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Abstract

The study investigates the numerical solution of the 2D heat diffusion problem using the Explicit Finite Difference Method (FDM). The work comprises discretising the spatial and temporal domains to imitate transient heat conduction in an aluminium plate under defined initial and boundary conditions. The obtained numerical results are compared to the analytical solution to ensure the model's accuracy. A sensitivity analysis examines the effects of grid spacing, time step, and thermal equilibrium tolerance on simulation accuracy and computational efficiency. 
The research addresses limitations in the numerical method and coding methodology, such as truncation errors, stability constraints, and simplified thermal equilibrium modelling. Furthermore, ideas for improving the model are proposed, such as using implicit methods and looking at different numerical methods such as the Finite Element Method (FEM), Finite Volume Method (FVM), and Boundary Element Method (BEM) to handle complex geometries and improve stability.
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Introduction  

The report investigates the 2D heat diffusion equation and uses the Explicit Finite Difference Method (FDM) to model heat transmission in an aluminium plate. The primary objective is to simulate and analyse transient heat conduction, which includes implementing the FDM, checking numerical results against an analytical solution, and conducting a sensitivity analysis on critical factors, including grid spacing, time step, and convergence tolerance.
The report is divided into four sections: the Governing Equation, which introduces the mathematical formulation; the Numerical Methodology, which describes the FDM implementation; the Results and Analysis, which compares numerical and analytical solutions while evaluating parameter effects; and the Limitations and Improvements, which discuss challenges and propose enhancements. The study provides insight into the accuracy, stability, and effectiveness of numerical heat transfer modelling.









Governing Equation of the Problem
 Heat Diffusion Equation
Background Information

Heat conduction occurs within a material; it is an essential process in a wide range of natural and industrial systems, including geothermal heat transfer and thermal management of electronic devices. Understanding and anticipating how heat moves across various mediums is critical for developing efficient thermal systems and materials. 
The heat conduction equation, also known as the heat diffusion equation, provides a mathematical framework for modelling this process. It is based on Fourier's law of heat conduction and energy conservation principles and is used extensively in mechanical engineering, physics, and environmental research.

The Heat Equation

The heat equation is a partial differential equation representing a conductive material's temperature evolution over time. It is critical for analysing transient heat conduction problems, in which temperature fluctuates over time, and for understanding the thermal behaviour of materials under different conditions. The heat conduction equation for a two-dimensional geometry with no internal heat sources is as follows:

Figure 1 – Heat Conduction Equation (Greene, 2003).

Mathematical Definition and Terms

The mathematical definition and terms of the equation are provided below:
 represent the temperature at any spatial coordinates in the  direction and  direction and time .
​ is the time rate of change of temperature. This indicates how temperature evolves over time. 
 and  are the second spatial derivatives of temperature with respect to  and . They represent how temperature changes spatially in their respective directions.
 is the thermal diffusivity of the material, defined as  ​, where:
 is the thermal conductivity, indicating the material's ability to conduct heat.
 is the density of the material (mass per unit volume of the material).
​ is the specific heat capacity at constant pressure, representing the amount of heat required to change the material's temperature.

Importance of the Heat Equation

Thermal science, engineering, and environmental analysis heavily rely on the theoretical and practical heat equation. By making informed decisions based on testing conducted and their knowledge of how heat moves through materials and systems, professionals can maximise performance, avoid failures, and attain the required temperature control in a variety of applications. The heat equation is essential when assessing the thermal characteristics of materials under various circumstances. Choosing the best material for a particular application to guarantee performance and longevity is crucial.






Numerical Method
 Discretisation
Starting Point: Taylor Series Expansion

To obtain finite difference approximations for the derivatives in the heat equation, the Taylor series expansion of the temperature function  around a point  and  is used. It expresses derivatives as finite difference approximations. By using the Taylor series, it provides a method to approximate a function as an infinite sum of terms computed from the values of its derivatives at a single point.
For the function , the Taylor series expansion at a point of ​ is expressed as:

Figure 2 – Taylor Series Expansion Equation (libretexts.org, 2024).

In a compact summation form, it is shown as: 

Figure 3 – Taylor Series Expansion in Compact Form (Khoury and Harder, 2016).

By truncating the series at the desired order, we can obtain finite difference approximations for the derivatives.






Derivation of the Forward, Backward, and Central Differences

Developing finite difference approximations to derivatives is from the use of Taylor series expansion.


Figure 4 - Taylor Series equations in the forward and backward directions (Ozisik et al, 2017).
By rearranging the two equations from the Taylor series expansion in Figure A, the Forward and Backward approximations can be determined. By subtracting the two equations from Figure A, the Central difference approximation is known (Ozisik et al, 2017 and Croft and Lilley, 1977).

 The Forward Difference Approximation


Figure 5 - Forward Difference Approximation (Croft and Lilley, 1977).

 The Backward Difference Approximation


Figure 6 - Backward Difference Approximation (Croft and Lilley, 1977).

 The Central Difference Approximation


Figure 7 - Central Difference Approximation (Croft and Lilley, 1977).

 Second Derivative (Central Difference)


Figure 8 - Second Derivative (Central Difference) (Croft and Lilley, 1977).

In numerical methods for solving partial differential equations, the central difference for the second derivative is frequently chosen due to its accuracy, which lowers the truncation error to the order of  (Croft and Lilley, 1977).

 Explicit Finite Difference Scheme 

The explicit finite difference scheme uses finite difference techniques to approximate the derivatives in the heat equation. It substitutes forward difference approximations for the temporal first derivative and central difference approximations for the spatial second derivatives.
The heat equation in two dimensions is:

Figure 9 - Heat Conduction Equation (Greene, 2003).

The forward difference approximation for the first derivative to discretise is, at the point of P:


Figure 10 – Approximation for the First Derivative Discretisation (Thomas, 2013).
And then:

Figure 11 - Approximation for the First Derivative Discretisation (Thomas, 2013).
Then substituting into the Heat Equation:

Figure 12 - Approximation for the First Derivative Substituted into the Heat Equation (Croft and Lilley, 1977).

The Fourier Number ( ,a dimensionless metric) indicates how significant thermal diffusion is in relation to time step size (Adak, 2020 and Wais, 2014). It's described as:

Figure 13 – Fourier Equation (Liu, 1990).

 Discretising the Spatial Domain

The spatial domain is rendered discrete by dividing the real space into a grid of discrete points. The grid is typically uniform, meaning that nearby points are consistently spaced apart: 
 where i = 0,1,2,3…, 
 where j = 0,1,2,3…, 
Grid sizing shown as:
 (Number of points in x direction)
 (Number of points in y direction)
The grid spacing should be sufficiently tiny to adequately depict the solution's behaviour. Higher resolution is possible with a finer grid, but the computing time increases (Kossaczká, Ehrhardt and Günther, 2023).

 Discretising the Temporal Domain

Discrete intervals of size  are created from the continuous time variable t. The heat equation is used to update the temperature at each spatial grid point at each time step 𝑛.
The simulation runs from the start time , to the end .
The discrete times are expressed as follows: 
, where n = 0,1,2,3…,  (Leveque, 2007).

 Stability Criterion

The explicit form of the Finite Difference representation involves determining the unknown temperature (𝑇𝑃𝑡+∆𝑡) based on the preceding time step's temperatures. The main disadvantage of this technique is that there is a maximum allowable time-step size once 𝛼 and h are fixed (Abbott and Minns, 2017 and Smith, 1978):


Figure 14 – Explicit Form of Stability Criterion (Abbot and Minns, 2017).




Initial, Boundary Conditions, and Analytical Solution
Initial Conditions

The initial conditions define the temperature distribution across the aluminium plate at the start of the simulation (). Regarding this model,  for every x and y on the plate. 


Figure 15 – Initial boundary conditions for the MATLAB simulation. 

Boundary Conditions

The simulation assumes the plate is at a uniform temperature of 0 ,this simplifies the issue setup and establishes a baseline for studying the transient heat diffusion process.
For the North Boundary () with  and the heat is applied uniformly along the top of the plate . South Boundary (), , with the bottom boundary maintaining at uniform temperature of (-50) which creates a temperature gradient across the plate. 
The north and south limits represent a system with opposing heat sources. This design creates a linear temperature differential throughout the plate. Insulated east and west limits prevent heat transfer, allowing for a concentration on vertical heat diffusion.
 Analytical Solution

The analytical solution provides a steady-state reference for validating the numerical simulation. For a rectangular domain with these boundary conditions, the analytical solution is given by:

Figure 16 - Analytical solution of the temperature at thermal equilibrium (Chang and Ma, 2001).

Setting  starts the plate in a neutral state, allowing for easier analysis of heat diffusion over time under the specified boundary conditions. This gives a clear baseline for observing the material transition to thermal equilibrium. The analytical solution is derived with identical initial and boundary conditions. It is used as a reference to validate the numerical findings, confirming the accuracy of the explicit finite difference method.












Code Structure 
Cleanup Workspace and Reset Command Window


Figure 17 – Stage 1 of MATLAB code.
The first step in the code is to ensure a clean and clear workspace, ‘clc’ Clears the command window to remove any previous output, making it easier to focus on the new results. ‘Clear’ deletes all variables from the workspace, preventing any interference from past variables and ‘close all’ closes all open figure windows, ensuring that new plots do not overlap with old ones.

Set Display Format


Figure 18 - Stage 2 of MATLAB code.
Format short simplifies numerical outputs by setting their display format to a shorter format with fewer decimal places.

Define Material Properties


Figure 19 - Stage 3 of MATLAB code.
The physical characteristics of the aluminium plate, which are crucial for the modelling of heat conduction, are defined in this section.
User Input for Grid Dimensions and Spacing


Figure 20 - Stage 4 of MATLAB code.
The code prompts the user to enter the grid spacing and plate measurements. It ensures that the grid spacing is positive and precisely divides the dimensions.

Calculate Grid Points


Figure 21 - Stage 5 of MATLAB code.
The grid points along the x and y directions are calculated based on the input dimensions and grid spacing.

Initialise Matrices


Figure 22 - Stage 6 of MATLAB code.
Initialises the temperature distribution at each grid point in the temperature matrices T1 and T2.
Input Boundary Conditions


Figure 23 - Stage 7 of MATLAB code.
The initial temperature distribution over the plate is represented by T1, which is initialised as a matrix of zeros. The temperature at the north boundary, T0, is entered by the user. Heat diffusion across the plate is simulated by these boundary conditions, which allow heat to enter from the top and depart from the bottom. To hold updated temperature values in the simulation, T2 is initially set up as a copy of T1.

Input and Validate Time Step


Figure 24 - Stage 8 of MATLAB code.
To make sure the explicit method stays stable, the time step is checked against the stability criterion.

Calculate Fourier Number


Figure 25 - Stage 9 of MATLAB code.
The Fourier number, a dimensionless number representing the heat conduction rate, is calculated to be used in the temperature update equations.

Set Convergence Parameter and Initialise Variables


Figure 26 - Stage 10 of MATLAB code.
Initialises variables for recording the greatest difference between iterations and the elapsed time and sets the convergence threshold to detect when the simulation has attained thermal equilibrium.

Temperature Update Loop


Figure 27 - Stage 11 of MATLAB code.
This code uses the explicit finite difference approach to iteratively update the temperature matrix T2. Until the difference between iterations falls below the convergence threshold, signifying thermal equilibrium, the loop keeps going. The temperature is updated based on nearby values as the nested for loops iterate across the internal grid points. Within the loop, boundary criteria for the east and west edges are imposed explicitly.
Output Time to Equilibrium


Figure 28 - Stage 12 of MATLAB code.
Outputs the total simulation time required for the system to reach thermal equilibrium.

Analytical Solution Calculation


Figure 29 - Stage 13 of MATLAB code.
Computes the analytical temperature distribution using a series expansion. This serves as a benchmark to validate the numerical results.
Plot Numerical and Analytical Results


Figure 30 - Stage 14 of MATLAB code.
Visualises the temperature distributions from both the numerical and analytical solutions and the absolute difference between them, allowing for an intuitive comparison of the results.
Display and Compare Solutions


Figure 31 - Stage 15 of MATLAB code.
Provides a numerical evaluation of the model's accuracy by displaying the temperature matrices, both analytical and numerical, the difference between them, and the highest error.












Validation of the Code
Inputs and Setup

The following parameters were used in the simulation:

Figure 32 – Parameters used to validate code.

The FDM model computes the temperature distribution iteratively until thermal equilibrium is reached, determined by the convergence threshold.
Results 
 Numerical Solution
The numerical solution at thermal equilibrium is:



Figure 33 – Numerical solution values.







						 
Analytical Solution
The analytical solution, derived from the steady-state heat equation, is:

Figure 35 - Analytical solution values




















Absolute Difference

The absolute difference between the numerical and analytical solutions is:

Figure 37 - Absolute difference between numerical and analytical values




















Figure 39– Maximum error between numerical and analytical value

Analysis
Accuracy of the Numerical Solution 

The numerical and analytical answers are almost identical, with the highest error of 0.0174. This minor variation can be attributed to the numerical approach that employs finite difference approximations, resulting in a truncation error and round-off errors due to the finite accuracy of numerical computations. The Explicit Finite Difference Method accurately and reliably models 2D heat diffusion under defined conditions, as evidenced by the agreement of numerical and analytical findings.

 Temperature Distribution

The temperature distribution in both solutions is symmetrical, with values falling evenly from the north border (50) to the south boundary (-50). The system reaches thermal equilibrium within 68400s, as per the convergence requirement.

 Error Distribution

Errors are most apparent in the centre rows of the plate due to the maximum temperature gradient. Finite difference approximations are sensitive to steep gradients; therefore, this is to be expected. Errors at the boundaries are low, indicating proper implementation of boundary conditions. 




Analysis of code Results

The MATLAB code results are examined using a sensitivity study that focusses on grid spacing, time step, and thermal equilibrium tolerance. This analysis demonstrates how these factors affect the simulation's accuracy, stability, and computing efficiency when inputs are changed compared to the inputs and results from Simulation 1 in section 5.

Grid Spacing Influence:

Figure 40 – Influence of Grid Spacing on Thermal Equilibrium table.
Grid Spacing	Time Step(Fixed)	Tolerance (Fixed)	Thermal Equilibrium
4	150	0.001	211950
3	150	0.001	225600
2	150	0.001	211950
1.5	150	0.001	216000
1.2	150	0.001	212400
1	150	0.001	213900
0.75	150	0.001	213150
0.6	150	0.001	212850
0.5	150	0.001	212550
0.4	150	0.001	212250
0.3	150	0.001	212250
0.25	150	0.001	212250
0.2	150	0.001	212250



Figure 41- Influence of Grid Spacing on Thermal Equilibrium graph.

 Influence of Grid Spacing on Thermal Equilibrium

When using grid spacings ≤ 0.4m, reaching thermal equilibrium takes around 212,250 seconds. 
Larger grid spacings (≥1.5m) result in higher fluctuation in equilibrium time due to poorer numerical accuracy from coarse resolution.
Finite precision in computer systems causes round-off mistakes during iterative calculations. With coarser grids, fewer operations are performed, resulting in lower cumulative round-off errors. However, with finer grids, round-off mistakes can mount dramatically over the many more repetitions required (George, 2008).







Time Step Influence:

Figure 42 - Influence of Time Step on Thermal Equilibrium table.

Grid Spacing	Time Step(Fixed)	Tolerance (Fixed)	Thermal Equilibrium
0.75	2000	0.0001	432000
0.75	1500	0.0001	420000
0.75	1000	0.0001	403000
0.75	800	0.0001	393600
0.75	600	0.0001	381000
0.75	400	0.0001	363200
0.75	200	0.0001	331800
0.75	100	0.0001	300200
0.75	50	0.0001	268500
0.75	25	0.0001	236700



Figure 43  - Influence of Time Step on Thermal Equilibrium graph.



Influence of Time Step on Thermal Equilibrium

Changing the time step from 2000s to 25s decreases thermal equilibrium time from 432,000 seconds to 236,700 seconds. Larger time increments (≥800s) can overstate thermal equilibrium time due to numerical instability and decreased accuracy.
To preserve numerical stability, the Courant-Friedrichs-Lewy (CFL) condition requires a time step (Δt) that is smaller than the grid spacing (Δx). For higher time steps, the finite difference scheme becomes unstable, producing overestimated and erroneous equilibrium times (Courant et al., 1967). The appropriate time step size balances accuracy and computing efficiency. For the present situation, time steps of roughly 200s provide an appropriate compromise between stability, precision, and computational cost.

Tolerance Influence:

Figure 44 - Influence of Tolerance on Thermal Equilibrium table.
Grid Spacing	Time Step(Fixed)	Tolerance (Fixed)	Thermal Equilibrium
1	500	0.1	54500
1	500	0.01	163000
1	500	0.001	269000
1	500	0.0001	375000
1	500	0.00001	481000
1	500	0.000001	587500



Figure 45 - Influence of Tolerance on Thermal Equilibrium graph.

 Influence of Tolerance on Thermal Equilibrium

By decreasing the tolerance from 0.1 to 0.000001, the thermal equilibrium period increases from 54,500 seconds to 587,500 seconds, indicating tougher convergence conditions.
Using a numerical convergence threshold, like a tolerance factor, approximates the actual thermal equilibrium condition. Smaller tolerances impose stricter convergence but necessitate much more iterations, which increases computational time. Larger tolerances, on the other hand, may cause the simulation to terminate prematurely, resulting in incorrect results (Holman, 2010).
Small tolerances (e.g., 0.000001) increase precision but need longer simulation periods. Large tolerances (e.g., 0.1) result in faster convergence but lead to incomplete or erroneous temperature distribution forecasts (Holman, 2010).






Limitations of the Model
Limitations Due to the Numerical Method
Round-Off Errors

Round-off errors occur due to the limited accuracy with which computers represent floating-point values. These inaccuracies compound over many repetitions, particularly when finer grids and smaller time steps are used and may have an impact on findings accuracy. For example, George (2008) notes out that the cumulative effect of round-off mistakes becomes considerable in large-scale simulations, which is a common limitation of numerical approaches.

Truncation Errors

Truncation errors result from approximating derivatives in the heat equation with finite difference formulae. The explicit FDM approximates second-order derivatives with central differences, resulting in a truncation error of . According to Croft and Lilley (1977), lower grid spacing  reduces this inaccuracy, albeit at the expense of greater processing time.

 Complex Geometry

The FDM approach is ideal for normal rectangular domains. However, it suffers with complex geometries and uneven limits. Approximating such geometries on a Cartesian grid might cause errors and increase processing complexity (Strikwerda, 2004).

Stability

The explicit FDM is conditionally stable, meaning the time step  must meet the Courant Friedrichs Lewy (CFL) condition: 


Figure 46 Courant Friedrichs Lewy (CFL) condition (Courant et al., 1967).

Failure to meet this requirement can lead to non-physical oscillations or divergence. Smith (1985) discusses how the method's time step requirement increases the computational time for fine grids and materials with significant thermal diffusivity. 

 Limitations Due to the Coding Approach
 Modelling Thermal Equilibrium

Thermal equilibrium occurs when the difference between successive temperature matrices falls below a predetermined limit. While this strategy is practical, it does not exactly match the physical definition of equilibrium, which requires the cessation of heat transfer. Holman (2010) points out that depending simply on numerical criteria can result in premature termination or excessive calculation without effectively portraying physical reality.

 Simplified Boundary Conditions

The model operates under idealised boundary conditions, with constant temperatures at the north and south boundaries and insulated conditions at the east and west margins. While these simplifications make the model more computationally efficient, they do not fully capture the intricacies of true situations. In real applications, boundary conditions are rarely static; they frequently fluctuate over time and space due to environmental changes and operational dynamics (Holman, 2010).
As Bejan (2013) discusses, convective heat transfer at boundaries are affected by fluid parameters such as velocity, temperature, and thermal conductivity, all of which may vary. Similarly, radiative effects, which are determined by parameters such as surface emissivity and ambient temperatures, may have a considerable impact on heat transmission at boundaries, particularly at high temperatures. These dynamic boundary conditions carry an additional level of complexity that the existing model does not account for, potentially restricting its application to systems with more realistic thermal behaviours.

 Computational Efficiency

The use of explicit finite difference methods (FDM) necessitates repetitive updates at each grid point and time step, making it computationally demanding for simulations with fine grids or strong convergence conditions. This computational demand occurs as the number of repeats increases dramatically with finer spatial and temporal resolutions, resulting in longer computation durations. Furthermore, explicit approaches are susceptible to stability constraints, such as the CFL condition, which limits the amount of time steps, increasing processing load.
















Suggested Improvements and Future Developments
Improved Numerical Methods
ADI or Implicit FDM

The use of the Alternating Direction Implicit (ADI) method or the Implicit FDM method can overcome stability issues. These approaches are unconditionally stable and allow for greater time increments, resulting in much shorter calculation times while maintaining accuracy (Smith, 1985). The ADI approach divides the computation into alternating x direction and y direction updates, which increases efficiency (Schimdt and Lazzi, 2003).

 Alternative Numerical Methods

To simulate complex geometries and enhance accuracy, advanced numerical methods such as the Finite Element Method (FEM), Finite Volume Method (FVM), or Boundary Element Method (BEM) could be used. FEM is suitable for irregular domains and complex boundary conditions due to its usage of unstructured meshes (Kajishima and Taira, 2017). FVM ensures compliance with local conservation rules, making it effective for heat transfer issues with phase transitions (Wais, 2014). BEM reduces problem dimensionality by solving exclusively on borders, resulting in computing efficiency for some applications (Croft and Lilley, 1977).

 Other Modelling of Thermal Equilibrium

Instead of using a fixed tolerance for convergence, more robust approaches could be implemented. Energy Balance can be used to monitor the energy balance across the domain; equilibrium occurs when the net heat flux approaches zero, a more physically realistic criterion (Holman, 2010). Adaptive Convergence can also be used to adjust the convergence threshold based on temperature field changes. This method enables a compromise between accuracy and efficiency by tightening tolerances only when necessary.


Conclusion

The purpose of the report aimed to simulate 2D heat diffusion in an aluminium plate using the Explicit Finite Difference Method (FDM) and compare the findings to an analytical solution. The numerical model accurately represented the temperature distribution, with a maximum error of 0.0174, indicating its accuracy. The sensitivity analysis demonstrated that grid spacing, time step, and convergence tolerance have a considerable impact on accuracy and computational efficiency.
The model's key limitations are truncation errors, stability limits, and simplified thermal equilibrium modelling. To overcome these issues, future developments may include implicit approaches, advanced computational techniques such as the Finite Element Method (FEM), and more robust equilibrium criteria. Overall, the assignment's objectives were met, giving an adequate basis for improving numerical heat transfer models.
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Appendix
Written MATLAB Code 

%% Cleanup workspace and reset command window
clc
clear
close all
%% Set display format
format short
%% Define material properties
k = 143;               % Thermal Conductivity [W.m^-1.K^-1]
rho = 2800;            % Density [kg.m^-3]
c = 795;               % Specific Heat [J.kg^-1.K^-1]
% Calculate thermal diffusivity
alpha = k / (rho * c); % Thermal Diffusivity [m^2.s^-1]
%% Prompt the user for grid dimensions
xdim = input('Enter the x dimension of the aluminum plate (meters): ');
while xdim <= 0
    disp('Width must be positive. Try again.');
    xdim = input('Enter the x dimension of the aluminum plate (meters): ');
end
ydim = input('Enter the y dimension of the aluminum plate (meters): ');
while ydim <= 0
    disp('Height must be positive. Try again.');
    ydim = input('Enter the y dimension of the aluminum plate (meters): ');
end

%% Set fixed time step and tolerance
dt = 150; % Fixed time step
convergence_threshold = 0.001; % Tolerance condition

%% Input Boundary Conditions
T0 = input('Enter the temperature at the north boundary (Celsius): ');

% Arrays to store thermal equilibrium times and grid spacings
grid_spacings = [];
equilibrium_times = [];

%% Loop over different grid spacings
for h = 0.01:0.01:xdim/2  % User-defined range for grid spacing
    % Ensure that the grid spacing divides both dimensions exactly
    while mod(xdim, h) ~= 0 || mod(ydim, h) ~= 0 || h <= 0 || h >= xdim || h >= ydim
        disp('Grid spacing must divide dimensions exactly. Try again.');
        h = input('Enter the grid spacing (meters): ');
    end

    % Calculate grid points
    columns = (xdim / h) + 1; % Number of columns
    rows = (ydim / h) + 1;    % Number of rows

    %% Initialise matrices
    T1 = zeros(rows, columns); % Initial temperature matrix T1
    T1(1, :) = T0;      % Apply north boundary condition to the first row
    T1(end, :) = -T0;   % Apply south boundary condition to the last row

    % Initialising T2
    T2 = T1; % Initial temperature matrix T2, identical to T1

    %% Calculate Fourier number for stability
    Fo = alpha * dt / h^2;

    %% Set convergence parameter and initialise variables
    max_difference = Inf;
    time = 0;

    %% While loop for temperature updates until thermal equilibrium
    while max_difference > convergence_threshold
        for i = 2:rows-1
            for j = 2:columns-1
                % Update temperature using explicit finite difference method
                T2(i, j) = T1(i, j) + Fo * (T1(i+1, j) + T1(i-1, j) + T1(i, j+1) + T1(i, j-1) - 4 * T1(i, j));
            end

            % Neumann boundary conditions for east and west boundaries
            j=1;
            T2(i, j) = T1(i, j) + Fo * (T1(i+1, j) + T1(i-1, j) + T1(i, j+1) + T1(i, j+1) - 4 * T1(i, j));

            j=columns;
            T2(i, j) = T1(i, j) + Fo * (T1(i+1, j) + T1(i-1, j) + T1(i, j-1) + T1(i, j-1) - 4 * T1(i, j));
        end

        max_difference = max(max(abs(T2 - T1)));
        T1 = T2; % Update T1 for the next iteration
        time = time + dt;
    end

    % Store the thermal equilibrium time and grid spacing
    grid_spacings = [grid_spacings, h];
    equilibrium_times = [equilibrium_times, time];

    fprintf('Time to reach thermal equilibrium with grid spacing %.3f: %.2f seconds\n', h, time);
end

%% Plot the relationship between thermal equilibrium time and grid spacing
figure;
plot(grid_spacings, equilibrium_times, '-o', 'LineWidth', 2, 'MarkerSize', 6);
xlabel('Grid Spacing (m)');
ylabel('Time to Reach Thermal Equilibrium (s)');
title('Thermal Equilibrium Time vs Grid Spacing');
grid on;

%% Conclusion
disp('Conclusion: As grid spacing decreases, the number of grid points increases, resulting in longer computation times to reach thermal equilibrium. This relationship should be analysed further in relation to the grid resolution for optimal performance.');
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%% Cleanup workspace and reset command window
cle

clear

close all
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%% Set display format
format short
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%% Define material properties

K = 143; % Thermal Conductivity [W.m*-1.K-1]
rho = 2800; % Density [kg.m*-3]
= 795;

% Specific Heat [J.kgr-1.K-1]

% Calculate thermal diffusivity

alpha

K/ (rho * ¢): % Thermal Diffusivity [m*2.s4-1]
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%% Prompt the user for grid dimensions and spacing
xdim = input('Enter the x dimension of the aluminum plate (meters)
while xdim <= ©

disp(’Uidth must be positive. Try again.’);
xdim = input('Enter the x dimension of the aluminum plate (meters): ');
end
ydim = input('Enter the y dimension of the aluminum plate (meters)
while ydim <= 0
disp('Height must be positive. Try again.');

ydim = input('Enter the y dimension of the sluminum plate (meters): ');

end

h = input(*Enter the grid spacing (meters): ');

while mod(xdim, h) ~= 0 || mod(ydim, h) ~= 0 || h <= @ || h>=xdin || h>=ydif
disp(*Grid spacing must divide dimensions exactly. Try again.’);

h = input('Enter the grid spacing (meters): ');
end
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29 %% Calculate grid points
30 columns = (xdim / h) + 1; % Number of columns
31 rows = (vdim / h) + 1: % Number of rows
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33

%% Initialise matrices

T1

zeros(rows, columns); % Initial temperature matrix T1
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%% Input Boundary Conditions

To = input(’Enter the temperature at the north boundary (Celsius): ');
T, To; % Apply north boundary condition to the first row
Ti(end, -Te; % Apply south boundary condition to the last row

XInitialise T2

T2

T1: % Initisl temperature matrix T2, identical to T1
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%% Input and validate time step
input(*Enter the time step (seconds): ');
max_dt
while dt > max_dt || dt<=o

dt

end

fprintf(‘Time step too large for stability. Maximum allowed: ¥.5f seconds.\n', max_dt);

at

h*2 / (4 * alpha);

input('Enter 2 smaller time step (seconds)

s
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48 %% Calculate Fourier number for stability
a9 Fo = alpha * dt / h~2;
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%% Set convergence parameter and initialise variables
convergence_threshold = 2.01;

max_difference = Inf;

time
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%% while loop for temperature updates until thermal equilibrium
while max_difference > convergence_threshold
for i = 2:rous-1
for § = 2:columns-1
% Update temperature using explicit Finite difference method
T2(5, 5) = TA(E, 3) + Fo T (T4, §) + TI(E-1, §) + TI(E, 3#1) + TA(L, 5-1) - 4 * T1(4, §);
end

% Neumann boundary conditions for east and west boundaries

3
T2(5, 3)

TI(E, 3) + Fo * (TL(4L, 3) # TIGE-L, ) + TI(E, $41) + TL(L, §41) - 8 TL(E, 905

3=columns;
T2(5, 3)
end

TI(i, 3) + Fo * (TL(i#1, ) + T1(i-1, 3) + TI(d, 3-1) + Ti(i, 3-1) - 4 * T1(L, §));

max_difference = max(max(abs(T2 - T1)));
T1 = T2; % Updste T1 for the next iteration
time = time + dt;

end
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74 %% Output time to reach thermal equilibrium
75 Fprintf('Time to reach thermal equilibrium: %.2f seconds\n', time);
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%% Analytical Solution for Comparison
TA =
For 1= Lirous

eros(rous, colums);
for <olums
(1) * b
G1) *hs

for k=1:100
end
TAGS, §) = -To + 2°To/ydin * ya5;
end
nd

41/ (160%k*p1)~2% (-1-(~1) k) *sin(k*pi*y/ydim) /sinh (k*pi*xdin/ydim)* (cosh(k*pi*x/ydim)-cosh(k*pi* (x-xdim)/ydim));
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%% Plot numerical and analytical temperature
Figure;

subplot(1, 3, 1);

imagesc(@:hixdim, 0:hiydim, T2);
xlabel(“Width (m)');

ylabel(“Height (m)');

colorbar;

title("Numerical Temperature Distribution');
subplot(1, 3, 2);
imagesc(@:h:xdin,
xlabel(“Width (m)');

ylabel(“Height (m)');

colorbar;

title('Analytical Temperature Distribution');

dim, flip(TA));

distributions
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%% Compare numerical and analytical solutions
error_matrix = abs(T2 - flip(TA));

subplot(1, 3, 3);
imagesc(@:h:xdin, 0
xlabel(“Width (m)');

ylabel(“Height (m)');

colorbar;

title("Difference of Temperature Distribution betueen Analytical and Numerital');
disp(The Numerical solution is:')

disp(T2)

disp('The Analytical solution is:')

disp(flip(TA))

disp('The sbsolute value difference betueen the analytical and numerical solutions:')
disp(error_matrix)

max_error = max(error_matrix(:));

Fprintf(‘Haxinum error betueen numerical and analytical solutions: ¥.5f\n', max_error);

sydim, error_matrix);
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Maximum error between numerical and analytical solutions: 0.01740
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