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Introduction
This report presents a detailed analysis of a MATLAB script that implements the Explicit Finite Difference Method (EFDM) to model transient heat conduction within a two-dimensional aluminium plate. The plate, of arbitrary length and width, is derived into a matrix representing the spatial temperature distribution over time. The code allows an initial temperature condition to be prescribed at the north boundary of the plate, while numerical stability is ensured through appropriate control of the Fourier number and the automatic application of boundary conditions on the remaining three boundaries around the plate. 
The code produces visual representations of the temperature distribution as the system evolves towards steady state and provides an estimate of the time required to reach thermal equilibrium. The numerical solution generated by the code is validated through comparison with the corresponding analytical solution, with absolute error analysis used to assess accuracy.
The aims of this report are to provide a thorough analysis of the MATLAB script, examine the theoretical foundations of the transient heat equation and the Explicit Finite Difference Method, and compare the numerical and analytical approaches, highlighting the advantages and limitations of each. The report also evaluates the effectiveness of the code implementation, identifying aspects that performed well and areas where improvements could be made.
The report begins with an overview of the theory governing transient heat conduction and the finite difference method. This is followed by a detailed discussion of the code structure, including the implementation of initial and boundary conditions, and the approach used for validation. Finally, the limitations of the model are identified before concluding remarks are presented.
Governing Equation
The heat equation is a partial differential equation (PDE) that describes how temperature evolves in space and time within a material due to heat conduction, modelling the diffusion of thermal energy from regions of higher temperature to regions of lower temperature (Skinner, 2015, p. 50). Its importance lies in its ability to predict temperature distributions under specified initial and boundary conditions. This diffusion process occurs in a wide range of engineering and scientific applications, including heat conduction systems and thermal management technologies (Kazi, 2023; FirstMold, 2024).
The governing equation of this transient heat transfer problem is: 

Figure 1 - Governing Equation (Croft and Stone, 1977, p. 148)
But as the assignment states no internal heat source “H” = 0 and the equation can therefore be rearranged to the following: 

Figure 2 - Governing equation with no internal heat source.
Definitions of Terms in the Governing Equation
In the governing heat equation, T represents temperature, t denotes time, and x and y are the spatial coordinates in the horizontal and vertical directions, respectively. The term:  represents the first derivative of temperature with respect to time and describes the rate of change of temperature at a point. The material properties appear through the ratio  which defines the thermal diffusivity of the material. Here, k is the thermal conductivity, ρ is the material density, and cₚ is the specific heat capacity. Thermal diffusivity characterises the rate at which heat diffuses through the material. The term   is the second derivative of temperature with respect to x (east and west) and  is the second derivative of temperature with respect to y (north and south). 
Finite Difference Method
Finite difference methods provide a numerical approach, based on Taylor series expansions, for approximating partial derivatives by replacing continuous derivatives with algebraic expressions evaluated at discrete grid points (Croft and Stone, 1977, p. vi). These approximations are obtained by retaining a finite number of terms in the Taylor series expansion, which introduces truncation error due to the omission of higher-order terms (Croft and Stone, 1977, p. 99; Chachuat, 2010). By neglecting these higher-order terms, expressions for first- and second-order derivatives can be written in terms of temperature values at neighbouring grid points.

Figure 3 - Forward difference approximation after truncation (Croft and Stone, 1977, p. 44).

Figure 4 - Central difference approximation to the 2nd derivative after truncation (Croft and Stone, 1977, p. 44)
In the explicit finite difference method employed in this study, a forward difference approximation is applied to the first-order temporal derivative (Figure 3), while central difference approximations are used for the second-order spatial derivatives in the two-dimensional transient heat equation (Figure 4). Using these Taylor series approximations, the governing two-dimensional transient heat equation can be discretised to obtain the finite difference form shown in Figure 5.

Figure 5 - Explicit Finite Difference Method – formula (Croft and Stone, 1977, p. 149).
The equation shown above represents the explicit finite difference formulation used in the numerical model. Although the expression is written in terms of the Fourier number, it is algebraically equivalent to the update equation implemented in the code, with the temperature at the next time level written explicitly in terms of temperatures at the current time level.
This formulation updates the temperature at a grid point by comparing its current value with those of its four neighbouring nodes in the north, south, east, and west directions. The contribution of each neighbouring node is weighted by the Fourier number, which incorporates the effects of the time step, grid spacing, and material thermal properties through the thermal diffusivity. In this way, both spatial heat diffusion and temporal progression are accounted for at each iteration.
When applied to a discretised two-dimensional domain, the temperature at point Tp corresponds to the grid location (x, y). The neighbouring temperatures are defined one grid spacing away in each direction, such that Tn corresponds to (x, y + 1), Ts to (x, y − 1), Te to (x + 1, y), and Tw to (x − 1, y). This allows the temperature at each grid point to be calculated directly from known values at the previous time step.
To ensure numerical stability of the explicit finite difference method, the Fourier number must satisfy the condition F0 ≤ 0.25. This constraint ensures that all coefficients on the right-hand side of the discretised equation remain non-negative, preventing the amplification of numerical errors that would otherwise lead to unstable and non-physical results (Croft and Stone, 1977, p. 149). 
Initial Condition, Boundary Conditions and Analytical Solution
The initial and boundary conditions applied to the plate are defined as follows. The north boundary is prescribed a constant temperature T0, where T0 is specified by the user at runtime. The east, west, and south boundaries are imposed as Dirichlet boundary conditions with fixed temperatures of 0 °C. At the initial time (t = 0), the interior of the plate is also set to 0 °C. These boundary conditions were selected because they correspond to a known analytical steady-state solution, as provided in the Coursework 1 brief. Adopting these conditions enables a direct comparison between the finite difference (numerical) solution and the analytical solution, thereby facilitating validation of the numerical implementation. The temperature distribution is governed by the two-dimensional heat conduction equation, which reduces to Laplace’s equation under steady-state conditions. The analytical solution therefore represents the steady-state temperature distribution at thermal equilibrium. This solution is expressed as an infinite Fourier series and is truncated for practical numerical evaluation.

Figure 6 - Steady state analytical solution of the temperature at thermal equilibrium.
Codes’ Details and Explanations.
The code analysis follows the chronological structure of the program

Figure 7 - Code lines 1-35 - User inputs.
This section clears the workspace and prompts the user for simulation parameters, applying input validation to ensure physically and numerically valid plate dimensions, boundary temperature, and grid spacing.

Figure 8 - Code Lines 36-52 - Rearrange Fourier equation to ensure stability.
This section calculates the thermal diffusivity of aluminium and determines the maximum stable time step using the Fourier stability criterion.

Figure 9 - Code Lines 53-71 - Create matrix and save for all applications.
This section initialises the temperature matrix, applies boundary conditions, and stores reference matrices for subsequent numerical and analytical analysis.


Figure 10 - Code Lines 72-99 - FDM analysis - 1st run to calculate time to reach steady state.
This section applies the explicit finite difference method iteratively until steady state is reached, using a convergence tolerance to determine numerical equilibrium.

Figure 11 – Code lines 100–126 - Displaying iterations and time taken to reach steady state.
This section computes and displays the total number of iterations and the corresponding physical time required to reach steady state.

Figure 12 - Code lines 127-133 - Selecting snapshot points.
This section determines evenly spaced iteration points for storing temperature snapshots during transient heat propagation.

Figure 13 – Code Lines 134-157 - Rerun FDM with snapshots at calculated intervals.
This section re-runs the finite difference simulation while recording temperature fields at predefined snapshot intervals.

Figure 14 - Code Lines 158-201 - Formatting 10 snapshots of heat propagation.
This section formats and displays the transient temperature snapshots as heat maps with overlaid numerical values.

Figure 15 - Code Lines 202-232 - Analytical Analysis.
This section evaluates the analytical temperature distribution using a truncated series solution applied to all interior nodes.

Figure 16 - Code Lines 233-270 - Analytical Matrix Formatting.
This section formats and displays the steady-state analytical temperature field for comparison with the numerical solution.

Figure 17 – Code Lines 271-314 - Absolute error matrix calculation & formatting.
This section computes and visualises the absolute error between the EFDM and analytical solutions.

Figure 18 - Code Lines 315-325 - Max error and RSME error.
This section calculates the maximum absolute error and root mean square error to quantitatively assess model accuracy.
Validation of the Model
The results of the code execution, as observed in the MATLAB command window, are presented in Figure 19.

Figure 19 - Code validation command window.

Figure 20 - EFDM steady state result.

Figure 21 - Analytical steady state result.

Figure 22 - Absolute Error Matrix
The validation study was carried out on a plate of dimensions 8 m × 10 m. A fixed temperature boundary condition of 80 °C was applied along the northern edge of the plate, while the remaining boundaries were held at 0 °C. The computational domain was discretised using a uniform grid spacing of 1 m in both spatial directions. A time step of 60 seconds was selected, satisfying the numerical stability criterion. Figures 20 and 21 present the steady-state temperature fields obtained from the EFDM solution and the analytical solution, respectively. Both temperature distributions exhibit identical qualitative behaviour, with heat diffusing smoothly from the heated northern boundary towards the cooler interior and lower boundary of the plate. The spatial symmetry of the temperature field is well captured by the EFDM model, and the overall magnitude and gradients of temperature closely match those predicted by the analytical solution across the entire domain. To quantify the discrepancy between the numerical and analytical solutions, an absolute error map was generated, as shown in Figure 22. The error distribution indicates that the largest discrepancies occur near the upper region of the plate, while errors remain very small throughout most of the domain. The maximum absolute error across all interior nodes was found to be:
Maximum absolute error: 0.6038 °C
In addition, the root mean square error (RMSE) was calculated to provide an overall measure of agreement between the two solutions:
RMSE: 0.1700 °C
All 63 interior nodes exhibit temperature differences of less than 1 °C, demonstrating a good level of numerical accuracy. The close agreement between the EFDM and analytical solutions confirms the validity of the numerical model. Both the low maximum absolute error and small RMSE indicate that discretisation errors introduced by time step are minimal and grid spacing are minimal. Overall, the EFDM model reproduces the steady-state temperature distribution with satisfactory accuracy and is therefore considered a reliable numerical approach for solving two-dimensional transient and steady-state heat conduction problems under similar boundary conditions.
Additional simulations were conducted using the same plate dimensions and time step but with a finer spatial grid. The results showed that steady state was reached in a comparable time, while both the absolute error and the RMSE were reduced (Figure 23).

Figure 23 - Simulation rerun with finer grid spacing.
Sensitivity Analysis of Key Numerical Parameters
Grid Spacing

Figure 24 - Grid spacing input validation.
The grid spacing input in the code is subject to two validation checks to ensure numerical robustness and a valid spatial discretisation of the domain. The code prevents the user from entering a zero or negative value for the grid spacing, as grid spacing represents a physical distance measured in metres and must therefore be strictly positive. Additionally, the grid spacing is required to exactly divide both the plate width and height such that the resulting number of grid intervals in the x and y directions is an integer. This condition is necessary to ensure that the computational grid aligns correctly with the plate boundaries and that the number of grid nodes remains an integer value, which is a fundamental requirement of the finite difference formulation. For example, for a plate of dimensions 4 m by 5 m, valid grid spacings include 1 m, 0.25 m, and 0.1 m, as these values dividem both dimensions exactly. However, a grid spacing of 2 m is invalid, as 5 divided by 2 equals 2.5, resulting in a non-integer number of grid intervals, which is incompatible with the finite difference method. If either of these conditions is not satisfied, the code displays an error message and prompts the user to re enter a valid grid spacing value. While it is theoretically possible to allow non integer plate dimensions, implementing robust validation logic for such cases would significantly increase the complexity of the code. Therefore, the plate dimensions are restricted to integer values, while the grid spacing is permitted to take any positive value that divides exactly into both dimensions.
Time Step

Figure 25 - Fourier number rearranged for maximum time interval.
The time step used in the EFDM model is subject to a stability constraint derived from the Fourier number criterion for explicit finite difference schemes. For two-dimensional heat conduction, numerical stability requires the Fourier number to remain below a critical maximum value. In the code, this condition is enforced by rearranging the Fourier number stability equation to make the time step the subject. The Fourier number is set to its maximum allowable value to prevent numerical instability, and the thermal diffusivity of aluminium is treated as a known constant. Once the user specifies the grid spacing, the maximum permissible time step is calculated automatically based on these parameters. This calculated value represents the largest stable time interval that can be used without destabilising the EFDM solution. The code then restricts user input such that the selected time step must lie between zero and this calculated maximum value. Any input exceeding this limit, or any negative value, is rejected and the user is prompted to enter a valid time step. By enforcing this constraint, the code ensures that the EFDM scheme remains numerically stable for all simulations, regardless of the grid spacing selected. This approach improves the robustness and reliability of the numerical model and allows a controlled sensitivity analysis of the time step parameter while maintaining stability throughout.
Thermal Equilibrium Tolerance

Figure 27 - Fourier Calculation
After the grid spacing and time step constraints have been satisfied, the Fourier number is calculated. Due to the previously imposed limits on both parameters, the resulting Fourier number remains below 0.25, ensuring numerical stability of the explicit finite difference scheme.
Limitations of the Numerical Model
The explicit finite difference method is subject to several inherent numerical limitations. Due to the use of a forward difference approximation in time and central differences in space, the method exhibits first-order accuracy in time and second-order accuracy in space, which inherently involves truncation errors. 
As demonstrated in the sensitivity analysis presented in the validation of the model (Figure 19 & 23), reducing the spatial grid spacing resulted in improved agreement with the analytical solution, highlighting the influence of truncation error associated with spatial discretisation.
Another limitation of the EFDM is its conditional stability, which imposes a restriction on the allowable time step through the Fourier number stability criterion. Consequently, very fine spatial grids require extremely small time steps to maintain stability (Croft and Stone, 1977, p. 146), which can significantly increase computational cost and may be constrained by the available computational resources.
In the current code, thermal equilibrium is identified by comparing successive M0 to M1 and terminating the simulation once the maximum difference falls below the prescribed tolerance of 1e-5. While this approach is relatively accurate and can be adjusted to a much smaller number, unless that number is set to 0, it does not strictly represent the physical definition of steady-state heat conduction, where the derivative of temperature tends to zero everywhere in the domain. criterion.
In many practical cases, analytical solutions to the heat equation are only available for simple geometries and boundary conditions; therefore, numerical methods such as finite difference schemes are widely used to obtain approximate solutions for more realistic engineering problems.
Suggested Improvements and Future Developments
The adoption of an implicit time-integration scheme may provide improved results over current EFDM, an example of this would be the Crank–Nicolson method, which is unconditionally stable for linear diffusion problems and therefore removes the restrictive stability constraint imposed on the time step in explicit schemes (Croft and Stone, 1977, p. 106).
Further improvements in accuracy may be achieved by employing higher-order finite difference formulations to approximate spatial and temporal derivatives. Smith (1965) discusses a range of alternative numerical schemes that replace standard finite difference approximations with more accurate formulations, thereby reducing truncation errors.
Future advances in computational capability, including the development of artificial intelligence techniques and more powerful processors, may enable significant reductions in truncation error while also permitting the use of finer spatial grids and smaller time steps.
Conclusion
Overall, this report has presented an examination of how the transient heat equation can be discretised using the explicit finite difference method, with Taylor series expansions serving as the basis for the finite difference approximations. Additionally, an analysis of the MATLAB implementation demonstrated a well-structured and carefully designed code, which was validated through comparison of the EFDM results with the corresponding analytical solution using the root mean square error (RMSE) and maximum absolute error as quantitative metrics. The numerical model was further evaluated to identify stability constraints within the code to ensure stability by adhering to Fourier number criterion. Limitations of the EFDM were identified, and potential improvements were proposed to enhance the accuracy and robustness of transient heat analysis through the adoption of alternative numerical methods and anticipated advances in computational technology.
References
Chachuat, B. (2010) Taylor series. Available at: https://learnche.org/wiki_3E4/images/a/af/C-Taylor-series-07-Oct-2010.pdf (Accessed: 3 February 2026).
Croft, D.R. and Stone, J.A.R. (1977) Heat transfer calculations using finite difference methods. London: Applied Science Publishers.
FirstMold (2024) Heat sink design: Understanding thermal conductivity in heat sink materials. Available at: https://firstmold.com/tips/heat-sink-design/#:~:text=Understanding%20Thermal%20Conductivity%20in%20Heat%20Sink%20Materials&text=Where:%20Q=%20heat%20transfer%20rate,temperature%20gradients%2C%20increasing%20cooling%20efficiency (Accessed: 1 February 2026).
Kazi, S. (2023) ‘Application of partial differential equations in heat conduction’, Journal of Emerging Technologies and Innovative Research, 10(11). Available at: https://www.jetir.org/papers/JETIR2311184.pdf (Accessed: 1 February 2026).
Skinner, D. (2015) Mathematical methods: Lecture notes (Part IB). Department of Applied Mathematics and Theoretical Physics (DAMTP), University of Cambridge. Available at: https://www.damtp.cam.ac.uk/user/dbs26/1BMethods/All.pdf (Accessed: 26 January 2026).
Smith, G.D. (1965) Numerical solution of partial differential equations: Finite difference methods. Oxford: Oxford University Press.
Appendix

 clear
clc

%**** Prompt user for inputs.
Ydim = input('Enter plate height (metres): ');
while Ydim < 0 || Ydim ~= floor(Ydim)
    disp('Error: Plate height must be a non-negative integer.');
    Ydim = input('Enter plate height (metres): ');
end

Xdim = input('Enter plate width (metres): ');
while Xdim < 0 || Xdim ~= floor(Xdim)
    disp('Error: Plate height must be a non-negative integer.');
    Xdim = input('Enter plate width (metres): ');
end

T0 = input('Enter north boundary temperature (celsius): ');
while T0 < 0
    disp('Error: Temperature cannot be negative.');
    T0 = input('Enter north boundary temperature (celsius): ');
end

griddistance = input('Enter grid spacing (metres): ');
while griddistance < 0 
    disp('Error: Grid spacing cannot be negative.');
    griddistance = input('Enter grid spacing: ');
end

%**** Checking matrix is valid ( Plate width/height / grid spacing must be integer)
while griddistance <= 0 || mod(Xdim, griddistance) ~= 0 || mod(Ydim, griddistance) ~= 0

    disp('Error: Grid spacing must be positive and exactly divide both plate dimensions.');
    griddistance = input('Enter grid spacing (metres): ');
end

%**** Calculate maximum time interval for stability.
thermdiff = 143 / (2800 * 795);
maxvalue = 0.25;
maxintervaltime = (maxvalue * griddistance^2)/thermdiff ;
maxintervaltime = floor(maxintervaltime) ;
fprintf('For stability, max interval time must be less than %d seconds.\n', maxintervaltime);
timeinterval = input('Enter Time Interval: ');

%**** Check equation stability.
while timeinterval < 0 || timeinterval > maxintervaltime
    fprintf('Invalid time interval! Please enter a number between 0 and %d seconds.\n', maxintervaltime);
    timeinterval = input('Enter Time Interval: ');
end

%**** Calculate Fourier number.
F0 = (thermdiff*timeinterval)/griddistance^2;

%**** Calculate matrix size.
nrows = (Ydim / griddistance) + 1;
ncols = (Xdim / griddistance) + 1;

%**** Create the matrix with prepopulated temperature at time 0.
M0 = zeros(nrows, ncols);
M0(1, :) = T0;
M0(:, 1)   = 0;
M0(:, end) = 0;
M0(end, :) = 0;

%**** Save Matrix for Snapshots & Analytical Assessment
M0_s = M0;   
TA = M0;

%**** Coordinate arrays allow for axis indexing
xVec = linspace(0, Xdim, ncols);
yVec = linspace(Ydim, 0, nrows);

%*************************** FDM ANALYSIS *******************************%

%**** Creating loop for heat propagation until stable.
[rows, cols] = size(M0);
M1 = M0;

L = 0;                  % iteration counter
Mchange = Inf;          % initial change
Mtolerance = 1e-5;      % stability tolerance

while Mchange > Mtolerance
    L = L + 1;

    M1 = M0;  % copy to preserve edges

    % Update interior nodes
    for x = 2:rows-1
        for y = 2:cols-1
            M1(x,y) = F0 * ((M0(x,y+1)) + (M0(x,y-1)) + (M0(x+1,y)) + (M0(x-1,y)) - ((4 - 1/F0) * M0(x,y)));
        end
    end

    % Compute the maximum change after full update
    Mchange = max(max(abs(M1 - M0)));

    % Advance solution
    M0 = M1;
end

%**** Display amount of iterations and time to reach steady state
fprintf('Steady state reached after %d iterations\n', L);

%**** Time Taken Display

t = L*timeinterval;

 if t < 60
        msg = fprintf('Steady state reached in %.2f seconds\n', t);

    elseif t < 3600
        minutes = floor(t / 60);
        seconds = t - minutes*60;
        msg = fprintf('Steady state reached in %d minutes %.2f seconds\n', minutes, seconds);

    elseif t < 86400
        hours = floor(t / 3600);
        minutes = floor((t - hours*3600)/60);
        msg = fprintf('Steady state reached in %d hours %d minutes\n', hours, minutes);

    else
        days = floor(t / 86400);
        hours = floor((t - days*86400)/3600);
        msg = fprintf('Steady state reached in %d days %d hours\n', days, hours);
 end

%**** Divide iterations by 10 and rerun while taking snapshots
Lfinal = L;

numFigures = 10;
snapshotIndices = round(linspace(1, Lfinal, numFigures));
snapshots = cell(1, numFigures);

%**** Rerun FDM loop for heat propagation snapshots.
L = 0;
Mchange = Inf;

while Mchange > Mtolerance
    L = L + 1;
    M1 = M0_s;

    for x = 2:rows-1
        for y = 2:cols-1
            M1(x,y) = F0 * ((M0_s(x,y+1)) + (M0_s(x,y-1)) + (M0_s(x+1,y)) + (M0_s(x-1,y)) - ((4 - 1/F0) * M0_s(x,y)));
        end
    end

    Mchange = max(max(abs(M1 - M0_s)));
    M0_s = M1;

    % Save snapshots
    idx = find(L == snapshotIndices, 1);
    if ~isempty(idx)
        snapshots{idx} = M0_s;
    end
end

for k = 1:numFigures
    figure;
    imagesc(xVec, yVec, snapshots{k});
    set(gca,'YDir','normal');
    colormap(hot);
    colorbar;
    axis equal tight;
    xlabel('x (m)'); ylabel('y (m)');
    title(sprintf('EFDM Heat Map at %d%% of steady state', round(100*k/numFigures)));

    clim = caxis;
    cmap = colormap;
    [rows, cols] = size(snapshots{k});

   for x = 1:rows          
    for y = 1:cols      
        c = snapshots{k}(x,y);

        idx = round((c - clim(1))/(clim(2)-clim(1))*(size(cmap,1)-1)) + 1;
        idx = max(min(idx, size(cmap,1)), 1);

        if mean(cmap(idx,:)) > 0.5
            textColor = 'k';
        else
            textColor = 'w';
        end

        text(xVec(y), yVec(x), sprintf('%.1f', c), ...
            'HorizontalAlignment','center', ...
            'VerticalAlignment','middle', ...
            'FontWeight','bold', ...
            'Color', textColor);
    end
   end
end

figure;
imagesc(M0);
axis equal tight;
colormap(hot); 
colorbar;
title('FDM steady-state temperature (°C)');
xlabel('x'); ylabel('y');

%*********************** ANALYTICAL ANALYSIS ****************************%

%**** Creating analytically assessed matrix.
[rows, cols] = size(TA);

%**** Coordinate arrays that match TA indexing:
xVec = linspace(0, Xdim, cols);
yVec = linspace(Ydim, 0, rows);

%**** Truncate Nth terms
Nterms = 20;              
n = 0:Nterms;             
k = 2*n + 1; 
k = k(:).';

%**** Update interior nodes analytically
for i = 2:rows-1   
    y = yVec(i);
 
    yTerm = (exp(k*pi*(y - Ydim)/Xdim) - exp(-k*pi*(y + Ydim)/Xdim)) ./ (1 - exp(-2*k*pi*Ydim/Xdim)); 

    for j = 2:cols-1      
        x = xVec(j);

        xTerm = sin(k*pi*x/Xdim);

        TA(i,j) = (4*T0/pi) * sum( (1./k) .* xTerm .* yTerm );   
    end
end


%**** Heatmap (x and y axes in metres)
imagesc(xVec, yVec, TA);
set(gca,'YDir','normal');
axis equal tight;

colormap(hot);
colorbar;
title('Analytical steady-state temperature (°C)');
xlabel('x (m)'); ylabel('y (m)');

%**** overlay values in each cell
xclim = caxis;
xcmap = colormap;
[nr, nc] = size(TA);

for i = 1:nr
    for j = 1:nc
        c = TA(i,j);

        % Choose text color based on background brightness
        idx = round((c - xclim(1))/(xclim(2)-xclim(1))*(size(xcmap,1)-1)) + 1;
        idx = max(min(idx, size(xcmap,1)), 1);

        if mean(xcmap(idx,:)) > 0.5
            textColor = 'k';
        else
            textColor = 'w';
        end

        % Place text at the physical coordinate (xVec(j), yVec(i))
        text(xVec(j), yVec(i), sprintf('%.1f', c), ...
            'HorizontalAlignment','center', ...
            'VerticalAlignment','middle', ...
            'FontWeight','bold', ...
            'Color', textColor);
    end
end

%*************************** ERROR MATRIX *******************************%

%****** Absolute error matrix
E = abs(M0 - TA);

figure;
imagesc(xVec, yVec, E);
set(gca,'YDir','normal');
axis equal tight;
colormap(turbo);
colorbar;
title('Absolute error |FDM − Analytical| (°C)');
xlabel('x (m)');
ylabel('y (m)');

% ----- overlay numerical values -----
clim = caxis;
cmap = colormap;
[nr, nc] = size(E);

for i = 1:nr
    for j = 1:nc
        val = E(i,j);

        % Map value to colormap index
        idx = round((val - clim(1)) / (clim(2)-clim(1)) * (size(cmap,1)-1)) + 1;
        idx = max(min(idx, size(cmap,1)), 1);

        % Choose text color for contrast
        if mean(cmap(idx,:)) > 0.5
            textColor = 'k';
        else
            textColor = 'w';
        end

        % Place text at physical coordinates
        text(xVec(j), yVec(i), sprintf('%.3f', val), ...
            'HorizontalAlignment','center', ...
            'VerticalAlignment','middle', ...
            'FontWeight','bold', ...
            'Color', textColor);
    end
end

%********************* MAX ERROR AND RSME ERROR *************************%

%**** Max Error

maxError = max(abs(M0(:) - TA(:)));
fprintf('Maximum absolute error: %.4f °C\n', maxError);

%**** RSME error

rmse = sqrt(mean((M0(:) - TA(:)).^2));
fprintf('RMSE: %.4f °C\n', rmse);
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clear
cle

%%%%* Prompt user for inputs.

Ydim = input('Enter plate height (metres):

while Ydim < 0 || Ydim ~= floor(Ydim)
disp(*Error: Plate height must be a non-negative integer.');
Ydim = input('Enter plate height (metres): ');

end

Xdim = input('Enter plate width (metres:

while Xdim < 0 || Xdim = floor(Xdim)
disp(*Error: Plate height must be a non-negative integer.');
Xdim = input('Enter plate width (metres): ');

end

)5

To = input(’Enter north boundary temperature (celsius): ');
while To < @

disp(’Error: Temperature cannot be negative.');

To = input('Enter north boundary temperature (celsius): ');
end
griddistance = input('Enter grid spacing (metres): '
while griddistance < ®

disp(’Error: Grid spacing cannot be negative.');

griddistance = input(’Enter grid spacing: ');
end

%t%5* Checking matrix is valid ( Plate width/height / grid spacing must be finteger)
while griddistance <= @ || mod(Xdim, griddistance) ~= @ || mod(Ydim, griddistance)

disp(’Error
griddistance = input(’Enter grid spacing (metres): ');
end

Grid spacing must be positive and exactly divide both plate dimensions.');
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%**** Calculate maximum time interval for stability.

thermdiff = 143 / (2800 * 795);

maxvalue = 0.25;
maxintervaltine = (maxvalue * griddistances2)/therndiff ;
maxintervaltine = floor(maxintervaltime) ;

fprintf('For stability, max interval time must be less than %d seconds.\n', maxintervaltime);

timeinterval = input('Enter Time Interval: ');

%e*** Check equation stability.

while timeinterval < @ || timeinterval > maxintervaltime
Please enter a number between 0 and %d seconds.\n', maxintervaltime);

end

fprintf('Invalid time interva:
timeinterval = input(’Enter Time Interval:

%= Calculate Fourier number.

o

(thermdiff*timeinterval)/griddistancer2;
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ncols

e,

o =
o(1,

e,
Mo_s
™

e,

xvec
yvec

Calculate matrix size.
(vdim / griddistance) + 1;
(xdim / griddistance) + 1;

Create the matrix with prepopulated temperature at time 0.

zeros(nrous, ncols);
1) = To;

Save Matrix for Snapshots & Analytical Assessment

= o;
Ho;

Coordinate arrays allow for axis indexing

Llinspace(, Xdim, ncols);
Linspace(¥din, , nrows);
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grreseasease:

Fewe Creatd
[rous, cols]
M1 = ve;

L=o;
Mchange = In
Mtolerance =

while Mchangs
L=L+

" = vo;
% Update
for x =

For

end
end

% Comput:
Mchange

teseesessessisss EDM ANALYSIS *****sssssssstsstsstsssssssrsesy

ng loop for heat propagation until stable.
ize(M0);

% iteration counter
i % initial change
1e-s; % stability tolerance

e > Mtolerance
1

% copy to preserve edges

interior nodes
rous-1

y = 2icols-1

MLOGY) = Fo * ((Me(ay+1)) + (Ma(x,y-1)) + (Me(x+ly)) + (Me(x-1,y)) - ((4 - 1/F8) * Me(x,y)));

e the maximum change after full update
max(max(abs(M1 - H@)));
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%e**= Display amount of iterations and time to

reach steady state

fprintf('Steady state reached after %d iterations\n’, L);

%=*** Time Taken Display
t = Lotimeinterval;

ift<ee
msg = fprintf('Steady state reached in

clseif t < 3600
floor(t / 66);
seconds = t - minutes”60;
msg = fprintf('Steady state reached in

minutes

clseif t < 36400
hours = floor(t / 3600);
minutes = Floor((t - hours*3600)/60);
msg = fprintf('Steady state reached in

else
days = floor(t / 86460);
hours = floor((t - days*86400)/3600);
msg = fprintf('Steady state reached in

end

%.2f seconds\n’, )

%d minutes ¥.2f seconds\n', minutes, seconds);

%d hours %d minutes\n', hours, minutes);

%d days %d hours\n', days, hours);
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127 %**** Divide iterations by 10 and rerun while taking snapshots
128 Lfinal = L5

129

130 nunFigures = 10;

131 snapshotIndices = round(linspace(1, Lfinal, numFigures));
132 snapshots = cell(1, numFigures);

133
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%**** Rerun FDM loop for heat propagation snapshots.

.

o5

Mchange

= Inf;

while Mchange > Mtolerance

end

L=
o

for

end

L+
o_s;

x = 2:trous-1
For y. ols-1

ML0GY) = Fo (M s(x,y#1)) + (Me_s(oy-1)) + (Mo_s(x+ly)) + (Me_s(x-1,y)) - ((4 - 1/Fe) * Me_s(x,)));
end

Mchange = max(max(abs(ML - Mo_s)));
Mo_s = n1;

% Save snapshots

dx

= find(L

snapshotIndices, 1);

iF nisempty(idx)

end

snapshots{idx} = Mo_s;
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for k = l:numFigures
Figure;
imagesc(xVec, yVec, snapshots{k});
set(gea, '¥Dir', normal');
colormap(hot);
colorbar;
axis equal tight;
xlabel('x (m)'); ylabel('y (m)");
title(sprintf('Heat Map st ¥d¥¥ of steady state’, round(100*k/numFigures)));

clim = caxis;
cmap = colormap;
[rous, cols] = size(snapshots{k});

for x = 1irows |
for y = licols
© = snapshots{k}(x,y);

idx = round((c - clin(1))/(clin(2)-clin(1))*(size(cnap,1)-1)) + 1;
idx = max(min(idx, size(emap,1)), 1);

if mean(cmap(idx,:)) > 0.5
textColor
else

textColor = u
end

text(xVec(y), yVec(x), sprintf(‘%.1f', <),
‘HorizontalAlignment’,’center’,
‘Verticalalignment', middle’,
*Fontlieight’, 'bold’,
‘Color’, textColor);
end
end
end

Figure;

imagesc (M)

axis equal tight;

colormap (hot) ;

colorbar;

title("FDU steady-state temperature (°C)');
xlabel('x'); ylabel('y");
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203

204 %=+ Creating analytically assessed matrix.
205 [rows, cols] = size(TA);

206

207 %= Coordinate arrays that match TA indexing:

208 xVec = linspace(o, Xdim, cols);

209 yVec = linspace(Ydim, 0, rows);

210

211 %= Truncate Nth terms

212 Nterms = 205

213 n = 0:Nterns;

214 k=2 + 15

215 ko= k().

216

217 %e*** Update interior nodes analytically

218 For 1= 2:rous-1

219 y = yvee(d);

220

221 yTern = (exp(k*pi(y - Ydim)/Xdinm) - exp(-k*pi*(y + vdim)/xdim)) ./ (1 - exp(-2°k*pi*vdin/Xdim));
222

223 for § = 2:cols-1

224 x = xvee(3);

225

226 xTerm = sin(k*pi®x/Xdim);

227

228 TALL3) = (47T0/pi) * sum( (1./k) .* xTerm .* yTerm );
229 end

230 end

231

232
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ETT® Heatmap (x and y axes in metres)
imagesc(xVec, yVec, TA);

set(gea, 'YDir', normal’);

axis equal tight;

colormap (hot) ;
colorbar;

title(*Analytical steady-state temperature (°C)');
xlabel('x (m)'); ylabel('y (m)');

%=*** overlay values in each cell

xclim
xcmap.
[nr, nc]

for

end

for

end

colormap;
et

1

3j

TA(L.3)5

% Choose text color based on background brightness
idx = round((c - xclim(1))/(xclin(2)-xclin(1))*(size(xcmap,1)-1)) + 15

idx = max(min(idx, size(xcmep,1)), 1);

if mean(xcmap(idx,
textColor = 'k';
else
textColor =

)>es

end

% Place text at the physical coordinate (xVec(j), yVec(i))
text(xVec(§), yVec(i), sprintf('%.1f', c), ...

‘HorizontalAlignment’,’center’, .
‘Verticalalignment', 'middle’, .
*Fontlieight, 'bold’,
‘Color’, textColor);
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272

273 %*=s222 Absolute error matrix
274 E = abs(e - TA);

275

276 Figure;

277 imagesc(xVec, yVec, E);

278 set(gea, 'YDir", "nornal);

279 axis equal tight;

280 colormap (turbo);

281 colorbar;

282 title("Absolute error |FON - Analytical| (°C)');
283 xlabel("x (m)');

284 ylabel('y (m)');

285

286 overlay numerical values -----

287 clim = caxis;

288 cmap = colormap;

289 [nr, nc] = size(E);

200

201 for i =1

202 for § = 1inc

203 val = E(3,3);

204

295 % Map value to colormap index

296 idx = round((val - clim(1)) / (clim(2)-clim(1)) * (size(cmap,1)-1)) + 1;
207 idx = max(min(idx, size(cmop,1)), 1);
208

209 % Choose text color for contrast

300 if mean(cmap(idx,:)) > 0.5

301 textColor =

302 else

303 textColor

304 end

305

306 % Place text ot physical coordinates
307 text (xVec(3), yWee(i), sprintf(*%.3F", val), ...
308 *HorizontalAlignment’,"center’, .
309 *Verticalalignment', middle’,

310 *Fontlieight", "bold’,

311 *Color’, textColor);

312 end

313 end

314
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316

317 %e*** Max Error

B

319 maxError = max(abs(Mo(:) - TA(:)));

320 fprintf('Maxinum absolute error: %.4F °C\n’, maxError);
321

322 %= RSHE error

323

324 rmse = sqrt(mean((MO(
325 Fprintf(RISE

- TA())-"2));
%.4F °C\n’, rmse);
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Enter plate height (metres): &
Enter plate width (metres): 10

Enter north boundary temperature (celsius): 8@

Enter grid spacing (metres): 1

For stability, max interval time must be less than 3891 seconds.

Enter Time Interval: 60
Steady state reached after 8526 iterations
Steady state reached in 5 days 22 hours
taxinum absolute error: ©.6038 °C

RUSE: ©.1700 °C
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Enter plate height (metres): &
Enter plate width (metres): 10

Enter north boundary temperature (celsius): 50

Enter grid spacing (metres): 0.5

For stability, mex interval time must be less than 972 seconds.
Enter Time Interval: 60

Steady state reached after 8452 iterations

Steady state reached in 5 days 21 hours

Maximum absolute error: 0.5722 °C

RMSE: ©.0900 °C
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®***% Checking matrix is valid ( Plate width/height / grid spacing must be integer)

while griddistance

end

disp(’Error
griddistance

Grid spacing must be positive and exactly divide both plate dimensions.
input(’Enter grid spacing (metres):

6 || mod(Xdim, griddistance) ~= o ||

s

mod(vdim, griddistance)
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%**** Calculate maximum time interval for stability.

thermdiff = 143 / (2800 * 795);
maxvalue = 0.25;

maxintervaltime

maxintervaltine = floor(maxintervaltime) ;

fprintf('For stability, max interval time must be less than %d seconds.\n', maxintervaltime);

timeinterval = input('Enter Time Interval: ');

%e*** Check equation stability.

while timeinterval < @ || timeinterval > maxintervaltime
fprintf(*Invalid time intervl! Please enter a number between @ and %d seconds.\n', maxintervaltime);

E

end

timeinterval = input(’Enter Time Interval

(maxvalue * griddistance2)/therndiff ;
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50 %**** Calculate Fourier number.
51 FO = (thermdiff*timeinterval)/griddistances2;
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