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For centuries scientists and mathematicians have been striving to develop theories that enable the prediction of the mechanical failure for materials and structures. The development of these theories has allowed for engineers to accurately predict a materials failure point, a fundamental component when designing a physical structure or selecting an appropriate material type. Continued developments of technological advancements and increasing component demands, has driven the emphasis on improved performance characteristics more than ever before. Therefore, the use of Finite Element Methods (FEM) has become a fundamental operation when optimising current design strategies or developing new, ground-breaking components (Silva, et al., 2017). 
However, the basis of FEM techniques is generated from developments of theories of stress analysis. There are 5 main theories that are commonly used by engineers:

· Maximum principal stress theory (Rankine)
· Maximum shear stress theory (Guest-Tresca)
· Maximum principal strain (Saint-Venant)
· Total strain per unit volume (Haigh)
· Shear strain energy per unit volume (Maxwell-Huber-von Mises)

This report is aimed at discussing three of the main theories utilised in the engineering world. It will also consider the most appropriate theory when developing gas turbine blades for us within the aviation industry. A challenging component in terms of design optimisation and material selection. 


[bookmark: _Toc57315536]Main Report
Engineers have been continually challenged with improving the performance of components processed within their given industry or market sector. The globalisation of the manufacturing industry and Increasing customer demands, has meant that engineers are required to challenge and optimise the performance of their products more than ever before. Virtual manufacturing and the use of finite element analysis techniques has allowed engineers to recognise, and incorporate the performance of the structure within process conditions (Banabic, et al., 2010). Although, the use of finite element techniques and software is a relatively new technology, the fundamental principles and proven failure theories used have enabled engineers to predict with a great deal of accuracy the performance of a specific design / material within designated process parameters and boundary conditions.

[bookmark: _Toc57315537]What is Elastic Failure
When reviewing a materials behaviour under loading, the term failure refers to a change in the perceived normal behaviour of material resulting in irreversible changes to the microstructure of the material. Fundamentally, when the material is subjected to excessive loads or deformation then the material cannot withstand these excessive forces, ultimately the elastic limit of the material has been achieved. Once this has occurred a materials structure cannot return to its original state (Britannica, 2020)



[bookmark: _Toc57315538]Von Mises Theory
Initially proposed by Huber in 1904, however was further developed by Von mises in 1913. the Von Mises theory, known as the maximum distortion energy theory, was developed by the German American engineer Richard Von Mises in 1913. When observing a materials behaviour, particularly ductile materials it was evident that the material behaviour altered when subjected to a non-tensions or uniaxial load was applied. The resultant values demonstrated large values as opposed to when the material was placed under simple tension conditions. Fundamentally, stating that a material will be subject to yielding when the stress acted upon it are greater than the criterion of the material. When the von mises stress has been calculated, this can then be compared against the materials comparative yield strength, therefore constituting the von mises criterion, . 
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The creation and development of the theory enables engineers to predict a material’s yielding point when subjected to complex loading from a uniaxial tensile test (Karmankar, 2017).   When observing a materials behaviour, particularly ductile materials it is apparent that there are considerable studies supporting the use of this theory, particularly for design purposes due to its simplicity (Barsanescu & Comanici, 2017). Within many engineering applications most designs are focussed on a uniaxial stress state, thus accurate when one stress greatly exceeds another. However, when combined loading is present on a structure, a multiaxial stress condition should be considered (Cabero, et al., 2012). Von mises stress allows for complex stresses, such as normal and shear stress, and generates a single scalar number that can be easily interpreted, particularly when comparing to the value determined during material testing, for example tensile testing. This allows for even components with even the most complex loading conditions to be easily determined and calculated.
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(Mathew, 2012)

Although, this theory determines both compressive and tensile strain behaviours as equal, an appropriate assumption when considering ductile metallic materials, Donato and Bianchi (2011) found that the von Mises theory can be commonly inaccurate when used with polymers due to their typically larger compressive yield. 



[bookmark: _Toc57315539]Maximum Principal Stress Theory - Rankine
The maximum principle stress theory, also recognised as the Rankine theory was developed suggesting that a material will be subjected to failure due to fracture when the materials principle stress, exceeds the ultimate strength of the material. This is evident when the material is under simple tension test, and can be termed as 
Although, studies suggest the theory is not ideal for use in experimental conditions, with the failure to categorise between compression and tension (Li, 2020). Therefore, this theory is best suited for use with isotropic materials or determining fracture in metals including cast iron. Additionally, the Rankine theory is suited for developing machined components when using brittle materials, because of the materials weaknesses when placed under tension. However, with ductile materials placed in tension, the material is likely to shear, therefore using this theory could potentially lead to an unsafe component being manufactured (Bansal, 2020).   Studies into the behaviour of porous medias within high pressured hydraulic fracturing utilised this theory, using finite element techniques to determine pressure induced fracture for 2D and 3D structures (Secchi & Schrefler, 2014).

[bookmark: _Toc57315540]Maximum Shear Stress Theory - Tresca
When derived in its basic form the shear stress theory, commonly known as the Tresca criterion. Fundamentally, this theory has been developed suggesting that the yielding of the material will occur at a critical value of the maximum shear stress of the material (Wright, 2011). 
Although this theory is commonly recommended for widespread use, as with Von mises, however, certain applications and material types do not support the use of this theory. Zhang et al (2018) found the Tresca criterion is not applicable when analysing geomaterials, because of the failure to consider the impact of frictional strength. 



[bookmark: _Toc57315541]Selection of the Correct Failure theory
With the many theories that have been developed over the years, selecting the correct theory when designing a component is a vital concept of designing and application. Failure to use the correct theory could lead to designing a component or structure that is not enhanced for the intended application. Additionally, it could also impact the material choice by creating inaccurate results when comparing the yield criterion of the material with the selected theory. Product optimisation is a fundamental concept during the design phase, however, use of the incorrect failure criterion may lead to over designing. Although this is not an ideal situation, the alternative could lead to premature and substantial failure (Kerns, 2016). 

[bookmark: _Toc57315542]Gas Turbine Blades
The volatile environment in which gas turbine blades operate within the aviation industry requires parts to be manufactured to ensure that low failure rates and reliable parts are produced. However, premature failure of turbine blades is often experienced due to the operational conditions, whereby high pressures, along with thermal and inertia loads experienced. Typical, failures include low and high cycle fatigue (Shetty, et al., 2018) Fundamentally, the design phase is vital to remove the potential for in operational defects due to failure of the material in terms of fatigue (Carter, 2005), the result of stresses exhibited due to forces such as centrifugal when investigating turbine blades.
Due to the environment in which turbine blades operate, material selection when undergoing the development phase is a fundamental factor in creating a suitable part. Nickel and Titanium based alloys are commonly used to manufacture jet engine components including turbine blades within the aviation industry. The material selection can determine the performance of the turbine blade; however, selection can be impacted depending on the characteristics which have been deemed critical. Studies have found that when comparing Inconel 718 and Titanium t6, that the nickel based 718 will reduce the stress experienced on the turbine blade due to the higher values of yield stress and elasticity, however will be subjected to greater levels of deformation, therefore must be considered and accounted for  during the developmental phase (Reddy, et al., 2014). Further studies into material selection confirm the use of Inconel 718 as an appropriate material selection. Saif et al (2019) found that Inconel 718 exceeded two other alloy types, including a titanium based alloy, exhibiting a maximum yield strength of 852Mpa, as opposed to the 800Mpa of the titanium based alloy. This demonstrates the materials ability to withstand a greater stress concentration when generating boundary conditions to develop the part using to finite element analysis techniques. The process used to produce the turbine blades will impact the turbines blades performance. A popular method within the aviation industry is to produce blades via a directional solidification technique, to produce a complete single crystal with a crystallographic orientation. Lei et al (2012) suggest this is a vital component when creating the structural design of the turbine blade, increasing the materials strength and stability when subjected to the harsh conditions in which the turbine operates. 
Although, there are many stress theories that can give an approximation of the levels of failure experienced, such as Tresca’s maximum shear stress criterion, these can give a more conservative assumption as to the level of failure. By using Von mises will enable the engineers during designing to generate a more accurate approximation. This is vital when generating factors of safety into the design specification of the turbine blade. Although, there are many variations of theories to determine a materials performance and to anticipate when a material will fail in service, selecting an inappropriate theory, can have a dramatic impact on the finished part. Turbine blades are the most fundamental part of a gas turbine, subjected to various operating conditions including a high degree of centrifugal tensile strength, withstanding rotational speeds of up to 3000rpm, as well as bending stresses due to impulse loads at a specified distance, depending on the design from the fixing of the cantilever. Chintala & Gudimetla (2014) support the use of von mises when conducting finite element analysis on gas turbine blades, and propose the use of their findings for future developments and methodologies.  
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Design optimisation is an integral part of the developmental phase for Consideration must be given to incorporate an allowance for blade vibration when designing the turbine blade. Failure to consider this would impact the air or fluid flow through the engine, ultimately impacting the optimisation of the engine’s performance (Kim & Lee, 2013).
However, with complexities surrounding the designing of the turbine blade irrespective of material selection, numerical modelling using finite element techniques could be quite costly and time consuming. This is as a result of the non-linear behaviour experienced when subject to the operational conditions (Rogge, et al., 2018). Continued development of technologies aimed at improving the performance and efficiencies of the turbine blades, with studies investigating the effect of characteristics including the strengthening of coupling vibrations and the increasing static stresses in the parts. However, for these proposed technological advancements to be considered, engineers are driven with the use of virtual manufacturing techniques including the finite element method and the use of  theories such as Von Mises (Nozhnitsky, 2018). 
Various studies have been undertaken into the performance of gas turbine blades, in relation to the material type used and finite element methods used within the component’s development. Yadav et al (2020) reviewed the capabilities of 3 material types when subjected to various boundary conditions to determine the levels of stress (Von Mises), strain and deformation experienced on each material type. The gas turbine engines are typically categorised into 3 main types, turbojet, turbofan, and turboprop engines. Each engine type housed in a different manner, performing a different operation within the engines structure. However, turboprop engines are housed with no cowl within the propeller, therefore experience lower spin speeds as opposed to the jet engines. With consideration to previous studies conducted (Shetty, et al., 2018), typical failures experienced with turbine blades are due to low cycle fatigue as a result of the extreme heat experienced within the engine. Mazarbhuiya & Pandey (2017), cited by Yadav et al (2020) determined using finite element methods that the root of the turbine blade is subjected to the highest degree of stress concentration, irrespective of the material choice selected.  Many studies using finite element analysis determine the use of Von mises stress due to its simplicity particularly in terms of design (Barsanescu & Comanici, 2017). Although, proposed the stress experienced at the root of the blade to be at its highest concentration, further reading supports that by implementing certain design amendments, reduces the stress levels experienced. Umamaheswararao & Mallikarjunarao (2012) found that by altering the model design from an I blade to fir tree design, resulted in the minimum Von Mises stress experienced from all materials tested. 





[bookmark: _Toc57315543]Case Study - Von Mises stresses in random vibration of linear structures
De la Fuente (2009) discusses using the Von Mises theory in order to calculate the stresses in structures that experience sporadic stress loadings. The paper discusses the difficulty surrounding random vibration within structural analysis, referring to various applications including civil engineering and the continued turbulence experience within the aeronautical field. Kim & Lee (2013) support this when reviewing the design optimisation for the development of gas turbine blades for use in the aviation industry, with a large proportion of issues experienced as a result of vibration. One factor identified when discussing the use of the Von Mises theory is that at any point within a structure, whereby the stress is calculated there is an inevitable element of exceedance in terms of the levels of stress experienced. Although, this is a profound opinion by the de la Fuente, there are many studies that support the use and accuracy of the theory used within various other applications. Chintala & Gudimetla (2014) proposing the Von Mises theory for finite element analysis, and the use of their conclusions for the basis of future technologies and methodologies. 
The information submitted and discussed by de la Fuente determines that the method of calculating the Von Mises stresses for non-uniform vibration is efficient from a numerical standpoint. The development of this proposed theory based on Von Mises will allow for limitless boundaries in terms of the size of the finite model, albeit restricted only by the capacity of the computer used to calculate. Gas turbine blades are continually being developed to optimise the performance of turbine engines and reduce component failure rates, particularly when considering low cycle fatigue failure (Shetty, et al., 2018). Therefore, the development of this proposal would allow for engineers to accurately model a component with accuracy when determining boundary conditions based on random vibration. 
Accuracy when modelling a component using finite element methods comes is restricted by the parameters surrounding computational costs. Therefore, the more accurate the model, the longer and higher costs will be experienced. However, this study has determined a simple approach to establish the levels of reliability required from the theory for implementation for practical applications with a relatively low computational cost. The improved reliability proposed would undoubtedly benefit the design of turbine blades, particularly with the challenge’s engineers are faced with for performance optimisation and reductions in component failure.
















[bookmark: _Toc57315544]Conclusion
It is evident that the use of Finite Element Method (FEM) is a fundamental part of component optimisation and development within engineering applications. However, this technology would not be efficient without the inclusion of various theories of elastic failure. When determining the use of an appropriate theory it is imperative to consider both design complexity and material choice to select the correct theory for the application. Many studies consider Von Mises theory to be the best suited and most accurate of the theories. This is particularly apparent due to its simplicity with design applications (Barsanescu & Comanici, 2017). Although, there is unparalleled support for the use of Von Mises specifically within sectors including civil engineering, use of this theory for determining failure criterion for use with polymers is not as apparent (Donato & Bianchi, 2011).  
The volatile environment in which turbine blades operate inevitably creates challenges for design and development of components, with the correct material selection imperative to ensure a components resistance to failure modes. Many studies suggest the use of nickel based super alloys, such as Inconel 718 as an appropriate material choice, demonstrating a higher yield strength as opposed to titanium based materials (Saif, et al., 2019).
Essentially, without the ability of predicting a material yielding point with a high degree of accuracy, engineers would be at a distinct disadvantage when developing components for process optimisation. Although generating a factor of safety allows for a conservative assumption when calculating a material yielding point, consideration of the theory selected is imperative to avoid catastrophic failure. 
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Fig. 3. von Mises stresses in turbine blades due to centrifugal forces: (2) Ti-blade, (b) Me-blade, (&) AL-blade
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