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1.0 - Introduction 
Heat diffusion is reference to the process that occurs when thermal energy transfers through conduction, convection, and/or radiation (Wooldridge, 2020). A phenomenon that is essentially governed by the overriding principles of thermal conduction, that heat has the capacity to freely move from regions of high temperatures to lower temperature. Heat ‘diffuses’ (“spreads”) at varying rates throughout different medias, these rates are called the thermal diffusivity of the given media/material. Alpha ‘α’ denotes the associated value of this figure, the diffusivity of a given material does not change through time, it remains the same (Wilensky, 1998).
This report is centred around a model that simulates the transient and steady state distribution of a aluminium plate within MATLAB. The aim is to provide a comprehensive understanding on the fundamentals behind the heat equation, and to demonstrate the capabilities of MATLAB to produce such a model.
2.0 - The governing equation of the problem.
The heat differential equation, which can be named as the heat equation is the partial differential equation (PDE) that can be used throughout mathematics and physics to better describe the distribution of heat in a chosen area over a period of time (Lebl, 2013). Joseph Fourier laid the foundations for what we know as the heat equation. In his book Theorie analytique la chaleur (1822), the introduction of the concept of Fourier Series is introduced, paving way for mathematical modelling for heat conduction theories (I Grattan-Guinness and Cooke, 2005; Lebl, 2013). Fourier introduced the idea that the rate of flow of heat through a singular homogenous solid is proportional to the area of the section at right angles to the direction of heat flow, and this change of temperature is in respect to the length of path for the temperature gradient/heat flow, this is illustrated in figure 1.0 below. 
[image: ]
Figure 1.0 – Heat flow through the temperature gradient of an object.
The conduction of solids can be described by the below heat equation:
[image: ]
Within this equation is derived of the following principles/inputs: 
· t is time 
· T is the temperature 
· 𝛼 = 𝑘Τ(𝜌. 𝑐) is the thermal diffusivity [m2 .s-1 ] 
· k is the thermal conductivity [W.m-1 .K-1 ] 
· 𝜌 the density [kg.m-3 ] 
· 𝑐 the specific heat [J.kg-1 .K-1 ]
3.0 - A full description of the numerical method chosen to discretise the governing equation. 
Taylor series for difference approximations 
The finite difference method (FDM) is used to discretize the governing differential equation by approximating the derivatives using the Taylor series expansions. Taylor series approximations are effective and efficient numerical procedures of approximating the derivatives at a reference point, by using the value of a given function at neighbouring point (Edu, 2017). This method can be used to approximate the derivatives from the governing equation enabling the ability to use finite differences defined from the Taylor series expansion. 
The finite difference approximations can be derived using the Taylor series of expansion, the basic idea behind this is the difference idea as the subtracting factor of the derivatives in the differential heat equation by forward, backward and central differences. This can ultimately be used to transform the equation into a set of algebraic equations that are solvable according to boundary conditions set (Muenster, 2019).  Looking more closely at the first and second derivatives – 
To first understand the theorem you must consider Taylor expansion of an analytical function  [image: $ u$]: 
[image: ]
Then to obtain the first derivative one obtains:
[image: ]
If the right hand side of the last equation is after the first term for [image: $ \triangle x\ll 1$] the last equation becomes:
[image: ]
Eq 1.0
Where: 
[image: ]
Is the forward difference. The backward expansion of the function .. cab be written as as [image: $ \triangle x\ll 1$] the last equation reads
[image: ]
So, for the first derivative you can obtain:
[image: ]
Eq 1.1
Where, 
[image: ]
Is called the backward difference, if you were to subtract Eq 1.0 from Eq 1.1 you would obtain: 
[image: ]
Which is equivalent to:
[image: ]
The second derivative can be found in the same way through the use of linear combination of different Taylor expansions, an example to consider:
[image: ]
Subtract from the last equation Eq 1.0, multiplied by 2, the outcome is the following equation:
[image: ]
Allowing an approximation of the second derivative as:
[image: ]
Similairy, it is possible to obtain the expression for the second derivative in the terms of backwards expansion: 
[image: ]
Finally, if Eq 1.0 and Eq 1.1 are added the expression of the second derivative would read as follows: 
[image: ]

The governing equation for heat transfer in a two-dimensional system without the internal heat sources is expressed as: 
[image: ]
Temporal discretization, is the governing equations that must be used to discretise in both space and time. Temporal discretization involves the integration of every term in the differential equation/s over a specified time step ∆t (Ansys, 2022). The temporal derivative [image: ]can be approximated using the forward difference scheme: 
[image: ]
Substituting the above into the governing heat equation results in the following equation: 
[image: ][image: ]
Rearranging to solve [image: ] at the temperature of the next time step we will arrive at: 
[image: ]= [image: ] [image: ]
Spatial discretization, the second spatial derivatives  and  are approximated using the central difference scheme. The second derivative in x direction:
[image: ]
The second derivative in the y-direction:
[image: ]
And the equation:
[image: ]
Substitute the previous equations into the heat equations gives the explicit finite difference equation, where the Fourier number  results in:
[image: ]
4.0 - Discretization of the domain
Spatial domain, the 2D domain is a divided uniformly grid of existing points with grid spacing in h, the points between each individual point. In the x-direction  and , and in the y-direction  and . Spatial discretisation essentially impacts the accuracy in the representation of the physical domain.  
Temporal domain, the time intervals that are divided into discrete steps of size ∆t and the time index which is denoted by P. Temporal domain/discretisation impacts the stability and accuracy of the solution over a given period of time. 
5.0 - Fourier number and the stability criterion 
Within the explicit finite difference equation  is a dimensionless expression that is known as the Fourier number, this is where  the finite difference representation is what is known as the explicit form, because the unknown temperature  is used to explicitly determine the knowing temperatures at the previous time steps. There are disadvantages of this method that once ‘a’ and ‘h’ are fixed then there is a maximum time-step size ∆t which cannot be exceeded and the value that is imposed by the stability criterion for 2D, as follows:
[image: ]
The explicit finite difference method could be regarded as a straightforward approach when solving 2D heat equations. However, it is stability governed by the Fourier numbers condition, which in turn imposes the constraint on the time steps size ∆t. By ensuring the grid resolution and time steps meet the required parameters for the stability criterion, the explicit method helps to provide accurate results related to heat conduction problems within 2D domains. 
6.0 - The initial, boundary conditions and analytical solution. 
This section of the report outlines the initial and boundary conditions for the required 2D heat equation on a rectangular plate of dimensions Xdim (width) and Ydim (height). The issue is governed by the heat diffusion equation, and the specified conditions that are required to specify and facilitate the development of a numerical solution, the analytical solution will also be introduced via the validation of code implemented within MATLAB. 
Understanding the problem geometry and the governing equation, the domain must consider the rectangular plate with the following dimensions: 
[image: ]
The heat equation that governs the temperature distribution is as follows:
[image: ]
Where the 𝛼 is the thermal diffusivity of the material. 
The initial condition (Uniform temperature) is the starting point for a differential equation, it is used to give a coordinate (x,y) that is used to satisfy the general solution to the differential equation, thus allowing one to find the value of a generic constant (Siktar, 2025). The initial condition is essentially the value that is given to the function of a particular point (Montag, 2025). Within the 2D plate, a given at time t=0, the entire plate is at a uniformal initial temperature of T(x,y,0)=0
[image: ]
Boundary conditions (constant and symmetry) are constraints that are necessary for the solution of a boundary value problem. The boundary value problem is a differential equation that has to be solved within a domain on the boundary at a set conditions which are known. Boundary value problems have been extremely important as they aid in modelling through a vast array of phenomena (Cheng, 2023). There are many both ordinary and partial differential equations that require solving boundary conditions, the choice is fundamental for the resolution of the computational problem. Neumann boundary conditions is an example, and used within this solution, Neumann when imposed on a PDE specifies the values that are derivative of a solution that is going to take on the boundary value of the domain (Cheng, 2023).
Looking more closely at the 2D equation, following the initial boundary conditions: 
Top boundary (y=Ydim), the temperature is maintained at :
[image: ]
The bottom boundary (y=0), with the temperature maintained at -.
[image: ]
The left boundary, a zero-flux condition (The Neumann boundary condition) which is applied, implying that no heat flow in the x-direction:
[image: ]
The right boundary, again, a zero-flux condition (Neumann boundary condition) where it is applied, implying that no heat floe in the x-direction:
[image: ]
To determine the analytical solution for validation, the MATLAB code must be tested. An analytical solution for the 2D heat equation is tested following the given boundary conditions are instilled, the analytical solution is then represented as a Fourier series at thermal equilibrium: 
[image: ]
Where the coefficients are determined by the initial and boundary conditions. 
[image: ]
Figure 2.0 – The initial and boundary conditions illustration. 
6.1 – The analytical solution 
Below in Figure 2.1, is the analytical solution derived from MATLAB:
[image: ]
Figure 2.1 – The analytical solution. 
7.0 - Code details 
Workplace management commands, these are in reference to the commands that are given to help manage the MATLAB workplace. It gives the ability to interactively manage the contents of your workspace in MATLAB. Examples below in figure 3.0:
[image: ]
Figure 3.0 – Management commands within MATLAB.
Defining the material properties, this is essential to compute the thermal diffusivity of the model because of the reliance on material-specific characteristics. In this models instance the 2D plate in question is aluminium, with the properties defined as:
· Conductivity: k = 143 W/m.C 
·  Density:  = 2.8  103 kg/m3 
·  Specific Heat: c = 795 J/kg.C
These are defined within the MATLAB code as the following in figure 3.1:
[image: ]
Figure 3.1 – The material properties of aluminium. 
User inputs for spatial consideration within MATLAB are required when solving any problem, or performing any sort of simulation that require spatial domains. These are what account for the physical dimensions, discretization’s and geometry of the problem. Below in figure 3.2 illustrates the code used within MATLAB:
[image: ]
Figure 3.2 – Code used for spatial considerations.
Computing the number of rows and columns within MATLAB is a key step in many applications where there is a requirement for matrices to better represent data. The introduction better facilitates the associated data structures and aids in more precise numerical computations and simulations. An example of this in practice within MATLAB is below in Figure 3.3: 
[image: ]
Figure 3.3 – Computing of rows and columns on MATLAB.
The inclusion of matrix T1 and the application of Dirichlet boundary conditions for the boundaries are in the aid of setting up the foundation for solving heat transfer problems, such as this model requires. The following figures highlight the inputs required within MATLAB.
[image: ]
Figure 3.4 – Matrix T1 inputs.
[image: ]
Figure 3.5 – Matrix T1 inputs.
User input for temporal consideration, the inputs that require the user to input the required time step, seen below:
[image: ]
Figure 3.6 – Time step input.
Convergence criterion threshold, the purpose to define the specific values, or conditions for the decision making boundaries in various contexts. The threshold is to act as a classification tool to trigger actions required from the modelling conditions. See below MATLAB input: 
[image: ]
Figure 3.7 – Criterion threshold
Calculation of T2, see below input from within MATLAB:
[image: ]
Figure 3.8 – Calculation of T2
7.1 - The entire code 
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]

7.2 - Analytical solution 
[image: ]







8.0 - Validation and analysis of the code 
Grid spacing is the reference to the distance between set points within a discretized grid used in numerical simulations. As a grid is defined and the time step is redefined the spatial and temporal discretization errors should reduce and approach zero, or a steady state as illustrated in the below graph (Salter, 2021). 

[image: ]
Figure 4.0 – A thermal equilibrium graph conducted on grid spacing. 

Time step is the reference to the discrete interval of time that is used to progress the models solution from one step to the next, its time dependent, and can define a systems state (Hockley, 2021). The smaller the time step the more frequent the model will update, leading to more accurate approximations being made on the process. 


[image: ]
Figure 4.1 – A thermal equilibrium graph on time step.

Tolerance, or the allowable error/deviation from an expected numerical computation. Tolerances set an acceptable level of error between a current, and expected result, this ensures that computations are as efficient and accurate within a practicable set of parameters (Croucher, 2024).  

[image: ]
Figure 4.1 – A thermal equilibrium graph on tolerance. 



9.0 - A discussion on the limitations of the model. 
Numerical models are extensively used to aid in solving partial differential equations PDEs, such as the 2D equation within this model. While the model can provide a powerful tool doe simulating any level of heat transfer, they can be susceptible to inherent limitations due to numerical methods and different coding strategies that are employed. The aim of this chapter is used to critically discuss the limitations, that focusses on the errors introduced by numerical and practical constraints by any coding implementations. 
Round-off error, round-off errors occur due to the finite precision of computer arithmetic’s, in numerical methods values are truncated or rounded to fit the devices floating-point representation, introducing small errors at every computation step. The errors accumulate over multiple iterations, that can potentially degrade the accuracy of the solution over that period. An example, within the explicit finite difference scheme, any repeated operations on temperature matrices has the potential to exacerbate round-off errors, particularly for larger grids, and longer simulation periods (Chapra & Canale, 2006).
Truncation error, these are errors that arise from the approximation of derivatives in the governing equation. An example, central difference schemes approximate second derivatives, neglecting the higher-order terms within the Taylor series expansion. The finite difference approximations introduces systematic inaccuracies, especially for coarse grids, or larger time steps. These are errors that result in deviations occurring between the numerical solution and the exact solution of the PDE. Mitigations can be introduced to aid in combating the issues, reducing the grid spacing h, and time step ∆t can be used to minimise the truncation errors, but increase computational costs (Pantankar, 1980). 
Complex geometry, the explicit finite difference method is best suited to regular, structured grids. Complex geometry is the intersection of algebraic and differential geometry (McCarthy, 2025).  For geometries with irregular boundaries grid generation becomes challenging, and the method then struggles to accurately model any boundary conditions.  Complex geometries may require unstructured grids or specialised techniques, as the finite element or boundary element method, which are computationally intensive (Posamentier, 2012). 




9.1 - Limitations due to the coding implementation
Thermal equilibrium tolerance, the coding assumption, in the numerical implementation, the thermal equilibrium is typically modelled by comparing temperature differences between the successive time steps. The thermal energy is always transferred from a given region, hotter, to a lower, can be defined when two objects with physical contact with one-another no longer exchange any heat transfer and become an equal (M, 2022). Equilibrium is assumed when the difference falls below a predefined tolerance. While practical, this approach may not accurately capture the true physical state of thermal equilibrium. Any choice in tolerances may be arbitrary and does not reflect the exact physics of a given system. If these are too large, a tolerance can prematurely terminate the simulation, while on the other hand too small a value increases any runtime unnecessarily (Santos, et,al. 2022). 
Boundary condition representation, in coding, boundary conditions are discretized at specific grid points. However, for curved or irregular geometries, the boundary values may not align perfectly with any grid nodes, this leads to interpolation or extrapolation errors, which are references to an estimation of an unknown value that’s based on extending a known sequence of value or fact (Awati, 2022). Misrepresentation of the boundary conditions can propagate errors throughout the simulation, that affect the accuracy of nearing boundaries. Patankar (1980) discusses the challenges associated with accurately representing the boundary conditions in the finite difference methods and the required need for finding alternative schemes in the complex domain. 
Computational efficiency, the computational costs associated with simulating large domains, or longer periods which can result in the issue becoming prohibitive. As these issues accelerate, the knock on effect in terms of capabilities come into frame, memory limitations can result in grid resolution, which can lead to less accurate results. An optimised algorithm and parallel computing can mitigate the issue, this can be demonstrated in the numerical heat transfer studies carried out within Computational fluid mechanics and heat transfer (Tannehill, 1997). 
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11.0 - Appendix 
MATLAB Code






Grid Spacing 

Grid spacing	4	3	2	1.5	1.2	1	0.75	0.6	0.5	0.4	0.3	0.25	0.2	Thermal Equil (s)	149100	327300	298200	300000	293700	294900	293100	292350	291900	291150	291150	291150	291000	



Time Step

Time step	2000	1500	1000	800	600	400	200	100	50	25	Thermal Equil (s)	438000	423000	400000	388000	372000	349200	309600	269900	230050	190225	



Tolerance

0	0.1	0.01	1E-3	1E-4	1.0000000000000001E-5	9.9999999999999995E-7	0	98000	231000	364000	497500	630500	764000	



Sensitivity: general

Sensitivity: general
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Rhys_Assignment.m


Rhys_Assignment.m
clc       %clear command window.

clear      %clear workspace.

close all  %close windows.



k = 143;        %W/m.C.

p = 2.8*10^3;    %kg/m3.

sh = 795;        %J/kg.C.

a = k/(p*sh);  



Xdim = input('Please enter the width in meters: ');     % input the width of the plate in meters.

Ydim = input('Please enter the length in meters: '); % input the length of the plate in meters.

h = input('Please enter grid spacing in meters: ');  % input the grid spacing.

msg = 'Spacing does not comply. Please re-enter: ';        % Error message

while (h>Xdim || h>Ydim || mod(Xdim,h) || mod(Ydim,h))                                                                                  

    h = input(msg);                         

end



T0 = input('Please enter North boundary temperature value: '); % input boundary temperature



Ts = input('Enter the time step in seconds: ');  

while Ts > (h^2)/(4*a)                              

    fprintf('Please make sure to enter a time step that is less than %.3f seconds \n',  (h^2)/(4*a))

    Ts = input('Re-enter time step here: ');  

end



F = (a * (Ts))/h^2; 

NC = (Xdim/h)+1;  

NR = (Ydim/h)+1; 

T = zeros(NR,NC);



T(1,:)=T0;

T(NR,:)=-T0;



tol=0.000001;   

E=tol+1; 

T2 = T;    

Count = 0;  

    

while E > tol

    T=T2;

    Count = Count + 1;

    for r = 2:NR-1

        for c = 1:NC

            if c>1 && c<NC

                T2(r,c) = F * (T(r-1,c) + T(r+1,c) + T(r,c-1) + T(r,c+1) - (4 - (1/F))*T(r,c));

            elseif c==1

                T2(r,c) = F * (T(r-1,c) + T(r+1,c) + T(r,c+1) + T(r,c+1) - (4 - (1/F))*T(r,c));

            else

                T2(r,c) = F * (T(r-1,c) + T(r+1,c) + T(r,c-1) + T(r,c-1) - (4 - (1/F))*T(r,c));

            end

        end

    end



    E = max(max(abs(T2-T)));

    TE = (Count * Ts)/3600;

    contourf(flipud(T2),30,'LineColor','none')

    title(['Time Taken to reach Thermal Equilibirum: ',sprintf('%.4g ',TE),'hours'])

    axis off;

    colormap(jet);

    colorbar;

    clim([-T0 T0]);

    pause(0.1);

end



clc  



fprintf('Paramaters\nLength = %gm \nWidth = %gm \nGrid spacing = %gm \nTime step = %gs \n',Xdim,Ydim,h,Ts)         

fprintf('\nThermal Equilibrium \nTime taken to reach thermal equilibrium: %g seconds.',TE*3600) 

fprintf('\nTime taken to reach thermal equilibrium: %g minutes.',TE*60)                          

fprintf('\nTime taken to reach thermal equilibrium: %g hours. \n',TE)



%ANALYTICAL SOLUTION%

TA=zeros(NR,NC);

for r = 1:NR

    for c = 1:NC

        x=h*(c-1);

        y=h*(r-1);

        S=0;

        for k = 1:99

            S=S+(1/(100*k*pi)^2*(1-(-1)^k))*sin((k*pi*y)/sinh((k*pi*Xdim)/Ydim))*(cosh((k*pi*x)/Ydim)-cosh((k*pi*(x-Xdim))/(Ydim)));

        end

        TA(r,c)=T0+((2*-T0)/Ydim)*y+S;

        %TA = flipud(AT);

    end

end





fprintf('\nThe numerical solution temperature distribution at thermal equilibrium: \n\n ')

disp(T2)



fprintf('\nThe analytical solution temperature ditribution at thermal equilibrium: \n\n')

disp(TA)



%%Remember to add more detial / description to each point or assignment, so

%%to not got lost.
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