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[bookmark: _Toc31003960]Introduction
Finite Difference Methods (FDM) are methods used to approximate (solve) differential equations that are otherwise difficult or impossible to solve. FDM’s are very versatile modelling techniques, implemented in a wide range of numerical solvers (Shamey, Zhao ,2014). The mathematics of which is based on Taylor series approximations (Rapp ,2017). 
This report aims to calculate the temperature distribution, within a 2-dimensional aluminium plate, over time, given initial temperatures and boundary conditions of the plate. This is achieved by modelling the system as a matrix and then utilising  FDM’s on that matrix to solve the time-dependent diffusion equation. This is all implemented via scripting within MATLAB.
This report will discuss the problem under consideration and the constitutive equation of that problem, to provide a solid context for both what the code is doing and discussion of the outputs. The limitations of the model and script, as well as potential modes of improvement, will be discussed.
[bookmark: _Toc31003961]Governing Heat Equation
The heat equation constitutes a mathematical description of the transfer of heat in solid bodies and is a partial differential equation (PDE) (Rodnianski ,2008). It is derived by imposing the principle of conservation of heat energy of a fixed volume, that is bounded by a closed service (Lewis, Morgan et al. ,1996). 
Equation 1 below states the governing equation, and equation 2 states the equation where there is no heat generation within the medium.

[bookmark: _Toc31003947]Equation 1 - Governing Equation (Lewis, Morgan et al., 1996)

[bookmark: _Toc31003948]Equation 2 - Standard Diffusion Equation (Lewis, Morgan et al., 1996)
Where   = thermal diffusivity of the medium [m2.s-1], T = temperature, t = time,  = Laplacian Operator, Q = Heat Generation Rate and k =  thermal conductivity [W.m-1.K-1]. From the statement of the equation, it essentially describes the distribution of heat in a given region over time.
[bookmark: _Toc31003962]Numerical Method
As mentioned previously, FDM’s are used to solve differential equations. More specifically, they are discretization’s that approximate PDE’s with difference equations, where finite differences approximate the derivates in the initial equation (Anderson ,1992).
Put simply, FDM’s substitute the derivatives in a differential equation by forward, backward and central differences as defined by Taylor series expansion. Doing this turns a PDE, that is ordinarily either impossible to solve or too complex to justify the time and resource(s) required to solve, into a set of easily solvable algebraic equations.
[bookmark: _Toc31003963]Taylor Series
The Taylor series is used to rewrite a function in terms of an infinite sum of other functions and takes the summarised form shown in equation 3 (Xue ,2015). 

[bookmark: _Toc31003949]Equation 3 - Taylor Series expansion of f(x) about point x = x0
From this, it is possible to numerically approximate both first and second-order derivatives of a function, by relating the value of a function at point x0 to a nearby point x0 + h. Consider equation 4, below, which does exactly that, relating each point to an increasing point.

[bookmark: _Toc31003950]Equation 4 - Taylor Series Relation (increase)
By re-arranging for the derivative of the function at point x0 and considering all higher-order derivatives negligible, due to the presence of the factorial, the value of f’(x0) can be approximated. This is known as the forward difference approximation, shown in equation 5.

[bookmark: _Toc31003951]Equation 5 - Forward Difference Approximation
By applying the same methods, but in reverse, i.e. writing the function as it decreases, the backward difference approximation can be obtained. Starting with equation 6 and resulting in equation 7.



[bookmark: _Toc31003952]Equation 6 - Taylor Series Relation (decrease)

[bookmark: _Toc31003953]Equation 7 - Backward Difference Approximation
 By subtracting the decreasing relation from the increasing relation (equations 6 and 4 respectively) the central difference approximation can be derived, shown in equation 8.

[bookmark: _Toc31003954]Equation 8 - Central Difference Approximation
Finally, by adding equations 6 and 4, the central difference approximation for second-order derivates can be derived, shown in equation 9.

[bookmark: _Toc31003955]Equation 9 - Central Difference Approximation (Second Order)
[bookmark: _Toc31003964]Explicit Method
The explicit method was chosen as the method to discretize the differentials within the heat equation. The differential equation (2) is represented in finite-difference form utilising both central and forward difference approximations.
First, for context, consider the region of interest, in 2D, to be covered by a mesh grid, where the grid spacing,  as shown in figure 1, below.
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[bookmark: _Toc31003937]Figure 1 - Region of interest
Any node that isn’t along the boundary will necessarily be surrounded by a node in each direction. 
Central difference approximation is applied to discretize  which is a second-order derivative. At the arbitrary point P, giving;


[bookmark: _Toc31003956]Equation 10 - Discretized Derivative  
Forward difference approximation is applied to discretize , giving;

[bookmark: _Toc31003957]Equation 11 - Discretised Derivative 
 Where  =  i.e. the temperature of node at time t, in location P and where , i.e. the temperature of node at time t plus elapsed time in location P.
Now, substituting the discretised derivatives back into the thermal equation (10 and 11 into 2) gives;

[bookmark: _Toc31003958]Equation 12 - Thermal Diffusion Explicit Form
where F0 is a dimensionless expression called the Fourier Number.

[bookmark: _Toc31003959]Equation 13 - Fourier Number
The explicit form of the thermal diffusion equation forms the basis of the implemented code, allowing us to determine unknown temperatures, based on temperatures from the previous time step.
[bookmark: _Toc31003965]Initial & Boundary Conditions
Boundary conditions were implemented as follows, west, south and east were assumed to be perfectly insulated i.e. 0 heat flow through those boundaries. Along the north edge, a Gaussian distribution of temperatures 10C along the edge cases, and 60C along the midpoint were implemented. Meaning that temperatures along the north boundary are normally distributed. The initial temperature within the domain was set to 0C.
[bookmark: _Toc31003966]Finite Difference Model
Give the parameters above, the model was then scripted in MATLAB. The script is detailed below. 
Figure 2 below shows the initial variables. Lines 4 through 7 initialize variables that hold the material information of aluminium. Lines 8 and 9 prescribe the initial boundary temperatures along the north boundary. Lines 10 through 16 are variables that need to be called later for the script to run.
[image: ]
[bookmark: _Toc31003938]Figure 2 – Initial Variables
Figure 3 below shows the part of the script that is designed to support input from a prospective user. Line 19 requests the input of the X dimension from the user, as a string, via a dialogue box. Line 20 replaces the string received into a real number. Lines 21 and 22 do that same for the Y dimension.
Lines 24 to 35 implements a while loop, using the previously created variable “isinteger” as a logic gate. Within the loop line 24 requests the required grid spacing from the user and line 25 converts this to a real number. Lines 28 and 29 use the Gspace variable along with inputted X and Y dimensions to initialise the number of columns and rows that will form the mesh grid. Lines 30 and 31 check if the number entered can be rounded, assigning Xcheck and Ycheck as logical operators. I.e. if the number has been rounded and is therefore not already an integer, Xcheck and Ycheck will hold the value 0. Line 32 then checks the value of these variables, and whether the required grid spacing is greater than 0, with line 32 setting our logic check to true if criteria is satisfied. If the criteria are not satisfied this section will loop until it is. 
Line 37 calculates the max permittable time step given the grid spacing and thermal diffusivity and stores this in a variable. Line 38 initialises a while loop, within which the required time step is requested on line 39 and converted to an integer on line 40. Line 41 checks to see whether the resultant Fourier number satisfies that stability criteria if it does not, the function loops.
[image: ]
[bookmark: _Toc31003939]Figure 3 - User input
Figure 4, below show’s the part of the script responsible for initialising the matrix that will represent the plate. Line 45 creates a matrix filled with 0’s with the X and Y dimensions calculated earlier. Line 46 finds the middle column of the matrix. This is done so that on line 47 the boundary conditions can be set up correctly using a gaussian distribution.  Line 48 calls a while loop to implement the appropriate boundary temperature to 1,1 in the matrix. 49 assigns the temperature, and line 50 increments the counter so the loop repeats in 1,2 and so on till all boundary conditions along the north boundary are implemented.
[image: ]
[bookmark: _Toc31003940]Figure 4 - Matrix Initialization
Figure 5 below shows the part of the script that implements the discretized form of the diffusion equation in order to calculate the temperature distribution through time.
Line 54 sets the previously used ‘error’ counter back to 1, so the same variable can be used in the main simulation loop. Line 55 calls the tic function which tells MatLab to start running a timer. Line 56 calls the main loop, with the condition that it should repeat so long as the error is greater than tolerance (tolerance defined earlier as 0.0001). Line 57 increments ‘n’ by 1 and is used to keep track of the number of time steps till thermal equilibrium is reached. Line 58 creates a new variable that is assigned as the current state of the matrix. Line 59 increments the draw variable by one, which is used later to update the graph for current temperature states with each time step.
Line 60 calls a for loop and sets variable i equal to position 2 to just before the boundary layer, this is done as the method of matrix manipulation differs for boundary and edge cases. Line 61 does the same thing but for X dimensions in the plate. Line 62 then sets the values for temperature in the “plate” matrix, in the ranges of i to j in accordance to the previously derived discrete diffusion equation, obtained explicitly from the initial conditions of the plate.
Lines 63 and 65 essentially repeats the process of lines 59 through 62, for the most east column, excluding the bottom right edge case. This must be done because, at the point, there is no point that is more “east” than it, from which to calculate the temperature of the current node. To correct this, the node directly west is sampled twice, which is valid given the initial conditions of a perfectly insulated wall.
Lines 68 through 70 repeats this for the western boundary, excluding the bottom left edge case.
Lines 72 to 74 repeat the again for the southern boundary, excluding the bottom left and bottom right edge cases.
Lines 77 and 78 implements the diffusion of heat for the bottom left and bottom right edge cases, which need to be treated separately with the same reasoning state previously.
Line 82 sets the error variable to the absolute max difference between the current state of the plate and the old state of the plate. The loop then, calls graphing functions (discussed below) before repeating for the next time step, iterating over and over until error is greater than tolerance. Meaning that loop will end when the maximum difference in temperature across the current state of the plate and the previous state of the plate is less than 0.0001, I.e. this is the point equilibrium is assumed to be reached.
On line 83 the matrix fg is created, based on the number of iterations and current error, which is used later to graph convergence.
[image: ]

[bookmark: _Toc31003941]Figure 5 – Discretized Diffusion Equation Implementation
Figure 6 below shows the graphing functionality and final outputs of the script. By using the “draw” variable which is incremented at the top of the while loop, and calling graph functions that relate to that counter within the same loop, the current state of the plate is graphed using a 2D contour plot and updated with each time step.
The same principle is used to plot the increasing rate of convergence.
The last lines inform the user that equilibrium has been reached, the number of iterations it took and the final line toc is a function that tells MATLAB to display the amount of time that has passed since the tic function was called. Since tic was called at the start of the governing while loop, this effectively tells us how long it took for equilibrium to be reached.
[image: ]
[bookmark: _Toc31003942]Figure 6 - Graphing Functionality

[bookmark: _Toc31003967]Analysis
[bookmark: _Toc31003968]Test Case
To test the code initially, the following parameters were chosen; X length = 10, Y Length = 10, Grid-spacing = 2, Time-step = 2. Figure 7 shows the resulting heat distribution plot, figure 8 shows the rate of convergence and figure 9 shows output messages. 
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[bookmark: _Toc31003943]Figure 7 - Scenario 1 - Heat Distribution
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[bookmark: _Toc31003944]Figure 8 - Scenario 1 - Rate of Convergence
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[bookmark: _Toc31003945]Figure 9 - Scenario 1 - Outputs
The results from the first test indicate that the script is operating as intended, the mesh grid has been imposed correctly, and temperatures are available at each node of the grid. Rate of convergence, as defined by the gradient on error/iteration graph, decreases as expected given that this error variable is defined as a function of the difference between the old and new state, which naturally align more closely as equilibrium is approached. Grid spacing has been formulated correctly, i.e. grid spacing = ∆x = ∆y.
The heat distribution graph seems to suggest that the rate of heat transfer in aluminium plate under these conditions, decays by approximately a half per metre away once equilibrium has been struck. Starting from point X3,Y6, with a temperature of 55.85C a reduction of 1M in the Y axis  results in ≈ 27C, and this trend continues with further reductions.
[bookmark: _Toc31003969]Limitations
The key limitation in the model stems from how intimately two potential sources of error are linked. Namely, truncation error and roundoff error. The truncation error arises from neglecting of small terms as seen in the derivations of the backward, central and forward difference approximations (Lewis, Morgan et al. ,1996). These truncation errors approach 0  as t and x approach 0. However, for these smaller sizes, more computations need to be done to get a solution for the same domain and total time, which increases the prevalence of roundoff errors. Roundoff errors occur because of the difference between the result produced by an algorithm using exact arithmetic, and results produced with the same algorithm using finite-precision, rounded arithmetic that that is used when computing (Alvarez-Aramberri, Pardo et al. ,2012). 
Figure 10 below demonstrates this trade-off. Here it is assumed that the solution is calculated on the same domain and for the same total time.
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[bookmark: _Toc31003946]Figure 10 –Sketch of errors as functions of the grid size for a finite difference calculation (Moehlis ,2001) 
[bookmark: _Toc31003970]Suggested Improvements
The basis of the model could be improved by utilising either an implicit or combined method for discretising the constitutive equation. The implicit method would overcome the limitation described above entirely as it allows for unconditional stability, meaning that there would be no upper limit to the permitted time step. The method is more computationally complex but would increase the robustness of the script.

[bookmark: _Toc31003971]Conclusion
This report discussed the uses of FDM’s, specifically looking at there use in discretizing the standard diffusion equation. It has identified and detailed the underlying mathematics they rely on, Taylor series approximations.
It has created a model of temperature distribution within a 2D aluminium plate, over time, in MATLAB by implementing FDM’s, and then detailed the workings behind the script. It has detailed the problem under consideration, as well as the constitutive equation behind the problem.
Finally, it has discussed limiting factors with the script, and the method of discretization and suggested possible improvements.
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Appendix A : Script implemented in MATLAB
clc;
clear
%% Inital Variables
k = 143; %Conductivity of aluminium W/m.C
p = 2800; %Density of aluminium kg/m^3
c = 795; %Specific Heat J/Kg.C
a = k/(p*c); % Thermal Diffusivity
Tbound = 10; %Inital temp for edge cases
Tmid = 60; %Inital temp for centre
isinteger = false; %used for validation loop later
f0 = 1; %Fourier number, initiaclised with holding variable
time = 0; %Initalised to hold
tolerance = 0.0001; %used for setting resolution of sim
error = 1; %used for setting resolution of sim
draw = 1; %used for setting resolution of sim
n = 1; %used to keep track of iterations during sim
 
%% User Variables
Xdim = inputdlg('Enter X dimension of plate (M)'); %inputdlg creates dialog box to accept user defined inputs
Xdim = cellfun(@str2num,Xdim); %converts 1x1 cell to normal number
Ydim = inputdlg('Enter Y dimension of plate (M)');
Ydim = cellfun(@str2num,Ydim);
 
while isinteger == false
    Gspace = inputdlg('Enter  required grid spacing must comply with X & Y Dimensions, (M)');
    Gspace = cellfun(@str2num,Gspace);
    
    Xspace = ((Xdim/Gspace)+ 1); %Number of columns in grid
    Yspace = ((Ydim/Gspace)+ 1); %Number of rows in grid
    Xcheck =Xspace==round(Xspace); %used to check if columns and rows are integers
    Ycheck =Yspace==round(Yspace);
    if Xcheck~=0 && Ycheck~=0 && Gspace>0
        isinteger=true;
    end
end
 
Tmax = 0.25 *(Gspace^2)/a;
while f0 >= (1/4) || f0<0 || isnan(time)==true %used to check the stablity based on variables inputted
    time=inputdlg(['input time step (below',num2str(Tmax),' (s)) = '],'s');
    time = cellfun(@str2num,time);
    f0 = (a*time)/(Gspace^2);
end
 
%% Initalising Matrix
plate = zeros(Yspace,Xspace); %creates matrix filled with 0, of dimensions given
xmid = ((Xspace+1)/2); %finds mid point of matrix
sd=sqrt((-(Xspace-xmid)^2)/(2*(log(Tbound/Tmid)))); %finds standard deviation across matrix given mid point and inital temps
while error < Xspace
    plate(1,error) = (Tmid * exp(-((error - xmid)^2) / (2 * (sd^2))));
    error = error + 1;
end
 
%% Running Simulation
error = 1;
tic;
while error>tolerance
    n = n +1;
    plateold=plate;
    draw=draw+1;
    for i=2:Yspace-1
        for   j=2:Xspace-1     
                           
            plate(i,j)=f0 * (plateold(i-1,j) +plateold(i+1,j) +plateold(i,j+1) +plateold(i,j-1)- (4-(1/f0))*plateold(i,j));
            for  i1=2:Yspace-1      
                
                plate(i1,1)=f0 * (plateold(i1-1,1) +plateold(i1+1,1) +plateold(i1,2) +plateold(i1,2)- (4-(1/f0))*plateold(i1,1));
            end
            for i1=2:Yspace-1       
                
                plate(i1,end)=f0 * (plateold(i1-1,end) +plateold(i1+1,end) +plateold(i1,end-1) +plateold(i1,end-1)- (4-(1/f0))*plateold(i1,end));
            end
            for j1=2:Xspace-1      
               
                plate(end,j1)=f0 * (plateold(end-1,j1) +plateold(end-1,j1) +plateold(end,j1-1) +plateold(end,j1+1)- (4-(1/f0))*plateold(end,j1));
            end
           
            plate(end,1)=f0 * (plateold(end-1,1) +plateold(end-1,1) +plateold(end,2) +plateold(end,2)- (4-(1/f0))*plateold(end,1));
            plate(end,end)=f0 * (plateold(end-1,end) +plateold(end-1,end) +plateold(end,end-1) +plateold(end,end-1)- (4-(1/f0))*plateold(end,end));
        end
    end
    
    error=max(max(abs(plateold-plate)));
    fg(n,:)=error;
 
 
    %% Graphs
    if draw==100
        
        %Sets View Orientation
        figure(1)
        PlotPlate= flipud(plate);
        %Creates a 2D Contour Plot
        contourf(PlotPlate,'ShowText','on')
        %Sets title
        title('Heat transfer in a 2D Aluminium Plate')
        %Sets Axis Title
        xlabel('Width of Plate')
        %Sets Axis Title
        ylabel('Height of Plate')
        %gets the values of the colours next to the graph
        colorbar
        %changes the colours
        colormap(jet)
        drawnow;        %draws the graph as its calculating
        draw=0;
        figure(2)
        plot(fg);
        ylabel('error \rightarrow')
        xlabel('iteration \rightarrow')
        title('Convergence')
    end
end
 
disp('Simulation Complete')
disp(['Converged after =',(num2str(n)) ' iterations'])
toc;
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