Maths
(Differential Equations )



Case study: Newton'’s law of cooling

When a hot liquid is placed in a cooler environment, experimental observation
shows that its temperature decreases to approximately that of its surroundings. A
typical graph of the temperature of the liquid plotted against time is shown in
Figure
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Example

Find the unique solution of the differential equatio ich satisfies the

condition y(1) =4. 7 ™\ dl
¥ _ b¥
O
Answer

You should obtain y = z® + 3 since, by a single integration we have y = z* + C, where C' is an
arbitrary constant. Now when x =1, y = 4 so that 4 = 1+ C. Hence C = 3 and the unique
solution is y = z° + 3.
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Example

2
Solve the differential equation d_:::i — 6 subject to the conditions
(a) y(0) =2 and y(1) =3
(b) y(0) =2 and y(1) =5
dy
(c) y(0) =2 and o —latxz=0.

Solution

d:
(a) Integrating the differential equation once produces d—y — 32”4+ A. The general solution is found
I

by integrating a second time to give y = x° + Ax + B, where A and B are arbitrary constants.

Imposing the conditions y(0) =2 and y(1) =3: atzx =0we have y =2 =0+ 0+ B = B so that
B=2 andatzx=1wehavey=3=14+A+B =1+ A+2 Therefore A =10 and the solution is

y=1z +2.



(b) Here the second condition is y(1) =5soat z =1
y=58=14+A+472 so that A =2

and the solution in this case is
y=1z"+2r+2.

(c) Here the second condition is

W Jatz=0 ie (0)=1
dx
. dny 9 )
then since e 3z= 4+ A, putting =z = 0 we get:
T
dy
—=1=0+4
dx T

so that A = 1 and the solution in this case is y = = + = + 2.



Classitying differential equations

* An ordinary differential equation (ODE) is any relation between a function of a
single variable and its derivatives. (All differential equations studied in this
workbook are ordinary.)

* The order of a differential equation is the order of the highest derivative in the
equation.

* A differential equation is linear if the dependent variable and its derivatives
occur to the first power only and if there are no products involving the
dependent variable or its derivatives.



Example

Classify the differential equations specifying the order and type (linear/non-
linear)

d-gy dy 7
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Solution

(a) Second order, linear.

(b) Second order, non-linear (because of the cubic term).
(c) First order, linear.

(d) First order, non-linear (because of the cosy term).

(e) First order, non-linear (because of the > term).

Note that in (a) the independent variable is = whereas in the other cases it is t.

In (a), (d) and (e) the dependent variable is y and in (b) and (c) it is =.



Separating the variables in first order ODEs

In this Section we consider differential equations which can be written
in the form:

dy

- = f(z)a(y)

Note that the right-hand side is a product of a function of x, and a function of y.
Examples of such equations are

d d: d
d_y:IEyE _y:yzsinf and —yzyh]:r
T

’ dr dr



Example

Determine which of the following differential equations can be written in the form

dy

— = f(z)g(v)
|f pc:sslble, rewrite each equation in this form.

dy z? dy
(a prtnt (b)——ﬁlm + 29°, (c)ydm—l—B:E—T

Answer

dy 5 (1 _ _
(a) =—=z°(— ), (b) cannot be written in the stated form,

dr 12

(c) Reformulating gives d—y = (7 —3x) x 1 which is in the required form.

L y



First Order Ordinary Differential Equation

Prerequisites: You will need to know about trigonometry, differentiation, integration, complex numbers
in order to make the most of this teach-yourself resource. We are looking at equations involving a
function y(x) and its first derivative:

dy
— 4+ P(x)y = Q(x
— +P(x)y = Qx)
This method is used to solve ODEs in the form:
dy
— = {(z
T (x)
These ODEs can be solved as follows:
dy = f(x)dx

SO. y = /f(:{}d:{



Example:

dy
dx
y = x° — 3x% + 5x + C with C constant of integration

— 3x2 _6x45



Separating the variables in first order ODEs

Method of Separation of Variables

dy
d_fé/@@
may be found from separating the variables and integrating:

/ﬁdy:/f(m)dﬂ:

The solution of the equation



Example

Use the method of separation of variables to solve the differential equation

dy 3x?
dz Y Solution

The equation already has the form

Y — f(x)olw)

where
fz) =32z and  g(y) =1/y.
Dividing both sides by g(y) we find

dy_

—Z 2
ydI .



Integrating both sides with respect to = gives

]y@d$:f3$2dm
dr

that is

]ydy:/&ﬁth

Note that the left-hand side is an integral involving just v; the right-hand side is an integral involving
just =. After integrating both sides with respect to the stated variables we find

1,2 3
sY" =1 +°cC

We now have a relationship between 4 and = as required. Often it is sufficient to leave your answer

in this form but you may also be required to obtain an explicit relation for v in terms of z. In this
particular case

y? = 22° + 2¢
so that

y = +v223 + 2¢




Example

Find the general solution of the following equations:

GE:IIII

Y

{a & :3, (b]

Answers

(a) y =3z + C, (b) zy* =C —6cosx



dy_6sin X
dx y

y dy=6 sinx dx
[y dy=[ 6 sinx dx
y?/2=—6cosx + C

y?=—12cosx + 2C



Example

Solve the equations

@ FL=st ()

(z%y) = 5z

Answer

(a)y=2"+C (b) I3y=I5+CSGthaty=I2—l—£3,
T



Second Order Differential Equations

We now proceed to study those second order linear equations which have
constant coefficients. The general form of such an equation is:

Ay dy
a3 +de + cy = f(z)

where a; b; ¢ are constants. The homogeneous form this equation is the case when
f(x) O:

LYy

1y =0
d:rz d::zr_I_EE'Ir



Finding the complementary function

If y1(z) and y2(z) are any two (linearly independent) solutions of a linear, homogeneous second order
differential equation then the general solution y.f(x), is

Yer(z) = Ays(z) + Bys(x)

where A, B are constants.

We see that the second order linear ordinary differential equation has two arbitrary constants in its
general solution. The functions y;(z) and y(z) are linearly independent if one is not a multiple

of the other.



Example

Verify that y; = €% and 3, = e?® both satisfy the constant coefficient linear
homogeneous equation:

dy _dy

— —6— + 8y =0

dr? dr Y
Solution

When y; = e**, differentiation yields:
d*

—— = 4e** and —

dr dr?

Substitution into the left-hand side of the ODE gives 16e** — 6(4e**) + 8e**, which equals 0, so
that y; = €'? is indeed a solution.

— 16e**

Similarly if y» = e%*, then

d d?
2 _ 2e%? and 92

dr dx?

2
— 4e*,



Example

Find values of k so that y = ** is a solution of:
d? d
dy _dy o
dr? dr
Solution

As suggested we try a solution of the form y = e**. Differentiating we find

dy - d*y
T ke and T2

Substitution into the given equation yields:

2k — ek — 6ef =0 that is (K —k—6)e =0

— kb

The only way this equation can be satisfied for all values of = is if

K> —k—6=0



that is, (k — 3)(k +2) =0 so that k = 3 or k = —2. That is to say, if y = e"® is to be a solution
of the differential equation, &£ must be either 3 or —2. We therefore have found two solutions:

yi(z) =€ and  ya(z) =&

These are linearly independent and therefore the general solution is

Yei(7) = Ae’ + Be™**

The equation k* — k — 6 = 0 for determining k is called the auxiliary equation.



Auxiliary equation

d? d
The auxiliary equation of ad—g + bd—y +ey=0 is ak? + bk +c =0 where y=e*?
I i

If the auxiliary equation has real, distinct roots k; and ks, the complementary function will be:

Yes(z) = AeM1T 4 Bek®



Example

Write down, but do not solve, the auxiliary equations of the following:

d*y dy d?y dy
d%y de dy
Answer

() kK*+k+1=0 (b)2k*+7k—3=0 (c)4k?+7=0 (d)k*+k=0



yl=e"
y2=1

y=Ae*+B

X



Example

Find the general solution of:

d*y _dy
CY 3% _qoy=0
dx? + dx v
Solution
d d*
By letting y = €**, so that & gete and Y _ 2t
dx dx?

the auxiliary equation is found to be: k> 4+ 3k —10=0 and so

so that kK = 2 and k = —5. Thus there exist two solutions: 7, = e**

We can write the general solution as: y = Ae®* + Be ™™

(k—2)(k+5)=0

and

2

S

—Hx



Exercise

Obtain the general solutions, that is, the complementary functions, of the
following equations:

dy d*y dy d:r
d*y dy dy
d) — +2— +y=0 —— —4— 4y =
(]dt2+d+y ()dﬂ? 4dI-|—4y 0
Answers
1. (a) y= Ae” + Be**
(b) y= Ae™® + Be %"
(c) == Ae " + Be ™
(d) y= Ae "+ Bte ™
)



d*y _dy
— 2 —
dx? 3 dx +2y =0

k?—-3k+2=0
(K-1)(K-2)=0
K=1 or K=2

yl =e*
y2 = e?*¥
Y=A e*+B e%*



