Dynamics: A Summary of Basic Principles

Below is a summary of the study of systems in motion (translational and/or rotational), and the forces associated with such motion.

Linear Motion
Consider the displacement of a body denoted by s (or sometimes x)



			

Equations of Motion 
It can be shown that for constant acceleration the following relationships are true;

v = final velocity		Law 1:		v = u + at		(1)
u = initial velocity
a = acceleration		Law 2:		s = ut + ½ at2		(2)
s = distance
t = time			Law 3:		v2 = u2 + 2as		(3)

 (
s = ½(u + v)t
)				Law 4:		 			(4)

Also note that graphically;
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Velocity at Q, 			Acceleration at Q, 

i.e. the gradient of the curve			i.e. the gradient of the curve


					And,	
					i.e. the distance travelled between times 1 & 2


Rotary Motion














Proofs are similar to linear motion




		=>		

Relationship between Angular Speed and Tangential Velocity
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For the above		v = rω		(8)

Also, if there is a change in angular velocity (i.e. an acceleration α) there must be a corresponding proportional change in linear velocity (i.e. an acceleration a), i.e.;

a = rα		(9)

Mass, Force, Weight and Momentum

Mass	Mass is the “amount of matter” a body is comprised of and is the same everywhere (kg)

Force	Force is that action necessary to change the state of rest or uniform motion of a body (1N = 1kg x 1ms-2)

Weight	Weight is the gravitational force acting on a mass.  On earth this is 9.81ms-2 and is denoted by g.  (weight = mass x g)

Momentum	The momentum of an object is the “mass x velocity”.  This remains constant unless an external force is applied (kg ms-1)


Newtons Laws of Motion

1. “Every body remains at rest or moves with a constant velocity in a straight line unless acted upon by an external force”.

2. “The rate of change of momentum of a body is proportional to the force applied, and acts in the direction of the force”.

F=ma		(10)

3. “For every ‘action’ there is an equal and opposite ‘reaction’”.


Impulse

If a constant force, F, acts for a time, t, then the product ( F x t ) is termed the impulse.

Impulse = change of momentum		(11)


Torque and Angular Momentum

The tangential force (F) acting on δm is;

δF = δma

The torque (T) due to the force is;

δT 	= δFr
				= δmar

From (8), where  a=rα,  therefore;

δT 	= δmrαr
				= δmr2α

Therefore the total torque is given by;

T = Σδmr2α

The term Σδmr2 is the (mass) moment of inertia, I, i.e.

T = Iα		(12)		This is equivalent to F=ma

Note that, I = mr2 (kg m2), where r is the ‘radius of gyration’.  When considering a rotating object which is not a point mass rotating at a radius, r, the radius of gyration is defined by k, which represents the equivalent distance that a point mass would have to rotate at to give the same mass moment of inertia, i.e.

I = mk2	(13)


For a solid disc rotating k = = 0.707R
Circular Motion



Consider a particle (P) of mass m moving in a circular path, with angular speed ω rad/s.  In a small time interval dt, particle moves through an angle dθ radians.  Since the direction (not magnitude) of the tangential velocity has changed, then there must be a force (and hence acceleration) producing this effect (Newtons 1st law).  Reference to the velocity (vector) diagram shows this change in velocity is represented by pq;

dv=pq = vdθ

Now,

 		 		i.e. a = vω

From (8), v = rω, thus;

a	= (rω)ω
			= rω2

Thus, the force acting on the particle to maintain 
circular motion is given by;

F=ma

Centripetal Force = mrω2		(14)


Also, from (8), v = rω, or  

Centripetal Force = 
Or,


Centripetal Force = 		(15)

Centripetal & Centrifugal Force


Work Energy and Power
When a force is displaced then work is done, i.e.

Work done = Force x Distance		(1J = 1N x 1m	   and	1J=1Nm),

If force F is a function of distance (x), then,


Work done = 

Potential Energy
Suppose a mass is moved through a vertical distance, h as follows;

Work done 	= Force x distance
			= mgh

This is known as potential energy (P.E.) as it could be reclaimed if the mass was allowed to fall, i.e.

P.E. = mgh			(16)

Kinetic Energy
Consider a body moving from rest to attain a velocity v in time t whilst moving through distance s;

Work done 	= Force x Distance
			= Fs

This is turned into Kinetic Energy, i.e.

K.E. = Fs

From (10), F=ma and (3), v2=u2+2as, if u=0, thus,

K.E. 	= Fs

		= ma

K.E. = ½ mv2	    (17)		or for a rotating body		K.E. = ½ Iω2	      (18)

Strain Energy



From Hooke’s Law, F=kx, thus the mean force assuming a linear spring = , thus the average work done 	= Fx

					= 

i.e. the potential energy of a compressed elastic system;


Strain Energy = 	   (19)
Power
Defined as the ‘rate of doing work’,


Average Power =    J/s or Watts, W.

If a force F is moving at a velocity, v, then;

Power Developed = Fv	(20)

Or for angular motion,

Power = Tω		(21)


Friction
Friction present when contact between two surfaces which are moving relative to each other.

Consider the principles associated with Dry Friction, when two dry & clean surfaces have contact and motion as described.

Laws of Dry Friction

If a force is applied tending to move a body over another, the opposing friction arises is parallel to the surface in contact and is just sufficient to balance the applied force.

As the applied force increases, there will be a limit reached when the frictional resistance cannot resist the applied force tending to move the body, and we will have a limiting value of frictional resistance when at the point of motion.

The limiting force is proportional to the normal (perpendicular) force between the surfaces, and is independent of the area of contact.

The ratio of the limiting frictional force (F) and the normal reaction (Rn) is a constant which depends on the nature (type/roughness) of the surfaces in contact, thus,


	(22)	

where µ is the coefficient of static or limiting friction (0<µ<1)

When sliding starts, the direction of the resistive frictional force is always opposite to that of motion

For sliding conditions, the frictional force is again given by F=µRn, but µ now assumes a value generally lower than the static limiting value.  Otherwise, sliding friction obeys the same laws as static friction.



Friction on an inclined plane,



Equating force perpendicular to the plane,

R (reaction) = mg cosθ

Equating forces parallel to the plane,

P = F + mg sinθ

where,  F (Friction) = µR

i.e. 

 F = µmg cosθ 

Dynamics: A Summary of Basic Principles

1. The flywheel of an internal combustion engine is accelerated uniformly at 15 rad/s2 for 3 seconds, until the engine speed is 3500 rev/min.  What is the initial speed?  If the rotating parts of the engine have a moment of inertia of 1.3kg m2, determine the accelerating torque.
[3070 rev/min, 19.5Nm]

2. An experimental solid-disc flywheel is 300mm diameter and has a mass of 70kg.  Experiments show that, at all speeds of rotation, the frictional resistance to motion is equivalent to a torque of 0.15Nm.  If, when the flywheel is rotating at 50 rpm the driving power is removed, calculate (a) the angular retardation, (b) the time taken for the flywheel to come to a rest, (c) the total number of revolutions made by the flywheel during retardation.
[0.19 rad/s2, 27.6s, 11.5 revs]

3. A car wheel and tyre, having a mass of 35kg and a rolling diameter of 0.61m is balanced with the wheel rotating at an equivalent road speed of 112km/h.  If a torque of 20Nm is required to accelerate the wheel uniformly to its running speed in 5 seconds, calculate the radius of gyration of the wheel and tyre.
[0.167m]

4. A toy track, shown below, consists of a sloping section AB, a circular loop-the-loop section BC of radius r, and a straight horizontal section BD.  Determine the least height of A above B from which the car can start from rest without falling off of the track at C.
[2.5r]









5. A vertical pile of mass ¾ tonne can just support a stationary mass of 40 tonne without subsidence.  The mass is removed and the pile is driven to a greater depth by blows of a 2 tonne hammer dropping onto the top of the pile from a height of 1.22m.  The hammer does not rebound from the top of the pile. Calculate;

a. The penetration/blow assuming constant ground resistance
b. The energy lost/blow
c. The efficiency of the operation
[46.7mm, 6173J, 78%]





10. 
A 3 tonne truck is hauled up an incline of 1 in 20 (5%) by a rope which is parallel to the incline and which winds onto a 1.2m diameter winding drum at the top of the incline.  The winding drum has a mass of 0.5 tonnes and a radius of gyration of 0.5m, and is coupled through a transmission unit to an electrical drive motor.  The mechanical efficiency of the transmission unit is 85% and the frictional resistance to motion is 1.0kN at all times.  If the velocity and acceleration of the truck at a particular instance are 1ms-1 and 0.1ms-2 respectively, calculate the corresponding power output from the electric motor.  Neglect the weight of the rope throughout your analysis.
[3308 W]

11. The motor in (Q10) is used to haul the truck from rest at time zero, up the incline until it reaches a speed of 1.5ms-1.  The power output from the motor is then reduced to maintain this velocity for a further 15 seconds, at which time the motor is switched off and the truck is allowed to coast. 


i. Draw a velocity vs time graph showing the motion of the truck from time zero until it is just about to start rolling back down the hill.

ii. How far will the truck have travelled before it starts rolling back down the hill?
[35.1 m]
iii. Mark on the graph the point there the power of the motor was calculated in (Q10).

iv. Using your answer to (Q10) and assuming a linear relationship between power (J/sec) and velocity (m/s) calculate the total energy output from the electric motor.
[111.6 kJ]

Notes adapted from/further reading; Mechanical Technology, Bacon
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Rotary Motion - Proofs are similar, summarised:

Initially:-
P timet=o0
S Angular speed = o, (rad/s)
| \\ Angular Displacement = o (from a ‘reference position’)
T Taw N\
Centre of
Rotation Finally:-
timet=t (s)

Angular speed = o, rad/s
Angular displacement = 6 rad
and Angular Acceleration (constant) = o rad/s’

Giving Equations: = @ tot
0 =0 t+hat
o’ - 0 =200
Relationship between Angular Speed and Tangential Velocity
For situation:-
Body rotating at instantaneous angular speed

o rad/s

Tangential velocity ‘v ¢

For above

)

If the angular speed changes ie. there is an angular acceleration (or decel
proportionally so there will be a tangential acceleration given by:-

@

a = ro d

Dynamics.
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Impulse

ce P, say, acts for time t, then the Product P.t is termed the impulse. If the
ve in velocity of a mass m from a value ‘u’ to a value ‘v’, then:-

P = ma (mass x acceleration)

and a= 1Y
t
. Pt = m(v-w) = mv-mu
le Impulse = Change of Momentum )

Torque and Angular Acceleration
Consider Situation:-

Tangential =——— Disc of total

Acceleration a mass m

 rad/s

/ ‘Element’ of mass 5m

.
~ -
\\_’/Angular

Acceleration o rad/s’
Tangential force acting on & m is given by:- -
§F =6m x ‘a (Newton’s Second Law)
Torque due to this force about centre is given by:-

8T SFxr

8T = dma x 1

I

But a = ro (as considered earlier)

L 8T = Bmro) x r = dmrie

ce total Torque acting on Disc would be given by:-

T=Ydma
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The term ¥ Smr” is called the Mass Moment of Inertia (or simply ‘moment of inertia’
is often used), denoted by 'T’

ie T = Xomr

and hence (8)

(Compare with ‘F = ma’)

Circular Motion

Velocity Diagram

p
do

Consider a ‘particle’ of mass ‘m’ moving in a circular path as shown, with constant
angular speed o rad/s. Suppose that in a small time interval dt, particle moves (relative
to centre of rotation) through an angle d6 radians.

Since the direction (not magnitude) of the tangential velocity has changed, then there
must be a force (and hence acceleration) producing this effect (Newtons 1st Law)
Reference to the velocity (vector) diagram alongside shows this change in velocity
represented by pq .

hence, pq = vd®

- acceleration = change in velocity
time considered
iea= 29 - v%
dt dt
de
But — =o
dt

and v = 10

hence, & = centripetal acceleration = ro”

Note: The direction of the centripetal acceleration is towards the centre of rotation
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nd Law).

e | Centripetal Force

2
mro

Note - alternative form:

. v
Since v = 1o or @ =

‘We may also express

2

Centripetal Force

Centripetal and Centrifugal Force

ing on the particle to maintain circular motion

mass X acceleration

(9

..(10)

Consider situation of a mass m rotated at a uniform speed at end of a “chord’.

centre of rotation -
Centripetal Force.

Tension acting
on ‘centre of
rotation’ in
opposite direction, ie
Reaction Force
(Newtons 3rd Law)
- Centrifugal Force

Note: Magnitude of centrifugal force

[}

€ or

but acts in opposite sense

Dynamies™

Cf

—Tension is chord acting on body towards

entripetal force
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Stmin Energy (Applicable to ‘Elastic Systems’ such as springs and wires)

Consider an ‘elastic system’ (eg a spring), where ‘Force’ is proportional to
compression’.

| !
- 4 — ==
Force _’1",\ Compressed to - 3 — \\/V\\
== = : 1
!

compression’x’

Since resistance is proportional to compression, applied force must be increased from
zero to maximum for maximum compression.

At maximum compression (x), Force = kx (where k = spring stiffness).

0+ kx o
. Mean Force = =
2 2
Hence, ‘average’ Work Done = Average force x distance
e
= —.X
2
And assuming no losses:-
. . k?
Potential Energy of a Compressed = —
2 (14)

elastic system - termed strain energy

Defined as ‘the rate of doing work’.

Average Power = work done
time taken

unit Power = Ea. W (watt)
s

If a force F is moving at a velocity v, then:

Power developed = F.v
(15)

For angular motion:

Power = To (16)

ere: T = Torque and © = angular velocity
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The frictional force is again given by F = |1 Rn, but |1 now assumes a value generally
slightly lower than the static limiting value. Otherwise, sliding friction obeys the
same laws as static friction.

Friction on an inclined plane

Equating Forces Perpendicular to the plane

R (reaction) = mg cosf

Equating Forces, Parallel to the plane

P = F + mg sinb
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and F =mgsinf + ma 0.
Taking moments about G, Fh =R,y —Ryx (10..

For maximum retardation of vehicles, the direction of the force
becomes reversed.

‘Worked examples L. A toy car track, shown in Figure 10.8, consists of a sloping section AB.
circular loop-the-loop section BC of radius r and a straight horizontal section

A Determine the least height of A above B from which the car can start from
without falling off the track at C.
c .
"
In travelling from A to C,
] 5 Toss of PE = gain of KE
- i
Figure 108 ie. mg(h —2r) = imv
vt =2g(h—2r)

For the car to remain in contact with the track at C, the upward centrifugal
must be equal to or greater than the weight

ie.
ie. 282, o0
I
from which 13251

2. Apile of mass 3t can just support a stationary mass of 40 t without subsid:
The mass is removed and the pile is driven to a greater depth by blows of &
hammer dropping on to'the top of the pile from a height of 1.22m. The hammer.
not rebound from the top of the pile.

Calculate (a) the penetration per blow, assuming that the ground resistan:
constant, (b) the energy lost per blow, and (c) the efficiency of the operation.

(a) Ground resistance, R = (40 + 3) x 10° x 9.81

=400 x 10° N
Velocity of impact = /(2gh)

= /(2 x9.81 x 1.22)
—4.89 m/s

Momentum of hammer before impact = momentum of hammer and pile after i

ie. 2% 489 = (2+32) x V where V is the common velocity

=~ V=356 m/s

The work done in moving a distance x against a resistance R is equal to the
of kinetic and potential energy of the system.

re 10.9
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. A break down truck of mass 2300kg is attached to a car of mass 1350kg by a
4.5m long rope. The initial distance between the fixing points for the rope is 3m
so that the truck can move 1.5m before the rope tightens and the truck is
accelerated from rest under a tractive effort of 2.25kN. Determine the truck
speed; :

a. Just before the rope starts to tighten
b. At the instant when the rope ceases to stretch

 Determine also the impulsive force on the truck during the stretching period if this
takes place in 0.1s. Ignore frictional losses and the effect of the tractive effort

during the tensioning period of 0.1s.
[1.7ms™, 1.1ms™, 14559N]

. Alift cage of mass 750kg is raised by a cable wrapped around a winding drum
2.4m in diameter. The cage is accelerated uniformly from rest at the rate of 3m/s
for 5 seconds. Determine the tension in the cable during the acceleration period.

If the winding drum has a mass of 250kg and its radius of gyration is 0.85m,
ignoring the mass of the cable, calculate;
a. The accelerating torque
b. The total kinetic energy in the lift system after 5 seconds
[9608N, 11.98kNm, 98.484k]]

2

. A solid disc of mass 3.6kg and outside diameter 150mm is mounted on a spindle
15mm in diameter. The spindle is in contact with two smooth parallel rails which
are inclined at 7° to the horizontal. Determine the linear velocity and the angular
velocity of the disc when it has rolled, without slipping, 2m along the rails.
Ignore the effect of the spindle on the inertia of the disc.

[40.5 rads™, 0.304ms™]

. The force required to haul a load of 500kg along a horizontal surface is 1.2kN.
Find (a) the force parallel to a track of slope 20° required to haul the load up the
incline; (b) the force required to lower it down the incline at steady speed.
Assume the coefficient of friction to be the same inr all cases.

[2807N, 548N]
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