
Partial Correlation and Multiple Regression

Correlation with two variables is referred to as bivariate analysis whereas dealing with three or more variables at the same time is referred to as multivariate analysis. 
e.g.
The relationship between customer satisfaction, product quality, e-commerce, 
complaint resolution, advertising and sales force image is a multivariate problem.

Partial Correlation

When a researcher needs to compute the relationship between two variables which may be wholly or partly due to the effect of a third variable, the technique of partial correlation may be used to control for the effects of the third variable.

e.g.
Consider the correlations found to exist between variables such as height,

 weight, general knowledge and vocabulary. Since all these attributes increase 

between birth and early adulthood, the high positive correlation that is generally obtained between any two of these is probably due to the common factor of age that is highly correlated with both variables. Eliminate the effects due to maturity and the correlation may well drop to zero, indicating a spurious relationship.

This is the function of the partial correlation coefficient, which eliminates or

‘partials out’ the effects of the third variable.

Note that this analysis makes the assumption that the variables are linearly correlated, and if this assumption is not valid then not all the effects of the variable will be partialled out.

Example

A study was undertaken on data from a sample of worldwide countries to examine whether there was any the correlation between the average life expectancy of male adults and the Gross Domestic Product (GDP) per capita.  An influencing factor was thought to be the calorie intake of the population and therefore this was considered as a controlling factor in the partial correlation.

It is first necessary to establish that life expectancy correlates with the GDP per capita and the calorie intake separately.

The SPSS printout below shows the results of Pearson’s Correlation Coefficients on the three variables.

              Correlations
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Correlation is significant at the 0.01 level (2-tailed).

**. 


Life expectancy / GDP per capita:
     
r = 0.639, Sig. = 0.0001 < 0.05.

Life expectancy / daily calorie intake:

r = 0.765, Sig. = 0.0001 < 0.05.

GDP per capita / daily calorie intake:   
r = 0.751, Sig. = 0.0001 < 0.05.

All three of these correlations are significant at the 5% significance level.

The SPSS printout below shows the partial correlation between the average life expectancy of male adults  and their GDP per capita partialling out the effect of daily calorie intake.
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Partial r = 0.193, Sig. = 0.099 > 0.05, not significant partial correlation.

The correlation coefficient between the average life expectancy of male adults with the GDP per capita has dropped from 0.639 to 0.193 after partialling out the effect of the factor daily calorie intake.

The variability of the each of the variables, r2, can be represented in the Venn diagram below.







The area LG in the diagram represents the variability between male life expectancy and GDP per capita with the effect of daily calorie intake partialled out.

Multiple Correlation
A multiple correlation coefficient, R, gives a measure of how well one dependent variable correlates with two or more other independent variables considered simultaneously.

Multiple Regression

The multiple regression equation is :

y  =  a  +  b1x1  +  b2x2  +  ……..

where
y is the dependent variable, 

x1 and x2 are the independent variables,

a is a constant, and

b1, b2, …… are the regression coefficients.

Each of the regression coefficients, b1, b2, …… estimates the amount of change that occurs in the dependent variable for a one unit change in the independent variable, with all other independent variables in the equation partialled out. i.e. controlled.

e.g.
In an equation with 4 independent variables, each of the four regression

coefficients express the unique contribution of the relevant variable to the 

dependent variable ( with the effect in each case of each of the other three 

variables removed).

However, when x1, x2, ……. Are measured in different units it is not applicable to directly compare the sizes of b1, b2, ……as a measure of their relative importance to the dependent variable.

The Standardised Regression Coefficients, (1 (2, ….. (Beta values) employ the same standard of measurement and therefore can be compared to determine which of two or more independent variables is the more important in relation to the dependent variable.

Notes:
1. It is important to ensure that the independent variables are not too highly correlated to each other. The Pearson’s r between each pair of independent variables should not exceed 0.8; otherwise the relationship may be suspected of exhibiting multicollinearity.
In this case the regression coefficients may be unstable from one sample to 

another as the y variability explained by one independent variable has a lot of 

overlap with the y variability explained by the other independent variable.
Example

A company was interested in the relationship of the current salary (£) of its employees with their level of education (years) and their previous experience in the job (months).

It is first necessary to establish that the variables level of education, previous experience and current salary are correlated separately. The SPSS printout below shows the results of Pearson’s Correlation Coefficient on the data.
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Current salary/Previous experience:

r = (0.097, Sig. = 0.034 < 0.05.

Current salary / Education level:
     
r =   0.661, Sig. = 0.0001 < 0.05.

Previous experience/Education level
             r = (0.252, Sig. = 0.0001 < 0.05.

All of these correlations are significant at the 5% significance level.

The SPSS printout for the multiple regression is shown below. 

Optional extras of confidence intervals and collinearity diagnostics for the regression coefficients have been requested.

Regression
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Model Summary

The multiple correlation coefficient, R = 0.664.

The coefficient of determination for the multiple correlation, R2 is 0.441 showing that 44.1% of the variability in salary can be explained by education level and previous experience. The Adjusted R2 term refers to the estimated R2 value for the population.

ANOVA
F(2,471) = 186.132, Sig. = 0.0001 < 0.05.

There is significant multiple correlation for current salary with education level and previous experience.

Coefficients

The regression equation is  y  =  a  +  b1x1  +  b2x2  where y is the salary, x1 is the education level and x2 is the previous experience.

a = (20978.3,  b1 = 4020.343  and b2 = 12.071

The equation is therefore  y  =  (20978.3  +  4020.343x1  +  12.071x2


or       salary  =  (20978.3  +  4020.343education  +  12.071experience

The significance for both of the regression coefficients b1 and b2  are calculated using the t-statistic. Both of the Sig. values are 0.0001 <0.05 and are therefore significant.

The standardised regression coefficients, (1 = 0.679 for education level and 

(2 = 0.074 for previous experience show the relative impact on salary. i.e. education level has almost ten times as much influence on salary as previous experience.

The values given under the heading Tolerance give the information concerning multicollinearity, and is derived from 1 ( multiple r for each independent variable. When the tolerance is low (close to zero), the multiple correlation is high and there is a possibility of multicollinearity. Since the tolerance values are high, 0.936, then multicollinearity is unlikely.

The values in the VIF (variance inflation factor) are the inverse of the tolerance values and hence give no other information.

Collinearity Diagnostics

This gives more a more detailed breakdown of Collinearity which will not be considered.

Predictions

The regression equation enables the researcher to make estimates of the dependent variable for given values of the independent variables.

To predict the salary of an employee whose previous education level is 14 years and has had 100 months experience in the job, substitute x1 = 14 and x2 = 100 into the regression equation
y  =  (20978.3  +  4020.343x1  +  12.071x2



y  =  (20978.3  +  4020.343 ( 14  +  12.071 ( 100




y  =  36513.6

The predicted salary is £36,514.

The 95% confidence interval for this prediction for
y = 36514  (  z  (  se







          
   = 36514  (  1.96  (  12788.694







   = 36514  (  25065.832

i.e. there is a 95% chance that the salary will lie between £11,448 and £62,580.

However, this method of finding confidence intervals uses the standard error of the estimate from the regression printout, which is the average error for any prediction.

This reflects the accuracy of the equation as a whole.

For multiple regression with several independent variables the researcher may be more interested in examining the effect of one of the independent variables on a prediction. The standard error of the regression coefficient, can be used to examine the accuracy of each independent variable and the confidence intervals for these 

b values can be requested as an optional extra from the SPSS regression analysis.

In order to examine how the level of education only affects the salary, use the 95% confidence intervals for b1 which lie between 3606.414 and 4434.273. 

These can be found in the Coefficients table of the regression printout.

Using these values for b1 in the prediction:


y  =  (20978.3  +  3606.414 ( 14  +  12.071 ( 100  =  30718.596,  and


y  =  (20978.3  +  4434.273 ( 14  +  12.071 ( 100  = 42308.622.

i.e. between £30,719 and £42,309.

Stepwise Regression
When there are several independent variables step-wise regression is a common approach, which involves computing the regression analysis by adding one variable at a time according to its contribution to R2.
This can help the researcher to find the most predictive regression equation. This is where few independent variables explain a lot of the variability of the dependent variable and exclude additional variables which contribute little to the prediction.

Example
The quality department of a large university evaluated the courses taught during the previous semester. Students on each course completed a questionnaire in which they rated a number of different aspects on the course on a 5-point scale

(1 = failure, 2 = very bad……….,5 = excellent).

The mean scores were evaluated for a sample of 10 courses on six variables: overall quality of lectures, teaching skills of the instructor, quality of the examinations, lecturer’s perceived knowledge of the subject, student’s expected grade and the enrolment on the course.

Standard regression and Step-wise regression was performed on the variables and the SPSS printouts of both analyses are shown below.
Standard Multiple Regression
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There is a high level of correlation with R = 0.972 and the ANOVA indicates that this correlation is significant.
R2 = 0.944 which indicates that 94.4% of the variation in the overall quality of the lectures can be accounted for by the variables teaching skills of the instructor, quality of the examinations, lecturer’s perceived knowledge of the subject, student’s expected grade and the enrolment on the course.

The tolerance values are very low and this indicates multicollinearity.

Instead of forcing all the variables into the analysis, the step-wise regression allows SPSS to decide on the variables to be entered, dependent on their contribution to the variance and the predictive model. This aids the researcher to find the best predictive model with the fewest variables which make the greatest contribution to the variance.
Step-wise Regression
[image: image14.wmf]Variables Entered/Removed

a

Teaching skills of

the instructor

.

Stepwise (Criteria:

Probability-of-F-to-enter <= .050,

Probability-of-F-to-remove >= .100).

Model

1

Variables Entered

Variables

Removed

Method

Dependent Variable: Overall quality of lectures

a. 


[image: image15.wmf]Model Summary

.912

a

.832

.811

.2604

Model

1

R

R Square

Adjusted

R Square

Std. Error of

the Estimate

Predictors: (Constant), Teaching skills of the instructor

a. 

 [image: image16.wmf]ANOVA

b

2.682

1

2.682

39.556

.000

a

.542

8

.068

3.224

9

Regression

Residual

Total

Model

1

Sum of

Squares

df

Mean Square

F

Sig.

Predictors: (Constant), Teaching skills of the instructor

a. 

Dependent Variable: Overall quality of lectures

b. 

 [image: image17.wmf]Coefficients

a

.516

.460

1.122

.295

-.544

1.576

.839

.133

.912

6.289

.000

.531

1.147

1.000

1.000

(Constant)

Teaching skills

of the instructor

Model

1

B

Std. Error

Unstandardized

Coefficients

Beta

Standardized

Coefficients

t

Sig.

Lower Bound

Upper Bound

95% Confidence Interval for B

Tolerance

VIF

Collinearity Statistics

Dependent Variable: Overall quality of lectures

a. 

 [image: image18.wmf]Excluded Variables

b

-.207

a

-.899

.398

-.322

.408

2.449

.408

.043

a

.207

.842

.078

.562

1.780

.562

.024

a

.105

.919

.040

.464

2.154

.464

.327

a

2.088

.075

.619

.604

1.655

.604

Quality of the

examinations

Lecturers perceived

knowledge of the subject

Student's expected grade

Enrolment on the course

Model

1

Beta In

t

Sig.

Partial

Correlation

Tolerance

VIF

Minimum

Tolerance

Collinearity Statistics

Predictors in the Model: (Constant), Teaching skills of the instructor

a. 

Dependent Variable: Overall quality of lectures

b. 


 [image: image19.wmf]Collinearity Diagnostics

a

1.984

1.000

.01

.01

.016

11.076

.99

.99

Dimension

1

2

Model

1

Eigenvalue

Condition

Index

(Constant)

Teaching

skills of the

instructor

Variance Proportions

Dependent Variable: Overall quality of lectures

a. 


The step-wise regression only includes quality of teaching as an independent variable in the analysis. The other four factors are excluded because they do not meet the required criteria for inclusion. The correlation coefficient, R = 0.912, with significant correlation, Sig. = 0.0001 < 0.05. R2 = 0.832 indicating that 83.2% of the variance in the overall quality of the lectures can be accounted for by the teaching skills of the instructor.
EXERCISE
1. Data was collected from twenty individuals to investigate how their age affected the correlation between their income and their support for the market economy measured from a questionnaire scale (from a minimum of 5 to a maximum of 25).

Interpret the SPSS printout below which shows the correlation coefficients and the partial correlation coefficient with age controlled.

Correlations
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Partial correlation
[image: image21.wmf]Correlations

1.000

.257

.

.288

0

17

.257

1.000

.288

.

17

0

Correlation

Significance (2-tailed)

df

Correlation

Significance (2-tailed)

df

Income (£000)

Support for

market economy

Control Variables

Age (years)

Income

(£000)

Support

for market

economy


2. Data was collected from the results of 30 subjects from a survey carried out at a local Leisure Centre to investigate the relationship between members’ attendance (monthly), personal income (£000) and the distance they live away from the centre. The SPSS printout for the correlation coefficients and the regression analysis is shown below.
Correlations
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Regression
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(a) Interpret the main points of the printout, at the 5% level of significance.

(b) Use the regression equation to predict the likely monthly attendance of a member whose income is £20,000 and lives a distance of 5 miles from the leisure centre.

(c) Determine the 95% confidence interval for this prediction.

3. Data was collected from a questionnaire given to a sample of 70 of a company’s employees to examine if there was any connection between  their income (£), job satisfaction, job routine, job autonomy (each measured on a scale from 4 to 20), and age. The SPSS printout below is the result of a stepwise regression on the data in order to examine the effect as each variable is entered into the analysis.

Step-wise Regression
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(a) Interpret the main points of the printout at the 5% significance level.

(b) Using the regression equation, predict the likely salary of someone age 42 years who has worked 15 years for the company and has a job routine score of 14. 

(c) Determine the 95% confidence interval for this prediction.

ANSWERS

1. Age/Income: r = 0.775, Sig. = 0.0001 < 0.05, significant correlation.


Age/Support: r = 0.879, Sig. = 0.0001 < 0.05, significant correlation.


Income/Support: r = 0.759, Sig. = 0.0001 < 0.05, significant correlation.


Partial Correlation for income/support controlling for age: r = 0.257, 


Sig. = 0.288 > 0.05, no significant correlation, Spurious Relationship.

2. (a)  Attendance/Income: r = 0.914, Sig. = 0.0001 < 0.05, significant correlation

Attendance/Distance: r = (0.736, Sig. = 0.0001 < 0.05, significant correlation.

Distance/Income: r = (0.716, Sig. = 0.0001 < 0.05, significant correlation.

Multiple R = 0.922, F(2,7) = 76.258, Sig. = 0.0001 < 0.05, significant multiple 
correlation.
R2 = 0.850, 85% of the variability in attendance can be explained by income and distance (sample).

Adjusted R2 = 0.838, estimated 85% for population.

Let y = Attendance,  x1 = Income (£000),  x2 = Distance.

Regression equation: y = 6.877  +  0.467x1  (  0.566x2
Regression coefficients: Income - significant, Distance – not significant.

( values – Income has nearly 5 times as much influence as distance on attendance.
Multicollinearity could be a possibility.
(b) 13.39 ( 13 attendances 
    (c) Between 9 and 18 attendances

3. (a)  Step 1: Age, Step 2:Job Routine, Step 3:Years with Company, Job Satisfaction 


and Job Autonomy are excluded.

Multiple R = 0.732, F(3,66) = 25.329, Sig. = 0.0001 < 0.05, significant multiple correlation.
R2 = 0.535, 53.5% of the variability in salary can be explained by the variables Age, Job Routine and Years with Company (sample).

Adjusted R2 = 0.514, estimated 51.4% for population.

Let y = Salary,  x1 = Age,  x2 = Job routine, x3 = Years with company.

Regression equation: y = 17816.707  +  225.860x1  (  252.327x2   (  102.546x3
Regression coefficients: Age, Job routine and Years with Company are all 
significant.

( values – Age has about 3 times as much influence as Job Routine and Years 
with Company on the salary. 

Multicollinearity is not very likely.

(b)  £22,232
(c) Between £17997 and £26467.
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