, 2001). The pre diagnostic test revealed a common misunderstanding in line with the foreword- mentioned; pupils responses aligned to the idea of the point on the line being half way, thus the answer has to be ½. 36% of pupils correctly identified the answer in the pre diagnostic test, however some of the correct results (9 %) in closer examination of the explanations given were based on assumptions and not the correct concept. The post diagnostic test revealed an increase of correct answers to 63%. In review of the intervention and its effectiveness, this is not fully retrievable in terms of the post diagnostic test results, as many pupils failed to explain how they arrived at the correct answer. 
Q.5: Comparing fractions:  The pre diagnostic test results confirmed the pre amped common misconception that the ‘larger fraction’ is perceived in relation to the size of the denominator; 36% of learners provided a correct answer with the majority of incorrect answers being explained by acknowledging the larger denominator as documented in literature (Baroody & Hume, 1991). Some learners explanations for the correct answers fitted more appropriately when comparing a real life experience e.g. ‘splitting’ up a cake. In analysing learners reasons in the pre diagnostic test, the right result had been obtained, but the concept could be flawed in view of a different set question (i.e. with different numerators). In assessing the results and planning an approach for the lesson, I was drawn to the conclusion of Sarage (cited in Schifter & Twomey-Fosnot, 1993). She explained how physical models can be used to install more profound understanding or as similarly suggested by Pollard (2014) utilising objects of interest that can make the ‘subject’ purposeful. Consequently, the lesson was designed with objects of everyday interest to demonstrate fractional representation. The post diagnostic test results showed a noticeable improvement (77%) - pupils explanations utilised the physical concepts e.g. sharing a pizza to evaluate the concept of a fractional value/fractions worth in comparison to another. In this case the results vindicated the use of physical models as an effective intervention as opposed to a more conditioning form of teaching. 
Q.6: Ordering fractions: This question was to examine reasoning in relation to “the denominator principle” (Diessa, Roschelle, & Smith, 1994, p.43) which portrays fractions with the smallest denominator are greater in value provided the numerator is constant between such fractions – three questions were set to establish the contextual differences that may exist. Hence the results would be analysed quantitatively to put into perspective the learners understanding (Somekh and Lewin, 2011). The pre diagnostic test revealed a 41% understanding where the numerator remained the same, however once the numerator values were altered together with the denominator values that were not set to provide an easy base for iterative comparisons, the success rates declined. Many learners were unable to recognise that for example the numerator and denominator could be analysed from converting to an equivalent fraction, concluding that the larger denominator must mean that the sequence of fractions is decreasing. In one other example leaners conceptions were of generalisation in relation to fractions that appear almost the same from whole number application, pupils compared 3/5, ¾, 2/6 and 2/3 as equal. Whereas it could be concluded at this stage that 3/5 and ¾ are close in whole number comparison and further influence of the lower denominator in 2/3 could have provided pupils with limited construction to uphold the view that “‘equal’ means look alike” (D’Ambrosio, Beatriz & Mewborn, 1993, p.8).  Diessa, et al. (1994) claim from their research that pupils adapt “what [they] already know,” but need assistance to recognise that their use may only lead to correct resolutions in limited areas. Taking this into consideration the intervention utilised iterative models of linear representation, as I felt using ‘benchmarks’ of ½ and 1 were areas that learners were familiar with and could be used to mold their understanding before linking back to equivalent fractions (Appendix F). The AfL concentrated on providing learners with the opportunity to discuss the interventions and myself to reflect on existing understandings to support “the processes of knowledge refinement” (Diessa, et al., 1994, p.67). Whereas the post diagnostic test results showed an overall improvement in all three questions, some pupils had provided wrong answers having previously provided correct ones; even though classroom intervention strategies had indicated a firmer understanding; my evaluation of this is drawn from literature put forward by Post, Harel, Behr, & Lesh, 1988; Tversky & Kahneman, 1982 (cited in Diessa, et al., 1994, p.33) that students can over time replace misconceptions, however expert conceptualisation of “elementary” areas of mathematics is “neither easy, rapid, nor uniformly achieved.”
Q.7: Fraction of an amount: Three questions were set to test whether learners understandings would be greater if shown as a picture (different areas shaded of a shape). The pre diagnostic test results revealed a number of different cognitions e.g. learners intuition and generalisation were very present with 68% answering the question based on the number of areas that had been shaded, 13 % answered correctly based on logic of lines and their representation, 4% answered correctly in relation to a visual comparison i.e. ‘looks too big,’ and 4% correct based on a sharing principle of a practical model. Worksheet models were used within lesson planning as an instructional intervention and pupils subsequently asked to form a group analysis. From observation of group discussions and questioning revealed that the wide range of ideas were put forward hesitantly signifying limited prior exposure to this question. The use of group discussions I felt was important for pupils with different ideas to have social dialogue in view of introducing “conflict” and subsequent modifications “remedies” (Piajet, 1978; 2006). The post diagnostic test results did not show a marked improvement, many of the original ideas re-surfaced with generalisations dominating the pupils reasoning for answers. In reviewing my pedagogical approach, the limited exposure to this subject meant the implementation of any accurate argument was not fully altered in this exercise and the absence of adequate prior knowledge was probably a main factor in a constructive social based method being unsuccessful (Chambers & Timlin). In summary previous literature did not address the requirements of an effective outcome; my conclusion centres on alternative literature put forward by Diessa, et al, (1994, p.21) who outline the necessity for teachers to present “expert concepts in clear opposition” to convert learners understandings – learners it is further suggested are then able to accept confrontation to their original ideas when working as a social group.
Conclusion

After analyzing literature and reviewing my own research I have come to the conclusion that despite what learners are taught in mathematics, more often than not they will “create their own” rules in understanding fractions (Askew & Wiliam, 1995; Murray & Newstead, 1998; Swan, 2001, p.150). In agreement with Swan (2001, p.150) I also believe that in order for understanding of fractions to be long-lasting, misconceptions should be “welcomed, made explicit, discussed and modified.” which relates back to my mainly constructivist approach throughout the lessons taught. 

This form of research i.e. active research has enabled myself to learn the process of and how to create a pre and post diagnostic test, structure lessons in accordance with findings and conduct observations in triangulation, in order to highlight and focus on specific misconceptions and at the same time as exposing what existing knowledge learners had. 

In line with research findings and the evaluation of my own results of the pre-diagnostic test it became apparent that/also emphasized the notion that learners “limited and limiting” comprehension of fractions often filters through from their prior experience (Murray & Newstead, 1998, p.7).  As a result, this method proved invaluable in not only identifying learner’s strengths and weaknesses to begin with, but the earlier feedback provided sufficient information to formulate a scheme of work and interventions at an appropriate level and interest (Allen & Simkins, 2000; Pollard, 2014)
Even though the results of my own research indicates learners understanding of fractions improved, this was only by a marginal amount implying that the interventions had not been significantly successful in challenging students’ initial incorrect interpretations and/or in preventing their further development of limiting constructions. In order to improve upon this, I would consider going forward with the approach as suggested by Allen and Simkins (2000) and Lucariello and Naff (n.d.) of accumulating even more information regarding learner’s backgrounds, interests, learning patterns and preconceptions in more depth beforehand in order to formulate a more specific scheme of work. Since the use of some resources became questionable in their effectiveness, as implied by Swan (2001) unless straightforward they could become obstructive to the teaching and learning of mathematics.  As such I would also consider revising some of the resources used as they did not prove as useful in addressing certain misconceptions. Equivalently, a variety of resources should be welcomed and used and/or tested to keep learners engaged and to enable us as teachers to establish the appropriate approach and inform planning. 
Additionally, by undertaking this investigative research it has also drawn my attention towards the importance of/ enabled me to assess the effectiveness of my own pedagogical teaching, the impact of the interventions on learners performance and the adjustments required for future teaching of the topic of fractions (in line with QTS Standards S3.2.1, S3.2.6 & S3.3.3 cited in DfCELLS, 2009).  However even if teachers can modify and evaluate their own pedagogical approaches, in line with best practices and literature, in evaluating the research and by using many methods and approaches, controversially and in agreement with Tanner and Jones (2000) I also believe there is a need for learners to also take ownership of their own learning in order to fully understand a concept. 
Furthermore, I have been enlightened by/to/ seeing the importance of using such methods to help instill that confidence through the teaching of misconceptions in a way that helps learners to “make sense” and embed a more conceptual understanding of the topic (Killen, 2005, p.35). Ultimately this research has encouraged me to continue to develop resources and modify teaching methods in order to effectively address misconceptions that arise throughout the teaching and learning of Mathematics.



