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[bookmark: _Toc151020857]Part 1
[bookmark: _Toc151020858]Introduction
There are many methods of numerical integration but the two I’m going to be describing and comparing here are Euler’s explicit method and the trapezoidal method. Numerical integration is an integration technique used to approximate the integral of an equation when the analytical solution is either not possible or not as simple to implement.

[bookmark: _Toc151020859]Euler’s method
Euler's method of approximating numerical integration has 2 main deviation the explicit method and the implicit method (also called the backwards method). Both are used to solve what are called ODE’s or ordinary differential equations. The main difference between the 2 is in at what point and how they update the result. The explicit method updates the result using information from the current time step. Whereas the implicit method calculates the values of certain variables during the next time step and uses them during the current time step.[1][2]
I’m just going to go over the explicit method here for the sake of simplicity. Explicit euler is probably the simplest numerical integration method and thus the least computationally expensive.[3] The formula is:
yn+1=yn+h*f(tn,yn)

Where h is the time step or frequency of the measurement for the total time.
[bookmark: _Toc151020860]Pros
Simple. This method is the simplest of the numerical integration techniques and it was the easiest for me to understand and implement.
Computationally cheap. Euler’s explicit numerical integration method has a time complexity of O(n), making it the least computationally complex by far.

[bookmark: _Toc151020861]Cons
Less accurate. The incredible simplicity of this method obviously comes with drawbacks the primary one being that this is also one of the least accurate ways of approximating the numeric integration of a function.
Unstable. As the time step (h) increases the explicit method becomes rapidly more and more unstable giving not just inaccurate results but unrealistic ones.

[bookmark: _Toc151020862]Trapezoidal method
The trapezoidal rule is an alternative numerical integration method. Also fairly simple, the trapezoidal method is one of the easier numerical integration methods to understand.[2] The idea is to create a trapeze bound by the start and end of the time step and use the formula for the area of said trapeze to approximate the area under the line drawn by the equation you are trying to integrate. The equation is:

(h/2) [y0 + 2 (y1 + y2 + y3 + ..... + yn-1) + yn] [4]
[bookmark: _Toc151020863]Pros
Moderate accuracy. The trapezoidal method is significantly more accurate than Euler’s explicit method as it considers the rate of change during the interval.
Higher stability. Because the trapezoidal method requires that an equation be solved for each iteration it can be used for a greater range of time steps.
Cons
More computationally expensive. The downside of having to solve an equation for every iteration of the trapeze method is that it increases the computational complexity drastically.
[bookmark: _Toc151020864]Conclusion
While Euler’s explicit method is easier to implement and less computationally intensive the trapezoidal method has a much wider range of applications as it is much more stable and more accurate. I would recommend Euler’s method exclusively for small consistent time step problems where accuracy does not matter, and complexity is a concern but I would recommend trapezoidal over that under every other circumstance.

[bookmark: _Toc151020865]Part 2
[bookmark: _Toc151020866]Code
[image: A screen shot of a computer program

Description automatically generated]
[bookmark: _Toc151020867]Euler’s method

[bookmark: _Toc151020868]Results
[image: A graph with a blue and orange line]
[bookmark: _Toc151020869]Description
I used the implicit method of numerical integration to calculate the velocity using the formula for acceleration provided. I created separate functions for every step of the calculation, I considered just making one function (acceleration) as the tractive force and drag force calculations both have only one variable and can be rearranged to a= ((19.2 – 1.2x)-(0.21*1*9.81+0.5*1.2*0.01*v2)/1 but this is significantly harder to read and would make it more difficult to implement the, when velocity reaches 0 make drag force 0, and, when x reaches 6 make tractive force equal 0, conditions outlined in the brief. 
The model acts how it should the sudden drop of acceleration and the sudden decline of velocity are both at the point where the distance x = 6, the rate of increase of x also decreases as v does, as expected. The sudden rising of acceleration is as velocity reaches 0, this is as specified in the brief as the drag force, which is the only component of the acceleration of the car at that point, returns 0 when the velocity reaches 0.




[bookmark: _Toc151020870]Midpoint method
[bookmark: _Toc151020871]Results[image: A graph of a curve
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[bookmark: _Toc151020872]Description
Essentially what I have done is create a fake time step and calculate the velocity multiple times per actual time step. This is slightly different from the actual midpoint method where you would be storing the changes in velocity in a separate variable and then incrementing the actual velocity at the end of the actual time step, but I cannot see how this would lead to different results and could not figure out how to implement this efficiently using my existing code.
The results and therefore the graph produced are nearly identical to the one produced with euler’s method. 

[bookmark: _Toc151020873]Comparison of results
As it is hard to see the difference between the 2 methods with just these graphs alone, I put both results into 1 document and made graph 1 of the values with 1 midpoint minus the results with just implicit Euler and graph 2 which expresses the midpoint results as a percent of the results gained through Euler. The results show a couple of deviations, the vast majority of results being within 0.1 or 5% of their alternative, the interesting differences occur at the points where external forces are acting on the model car. For instance, when the car starts and stops experiencing forward acting forces there are massive deviations in the data with the midpoint results being -24.6% of their Euler counterpart, this is because under the midpoint method the car reaches 6 meters 1 time step (0.01 seconds) before it would under Euler’s method, this happens at 0.87 seconds. Another large deviation is as the car slows to a stop the midpoint method shows a more gradual slowing as opposed to Euler’s method which is a more sudden stop.
This is as expected as the midpoint method while slightly more computationally expensive is known to be more accurate. [5] Looking at it purely through the lens of my code and my results the slight increase in accuracy was not worth the effective squaring of computational complexity. From O(n) to O(n2).
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[bookmark: _Toc151020875]Main code
#include <iostream>
#include <fstream>
using namespace std;
double tract(double x) { // calculation for tractive force
	if (x <= 6) {
		return 1.2 * (16 - x);
	}
	else {
		return 0;
	}
}
double  drag(double v, double rCo = .21, double m = 1, double g = 9.81, double dCo = .34, double p = 1.2, double fA = .01) { // calculation for drag force 
	//as most of the inputs are constant i've given defaults so i dont have to parse them in every time but if you wanted to change them you could
	if (v > 0) {
		return (rCo * m * g) + (dCo * p * fA * v * v) / 2;
	}
	else {
		return 0;
	}
}
double accel(double tF, double dF, double m = 1) { // calculation for acceleration
	return (tF - dF) / m;

}
double ENI(double v, double a, double tStep = 0.01) { // calculation for velocity 
	double ret = v + tStep * a; // ret for return
	if (ret >= 0) {
		return ret;
	}
	else {
		return 0;
	}
}
int main() {
	const double
		rCo = .21, // rolling resistance
		m = 1, // mass in Kg
		g = 9.81, // acceleration due to gravity in ms^-2
		dCo = .34, // drag coefficient 
		p = 1.2, // air density in Kgm^-3
		fA = .01; // frontal area in m^2
	double
		v = 0, // forward velocity in ms^-1
		a = 0, // forward acceleration in ms^-2
		x = 0, // displacement in m
		fF = 0, // forward force in N
		bF = 0; // backwards force in N
	int inp; // temporary input storage
	bool y; // if y is true it does midpoint else it does euler
	cout << "1.Euler's Method\n2.Midpoint Method" << endl;
	cin >> inp;
	// should verify input here
	while (inp != 1 && inp != 2){
		cout << "1.Euler's Method\n2.Midpoint Method" << endl;
		cin >> inp;

	}
	y = inp - 1;
	if (y) {
		cout << "How many midpoints?" << endl;
		cin >> inp; 
		inp++; // need to incriment because with 1 midpoint you divide the timestep into 2
	}
	else {
		inp = 1;
	}
	double tStep = .01 / inp; // false time step
	cout << tStep << endl;
	double count = 0;
	ofstream myFile;
	if (y) {
		myFile.open("midresults.csv"); // opening csv file for midpoint results
	}
	else {
		myFile.open("euresults.csv"); // opening csv file for euler results
	}
	myFile << "Time(s),Displacement(m),Velocity(ms^-1),Acceleration(ms^-2),Push(N),Drag(N)\n"; // titles
	for (double t = 0; t < 10; t += tStep) { // runs for 10 seconds 
		fF = tract(x); 
		bF = drag(v);
		a = accel(fF, bF);
		v = ENI(v, a, tStep);
		x += tStep * v;
		if (count == .01) { // actual timestep of .01
		// wanted to do:
		// if (t % .01 == 0){
		// but cant mod 2 doubles and fmod() introduces too many errors so i added a count variable
			myFile << t << "," << x << "," << v << "," << a << "," << fF << "," << bF << "\n"; //copying results to file
			count = 0;
		}
		count += tStep;
	}
	myFile.close();
	return 0;
}



[bookmark: _Toc151020876]Code for putting both results into 1 document(lazy)
#include <iostream>
#include <fstream>
#include <vector>
using namespace std;
double tract(double x) { // calculation for tractive force
	if (x <= 6) {
		return 1.2 * (16 - x);
	}
	else {
		return 0;
	}
}
double  drag(double v, double rCo = .21, double m = 1, double g = 9.81, double dCo = .34, double p = 1.2, double fA = .01) { // calculation for drag force 
	//as most of the inputs are constant i've given defaults so i dont have to parse them in every time but if you wanted to change them you could
	if (v > 0) {
		return (rCo * m * g) + (dCo * p * fA * v * v) / 2;
	}
	else {
		return 0;
	}
}
double accel(double tF, double dF, double m = 1) { // calculation for acceleration
	return (tF - dF) / m;

}
double ENI(double v, double a, double tStep = 0.01) { // calculation for velocity 
	double ret = v + tStep * a; // ret for return
	if (ret >= 0) {
		return ret;
	}
	else {
		return 0;
	}
}
int main() {
	const double
		rCo = .21, // rolling resistance
		m = 1, // mass in Kg
		g = 9.81, // acceleration due to gravity in ms^-2
		dCo = .34, // drag coefficient 
		p = 1.2, // air density in Kgm^-3
		fA = .01; // frontal area in m^2
	vector <double>
		v = { 0, 0 }, // forward velocity in ms^-1
		a = { 0, 0 }, // forward acceleration in ms^-2
		x = { 0, 0 }, // displacement in m
		fF = { 0, 0 }, // forward force in N
		bF = { 0, 0 }; // backwards force in N
	int inp; // temporary input storage
	bool y; // if y is true it does midpoint else it does euler
	//cout << "1.Euler's Method\n2.Midpoint Method" << endl;
	//cin >> inp;
	// should verify input here
	//while (inp != 1 && inp != 2) {
	//	cout << "1.Euler's Method\n2.Midpoint Method" << endl;
	//	cin >> inp;

	//}
	double tStep = .01 / 2; // false time step
	cout << tStep << endl;
	double count = 0;
	ofstream myFile;
	/*if (y) {
		myFile.open("midresults.csv"); // opening csv file for midpoint results
	}
	else {
		myFile.open("euresults.csv"); // opening csv file for euler results
	}*/
	myFile.open("bothresults.csv");
	myFile << "Time1(s),Displacement1(m),Velocity1(ms^-1),Acceleration1(ms^-2),Push1(N),Drag1(N),Displacement0(m),Velocity0(ms^-1),Acceleration0(ms^-2),Push0(N),Drag0(N)\n"; // titles
	for (double t = 0; t < 10; t += tStep) { // runs for 10 seconds 
		fF[0] = tract(x[0]);
		bF[0] = drag(v[0]);
		a[0] = accel(fF[0], bF[0]);
		v[0] = ENI(v[0], a[0], tStep);
		x[0] += tStep * v[0];
		if (count == .01) { // actual timestep of .01
			// wanted to do:
			// if (t % .01 == 0){
			// but cant mod 2 doubles and fmod() introduces too many errors so i added a count variable
			fF[1] = tract(x[1]);
			bF[1] = drag(v[1]);
			a[1] = accel(fF[1], bF[1]);
			v[1] = ENI(v[1], a[1], 0.01);
			x[1] += 0.01 * v[1];
			myFile << t << "," << x[0] << "," << v[0] << "," << a[0] << "," << fF[0] << "," << bF[0] << "," << x[1] << "," << v[1] << "," << a[1] << "," << fF[1] << "," << bF[1] << "\n"; //copying results to file
			count = 0;
			
		}
		count += tStep;

	}
	myFile.close();
	return 0;
}
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