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LECTURE 8 – Convex Hulls
Convex Hulls

Definition of a Convex Polygon
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Definition of a [image: image18.png]


Concave Polygon


Convex Hulls

A convex hull or convex envelope for a set of points is the smallest convex set that contains all the points.

Convex hulls are commonly used for collision avoidance calculations, hidden object determination, and shape analysis to name a few. A bounding hull is used, which contains all the vertices of a particular object.
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There are several methods for calculating an objects convex hull. The most common form of this algorithm involves determining the smallest convex set which contains a discrete set of points.

The two most popular algorithms are the ‘Graham scan’ algorithm [Graham, 1972] and the ‘Divide and Conquer’ algorithm [Preparata & Hong, 1977].

The Graham Scan algorithm is most suited to 2D, whereas the divide-and-conquer algorithm can easily be extended to work in 3D.

Graham’s Scan

Find the lowest, most right vertex P0 within the set. This can be done by selecting the rightmost, lowest point in the set, i.e. the vertex with the minimum (lowest) y component and then the highest x (rightmost) coordinate. This is the base point. 
The algorithm then sorts the rest of the points by the increasing counter-clockwise (ccw) angle the line segment P0P makes with the x-axis.



If two points share the same angle then the closest vertex to P0 is discarded.
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Build the hull by marching around the star shaped poly, adding edges when we make a left turn, and backtracking when we make a right turn.

Jarvis’ March  - Gift Wrapping Algorithm

1. Find extreme leftmost point (
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), which is guaranteed to be on the hull. 
2. Starting with an up vector (0,1,0), calculate the next point (
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) based on the smallest right-hand rotation
3. Calculate each successive point based on the smallest right hand rotation made from this line segment (
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)
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QuickHull – (variant of quick sort)
1. Initialize the hull to include two points on opposite sides of the hull – i.e. select points with the minimum and maximum x values. These points are guaranteed to be a part of the convex hull
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2. Separate remaining points into two groups – either side of this line
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3. Locate the point furthest away from this line from one of the sets of points and add it to the hull
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4. All points contained within this section of the hull cannot be part of the hull so can be ignored during further processing steps
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5. Repeat steps 2 to 4 until no more points remain outside the hull
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Divide & Conquer

Split the problem into two separate parts and then combine the two:
1. Sort vertices into two equally sized groups based on their x coordinate, where group A consists of vertices with the highest x values, and group B consists of vertices with the lowest x values. Ensure neither groups’ bounding volume overlaps the other – i.e. completely separate groups of vertices.
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2. Join upper vertices of each group
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3. Walk counter clockwise on the left hull, and clockwise on the right hull (as with Grahams’ Scan Algorithm) 
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4. Follow a similar approach for the bottom side
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Exercises:
1. Implement the Grahams’ Scan Algorithm in 2D
2. Implement the Jarvis March Algorithm in 2D
3. Implement the QuickHull Algorithm in 2D
4. Implement the Divide & Conquer Algorithm in 2D

5. Extend the previous implementation of the Divide & Conquer Algorithm to create a convex hull for 3D meshes. Refer to the reference material below:

Reference material:

Convex Hulls – general info:

http://www.cs.princeton.edu/courses/archive/fall08/cos226/demo/ah/ConvexHull.html
Quick Hull Visual Demo – 2D / 3D:

http://www.cse.yorku.ca/~aaw/Hang/quick_hull/QuickHull.html
http://www.cse.unsw.edu.au/~lambert/java/3d/quickhull.html
Divide & Conquer – 2D / 3D implementation notes:

http://www.cse.unsw.edu.au/~lambert/java/3d/divideandconquer.html
Convex hulls of finite sets of points in two and three dimensions – Preparata & Hong Communications of the ACM  Volume 20 Issue 2 (February 1977)
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Convex Polygon
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Concave Polygon





A convex polygon has the following properties:


Every internal angle is less than or equal to 180 degrees


Every line segment between two vertices of the polygon remains totally inside or on the boundary of the polygon








A concave polygon has:


At least one angle greater than 180 degrees
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