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Preface

The -content and purpose of this book are largely the result of re-

search on underwater explosions carried out by many groups in the

years 1941-46. Much of the present knowledge and understanding of

this field was acquired because of the demands of these war years and

the few available discussions of the subject have become inadequate or

obsolete. This book is an attempt to supply a reasonably comprehen-

sive account which will be of use both to workers in the field of under-

water explosions and to others interested in the basic physical processes

involved.

Because of the fact that hydrodynamics is a relatively unfamiliar

branch of physical science, some attention has been given to develop-

ment of necessary hydrodynamical relations from first principles. The

discussions of theoretical and experimental methods have been de-

veloped with the hope both of making clear the value and limitations of

the results obtained and of making available material of possible inter-

est in other fields.

The theoretical predictions and experimental data presented have

been selected primarily on a basis of fundamental interest rather than

military importance; this criterion was felt desirable in most cases and

Avas made necessary in some for reasons of security. The presentation

on this basis has fortunately not been unduly restricted by the require-

ments of military security, although such requirements have in some

cases prevented inclusion of otherwise interesting information. The

writer is indebted to T. L. Brownyard of the Bureau of Ordnance, U. S.

Navy, for his assistance and advice on clearance, and to Stephen

Brunauer for his continued helpful interest in the work.

The writer's experience in the field of underwater explosions is the

result of his association with the work of the Underwater Explosives

Research Laboratory, a wartime organization established under con-

tracts of the Woods Hole Oceanographic Institution with the Office of

Scientific Research and Development, and later with the Bureau of

Ordnance, U. S. Navy. Much of the illustrative material was draw^n

from the work of this laboratory, both because of this association and

because in some cases other equally pertinent data were for one reason

or another not available. The original impetus for the writing of this

book came from Paul C. Cross; the early planning of its scope and con-

tent benefited greatly from the advice and criticism of Dr. Cross and of

E. Bright Wilson, Jr. The actual writing of the book was begun at the



vi PREFACE

end of 1945, and most of the work was completed during the summer of

1946 at Woods Hole.

The writer is greatly indebted to Columbus O'D. Iselin, director of

the Oceanographic Institution, and Paul M. Fye, then director of the

Underwater Explosives Research Laboratory, for their generous and

unfailing cooperation in making the facilities at Woods Hole available.

The help of many others should also be acknowledged, both in helpful

discussion and advice and in the preparation of the manuscript. The

list of all these is too long to be given here, as it should for one reason

or another include virtually the entire personnel of the Underwater

Explosives Research Laboratory during its existence. The wTiter can

only hope that they will find the accounts given here of some of their

work a partial recompense.

A final debt is to my wife Elisabeth for her unfailing help and en-

couragement, particularly in the more tedious parts of the enterprise.

Robert H. Cole
Brown University
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UNDERWATER EXPLOSIONS





1. The Sequence of Events in an

Underwater Explosion

The purpose of this introductory chapter is to sketch briefly the

primary phenomena in an underwater explosion, in order to indicate

their order of occurrence and suggest the physical laws and properties

governing them. The discussion will appear superficial to those well

acquainted with the subject, but it is hoped that the description will

serve as an adequate outline and introduction^ for readers less familiar

with the field.

1.1. The Initial Conditions

An explosion is a chemical reaction in a substance which converts

the original material into a gas at very high temperature and pressure,

the process occurring with extreme rapidity and evolving a great deal

of heat. The temperature in the product gases is of the order 3,000° C.

and the pressure 50,000 atm. Any explosive material, whether solid,

liquid, or gas, is thus an inherently unstable compound which, once

started, undergoes chemical changes which convert it into a more stable

product. A reaction of this kind can be initiated if sufficient energy is

provided at some point in the explosive. This is done usually by means

of a heated wire or by frictional heat from impact by a firing pin, either

of which, in most cases, acts directly upon a small amount of especially

sensitive material. The reaction of this material then in turn initiates

the reaction in the main body of the explosive.

Once initiated, the intense heat and pressure developed are suffi-

cient to set up the explosive reaction in adjacent material, and the reac-

tion is propagated through the material. The way in which the dis-

turbance proceeds depends upon the physical and chemical properties

of the material, and upon external physical factors such as the container

or surrounding medium, but two general types of behavior can be dis-

tinguished. The more important of these from the point of view of

destructiveness is the process of detonation, in which the chemical

transformation occurs so rapidly that it can keep up with the physical

disturbance resulting from the reaction. A reaction occurring in this

way develops a very narrow boundary between material in its initial

1 An excellent introductory account of underwater explosions has been given by
Kennard (54), although much of the data on which the discussion is based has been
superseded by more recent results. Numbers in parentheses refer to the bibliography

on page 427.
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condition and the products at high temperatures and pressure. This

clearly defined rapidly advancing discontinuity is known as a "detona-

tion wave," and travels with a velocity of several thousand meters per

second. On the other hand, the chemical reaction may take place more

slowly and be unable to keep up with the advancing phj^sical disturb-

ance of pressure and particle motion which it causes. The final reaction

state is then reached more gradually and there is not a well defined

boundary. This more gradual process is called "burning," although

the rate at which it occurs may still be high.

The two types of disturbance, detonation and burning, correspond

closely to the two major classifications of military explosives: high ex-

plosives such as TNT, which detonate with large and rapid evolution

of energy and are used for destructive purposes in bombs, depth charges,

torpedo warheads; and "propellants" such as gunpowder, which burn

with a gradual building up to the final state, and are used, as the name
implies, to drive a shell, rocket, airplane, etc.

From the point of view of phenomena which occur as a result of an

explosive set off underwater, the explosion process is of interest chiefly

because one must know the physical conditions at the boundary of the

explosive and surrounding water to calculate what will happen in the

water. A determination of these conditions from measurable properties

of the explosive material is therefore necessary, and the ways in which

this is done are discussed in Chapter 3. The underlying physical rela-

tions necessary to a discussion of detonation in the explosive and propa-

gation of disturbances in the water are derived in Chapter 2.

1.2. Dynamical Properties of Water

As a result of the explosion process, the initial mass of explosive be-

comes a very hot mass of gas at tremendous pressures, and it is evident

that these conditions cannot persist without affecting the surrounding

medium. If this is water, we must consider what changes occur in a

body of water as a result of specified forces or displacements, a problem

which is part of the field of physics known as hydrodynamics. If we

can restrict ourselves to the concept of water as a homogeneous fluid

incapable of supporting shearing stresses we have a medium in which

the volume can readjust itself to displacements of its boundaries by

flow. In addition, changes in pressure on a definite mass result in com-

pression (change in volume) of the mass.

The fact that water is compressible leads to the conclusions that a

pressure applied at a localized region in the liquid will be transmitted

as a wave disturbance to other points in the liquid with a velocity which,

though large, is finite, and that the wave involves local motion of

the water and changes in pressure. If the pressure is small enough, the

rate of propagation is practically independent of the magnitude of the
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pressure, and in sea water at 18° C. is about 4,900 ft. /sec. This state

of affairs is realized in underwater sound transmission, but temperature

and density changes also affect the velocity. If the motion is one-

dimensional so that plane waves are generated, the wave travels with-

out significant change of magnitude or shape. If the waves are radiated

from a spherical source, the amplitude decreases with distance from the

source and the water motion is modified by the pressure differences

resulting from this spherical divergence, a phenomenon known as the

surge or afterflow.

In the regions of water surrounding an explosion the pressures are so

large that the wave velocity cannot be assumed independent of pres-

sure. This has the physical result that the form of the wave depends

on the magnitude of the pressure and displacement of the water as it

progresses. These complications for waves of finite amplitude are ex-

pressed in much more difficult mathematical statements than those

which suffice to explain the propagation of small amplitude waves.

If, on the other hand, the disturbances affecting the water are slowly

changing, and the water can accommodate itself to them before the

disturbance has changed appreciably, it may suffice to neglect entirely

the wave propagation by which the accommodation takes place. We
may then consider the water as an incompressible medium in which the

disturbance spreads instantaneously to all points in the liquid. Motion

which can be accounted for in this way is usually described as incom-

pressive flow.

1.3. The Shock Wave

The first cause of disturbance to the water in an explosion is the ar-

rival of the pressure wave in the reacting explosive at the water bound-

ary. Immediately upon its arrival, this pressure, which is of the order

of 2-10^ lb. /in. 2 for TNT, begins to be relieved by an intense pressure

w^ave and outward motion of the water. The extremely dense mass of

gas left when detonation or burning is complete then begins to expand,

its pressure diminishes and the pressure in the water also falls off rapidly.

In the case of a detonating high explosive, such as TNT, the pressure

rise is for all practical purposes discontinuous, and is then followed by
a roughly exponential decay, the duration being measured in times of a

few milliseconds at most. The pressure level about a 300 pound spheri-

cal charge shortly after complete detonation is sketched in Fig. 1.1(a).

Once initiated, the disturbance is propagated radially outward as a

wave of compression in the water, the steep fronted wave being de-

scribed as the "shock wave." As compared to waves of infinitesimal

amplitude, this shock wave has the following characteristics

:

(i) . The velocity of propagation near the charge is several times the

limiting value of about 5,000 ft./sec, this value being approached quite
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rapidly as the wave advances outward and the pressure falls to "acous-

tic" values.

(ii). The pressure level in the spherical wave falls off more rapidly

34,000 LB /IN

3400 LB/IN

2200 LB/IN

CENTER 5 FEET 50 FEET 490

340 LB/IN-

160 LB/IN'

495 500 FEET

(o) R = 5 FEET (b) R = 50 FEET (c) R » 500 FEET

Fig. 1.1 The pressure distribution around a 300 pound TNT charge at 3

times after completion of detonation.

with distance than the inverse first power law predicted for small ampli-

tudes, but eventually approaches this behavior in the limit of large

distances.

,
2200 LB/IN^

R • 50 FEET R-500 FEET

. 160 LB /IN

REFLECTIONS

A-
1.5

TIME (milliseconds)

Fig. 1.2 Shock wave pressure-time curves at 2 distances from 300 pound
TNT charges.
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(iii) . The profile of the wave broadens gradually as the wave spreads

out. This spreading effect is most marked in the region of high pres-

sures near the charge.

These properties of the shock wave are illustrated in Fig. l.l(b, c),

drawn for two later stages in the explosion of a 300 pound charge. For

comparison, the pressure waves which would exist if the earlier state

shown in Fig. 1.1(a) were propagated as an acoustic wave are indicated

by the dashed curve. These sketches of course represent the conditions

at three instants of time. The pressure-time curve at a given distance

from the explosion will have the same general form, and the pressures

observed at distances of 50 and 500 feet are sketched in Fig. 1.2 (a, b).

The illustrations given refer to a particular size of charge, and it is

natural to ask what conclusion can be drawn about another size of

charge. In other words, what scaling laws may be applied? The an-

swer for the shock wave is very simple and is provided by the "prin-

ciple of similarity," which states that if the linear size of the charge be

changed by a factor k, the pressure conditions will be unchanged if new
distance and time scales k times as large as the original ones are used.

As an example, the pressures for the 300 pound charge of Figs. 1.1 and

1.2 will be obtained also for a charge of half the linear dimensions (one-

eighth the weight), provided that we make the observations at dis-

tances from the smaller charge one-half as great and divide the time

scale by a factor of two.

The theoretical justification of the principle, given in Chapter 4, is

not difficult, and it has been amply verified by experimental observation.

The validity of the principle depends, among other things, on the as-

sumption that no external forces act upon the system. Gravity is such

an external force, and of course it is always present. It is unimportant

compared with the internal forces involved in generation and propaga-

tion of the shock wave, but its effect cannot be neglected in the later

behavior of the gaseous explosion products. The principle of similarity

as stated above, therefore, does not apply to the phenomena following

the shock wave.

1.4. Motion of the Gas Sphere

The initial high pressure in the gas sphere is considerably decreased

after the principal part of the shock wave has been emitted, but it is

still much higher than the equilibrium hydrostatic pressure. The water

in the immediate region of the sphere or "bubble," as it is usually called,

has a large outward velocity and the diameter of the bubble increases

rapidly. This outward velocity is in excess of that to be expected from

the magnitude of the pressure existing at the time, owing to the after-

flow characteristics of spherical waves mentioned in section 1.2, an
effect which has also to be considered in careful analysis of the shock
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wave. The expansion continues for a relatively long time, the internal

gas pressure decreases gradually, but the motion persists because of the

inertia of the outward flowing water. The gas pressure at later times

falls below the equilibrium value determined by atmospheric plus hj^dro-

static pressure, the pressure defect brings the outward flow to a stop,

and the boundary of the bubble begins to contract at an increasing rate.

The inward motion continues until the compressibility of the gas, which

is insignificant in the phase of appreciable expansion, acts as a powerful

check to reverse the motion abruptly. The inertia of the water to-

FIRST

MAXIMUM
SECOND
MAXIMUM

FIRST PERIOD SECOND PERIOD

Fig. 1.3 Pulsations of the gas products from an underwater explosion.

gether with the elastic properties of the gas and water thus provide the

necessary conditions for an oscillating system, and the bubble does in

fact undergo repeated cycles of expansion and contraction. Ordinarily

the original state of the bubble is approximately spherical and the radial

nature of the later flow results in an asymmetrical oscillation about the

mean diameter, the bubble spending most of its time in an expanded

condition. These phases in bubble oscillation are shown schematically

in Fig. 1.3, which shows the bubble size as a fimction of time. The
period of oscillation, in the absence of disturbing effects due to bound-

aries, turns out to be quite simply related to the internal energy of the

gas and the hydrostatic pressure (and hence depth below the surface of

the water), being proportional to the cube root of energy and inverse

five-sixths power of pressure.

Oscillations of the gas sphere can persist for a muul^er of cj^clcs, ten
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or more such oscillations having been detected in favorable cases. The

number observable is limited by its loss of energy by radiation or tur-

bulence, as described in the next section, and by the disturbing effects

of gravity and any intervening boundary surfaces. It is perfectly evi-

dent that the gaseous products must, because of their buoyancy when

in equilibrium with the surrounding pressure, eventually rise to the sur-

25

I

UJo

50

75

Fig. 1.4
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The motions of the gas sphere from 300 pounds of TNT detonated

50 feet below the surface are sketched in Fig. 1.4. The data are ob-

tained from somewhat inexact analysis (see Chapter 8), and are intended

only to illustrate the general characteristics of the motion.

1.5. Secondary Pressure Pulses

The motion of the gas sphere has associated with it emission of

energy in the form of pressure waves advancing radially outward from

the bubble. If it is assumed that motion of the water around the bubble

is incompressible, it can be shown that the pressure in the water should

depend on the square of the rate of bubble expansion or contraction.

From Fig. 1.3, it is evident that this rate is greatest when the bubble is

near the point of smallest volume. One should therefore expect, both

from incompressive theory and the fact that only in this region is the

water under appreciable compression, that the pressures will be signifi-

cant only in a small interval about the time of maximum contraction.

This is the state of affairs observed; pressure pulses are emitted which

build up to a maximum value at times corresponding to the minimum
volumes and fall off again as the bubble expands.

The form of the bubble pulses from a given charge depends con-

siderably on the depth of water and proximity of boundary surfaces, as

would be expected from the effect of these factors on the bubble motion.

The peak pressure in the first bubble pulse is no more than ten to twenty

per cent of that of the shock wave, but the duration is much greater,

and the areas under the two pressure-time curves are comparable. A
considerable amount of the energy initially present is lost at the time of

each pulse, both in the pulse and in turbulence resulting from rapid

radial and vertical motion of the gas sphere (see Fig. 1.4). As a result

successive pulses are progressively weaker and usually only the first

pulse is of practical significance. The relation between shock wave and

bubble pulse pressures and durations is shown in the sketch of Fig. 1.5

of a continuous pressure-time record at a point 60 feet from the same

size charge. Fig. 1.6 shows in more detail the bubble pulses from 300

pound TNT charges detonated at various depths in 100 feet total depth

of water. It will be observed that the profile of the curve becomes more

irregular for initial charge positions close to the surface or bottom. It

should also be noted that pressure waves reflected from the surface and

bottom give rise to interference, and the later portions of observed pres-

sure-time curves may be considerably different from the pressure-time

curve which would be observed in an infinite medium. The same inter-

ference phenomenon occurs in shock waves but is less effective and more

easily recognized because of the shorter duration and discontinuous

front (see Fig. 1.2).

Because of the fact that gravity is an omnipresent factor in bubble
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motion which does not scale in the same way as the effects of internal

forces and boundaries, the principle of similarity for shock waves de-

scribed in section 1.3 does not hold for bubble motion in the general

One can derive scaling factors which express the theoreticalcase.

equations in an approximate form and account for the major features of

1770 LB /IN'

80 LB/IN^ —

I

SEC
TIME

0.69 sec

Fig. 1.5 Pressure 60 feet from a 300 pound TNT charge fired 50 feet below

the surface.

bubble motion. The scaling laws and feasible numerical calculations

of bubble effects are, however, only approximate, and experimental

results are often not in very good agreement with tractable theoretical

calculations.

1.6. Surface and Other Effects

The preceding sections have outUned the more important properties

of underwater explosions as they would appear to sufficiently rugged

observers below the surface equipped with a sense for pressure measure-

80 lb/in2

MSEC MSEC 50 MSEC 50

(a) 25 FEET (b) 50 FEET (c) 80 FEET

Fig. 1.6 Bubble pulse pressures 60 feet from 300 pound TNT charges fired

at 3 depths in 100 feet of water.
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merit. The features visible above the surface depend considerably on

the initial depth of the charge, being quite spectacular for shallow ex-

plosions, but becoming virtually undetectable for great depths. The

sequence of events in the shallow case may be quite complicated, but

three main phases can be distinguished. These result from the arrival

of the primary shock wave at the surface, the approach of the gas sphere

to the surface, and the final breakthrough of the gases to the atmos-

phere. The motion of the water in a positive pressure wave finds no

hindrance to its continuance when the shock wave reaches the surface,

as the atmosphere cannot supply appreciable resistance by compression.

As a result, a reflected wave of negative pressure is formed at the sur-

face with a value such that the sum of the direct and reflected pressures

is practically zero. The water in the surface layer is thrown up with a

velocity proportional to the pressure existing in the direct wave, and a

rounded dome of whitish water forms directly above the charge in the

next fraction of a second. Regions of the surface further from the

charge are disturbed much less, but a rapidly advancing ring of ap-

parently darkened water, the "slick," can often be seen spreading out

from the charge for hundreds of feet (for, say, a 300 pound charge) , the

extent of the region indicating the points to which the shock wave has

advanced. If the bubble is sufficiently close to the surface in an early

phase of its motion, it may also disturb the surface before its final break-

through. The breakthrough occurs at a later time, determined by the

depth, and shoots up plumes of spray which may rise hundreds of feet.

All these effects become less pronounced for greater initial depths of

water. The slick may be seen for a 300 pound charge 400 or 500 feet

deep, but the dome is insignificant and no trace of plumes is evident even

at much smaller depths.

As already mentioned, the pressure field in the water is usually com-

plicated by reflections from the surface and bottom, the reflected wave
from a free surface being negative and from a rigid surface positive.

The resultant pressures observed are superpositions of the direct and

reflected waves. A complication arises for reflected waves of negative

pressure because the maximum absolute tension sea water can with-

stand is certainly quite small and is very probably less than an at-

mosphere, if not zero. As a result, while a reflected negative wave can

reduce the resultant absolute pressure at any point to zero, appreciable

negative pressures do not exist under any ordinary conditions. The
reflected wave from the bottom is usually quite irregular and much
smaller than would be expected for perfect reflection. In the extreme

case of a charge fired on the bottom, the increase in pressure is of the

order ten to fifteen per cent, roughly half what would be ideally real-

ized. (Although it might seem that the pressure should be doubled in

the ideal case, the increase is much less because the energy transport,
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which is doubled, depends on both pressure and duration of the wave.)

The character of pressure waves at great distances from the charge

may be affected by other factors, such as attenuation by viscosity

effects and refraction by velocity gradients in the water. These effects

become appreciable only for such ranges that the wave is of acoustic

intensity, and their detailed description belongs more properly to a
treatise on underwater sound transmission.



2. Hydrodynamical Relations

The purpose of this chapter is to develop from first principles the

equations describing the motion of a fluid, whether liquid or gas, which

are the basis of the more detailed theories of the phenomena in under-

water explosions, to discuss the implications of these equations, and to

indicate the manner of development appropriate to problems later

treated more explicitly.

2.1. The Differential Equations for Ideal Fluids

As a first step in discussing the propagation of waves in fluids, it is

necessary to put the basic laws of mechanics into a suitable mathe-

matical form. It is assumed in what follows that the fluid is ideal in

the sense that viscous stresses and effects of heat conduction may be

neglected. The discussion is further restricted to regions of space and

instants of time for which there are no discontinuities of pressure,

velocity of the fluid, or internal energy.

A. Conservation of mass. The simplest restriction on the motion of

the fluid is the conservation of mass. If we consider a small fixed

region of space in the interior of the fluid, it must be true that any

change in mass of fluid contained in the volume is equal to the net

quantity of fluid which flows through the boundary surface. If the

region is a small cube of volume dxdydz, the change in mass in a time dt

resulting from change in the density p at the point x,y,z is

— dt dxdydz
di

If such a change occurs it must be as a result of motion in the fluid.

Let the velocity of a point moving with the fluid be described by its

three components u, v, w, in the x, y, z directions, these components

being functions of the space coordinates and time. The net transport

of fluid into the fixed volume in time dt resulting from motion in the x

direction is the difference in amounts flowing through the two faces of

area dydz and is given by

\_{pu):c — [pu)x^dx^ dtdydz = (pu) dt dxdydz
dx

higher order terms in the expansion of {pu)x+dx disappearing in the

limit of small displacements. Similar terms are obtained for the other
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two components of motion and the conservation of mass requires that

their sum equal the increase of mass in the volume, hence

(2.1) ^ + f (pu) + ^ ipv) + ~ (pw) =
dt dx dy dz

which is the equation of continuity. This result is more concisely ex-

pressed in vector notation as

(2.2) ^ + div (pv) =

where the velocity vector v has the components u, v, w in Cartesian

coordinates.

The eciuation of continuity could have been obtained equally well

by considering a small volume moving with the fluid and containing

the same definite mass of fluid at all times. Changes in density of the

fluid as it moves therefore require compensating changes in dimensions

of the element. The straightforward result obtained from this ap-

proach, originally due to Euler, comes out to be

^ + pdivv =
dt

if the symbol d/cU is understood to mean differentiation at a point mov-

ing with the fluid rather than a fixed point, i.e.,

d d , dx d , dy d , dz d d , d , d . d— = h— = \- u h^ [- w —
dt dt dt dx dt dy dt dz dt dx dy dz

With this meaning, it is evident that the results of the two approaches

are identical, as they must be.

B. Conservation of momentum. In order to express Newton's second

law, or conservation of momentum, it is convenient to consider the

forces acting on element of volume dxdydz moving with the fluid rather

than an element fixed in space. Considering the x-component of mo-

tion, the acceleration of the element is given by the total time derivative

du/dt of the particle velocity, the total derivative being correct as it

expresses the total change in velocity resulting from the changes at a

fixed point in space and from displacement of the element in space.

The product of this acceleration and the mass p dxdydz of the moving

element must, by Newton's second law, equal the net force acting on

the element in the x-direction. This force is supposed due only to dif-

ferences in the pressure P at the two faces of area dydz and is given by
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riP
[Px — Px+dx] dydz = ——- dxdydz

dx

Equating the force and inertia terms, we have

du _ _dP
dt dx

together with similar terms for the other two components. If the total

acceleration is resolved into its two parts we have

/o ON ^^
>

^^1 ^^ .
du dP

(2.3) P^ + P^T '^ P^^ '^ P^-^ = ~-^
dt dx dy dz dx

dv ^ dv , dv
,

dv dPP— + pu— + pv— -^ pw~ = -—
dt dx dy dz dy

dw , dw , dw , dw dP
P-^ + P^^^ + P^-T '^ P^^ = -—
Of dx dy dz dz

These equations are equivalent to the single vector equation

(2.4) PU = P^ + P (v-grad)v = -grad P
at dt

C. Conservation of energy. As in the derivation of the equation of

motion, it is convenient to consider an element of volume moving with

the fluid and enclosing a fixed mass of fluid. The total energy per unit

mass of the fluid consists of kinetic energy and internal energy E, which

is the sum of thermal and any chemical energy. The change in time dt

for the element of volume dxdydz is

P T [^ + K^' + i^' + W)] dt dxdydz
dt

where the total time derivative is again used to account for the displace-

ment of the element during the interval. This change in energy must
equal the work done on the faces of the element. The work done in

time dt on an area dydz in motion along x is the product of force and
displacement, or Pu-dtdydz, and the net amount of work done on the

two faces of the volume element is

[{Pu)x — {Pu)x+dx] dt dydz = (Pu) dt dxdydz
dx
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The work done on the other faces is obtained in the same way, and

equating the total to the increase in energy gives

P I [^ + i(u' + v' + w')] = -\~ (Pu) + ~ (Pv) + ~ (Pw)]
at \_dx dy dz J

which in vector notation is

p|[£^ + i(v-v)] = -div(Pv)
at

The energy equation may be transformed into a more useful expression

by combining it with the equations of continuity and motion. Solving

for variation in internal energy gives

(2.5) p-— = —Pdivv — v-gradP — pv—
at dt

But from Eq. (2.2)

J. 1 dp . \ , ,. \ dp
-divv = --^ + -(v-grad)p = -

-f
P ot p p at

and from Eq. (2.4)

gradP = -p—

-

dt

which gives on substitution

(2.6)
,dE^Pdp
dt p dt

D. Pressure-density relation. In our derivation of the fundamental

hydrodynamic equations, the effect of dissipation processes has been

neglected. If the properties of a specified small element of the fluid are

described by these equations, a further condition on the state of this

element is implied which has not been explicitly stated. If no dissi-

pative processes take place in a given period of the motion, no element

moving Avith the fluid can exchange heat with any other element or its

surroundings during this time. The changes in the physical state of the

element must therefore take place at constant entropy, a situation which

can be expressed by the relation

dt
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where the total derivative refers to a point fixed in and moving with the

hquid, not to a point in a fixed coordinate system. This is equivalent

to the statement that changes of density due to applied pressure take

place adiabatically. Therefore, for any point in the fluid at any time

for which dissipative processes can be neglected, the pressure is a single

valued function of density alone, and the law of variation is the adi-

abatic law found from the equations of state appropriate to the fluid.

Two different elements of fluid, however, may have undergone dissi-

pative processes at earlier times which involve significant and different

changes of entropy. At later times not involving such processes, each

element will have a single valued relation between pressure and density,

the exact form being determined by the change in entropy in the earlier

irreversible process, but these two adiabatic laws will be different.

For example, a steep fronted shock wave, in which very large pres-

sures and pressure gradients exist, may result in considerable dissipation

as it passes through an element, but the entropy changes in successive

elements need not be the same, owing to loss in intensity of the disturb-

ance. The passage of such a wave can therefore leave each successive

element in a different condition.

A more explicit formulation of the pressure-density relation for a

given fluid element can easily be written from the energy equation.

The internal energy E can be expressed as a function of pressure and

density as thermodynamic variables and its differential can then be

written as

dE = —-dP -\ dp = - dp
dP dp p2

from Eq. (2.6). Solving for dP/dp, we have

dP ^ /P _dE\l /dE\

dp W dp ) [dp)

If initial values of P and p are given, and the functional dependence of

E on P and p is known from equation of state and thermochemical data,

the equation can be solved explicitly for P{p).

2.2. Waves of Small Amplitude

If the disturbances created in a liciuid by external sources are suffi-

ciently small, the fundamental equations of section 2.1 can be consider-

ably simplified. It will be assumed that the density p changes insig-

nificantly compared to its initial value po and can therefore be treated

as constant in terms of the form (d/dx) (pu) ; similarly the particle veloc-

ity is always small and terms of the form udu/dx can be neglected. The
equations of motion and equation of continuity then become
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(2.7) T,= -- §'^'1 P
Ot Po

dp ,.— = -p«divv
dl

From section 2.1, P is a definite function of density, and we may write

dP ^ /dP\ dp

dt \dp /So di

the subscript So indicating changes along the adiabatic having the

entropy of the undisturbed fluid. The total differential dP/dp, under-

stood to be evaluated for an adiabatic change, will be denoted by c^^,

and Eqs. (2.7) may be written

(2.8) S = -^ Stad P
ot po

1 dP—— = -podivv
Co^ dt

A. Plane waves. It is assumed that the motion takes place only

along X, Eqs. (2.8) become

dt po dx c^ dt ° dx

Solving for P by differentiation and elimination, we obtain

dx" ~
Co'' de

together with a similar equation for u.

This one-dimensional form of the wave equation is satisfied by any

function of the form/(^ d= x/co), the double sign choice accounting for

waves advancing in either positive or negative directions.

Physically, these solutions mean that any disturbance originated

at some value of x travels unchanged in form with a velocity

Co = 'VdP/dp. For sea water at 20° C, this velocity is about 4,967

ft. /sec. The particle velocity u corresponding to the pressure

P = fit — x/co) may be found from the first of Eqs. (2.9)

:

du ^ _l^dP
dt po dx PoCo \ Co/
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the prime indicating differentiation with respect to the argument.
Integrating, we have

1 r'
U — Uo

^^o J . \ Co/
lo

_ P- Po

PoCo

If the constants of integration are chosen to make u = when P = P,

the pressure in the undisturbed fluid, we have

P - Po
U =

PoCo

The relation for the wave f{t + x/co) travelHng toward negative x is

found in the same way to be 2^ = — (P — Po)/poCo. As a result the

point value of either P or u suffices to determine the other if the wave
motion is one-dimensional.

The relative magnitudes of pressure and particle velocity are greatly

different in liquids and gases initially at atmospheric pressure. For ex-

ample, an excess pressure of 0.15 Ib./in.^ (one hundredth atmospheric

pressure) corresponds to a particle velocity of 0.056 ft. /sec. in sea water

at 20° C, but for air at 20° C. the particle velocity for the same pressure

is 3,700 times as great.

B. Spherical waves. The simplest form of spherical wave is one in

which the disturbance is a function of radial distance from a source and
not of the angular position. If the radial component of particle velocity

is Ur, other components being zero, and P = P{r), Eqs. (2.8) become

(2.10)
dUr

dt
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outgoing wave about the center. The form of an infinitesimal spherical

wave thus does not change as it spreads out with the speed Co, but its

amplitude diminishes as r increases owing to the factor (1/r), which

results from the greater area over which the disturbance is spread as it

advances outward.

C. The afterflow. The relation of Ur to P{r) can be obtained by

integration of the first of Eqs. (2.10). Inserting the value of P, we
have

(2.11 f^^lf(t-L\+±.jU-'-\
dt poCo r \ Co/ PoT^ \ Co/

Integrating from a time to to variable time t at constant distance r gives

(2.12) Urit) - Urito) = ^^^^ + — f [P{r, t') - Po] dt'

poCo Par J .

to

If the time ^o = is chosen to precede any disturbance, it is seen

that the velocity in the fluid at a later time is a function, not only of the

pressure at that time but of all the previous changes in pressure after a

disturbance first reaches the point. These changes are such that, in a

radial disturbance, the water will be left with an outward velocity, or

afterflow, following passage of a positive pressure wave. This after-

flow remains, even though the pressure has returned to its equilibrium

value, and will be brought to zero only after the pressure falls below the

equilibrium value.

A complete evaluation of the pressures and flow velocities behind the

front of an advancing pressure wave clearly can be made only by con-

sidering the properties of the spherical source, or agency by which the

pressure wave is generated. The conditions at the front, no matter

how far it progresses, are determined in the acoustic approximation by

the initial motion of the source. The conditions behind the front, how-

ever, depend on the later behavior of the source, and any physically

realizable source must in turn be affected by the motion of the fluid

surrounding it.

To 'clarify the nature of the afterflow term, it is appropriate for

underwater explosions to consider the source as a spherical boundary

in the fluid containing gas initially at high pressure. The initial pres-

sure in the pressure wave is determined by the initial gas pressure. This

initial compression leaves behind it outward flowing water in an in-

creasingly large sphere. If the compression is to be maintained in this

volume, increasingly large displacements of water near the source are

necessary, despite the weakening of the initial pressure at the front by
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spherical divergence. The pressure in the gas sphere, however, de-

creases as the vokime determined by the spherical boundary increases,

and the strength of this source must decrease. Outward accelerations

of the water near the boundary will thus decrease, but as long as there

is a pressure excess over hydrostatic, outward flow continues.

The change in character of the motion can be made more explicit by
considering the relation between pressure at any point in the fluid, and

at the gas sphere of radius a. We have that

P(r,0-P„ = V^-^)
and on the gas sphere

P{a,t)-Po=^f(t--)
a \ Co/

which we can also write

\ Co / a \ Co/

Comparing these equations

(2.13) P{r, t) - Po = -^ [p(a, t - '^\ - pJ

The pressure P{r, t) at any point in the fluid is thus determined by the

pressure P{a) on the boundary of radius a at a time (r — a)/co earlier.

This difference is just the time required for a pressure at a to be trans-

mitted to r and the time {t — (r — a)/c„) is commonly referred to as a

retarded time.

In the later stages of the motion, for which the excess pressure

P(a, t) — Po is small and changes slowly with time, we can write Eq.

(2.13) as

P{r,t) - Po^-lp(a,t) -P.I

and the velocity Ur is, from Eq. (2.12), given by

Uo = -^A [P{a, t) - Po] dtUr

a
= ~, b^ait) - Ua{0)]

This result, however, simply expresses the conservation of mass in non-

compressive radial flow, for which ^irrHr/di = iira-da/dt and hence
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Ur = dr/dt = {a'^/r^)ua. Thus, in the Umit of small pressure differences,

the afterflow velocity is simply the velocity of noncompressive flow

outward from the expanding gas sphere boundary.

In the later stages of the motion, the pressure in the gas sphere and

surrounding fluid falls below the hydrostatic value Po, the outward flow

is brought to rest, and then inward flow begins. The kinetic energy of

this motion is thus returned to compression of the gas sphere, rather

than being radiated to infinity as a wave of compression. At points

l^ehind the shock front, for which the pressures are large and rapidly

changing, the particle velocity depends on both the past history of the

pressure and its value at the time, and a clear cut distinction between

motion resulting directly from compression and noncompressive flow

cannot be made in this region. The natural attempt to discuss the two

types of motion as distinct must therefore run into difficulties, and the

fact that the two approximations are not mutually exclusive under these

conditions must be remembered.

2.3. Waves of Finite Amplitude

In the derivation of solutions for waves of small amplitude, a num-

ber of simplifying assumptions were made which led to well-known

forms of the wave equation appropriate to the type of motion assumed

possible. Although the approximations are amply justified for the

small variations of density and pressure developed by sound sources in

air or underwater, we have no reason to suppose that they could be for

the conditions existing in the gaseous products of an explosion or in the

water in the near vicinity. Before considering solutions of the exact

equations, the differences which must result can profitably be considered

by more qualitative arguments.

It has been assumed that the quantity c = WdP/dp entering the

equations could be treated as a constant Co independent of the pressure

or state of motion in the fluid, and that the velocities of the fluid were

always negligible. These assumptions led to the result that any part

of a wave disturbance is propagated with a velocity c relative to a fixed

system of coordinates. If, however, this small amplitude velocity of

propagation c depends on the density and, as we should expect quali-

tatively, this velocity at any point is properly measured with respect to

coordinates moving with the liquid at the point, it is easy to see that

matters become more complicated. Consider first the variations of c

with density to be expected in real liquids and gases. The relation

P = P{p) is, of course, simply a curve of adiabatic compression and is,

for all normal fluids, concave upward, with the result that the slope

dP/dp and c = \^dP/dp increase with increasing compression. The
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simplest example is the perfect gas for which P = kp^ and therefore

c = \/kyp^~^. The ratio of specific heats 7 is always greater than

unity and hence c increases with increasing density. The adiabatic

curve for water is another example of the same law, although the den-

sity changes are fractionally smaller. The velocity of infinitesimal

waves cannot, therefore, be treated as constant, but is rather a quantity

which increases in regions of greater density. In order to see what

effect this has on wave propagation, suppose that, as a result of dis-

placements of a piston in a tube, a plane wave of pressure is advancing

from left to right in the tube, and at some instant in time has the form

shown in Fig. 2.1(a). Compression started in the positive direction at

point a will appear to travel with a speed Ca relative to the fluid at the

point. If the particle velocity in the fluid is Ua, the speed with respect

(a) (b) (c)

Fig. 2.1 Formation of a shock front in a plane wave of finite amplitude.

to the walls will be Ca + Ua. Similarly, a compression at point 6 will

travel with a speed ci + Ub relative to the fixed wall. If the pressure

set up in the fluid by the main wave is greater at b than at a, the speed

of sound c and the particle velocity u will both be greater at b, and the

disturbance at b will advance faster than that at a. At a later time,

therefore, we have to expect that regions of higher pressure in the wave

will approach those of lower pressure ahead of it, as shown in Fig,

2.1(b), the effect increasing as the pressure differences increase. The
ultimate result of this overtaking effect will be to make the front of the

wave very steep as shown in Fig. 2.1(c). As the condition of inflnite

steepness is approached, however, the pressure and temperature of

closely adjacent layers will be very different; in other words, the gradi-

ents will be large. Under these circumstances, large amounts of energy

can be dissipated as heat, effects which have been neglected in the funda-

mental equations of section 2.1. We should, therefore, not expect

results based on these equations to apply to steep fronts, and will have

to consider this situation in another manner, as is done in section 2.5.

Steep fronted waves of this type arc known as shock waves, and

while it is not physically reasonable for the ultimate slope to be in-

finitely steep (as this would imply infinite accelerations), shock waves



HYDRODYNAMICAL RELATIONS 25

found in practice have times of rise less than the resolving time of experi-

mental measurements, less than 0.5 microseconds in some cases. It is

important to note that while nothing has been said about the velocity

of such shock fronts, it is always greater than Co, the velocity of small

amplitude sound waves.

It is easy to see, by reversing the argument given for waves of com-
pression, that a wave of rarefaction, in which later portions of the wave
are regions of lower pressure and the particle velocity is away from the

direction of advance, will broaden out as it advances and shock waves

of rarefaction cannot develop.

Although the arguments just given apply to plane waves, we should

expect the same sort of effect in spherical waves except that the ampli-

tude will be weakened by the spreading out of the wave, and the effect

will become less important as the distance from the source increases.

It would be erroneous, however, to conclude that effects of finite ampli-

tude at a shock front are important only within a few feet of an explo-

sion.

A. Plane waves of finite amjplitude. The qualitative argument just

given for plane waves can be made more explicit by means of a relatively

simple argument due to Riemann.^ The equation of continuity (2.2)

and equation of motion (2.4) for motion in one dimension are

(2.14) |^ + ,Jf + ,^=0
dt dx dx

du , du , dP ^
p — + p^— + — =0
dt dx dx

Riemann's treatment is based on introducing a new variable a defined

by the integral

(2.15) <r = j" c{p) ^

where po is the initial density in the absence of a disturbance and the

sound velocity c = vdP/dp is a function of density p. If the variables

a and c are used to replace P and p in Eqs. (2.14), we obtain the rela-

tions^

1 This development follows essentially the treatment by Lamb (65). A complete
discussion for plane waves in air has been given by Rayleigh (90)

.

2 The relations follow from Eqs. (2.14) by noting that

da c dp 1 dP
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d(T , da , du „
[- u h c— =

dt dx dx

du , du , da
\- U he— =

dt dx dx

A more symmetrical and useful pair of relations is obtained by addition

and subtraction, which gives

(2.16) ^(^j^u) + (c + u)^{a-{-u) =0
dt dx

-{a - u) - {c - u)—-{(r - u) =
dt dx

These equations mean that the quantity (o- + u) will be unchanged

in time at a point moving with velocity {c -]- u), and the quantity

(o- — u) remains unchanged for a point of velocity — (c — u) . If a

pressure wave is considered in which the direction of propagation and

particle velocity are in the direction of increasing x, i.e., a wave of com-

pression, a change in type of this wave will develop. For, as time in-

creases, the propagation of (o- + u) with positive velocity (c -f u) and

of (o- — u) with negative velocity —{c — u) will lead to the develop-

ment of an increasingly distinct region of increasing x, for which {a — u)

approaches zero in virtue of the propagation of this quantity backward

in space. The value oi a -\- u will thus approach a value 2u in the ad-

vancing front of the disturbance. In this limit both a and u will be

propagated with a velocity c -\- u which is greater than the local sound

velocity c, as a is, from Eq. (2.15), positive for a final densit}^ p greater

than po. The quantity o- is a function of density alone in the absence of

dissipative processes. The Riemann form of the dynamical equations

thus leads to the conclusion that particle velocity and density (hence

pressure also) are ultimately propagated with the velocity c -\- u. This

conclusion was tacitly assumed in the preliminary discussion, and the

further conclusion that plane waves of compression develop increasingly

steep fronts must also follow.

It is possible to apply the Riemann approach outlined to various

special forms of disturbance, as has been done by a number of authors.^

Because the plane wave case is of limited utility in actual problems of

interest, these applications will not be considered further here. One
simple conclusion is of interest, however, namely that even in the plane

wave case we cannot expect a shock wave to advance indefinitely un-

changed in intensity if the source of the disturbance does only a finite

3 See, for example, the report by Kistiakowsky and Wilson (G4)

.
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amount of work on the medium. This conclusion follows immediately

on observing that the development of a shock front is limited ultimately

by dissipative processes which abstract energy from the disturbance.

Hence, unless the source continues to supply energy by doing work on

the fluid, the finite amount of energy available is reduced by irreversible

processes at the shock front converting it to heat, and the energy of the

wave must decrease.

B. Spherical waves of finite amplitude. The equations of continuity

and motion for a problem involving radial motion only are

dp . 2p dUr
,

dp ^

dt r dr dr

dUr . dUr
,
dP „

dt dr dr

Introducing the function a defined by Eq. (2.15) and dropping the sub-

script r, we obtain the Riemann form of these equations:

(2.17)

Eqs. (2.17) differ from Eqs. (2.16) for the plane w^ave case by the

presence of the spherical divergence term — 2cu/r arising from the equa-

tion of continuity. As a result, the propagation of the functions

((7 + u) and (a — u) with velocities (c + u) and (c — u) in the plane

wave case does not hold true for spherical waves. It is therefore not

true that a — u = () after a spherical wave of compression has de-

veloped, even at its front. The equations can, however, be solved by

stepwise numerical integration from prescribed conditions at a given

time. If we consider a sufficiently small increment of time dt and let

N = {a -{ u)/2, Q = (a - u)/2 we have from Eqs. (2.17)

dN = — dt -\ dr
dt dr

~ {a + u) + {c + u)^{a + u) =
dt dr



28 HYDRODYNAMICAL RELATIONS

Taking the changes dr for a given dt to be (c + u)dt and — (c — u)dt for

the two functions, the equations become

(2.18) dN = -—-dt, dr = (c + u) dt
r

cu
dQ = dt, dr = —{c — u) dt

r

If at a time t, values of c, u, and a are known as a function of r, incre-

ments in N, Q may be calculated for a sufficiently small interval dt and

corresponding values of dr. Carrying out this process gives new values

of N and Q at distances r -\- dr and time t + dt. From these new
values of N and Q as a function of r, at time t -\- dt, c and t^ can be

determined if a is known from the equation of state for the fluid and

the process can be repeated.

Penney (83) and later Penney and Dasgupta (85) have carried out

calculations of this kind for spherical TNT charges. The details of the

process, such as the largest permissible values of dt for sufficient ac-

curacy, and insurance that the iteration accounts for all points in the

fluid from which a disturbance can be propagated to a given (r, t), evi-

dently depends on the initial conditions. In the case of high explosives,

these are evidently the distribution of pressure and particle velocity

in the products when the charge is completely detonated. Penney and

Dasgupta base their calculations for TNT on results of H. Jones and

G. I. Taylor described in Chapter 3; their method of computation from

these results is given in more detail in section 4.4. A further consid-

eration is the fact that the Riemann equations apply only where dis-

sipation effects can be neglected. The conditions realized for a dis-

continuity of compression advancing in the fluid must therefore be

determined by other factors, as described in section 2.5. Although

Penney's method of integrating the Riemann equations is simple and

straightforward in principle, the numerical calculations are sufficiently

tedious and complex that they have been carried out only to six charge

radii for one explosive, TNT. It is therefore highly desirable to have

a more flexible analytic theory not involving excessive approximation

which can readily be applied to a number of explosives and a wide range

of distances. A theoretical development of this kind is the subject of

the next section.

2.4. Kirkwood-Bethe Propagation Theory

A more analytical approach to shock wave propagation in water,

than that of Penney, has been developed by Kirkwood and Bethe and

extended by Kirkwood and co-workers to detailed calculations of shock



HYDRODYNAMICAL RELATIONS 29

wave pressures for a number of explosives.^ In this attack, the hydro-

dynamical equations are considered in a somewhat different way than

the one already outlined.

Kirkwood and Bethe consider the solution of the fundamental equa-

tions by introduction of a new variable, the enthalpy H defined by the

relation

(2.19) H = E + -
P

where E is the internal energy per gram of fluid. If Ho is the enthalpy

of the undisturbed fluid ahead of the shock wave, the change in enthalpy

0) = H — Ho, and we have

doj = dE + '--"if)
From the second law of thermodj^namics

dE = TdS - Pd-

and it follows that

(2.20) dco = TdS + - dP
P

Behind the shock front it is assumed that dS = 0, and numerical cal-

culations show that the change in enthalpy at the shock front from

dissipation are only a few per cent of the total (see section 2.6). The
enthalpy calculated on the basis that dS = is thus a good approxima-

tion, and it proves possible to obtain approximate solutions of the

equations of motion, expressed in terms of the enthalpy, in a form to

which boundary conditions at the gas sphere can practically be applied.

The details of this solution will be treated more fully in Chapter 3. It

is desirable, however, to outline the initial steps of the analysis at this

point, as they follow immediately from the fundamental equations, and

the necessary conditions for the propagation theory at the gas sphere

and the shock front must also be put in suitable form for their appli-

cation. With the assumption dS = 0, we can, from Eq. (2.20), write

* A series of reports on various stages of these calculations have appeared in

NDRC Division 8 Interim Reports (113). The final results are collected and dis-

cussed in two OSRD reports by J. G. ffirkwood, S. R. Brinkley, Jr., and J. M.
Richardson (59, V and VII). Other related reports by Kirkwood et al are also

Hsted in Reference (59).
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grad P = p grad co

dp ^ 1 dP ^ 1 dP ^ p doi

dt
~ /dP\ '

dt ~ c^ dt
~~

d" dt

\dp)s

where c^ = {dP)/{dp)s. With these substitutions, the equation of con-

tinuity (2.2) and equation of motion (2.4) become,

(2.21) d'^^ = 4t^
c^ dt

— = — + (vgrad) V = -grad co

It is convenient here to introduce a function of co and v, which may
be called the kinetic enthalpy 12, defined by the relation

(2.22) 12 = CO + Jvv = CO + Jy^

the name arising from the fact that the term (l/2)v2 is the kinetic energy

per gram of fluid. It is easily shown that

grad CO = grad 12 + (v • grad) v + v (curl v)

In further development, radial flow for which curl v = is assumed,

and the equations are profitably examined in terms of a velocity po-

tential 4> defined by v = —grad 4>. The second of Eqs. (2.21) becomes

12 = d4>/dt and the first may then be written

If a solution of the form 4> = <J>/r is assumed and the Laplace operator

V^ expressed in spherical coordinates, this equation becomes

?'

ar2'2 c^' de " c^[_2dr dt^ \

and the kinetic enthalpy is given by rl2 = d^/dl = G{r, t).

The analysis of Kirkwood and Bethe is based on determining

G(r, t) from the boundary conditions and equation of state for the

fluid. In order to visualize this approach, it is instructive to consider

the propagation of the function G{r, t) in two limiting cases. For in-

compressible motions c^ 00, and Eq. (2.23) becomes
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This has the solution $ = $(/) by integration, applying the condition

that G —^ as r —> "^
. In this case, therefore, the function rQ, = d^/dt

is propagated outward with infinite velocity. If the disturbance is

sufficiently weak, terms involving u^ are negligible and the wave equa-

tion

has a solution of the form ^ = ^{t — r/co) for an outgoing wave, where

Co is evaluated for the undisturbed medium. In this case then, G = rQ,

is propagated with a velocity Co.

The limiting ways in which G is propagated make natural the as-

sumption that, in the case of finite amplitude, G is propagated with a

variable velocity c, as expressed by the relation

(2.24) = (-)

The function r{G, t) may be thought of as a series of curves in the

r, t plane for various assigned values of G. It is reasonable, from the

limiting cases considered, to assume that the slope c of these curves for

an outgoing wave is finite and positive, and that these curves for the

region behind the shock front do not intersect. With these assump-

tions, the function G(r, t) may be expressed as a function of a single

variable rir, t)

(2.25) G(r, t) = Ga{r)

the functional form of Gair) being unrestricted except for the require-

ment that T(r, t) be a single valued function of G(r, t). With this con-

dition, Eq. (2.24) for the propagation of G may be written

\dt)r
c{r, r)

If the function G is to be a useful one, we must be able to relate its

value at any point to conditions on the boundary of the gas sphere. By
our assumptions, the function G(r, t) has, at some earlier time t\ the

value G[a{t'), t'] at the gas sphere boundary, for which r = a{t'). The
time required for G to be propagated to the point (r, t) is then
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t-v ; .^\

the integration being along a path of constant r. If we set the variable

T equal to t' , we have

(2.26) r = / ,
, ^

)

The quantity r is thus assigned the dimension of time and, as consider-

ation of the function Ga{r) shows, plays the role of a retarded time.

For the values r = t, r = a(t), Eq. (2.25) becomes

Gait) = G[ait),t]

and the function Ga{t) is thus simply the value of G on the gas sphere at

time t. The solution G{r, t) is then expressed in terms of Gair) evalu-

ated at the retarded time r. The kinetic enthalpy 12 (r, t) is, from the

definition of G, similarly expressed by the relation

r r r

where Q^air) = ^[a{r)j r] is evaluated on the gas sphere boundary at

time r.

As Kirkwood and Bethe develop it, the solution of the propagation

problem is therefore reduced to a determination of the boundary con-

ditions at the gas sphere and evaluation of the retarded time r. The
explicit calculation of ^aij) is described in Chapter 3, but it is instruc-

tive to consider qualitatively the value G{R, Q at the front of the shock

wave, which has been propagated to the point R at time to. The time

to is given by

.R

to= {
dr

U{r, T(r))

where U is the velocity of the shock front and ao is the initial radius of

the gas sphere. The time To at which Gairo) determines the value

G{R, to) is, from Eq. (2.26), given by

^^'^^^ '" )u[r,r{r)] J

dr

airf^'' ^J
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In the acoustic case we have shown that c = Co and the front of the

wave also travels with velocity IJ = Co. The time To is therefore zero,

and conditions at the front are therefore determined by the initial con-

dition of the gas sphere

G{R, to) = Ga{0) = ao^aiO)

For waves of finite amplitude, however, neither c nor U is ade-

quately represented by Co. As will be shown, a propagation velocity

c -{- a, which is approximately equal to the local sound velocity c + u,

is a good approximation to c, as we might guess from the Riemann

formulations of the hydrodynamic equations.

Detailed calculations of the next section, based on the equation of

state for water boundary conditions at the shock front, show that the

value c -\- a behind the shock front is greater than U, a result which is

reasonable from the discussion of the overtaking effect. The retarded

time To is therefore positive and increases as the shock front advances.

The conditions at the front are then determined by the value Ga{To) at

progressively later times. This value of Ga{ro) must, however, be ex-

pected to decrease with time as the wave is emitted, it being a measure

of the energy in the fluid at the boundary. The earlier parts of the

wave corresponding to times less than r are thus progressively lost as

the wave travels outward. This characteristic can be thought of as a

destruction of these parts of the wave as they advance into the shock

front. The effects of dissipation at the shock front are thus implicitly

included in the framework of the theory, resulting from the way in which

G(r, t) is propagated and the boundary conditions at the front which

limit its advance.

2.5. Conditions at a Shock Front in a Fluid

The discussion in section 2.3 led to the conclusion that waves of

compression in a fluid develop increasingly steep fronts as they progress,

until the disturbance becomes so abrupt that dissipative processes must

be examined if any further conclusions are to be reached as to the exact

form of such shock fronts. Experimentally, however, it is known that

fronts of this kind are so steep as to be virtually discontinuous and their

exact shape is ordinarily of no practical concern; indeed, experimental

measurements would, by present evidence, be a matter of formidable

difficulty. Reserving, until later, any discussion of the dissipation

processes which must occur, we consider what can be learned on the

assumption, justified by experience and such discussion, that the thick-

ness of the shock front is negligible, and the front can be treated as a

discontinuity in comparison to the changes occurring behind it. The

equations applying to such a discontinuity were originally developed by
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Rankine and by Hugoniot,^ and are easily obtained by considering

regions immediately ahead of and behind the discontinuity. If an ob-

server moves with the velocity U of such a front (see Fig. 2.2) into a

region of particle velocity Uo and density po, the apparent velocity of the

fluid toward him is U — Uo and in a time dt, a mass of fluid po{U — Uo)dt

will enter the unit area of the front. The apparent velocity of fluid

leaving the front is — (U — u), where u is the particle velocity relative

(U-u)

P,p

(U-Uo)

SHOCK
FRONT

Fig. 2.2 Conditions at a shoe front moving with velocity U.

to fixed coordinates, and a mass of fluid p{U — u)dt will leave the front

in time dt, p being the density. If the front is discontinuous, we can

shrink the time dt to infinitesimal values for which the mass flow into

the front must approach that away from it. In the limit the two be-

come equal so that

po{U — Uo) = p{U — u)

an expression of conservation of mass.

The mass flow into the front in time dt has momentum
po{U — Uo)uddt, and the mass flow out has momentum po{U — Uo)udt.

The difference, which is the change in momentum, must equal the im-

pulse of the net force per unit area in the limit c// —> 0. If the pressures

ahead of and behind the front are Po and P, we obtain

^ The argument which follows was first developed by Rankine (89) in determining
the conditions necessary at a discontinuous front. Rankine considered the equations
of mass and momentum. Hugoniot in later work gave the equation for increase in

internal energy, assuming the existence of a discontinuity. See Lamb (65), p. 484ff.
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po(U — Uo) {U — Uo) = P — Po

an expression of conservation of momentum.
A similar argument for energy requires that the net work done by

the pressures P and Po equal the increase in kinetic plus potential energy

when the time increment dt becomes infinitesimal. The work done by
P is Pudt for unit area of the front, by Po is PoUodt. The kinetic energies

per unit mass are iu^ and ^Uo^, and if E and Eo denote the internal ener-

gies per unit mass, we have

Pu - PoUo = Po(U - Uo) [E - Eo-\- hiu" - Uo^)]

the requirement for energy conservation.

In further applications of these equations we shall usually be inter-

ested in the case of an undisturbed fluid ahead of the front for which

Uo = 0. With this simplification and some rearrangement, we obtain

more convenient relations

(2.28) p(U -u) = poU

P - Po = PoUu

E -Eo = i{P + Po)
\Po P/

These relations, being obtained for the limit of negligible thickness of

the shock front, should be equally valid for plane or spherical shock

fronts.

If the equation of state for the fluid is known, it is possible to deter-

mine the increase in internal energy E — Eo SiS Si function of the pres-

sures P and Po, and densities p and po. For given values of Po and po,

in undisturbed fluid ahead of the shock front, the third of Eqs. (2.28)

then defines a relation between P and p immediately behind the front.

This pressure-density relationship is usually known as the Rankine-

Hugoniot equation, and is a curve of somewhat the same form as adi-

abatic or isothermal P-V curves, although it is evidently not the same
function.

The first and second of Eqs. (2.28) can be solved for the shock

velocity U and particle velocity u in terms of the pressures and densities

behind the front, giving

(2.29) U
^\Po/ P — Po

u = P-^^^.U
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The first of these equations is frequently useful, as together with a

knowledge of the equation of state it permits calculation of shock front

velocity U in terms of the pressure P behind the shock front and the

initial conditions Po, po- Similarly, the second equation permits cal-

culations of the particle velocity u. Considered more generally, Eqs.

(2.28) provide three relations among the four variables, P, p, U , u, by

means of which any three can be expressed in terms of the fourth, given

the initial values Po, po.

In the preliminary discussion, it was shown that shock waves of

rarefaction, in which the pressure is less than that in the fluid ahead of

the disturbance, cannot be expected to maintain themselves in any

normal liquid or gas. This conclusion also follows from the Rankine-

Hugoniot relations. It is evident that a rapid compression of any fluid

must, as a result of dissipative processes, leave it at a higher tempera-

ture than would be the case for adiabatic compression to the same final

volume. For any normal fluid, this irreversible process also means a

higher final pressure than the adiabatic value, and it is easily shown that

such a state is consistent with the energy requirements for a shock front

of compression. This excess of temperature over the adiabatic value is,

of course, the result of degradation of energy to heat which cannot be

returned to the fluid as available energy. A reversal of the process as

an expansion, which would be required to satisfy the conditions for a

shock front of rarefaction, cannot therefore take place and such fronts

are impossible in normal fluids.

2.6. Properties of Water at a Shock Front

We have seen from section 2.5 that the requirements for conservation

of mass, momentum, and energy at a shock front lead to three equations

for the pressure, density, and particle velocity behind the front in terms

of the corresponding quantities ahead of it and the velocity of the front.

In the case of shock waves travelling into undisturbed water, these con-

ditions therefore provide three relations among the four variables de-

scribing the front at any point. The necessary fourth relation to solve

for the properties of the water as a function of any one variable, is evi-

dently provided by a suitable equation of state and specific heat data.

One objective of such a solution is to provide relations suitable for ex-

plicit calculation of shock wave pressures from explosions on the basis

of the conditions at the boundary of the gas sphere and the propagation

theory of Kirkwood and Bethe. For this purpose, solutions of reason-

able accuracy over a broad range of pressures, from to 500,000 Ib./in.^

or higher, are needed. A second desired type of solution is one of

greater accuracy over a more limited, lower pressure range, which will

be suitable for example, in comparison of experimental shock wave

velocity and pressure measurements. Although the general procedure
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in obtaining both solutions is the same, the appropriate numerical data

and approximations for anal^^tical purposes are different.

A. Methods of solution. In order to express the Rankine-Hugoniot

conditions in a convenient form for evaluation from experimental data,

some manipulation based on purely thermodynamic considerations is

necessary. Changes in internal energy E of unit mass of water can be

expressed in terms of pressure and temperature variations as

'«=(i),"+(S)/^

E is, however, a point function, its value being independent of the

process by which the fluid was changed from its initial condition to the

final one. The change of internal energy AE for water can therefore be

written as a sum of changes along any suitable paths, and we have

T

AE = /:©,/- /:(a-
the first process being carried out at the initial pressure Po, the second

being an isothermal compression at the final temperature T. From the

first and second laws, the partial derivatives of E can be expressed in

terms of experimentally obtained quantities as

-),=(a-{a— Ki),

[dPjr ^[dPjT ^[dP/r ^[dTjp ^ [dPjT

where Cp is the specific heat at constant pressure, {dV/dT)p is the

thermal expansion coefficient, and —{dV/dP)T is the compressibility

(y is the specific volume, i.e., the volume of unit mass of water).

Substituting, we have for AE

T P

AE = f CpodT - PoiV -Vo) - T f (^)/^

-{PV -PoVo)+ r V{T)dP
^ Po

where one integral has been evaluated and a second integrated by parts.

The increase AE across a shock front is, from Eq. (2.28), given by
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AE = UP + Po) {V - Vo)o

Therefore, equating the two values of AE results in an implicit relation

between the initial and final conditions of pressure and temperature in

terms of known properties of water.

Kirkwood and co-workers^ have devised effective methods of suc-

cessive approximation to determine the temperature increase satisfying

the equation for an assumed pressure increase. Knowing the tempera-

ture of the final state, the density can be computed from the equation

of state. These data then determine the enthalpy co and Riemann
function o- used in Kirkwood's formulation of shock wave propagation,

which are defined by the relations

CO = — J 0" =
I

"dp where c^ = (
-7-

)

P P J P \dp/^
L O Po

Although, strictly speaking, these quantities should be evaluated isen-

tropically for a transition to the final state, the error incurred by using

the Rankine-Hugoniot P-V relation is small. This can be shown by
calculation of the change in entropy involved at the shock front, the

results being given in the next section.

Other variables of interest, such as the particle velocity and shock

front velocity, can also be computed from the Rankine-Hugoniot rela-

tions, and thermodynamic functions such as the changes in entropy or

internal energy can be calculated in a straightforward manner by ap-

propriate integrations in terms of known functions.

B. Solutions for high pressures. Kirkwood et al. (59, II and III)

have made calculations for pressures up to 50 kilobars in pure water and

pressures up to 90 kilobars in sea water (taken to be a 0.7 molal solution

of NaCl) at 0, 20°, 40° C. The differences between the two conditions

are not large and only the results for salt water will be described here.

Extensive work has been done on the P-V-T relation for water at pres-

sures up to 350,000 lb. /in. 2 by Bridgman and Gibson. Gibson has made
measurements to determine appropriate constants for a Tait form of

equation of state and the effect of salinity. The Tait equation may be

written

V(T, P) = V{T, 0)h - ilog (1 + 1)1

-m = I

yapjr n[P + B{T)]

See Reference (59), Reports II and III.

or
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where n is a constant and B a function of temperature only. Use of

this equation to determine {dV/dT)p and {dV/dP)T, together with

values of V{T, 0) and Cp{T), then enable the calculations already out-

lined to be made. This procedure was used for the original calculations

on pure water. For the calculations on salt water a somewhat different

scheme of calculation was set up, based on a modified form of the Tait

equation. It was found convenient to make calculations of shock front

conditions by integrations along paths of constant pressure and entropy,

and for this purpose the equation of state was taken to be of the form

^^^°^ ~v[dp)s^n[P + BiS)]

or in integrated form

where B{S) is a function of entropy alone and n is approximately a con-

stant. It was found that the necessary value of n to fit P-V-T data

between 20° and 60° C. up to pressures of 25 kilobars deviated by less

than =b 4 per cent from an average value 7.15, which was adopted for

the calculations. The slowly changing constant B{S) was taken to be

the same as the value B{T) determined for 0.7 molal salt water from

data of Gibson. At 20° C, B has the value 3.047 kilobars.

This form of equation of state should give a better extrapolation of

the P-V-T relations to high pressures than the isothermal Tait equa-

tion, which permits a state of zero volume for finite pressure and hence

must overestimate the compressibility and related sound wave veloci-

ties at high pressures. With the adiabatic form of equation and values

of V{T, 0) and Cp from the literature (cited in Table 2.1), the enthalpy

CO, particle velocity u, sound and shock velocities c and U, and Riemann
function a can be computed by straightforward methods. Results for

sea water initially at 20° C. are given in Table 2.1 for pressures up to

80 kilobars (1 kilobar = 14,513 Ib./in.^), and plotted in Fig. 2.3.

Although they are not directly needed, the change in entropy and

temperature rise at the shock front are of interest and approximate

values are given in Table 2.1 for several pressures. The entropy change

is worth consideration as Kirkwood and Bethe in their propagation

theory neglect its contribution to the enthalpy of the shock wave. This

contribution is given by

Aco(^) = TiPo, S) dS
^ So
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and for estimates of magnitude may be approximated by

AC0(>S) ^ TavAS

where Tav is the mean temperature. For a final pressure of 3.10^

lb. /in.2 we obtain

Aco(,S) = 330-0.06-4.19 = 83 joules/gm.

80

70

60

50

li.„
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this condition, as transitions of this kind take place very slowly. The
water is rather in a metastable condition not amenable to conventional

measurement.

In use of the shock front data of Table 2.1, it is to be remembered

that the equation of state used is only approximate and involves con-

siderable extrapolation for pressures above 360,000 Ib./in.^ (25 kilobars)

Pressure
(kilobars)
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front. Penney also used an adiabatic form of the Tait equation which

be fitted to Bridgman's data for pure water with the result which may
be written

_j/a7\ 1

V\dP)s 7.47(P + 2.94)

where P is in kilobars. The slightly different constants, as compared

to Kirkwood's values, lead to results which differ by one or two per

cent only for pressures up to eighty kilobars.

It is interesting to note that any adiabatic equation of the form

(2.30) leads to a simple numerical relation between the Riemann func-

tion 0- and the sound velocity c behind the front, the relation being

(2.31) a = ^- (c - Co)
n — I

where Co is the sound velocity in the undisturbed medium ahead of the

shock front. A relation of this kind considerably simplifies numerical

integration of the Riemann equations or analytic formulations, and

both Penney and Kirkwood make use of such relations.

C. Approxi7nate relations for adiabatic changes. In application of

the Kirkwood-Bethe theory for propagation of spherical shock waves

it is necessary to utilize relations for the various variables behind the

shock front. The adiabatic modification of the Tait equation provides

a relation convenient for this purpose, and it is also found useful to

employ the Riemann function a as an independent variable. Although

the final state behind a shock front should properly be calculated from

the Rankine-Hugoniot relations, the results so obtained differ little

from those obtained assuming an adiabatic change. This is plausible

from the small values of entropy change at the shock front (see Table

2.1), and will be shown explicitly from the adiabatic results which we
proceed to derive.

If the pressure Po in the undisturbed fluid is taken to be zero (a

pressure of at most a few atmospheres being negligible for the present

interest), the adiabatic Tait equation gives a relation for the parameter

B in terms of the velocity of sound at zero pressure Co,

B = -^-^j where
n \ap /So

Assuming that n and B are constants, the adiabatic equation gives

the following relations
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-f [(;.)-']

\dpjs ' \Po)

-=/:f=.-^[(r-']
Po

If (7 is used as an independent variable, we find by substitution that

CO = Cocr 1 H <j

L 4c« J

From Table 2.1 for properties of water at the shock front it is evident

that (7 is approximately equal to u. Substituting u = cr/ we obtain for

the kinetic enthalpy 12 (from its definition) and the shock front velocity

(from the Rankine-Hugoniot conditions) the relations

The propagation velocity c + o- as a function of o- also follows im-

mediately, and with the notation jS = (n + l)/4co we obtain the rela-

tions employed by Kirkwood and Bethe in their propagation theory

(2.32) c + a = Co [1 + 2/3(7]

t/ = Co [1 + /3(7], where ^ = '-^^4^, c^^ = ('^\
4c. \dp ho

12 = CoC7[l + /5a]

The values of c + o-, t/, and 12 obtained by these relations with

n = 7.0 and values of a from Table 2.1 are compared for several pres-

^ It might appear that replacing w by o- is an additional approximation, but the

errors in the propagation theory of Kirkwood and Bethe are actually reduced, as

discussed in the Appendix.
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sures with numerical values from the equation of state and Rankine-

Hugoniot conditions in Table 2.3. It is seen that the approximate equa-

tions give reasonably good agreement with the more accurate calcula-

tions, and therefore form a good basis for development of propagation

theory. The velocity c + a which Kirkwood and Bethe use as their

fundamental propagation velocity behind the shock front is seen always

to exceed the shock front velocity U. This is what the argument of sec-

tion 2.3 led us to expect, and makes plausible the result that the out-

ward motion of a shock wave involves a progressive overtaking of the

front by the disturbance behind the front and dissipation at the front

which limits its rate of advance.^

2.7. The Thickness of Shock Fronts

The Rankine-Hugoniot equations are universally employed to

represent the conditions at a shock front. Since their derivation de-

Pressure
(kilobars)
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Herring^ has also given a particularly simple derivation which illus-

trates the type of argument that can be used to determine the order

of shock front thickness given by macroscopie viscosity considerations.

If the coefficient of shear viscosity is denoted by ju, the classical theory

of viscous fluids shows that the energy dissipation per unit volume and

time in a plane wave is given by

2m&
For a plane wave, however, dii/dx = — (1/p) dp/dt by the equation of

continuity, and writing A^ = (1/c) Ax where Ax is the thickness of the

front, the dissipation per unit area of the front is roughly

2m(-T) • Ax ^ 2mc^"
^^^^'

im--- po^Ax

where Ap represents the increase in density across the shock front. In

order to form an estimate of Ax it is necesssary to obtain an alternative

estimate of the energy dissipated in the front. This can be done if we

assume that the Rankine-Hugoniot conditions are at least approxi-

mately true. With this assumption the dissipated energy can be esti-

mated from the difference in area between the R-H curve on the P-V
diagram and the adiabatic curve, as Herring does. Essentially the

same result can be obtained by using the dissipated enthalpy computed

by Kirkwood and Montroll (59, II). If the ratio of dissipated enthalpy

to the total is a, we have

Energy dissipated/gram = aAH = au(-1)

from the fact that AH = A{E + P/p) = u{U - u/2). The mass of

water traversed in unit time by unit area of the shock front is with

sufficient accuracy poC, and equating the two expressions gives

For a pressure of 20 kilobars Kirkwood's calculations give Ap = 0.32

gm./cm.^ a = 0.05, and employing a value m = 0.01 cgs. units gives

A X ^ 0.6 X lO-'^ cm.

3 Herring's calculation is given in a chapter written by him on "Explosions as a

Source of Sound," for inclusion in a summary technical report for Division 6 of

NDRC, and to be entitled "Physics of Sound in the Sea."
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More detailed investigations of the thickness of shock fronts have

been made by a number of writers. In a classic paper, Becker (7) ob-

tained exact solutions of the hydrodynamical equations for a plane

shock wave in an ideal gas, and came to the conclusion that the thick-

ness of the shock front became comparable with the mean free path

for only moderate pressure ratios on the two sides of the front. Under

these circumstances the hydrodynamical equations are no longer valid

and kinetic theory must be used, which reduces to hydrodynamics if

fluctuations over distances of a free path can be neglected. Becker

further concluded that even classical kinetic theory was inapplicable

to very intense shock waves in gases. Thomas (113) has shown that

this conclusion is in error because of faulty assumptions about the co-

efficients of viscosity and thermal conductions for gases at high tem-

peratures and pressure, and when the proper values are used he finds

that kinetic theory should be applicable even to extremely intense

shocks. All these results are for gases and, of course, do not apply

directly to liquids. However, it seems clear that the thickness of

shock fronts is so small as to be virtually undetectable by direct meas-

urement, and the gradients of pressure and particle velocity are so

large that hydrodynamical methods are no longer applicable to their

detailed description.

2.8. Conditions at a Boundary between Two Different Media

In our review of the hydrodynamic conditions in fluids, we have so

far considered only the development and propagation of pressure waves

in an infinite medium. Even this development is incomplete unless

account is taken of the way in which conditions in the gas sphere are

related to those in the water at their boundary, and in practical cir-

cumstances the medium of propagation is of finite extent. The natural

boundaries which always exist are of course the surface of the sea and

the bottom, and the most important use of underwater explosions has

long been for attack against ships or other structures. The general

problem of what happens when the disturbances set up by an under-

water explosion come in contact with a different medium, at a boundary

is, therefore, one of considerable importance, but only a few of its

ramifications can be dealt with here.

The approximation is again assumed that the motion of water

or gaseous products is described sufficiently well without viscosity or

other dissipation mechanisms, except at vanishingly narrow fronts or

discontinuities. If we consider a plane boundary between two media

having different mechanical properties (density, compressibility), it is

evident that the pressures must be equal at adjacent points in the two

media on either side of the boundary. Further, any motion of the

fluids at right angles to the boundary must be such that the com-
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ponents of particle velocity perpendicular to the boundary are the

same at adjacent points. With the neglect of viscosity, there is no

restriction on the tangential components of particle velocity and the two

fluids are free to slide parallel to the boundary. This lack of restraint

is not strictly true in any fluid, and there must be a layer at the boun-

dary where viscous friction is important if there are differences of

tangential velocity near the boundary. For the cases we shall have to

consider, however, there is no reason to believe that this layer is thick

enough to modify the motion appreciably, and in the special case of

motion normal to the boundary this question does not arise.

u'/
COMPRESSION ' ^ ^

RAREFAC

S

Fig. 2.5 Reflection of a plane shock front at an infinite boundary.

Before becoming involved with mathematical consequences of the

boundary conditions on pressure and normal particle velocity, it is of

interest to examine the phj^sical situation when a shock wave arrives at

a boundary. We consider that at some time a plane shock front of

compression SO is incident on the boundary BB' at a point as shown

in Fig. 2.5, the wave front making an angle a with the boundary as

shown. To the right of SO in the undisturbed fluid the particle velocity

is zero, but the fluid behind the front has acquired a velocity u normal

to the front in the direction of advance, the magnitudes of u and shock

front velocity U in the fluid below OB' being related to the compression

by the Rankine-Hugoniot conditions and equation of state. We have

next to consider the state of affairs along the line OB' (actually a plane

normal to the plane of the figure) . Suppose, first of all, that the medium
above the boundary is infinitely rigid, by which is meant that no motion

of the boundary can take place. As the shock wave travels from left

to right it leaves the fluid at the boundary with a component of velocity

u cos a normal to the boundary. This is, however, inconsistent with

the assumed rigid boundary and the resistance of the boundary must

therefore modify the motion of the water in such a way as to annul the

normal flow set up by the incident wave. A stationary condition can
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be set up only if we postulate a secondary shock front originating at

of such strength and direction that its passage through the fluid be-

hind OS introduces a normal velocity equal and opposite to that pro-

duced by the incident wave all along the line OB'. A conceivable front

of this kind is indicated by the dashed line OR in Fig. 2.5 and is called

regular reflection. Whether or not the necessary compensation can be

achieved by such a front requires a more detailed examination but it is

clear that a front of the type indicated must be one of compression.

The opposite extreme occurs if the medium above OB' offers no

resistance to compression. This state of affairs is very nearly realized

if the fluid below OB' is water and above OB' air, the ratio of compres-

sibilities being of the order 1/7 -10^ In this case it is not possible to

develop a significant compression in the medium along the boundary

-^ ^ ->. ^ X. -^ ^ N X N ^ X ^ X

u
Uo«0 V' U =

t;: |--r.-

(a) Before Reflection (b)Afler Reflection

Fig. 2.6 Normal reflection at a rigid boundary.

OB', and pressure waves must be originated at which leave the fluid

along OB' in its original state of compression. There is of course no

opposition to motion of the boundary and hence no restriction on the

normal components of velocity. The necessary conditions are then

again conceivably realized by a pressure front originating at 0, but dif-

fering from the rigid boundary case, in that a rarefaction wave is re-

quired to reduce the pressure to its original value. In this case the

particle velocity developed by the rarefaction has a component toward

the boundary as indicated in Fig. 2.5. The fluid behind OR is there-

fore left with a normal component of velocity toward the boundary

which is the sum of the components introduced by the two pressure

fronts and the boundary will be displaced upward.

In the special case w^here the boundary is normal to the incident

wave, incident and reflected wave fronts do not exist simultaneously.

If the boundary is perfectly rigid, the situation when the wave has just

reached it is one of fluid moving toward the boundary. This motion

can only be destroyed at the boundary by a discontinuity travelling

back through the moving fluid with intensity and velocity of such mag-

nitude as to destroy the flow velocity, and satisfy the Rankine-Hugoniot
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conditions. The conditions before and after reflection are indicated

schematically in Fig. 2.6.

If the medium above the boundary is a compressible fluid, the

boundary conditions of continuity and pressure can be satisfied only if

a wave is transmitted into the fluid. The pressure and particle velocity

left behind the front at the boundary must equal the pressure and

particle velocity left behind the reflected wave, which is itself travelling

in the compressed upward moving fluid left by the original wave. The

situation is shown in Fig. 2.7. It is to be understood that the condi-

1
u u=0

tu.

TRANSMITTED

B BOUNDARY

tu'

REFLECTED

U'
fu#o

Fig. 2.7 Reflected and transmitted waves for normal incidence.

tions shown are strictly true only at the boundary, which in general

moves after the original impact {u' 9^ 0) and that the pressure P' and u'

at the boundary will decay with time even for a plane shock wave.

The relative compressions and flow velocities in the different regions

of Fig. 2.7 depend not only on the relative densities and compressi-

bilities but also, for finite amplitude waves, on the intensity of the

original wave. In the case of normal incidence on a boundary, we can

take as the boundary conditions

P' = Po'

U = V,

where P', u' refer to the fluid below OB', P'„ u' g to the fluid above OB'.

The equalities are true at any time after incidence and hence the total

time derivatives, which measure the change at the boundary, must also

be equal

:
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dP^ ^ dPl
dt dt

du' _ dUg

dt ~ ~dt

These are the appropriate conditions, for example, in following the

boundary of the gas sphere after detonation of a charge.

2.9. Reflection of Acoustic Waves

A. Rigid boundary. Before considering the more general problem

of waves of finite amplitude, it is worthwhile to examine the results in

the limiting case of small compressions and flow velocities. Returning

to the case of a rigid boundary indicated in Fig. 2.5, Ave observe that,

for a sufficiently weak disturbance, the fluid behind the incident front

OS differs infinitesimally from that ahead of it. As the front progresses

parallel to the boundary, points on it at fixed distances all have the

same velocity Co/sin a parallel to OB', where Co is the normal velocity of

the infinitesimal disturbance OS. The postulated front OR travels

with the same velocity Co and the point velocity is Co/sin a where a' is

the angle of the front with the boundary. In the approximations of an
infinitesimal disturbance these velocities become asymptotically equal:

Co/sin a = Co/sin a', and we have the familiar law of reflection that

a = a. The condition imposed by the boundary is that there be no
net component of particle velocity normal to it, which is expressed by

(2.33) u cos a — u' cos a = {)

and since a = a', necessarily u = u' . Hence the particle velocities of

the two waves are equal and it follows that the two fronts are of equal

strength.

The pressure at the boundary to the left of is the sum of the two
pressures and is hence 2P, regardless of the direction of the incident

shock. This independence of direction, however, leads to a familiar

acoustic paradox. If taken literally, this result predicts a pressure 2P
for a = 90°. But a = 90° represents a wave parallel to the boundary
for which there is no change in contact with the boundary as it advances

and no way for the pressure to be doubled. The derivation, of course,

breaks down for a = 90°, as cos a = cos a' = in Eq. (2.33), but we
are nevertheless left with a discontinuity between the value 2P for a
only slightly less than 90° and the value P behind a front travelling

parallel to the boundary. This circumstance holds strictly only for

waves of infinitesimal strength and the whole analysis and conclusions

from it may be expected to break down for waves of finite amplitude.

This question is examined in section 2.10, which describes the theory
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due to von Neumann for the more general case. These results are both

curious and interesting, and have consequences of some importance in

the understanding of underwater shock waves.

B. Arbitrary boundary. In the acoustic case of an arbitrary medium
above the boundary we must add a transmitted wave in the medium, as

shown in Fig. 2.8. It is again to be expected that the angles of inci-

Fig. 2.8 Acoustic transmission and reflection.

dence and reflection are equal, and for a stationary condition the

tangential velocity of the front of the transmitted wave must equal

that for the incident wave, hence

Co/sin a = c^o/sin ag

which gives Snell's law^ for the direction of the transmitted wave

sm a Co

sin ag Cgo

Continuity of pressure and particle velocity across the boundary

requires that

u cos a — u' cos a = Ug cos ag

For sufficiently small disturbances the excess pressures and particle

velocities in the waves are related by the equations (see section 2.2)

P = PoCoU, P' = PoCoU', Pg = PooCgoVg

in which it is assumed that the density and propagation velocity are

negligibl}^ different from the values po, Co in the undisturbed fluid.
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Solving the three sets of equations for the excess pressure and particle

velocity ratios in the waves gives

(Z.o4j — —
r PgoCgo COS a -f- poCo COS ag U

Pg _ 2pgoCgo COS a _ PgoCgo Ug

P PgoCgo COS a + PoCo COS ag poCo u

It is readily verified that for a rigid boundary {pgoCgo ^ poCo) these rela-

tions reduce to

P' = p. u' = u

Pg = 2P, Ug =

as already found.

A question of obvious importance is what level of compression in

water is compatible with the assumption that the waves are of infinitesi-

mal amplitude so that Eqs. (2.34) can be applied, rather than more
complex calculations taking into account variations of density and com-

pressibility. The answer can only be demonstrated by such calcula-

tions but a safe rule based on them is that for pressures of less than

10,000 lb./in.2 and angles of incidence not greater than 30°, the de-

partures from a regular scheme of reflection as depicted in Fig. 2.8 and

calculations using Eqs. (2.34) are insignificant. In the majority of

cases, reflections from the surface or bottom of the sea can be treated in

the acoustic approximation. The reflection of a pressure w^ave from a

free or nearly free surface presents, however, some problems of its own,

which we consider briefly before returning to effects in waves of finite

amplitude.

C. Free surface. In the discussion of boundary conditions it has

been tacitly assumed that the pressure waves involved were of con-

stant strength at the initial discontinuity, and that the pressure at all

points behind the front had a constant value, i.e., the pressure was a

step function. With these assumptions a wave of compression strik-

ing a free surface is reflected as a rarefaction of equal strength which

leaves behind it fluid at the initial pressure. In actual cases, either or

both of these assumptions is likely to be a poor approximation. Con-

sider first the common case of a spherical shock wave of relatively small

amplitude. In the acoustic approximation, the amplitude falls off in-

versely as the distance from the source and the profile behind the front

is roughly an exponential decay. If this w^ave strikes a free surface

obliquely, we have to expect from Eqs. (2.34) that at the boundary a

reflected wave is set up of amplitude equal to the incident wave, but of
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opposite sign in order that the net pressure be zero at the boundary,

and that the velocity of the surface is twice the normal component of

velocity in the incident wave, Avhich may be expressed as

P' = -P, 2u cos a

where a is the angle of incidence. Initially, therefore, the surface of

water above an explosion will be thrown upward and the pressure can-

celled. As the wave progresses, however, the pressure in the incident

wave at a point near the surface decreases and the head of the rare-

faction wave moves down and away from the boundary and the source,

as sketched in Fig. 2.9. It is evident that the negative change in pres-

sure at this front will encounter regions in which there is a smaller value

Reflected Wave

Direct Wave

(o) Direct Wove and Surface Reflection (b) Resultant Pressure -Time Curve

Fig. 2.9 Effect of surface reflection on observed pressure below a free surface.

of excess pressure. The net pressure behind the rarefaction will there-

fore become negative, and if this regime persists the water will be

required to develop a state of negative absolute pressure. (It is to be

remembered that the water at the surface is initially under a hj^dro-

static pressure of one atmosphere and this pressure increases at the rate

of one atmosphere for each thirty-three feet of depth.) The pressure-

time curve at a point C in Fig. 2.9(a) would, therefore, look somewhat

as sketched in Fig. 2.9(b), the time of arrival of the reflected wave being

readily calculable from the geometry. It is well known that water will

in favorable circumstances withstand considerable tensions, values as

high as 600 Ib./in.^ having been reported, but under ordinary conditions

much lower values are to be expected. Hence for sufficient negative

absolute pressure we must expect that the water mass is pulled apart

from itself and "holes," so to speak, are formed which prevent an in-

crease in tension, a region of cavitation being formed instead. The
pressure after this has occurred is indicated qualitatively by tlie solid

line of Fig. 2.9(b), the dashed line being the unrealized state of tension.

This "surface cutoff" effect plays a considerable role in the surface
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phenomena after an explosion, and must also be considered in analysis

of the effects of explosions on yielding structures; these phenomena are

described in more detail in Chapter 10.

2.10. Reflection of Finite Amplitude Waves

A. Normal reflection from a rigid boundary. In the case of acoustic

pressure levels the reflection from an infinite rigid surface results in a

pressure at the surface which is double the incident pressure. If the

changes in density are not infinitesimal this conclusion will not hold,

and an explicit calculation based on the conservation conditions de-

veloped in section 2.5 must be made. The simplest case is the one of

normal incidence and the calculations for this case will be considered

first. If the incident wave travels with velocity U into a fluid at rest

with density po and pressure Po and leaves behind it fluid with density p,

pressure P and particle velocity w, we have

(2.35) piU -u) = poU, P - Po = poUu

When this wave strikes the boundary, the physical situation must de-

velop in such a Avay that the fluid at the boundary is at rest. This

boundary condition is satisfied if a reflected wave of compression travels

back from the boundary with velocity U' and a strength just sufficient

to bring the fluid entering the front with velocity U' — u to rest. If

the pressure behind this front is P' and the density p' we have for con-

servation of mass and energy

(2.36) p([/' - u) = p'U\ P' - P = p'U'u

Solving Eqs. (2.35) and (2.36) for the ratio of excess pressures behind

the incident and reflected waves in terms of the densities gives

(2.37)

In order to determine the ratio a second pressure-density relation is re-

quired. Strictly, this should be computed using the Hugoniot energy

condition and equation of state data, as the passage of each shock front

involves a finite dissipation and leaves the fluid behind the front on a

new adiabatic. For water, however, the change in entropy is small

and an adequate approximation is obtained if the change is neglected.

The same adiabatic equation of state can then be used for all three

P'
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conditions of the fluid. From section 2.5, a suitable representation of

the pressure-density relation for adiabatic compression is

P + B = kp-"

where B is approximately 2.94 kilobars (= 42,670 Ib./in.^) and 7 = 7.25

from Penney's calculations. The ratio of reflected to incident pressures

is then

(2.38)
P' - Po

P - Po

(0 1

fcT

'

The pair of equations, (2.37) and (2.38), permit simultaneous solution

for the final pressure and density in terms of the values behind the

incident wave. It can readily be seen that the ratio {P' — Po)/{P — Po)

is always greater than two, and approaches this value for weak shock

waves as it should. Penney and Dasgupta (85) have computed the

Incident pressure
(kilobars)
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theory. The differences in durations and impulse are, however, less

than 5 per cent for pressures up to 4,000 Ib./in.^ and so can be disre-

garded in many cases. It is also to be remembered that a one-dimen-

sional case has been considered and results of this kind hold only if the

boundary is of infinite extent. For a surface of finite extent, the dif-

ference between incident pressure at the edge of the surface and doubled

pressure at interior points must be relieved by a diffraction wave. In

other words, a solution equivalent to geometrical optics does not satisfy

the physical conditions, and the hydrodynamic equivalent of optical

diffraction must be considered in cases where the linear dimensions of

the surface are comparable with the length of the pressure wave. This

situation, which must obviously be considered in analyzing the forces

exerted by an explosion on a target, will be examined in Chapter 10.

B. Oblique incidence at a rigid boundary. The discussion in part (a)

showed that no very considerable modifications of the simple acoustic

law of reflections resulted for finite amplitude waves at normal inci-

dence, but a further question, of what happens to the acoustic paradox

of a discontinuity in pressure at grazing incidence, remains to be con-

sidered. One might offhand expect that for finite waves the pressure

at the boundary would fall continuously to the incident pressure as the

angle of incidence approached grazing values. This, however, is com-
pletely untrue and the apparently paradoxical phenomena actually

observed have been the subject of considerable investigation, especially

in air where the actual conditions are particularly striking, von Neu-
mann (116) has considered the general problem for a rigid boundary in

considerable detail, and his theoretical considerations have been ex-

tended to specific types of fluids by Polachek and Seeger (87). Any
very complete summary of these investigations would be beyond the

scope of this work, and all that is attempted here is an outline of the

physical factors which lead to the complex phenomena involved and a

brief discussion of the results.

Before considering in detail the incidence at a rigid boundary, it is

pertinent to answer an argument which might plausibly lead one to

conclude that the whole question is academic. This argument runs as

follows: the non-acoustic behavior of water is significant only for very

high pressures, at these pressures even materials such as steel will yield

and hence a rigid boundary under these conditions is an unrealistic

assumption. The argument is not without merit, and certainly the

assumption may be an oversimplification of many actual circumstances.

The premise that only extremely high pressures need be considered is,

however, not demonstrated, and in fact we shall see that it is erroneous

for nearly glancing incidence. A second point is the fact that reflection

of a shock wave from a boundary is precisely the same problem as the

intersection of two plane shock waves of equal intensity, the boundary
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condition for this problem being that the particle velocity at the plane

of symmetry through the line of intersection has no component normal

to the plane. The necessary result is therefore the solution for the

rigid boundary plus the reflection of this solution in the boundary. The
question of rigidity disappears, and the validity of the solution involves

only the assumption that shearing effects can be neglected. Inter-

secting shock waves are at least an approximation to the circumstances

involved in pressure waves from multiple charges or different parts of a

single nonspherical charge, and the discussion following is thus signifi-

cant in such situations.

We saw, at the beginning of this section, that an oblique shock wave
striking a rigid surface leaves the fluid behind it with a component of

,a ) FIXED FRAME OF REFERENCE

Fig. 2.10 Oblique reflection of a shock front at a rigid boundary

(b) FRAME MOVING, POINT OF
CONTACT STATIONARY

flow toward the surface and that the necessity of reducing this com-

ponent to zero requires that a reflected wave be developed. The
simple scheme of mirror reflection was found to hold for a very weak

disturbance, but must now be re-examined. In the situation of Fig.

2.10(a), the flow velocity u behind OS can no longer be considered

infinitesimal. The physical situation actually realized must be one

which reduces the component of u normal to the boimdary to zero.

Whether or not a single reflected shock OR can do this is the first con-

sideration. If Fig. 2.10 is to apply at all times it must be true that the

velocity of OR parallel to itself is just equal to that of the incident wave

OS, otherwise OR will get ahead of itself, so to speak, and leave a situ-

ation at and near incompatible with the boundary condition. Pre-

cisely this must happen, however, as the angle of incidence a apj^roachcs

90°. For in this case, the particle velocity u will be nearly noi-mal to

the front OR and the fluid ahead of OR has an increasingly large com-

ponent of velocity normal to OR for any assumed angle a. The pres-
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sure front OR can then be thought of as propagating into a fluid under

compression which has velocity away from OR. Its velocity U' in

fixed coordinates will therefore become increasingly supersonic for both

reasons as a approaches 90°.

Regardless of the direction of OR, it encounters for sufficiently large

values of a a fluid in which its displacement parallel to BB' will exceed

that of OS. The validity of the conclusion is perhaps seen most easily

for a frame of reference in which the incident wave OS is at rest, as

shown in Fig. 2.10(b). The fluid entering OS has initially a flow

velocity parallel to BB' modified by OS into a flow F which has a com-

ponent normal to BB' . The component of F normal to OS is increas-

ingly reduced as it, the flow left normal to OS in a fixed frame of refer-

ence, increases. As OS becomes increasingly obhque (a -^90°), this

normal component represents more nearly the whole of F and the flow

velocity F itself will, for sufficiently high compression, be less than

sonic, i.e., less than the velocity with which even an acoustic wave is

propagated. Any shock wave OR Avill therefore advance into this

fluid, as its resultant velocity normal to its front in the moving frame,

obtained by compounding the component of F normal to OR and the

shock front velocity, is always directed away from BB' . The point of

contact of OR must therefore move to the right in Fig. 2.10(b) if OS is

fixed. In a fixed frame of reference OR advances on OS, and the point

O must move downward from the wall.

The possibility of a breakdown of regular reflections having been

shown, it remains to determine the critical condition for which it fails

and to examine what happens on either side of this condition. If

regular reflection is to hold it must be true that the resultant velocity

left by the two shock waves has no normal component. It is convenient

to choose a frame of reference fixed with respect to the two fronts.

The condition for no normal component of velocity is then

(2.39) u co^ a -^ u' cos a =

where u' is the velocity acquired in passing through the reflected front.

It is convenient to formulate the relation between the tangential com-

ponents by the condition that the tangential velocity Ux, of a point in

the fluid between the two shocks, must be the same whether calculated

from the conditions ahead or behind the front. Any such point arrives

at the initial shock with velocity [7/sin a if t/ is the velocity of this

shock relative to the fluid ahead of it. It acquires a velocity u normal

to the front and the tangential velocity Uj, behind the front is therefore

U . (U — u) -\- u cos^«
Ux = ~ u sm a = -^

sm a sin a
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If the reflected shock travels with a velocity U' relative to the fluid be-

hind it, the tangential velocity ahead of this shock is U'/sin a' less the

tangential component of u^, and

U' , . , {U' -u') +u'cosW
Ux = ;

— u sm a = -^
-.

sm a sm a

Equating these values gives

fo An\ f \ — (^ ~ '^) + ^ cos^q; _ {W — u^) + u' cos^o:^

sm a sm a

The pair of equations (2.39) and (2.40) therefore determine the

values of {V — u') and a for given values of {U — u) and a (since

{V — u') and u' are not independent for any given fluid), and can be

solved by numerical methods. There are, in general, two values of a

for a given intensity and direction of incidence, and corresponding

values of U' and u', these values being identified with two values of

pressure P'. As the value of a increases, how^ever, these two solutions

merge into one, and real solutions for a do not exist for more oblique

incidence and larger a. This failure indicates that the postulated

reflection scheme cannot be realized physically and some other system

of shock fronts must replace the simple one drawn in Fig. 2.10. Before

considering what "irregular" reflections can satisfy the physical condi-

tion it is of interest to determine at what angle of incidence aextr the

regular reflection breaks down, and to consider the relation between

incident and reflected shock fronts in the regular region as the extreme

value is approached.

The first question involved in the regular scheme of reflection is that

of which of the two values of a for a given P and a is physically real-

ized. General considerations as well as detailed calculations show that

the larger value of a' always corresponds to a greater pressure discon-

tinuity, and this solution thus represents a shock wave stronger than

the one for smaller a\ which moreover is ahead of the weaker shock.

Intuitively it is to be expected that the wave realized will be the in-

ferior one of smaller a in which energy is degraded to a greater extent,

and the existing experimental data all support (or at least do not con-

flict with) this conclusion. The evidence therefore excludes the larger

of the two values of a. Values of a and P'/Po as functions of a and

P/Po, where Po is atmospheric pressure, have been computed for water

by Polachek and Seeger (87) from the equivalent of Eqs. (2.39), (2.40).

In these calculations an adiabatic law of the form of Eq. (2.30) was
used with 7 = 7.15. Some of their values for a' as a function of a are

plotted in Fig. 2.11. The dashed parts of the curves correspond to the

larger, unrealized values of a. It will be seen that a is always greater
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than a, the increase being greater for stronger shock fronts. The maxi-
mum vahie of a for regular reflection decreases with increasing P/Po,
the Umiting value being indicated by the line marked extreme. A
corresponding set of curves for the reflected pressures is plotted in Fig.
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is 112,500 lb. /in. 2 (^' = 2.0) or three times the incident pressure. The
larger values of P' indicated by the dashed curves, which correspond to

the larger value of a, are not realized; and the locus of pressures corre-

sponding to the maximum value oiextr is represented by the dashed curve

marked aextr- It is evident that the maximum angle for regular reflec-

tion is determined by the condition d^'/da = oo, as the curves of ^'

ur

CO
CO
UJ
or

ocex
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pressures of the order 10,000 Ib./in.^ the increase is very appreciable.

A comparison of these results on regular reflections with available

experimental evidence on water is made in Chapter 7. The theory is

in qualitative agreement with experiment. Other experiments under

better defined conditions in air leave little doubt that the theory is

essentially correct for regular reflection insofar as it is applicable.

(The theory considers only the case of plane shock waves of infinite

Incident pressure
(lb./in.2)



64 HYDRODYNAMICAL RELATIONS

tion which requires comment. The fluid behind the shock waves and

sufficiently far from the wall (or plane of symmetry) arrives there by
passing through the incident and reflected shock waves in succession

while that near the wall passes through only the Mach stem. These

two parts of the fluid must have velocity in the same direction and the

same pressure but their other properties, in particular their density and

magnitude of velocity, will not be the same, as they have different past

histories. As a result a discontinuity of velocity, called a "slipstream,"

is formed, which is also a density discontinuity but not a shock wave.

Detailed solutions of this "three-shock" problem have been carried

out by von Neumann (116) by simple assumptions as to the nature of

the discontinuities at the points of intersection. The results are not,

however, in agreement with experimental results for air and there is as

yet no very clear understanding of what complications exist, von

Neumann has suggested that the difficulties may be largely mathe-

matical ones, and has expressed the opinion that the basic hydro-

dynamical equations are probably not at fault. The existing experi-

mental data for water are much more meager and do not offer any

appreciable help in the theoretical questions.

In closing this section, it may be well to point out that, although

fluids in»general can be expected to show flnite amplitude effects of the

type discussed, the details of both regular and Mach reflection depend

very greatly on the equation of state for the fluid. In water and other

liquids, the existence of an "internal pressure" and a large exponent y
lead to small deviations from simple acoustic behavior until pressures

of the order of 40,000 Ib./in.^ are attained, whereas in air marked devi-

ations occur for excess pressures of 15 Ib./in.^ or less.

D, Reflection at a free surface. One naturally inquires as to whether

the complex results obtained for reflection from a rigid surface have

their counterpart in reflection at a free surface. The necessary bound-

ary condition is that reflected disturbances must leave the fluid at the

free surface with its original pressure. This condition is appropriate

for a fluid surface beneath the atmosphere, as the pressure of the air

can change only insignificantly for the possible displacements of the

surface. These displacements are sufficiently small in shock waves so

that changes in gravitational potential are likewise small in comparison

with the energy of compression. If it is also assumed that density

changes by irreversible processes can be neglected, the density also re-

mains unchanged at the boundary. With these assumptions, the

function of reflected waves must be to restore the initial conditions

except for velocity acquired by the fluid in the process.

In the limiting case of normal incidence, the boundary conditions

can ])e satisfied by a reflected wave of rarefaction travelling back into

the fluid which leaves the fluid behind at the equilibrium pressure and



HYDRODYNAMICAL RELATIONS 65

density. The rarefaction wave is thus the negative of the initial shock

wave but is propagated into a fluid having a velocity u toward its front

and the boundary. The rarefaction must change this velocity by an

amount —u relative to the direction of its advance away from the

boundary, and hence leave the fluid with a velocity 2u toward the

boundary. Relative to the undisturbed fluid, the front thus has a

velocity U — 2u away from the boundary, U being the velocity of the

incident plane wave front, and the boundary is displaced away from

the fluid with velocity 2u.

The velocity doubling for acoustic waves is thus found for waves of

finite amplitude at normal incidence because of the apparent reversi-

bility of the Rankine-Hugoniot conditions w^hich involve only relative

velocities. The only differences are that the velocity u is related to

the incident pressure by the Rankine-Hugoniot conditions, and the

front of the rarefaction wave travels with a decreased velocity. The

particle velocity in terms of pressure is given from Eq. (2.28) by

P — P
(2.42) u = ^—f^poU

and this differs only from the acoustic case by use of the shock front

velocity U instead of the sound velocity Co. The velocity U — 2u oi

the rarefaction front is for water very nearly equal to the acoustic

velocity Co.

The derivation of Eq. (2.42) assumes the reversibihty of the shock

front process. This is of course not defensible, as energy is degraded

into heat by the passage of a compression wave. The fluid behind the

front is therefore hotter and cannot be returned to its initial pressure

without a new" value of density. A second associated difficulty is the

fact that, even if a discontinuous rarefaction front is developed at the

boundary, the a.dvance of this front must involve a progressive decrease

in the pressure gradient, as discussed in section 2.3. In view of these

difficulties, it is perhaps surprising that steep rarefaction fronts are in

fact observed, and that the velocity doubling for normal incidence has

been confirmed by experiment at pressures up to 20,000 Ib./in.^ (see

section 10.2). It should equally be no surprise if the simple rarefaction

scheme is found not to apply at higher pressures or oblique incidence.

The phenomena at oblique incidence have not been examined in

any work reported at the present time. It is evident, however, that

some readjustment must occur to take into account the acoustic para-

dox for grazing incidence on a boundary, at which the incident wave

produces only tangential velocity changes and yet the fluid must be

reduced to its initial pressure. This sort of complication must occur

even in the idealization of a plane wave of infinite duration and negli-



ee HYDRODYNAMICAL RELATIONS

gible viscosity effects. In practical cases of a source very near a free

surface the incident wave is spherical and of finite duration, and the

nature of an explosive source may furthermore be significantly modified

by venting of the explosion products. Very little experimental evi-

dence is available on these questions and the whole problem of obhque

incidence at a free surface is one on which much further work is needed.



3. The Detonation Process in Explosives

3.1 Explosive Materials

So far very little has been said about the explosive (the active cause

of explosions), except for assuming that unstable compounds, chemical

or otherwise, existed in which very rapid, violent reaction could be

started and, once started, maintain itself. The chemistry, mechanical

properties, testing, and production of such compounds is a very large

subject which can hardly be adequately summarized in the space of this

volume, let alone described in any detail.^ The complete omission of

such material would, however, be equally indefensible and the present

section attempts to give a qualitative picture of the information on ex-

plosives which is pertinent to an understanding of their effects under-

water.

High explosives as a class nearly always contain oxygen which is

readily freed from its original molecule and made available for recombi-

nation with other atoms into more stable molecules. (That this is not

always true is evidenced by lead azide, Pb(N3)2, which contains no

oxygen at all but is a very sensitive and powerful material.) An explo-

sive reaction may thus be thought of as a breakdown of the original

molecules into product molecules (such as CO, CO2, H2O, NO, CH4, H2

as gases, and C, Pb, AI2O3 as solids) together with the evolution of

large amounts of heat of the order of a kilocalorie per gram of explo-

sive. Reactions of this kind can take place either as a process in-

volving initially a single reaction molecule or between dissimilar mole-

cules present in, say, a powdered mixture. The rate of reaction and

violence of the process will evidently be favored by the intimate prox-

imity in a single molecule of oxygen and other atoms with which it can

combine. Thus for high explosives, organic nitrated compounds are

used with a chemical formula of the form (CgHrOsN^, these molecules

being described as oxygen-rich or oxygen-deficient depending on whether

or not enough oxygen atoms are present to react with all the carbon and

hydrogen. Frequently metals such as Al, Pb in the form of powders are

incorporated in the material to react with the oxygen and increase the

heat involved, or conversely oxygen rich materials such as ammonium
nitrate, perchlorates, may be added to provide more oxygen. These

additions might therefore be expected to delay completion of the reac-

^ An elementary account of the properties of explosives has been given by
Kistiakowsky (63), which includes discussions of detonation and burning, shock
waves, initiation, sensitivity, stability, and other properties. A number of books
discuss the chemistry of explosives, of which may be mentioned the works by Mar-
shall (71), Davis (25), and Meyer (73).
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tion as a result of the much less intimate relation between the added

reactants and the primary molecules.

If a high explosive material is to be practical it must obviously be

stable under all ordinary conditions of handling and storage, and at the

same time be capable of initiation by some external agency. Once a

sufficient source of energy is applied, the explosive reaction can be

started. The subsequent course of events depends on a large number
of factors, both physical and chemical. If the reaction can and is per-

mitted to build up, the rate and violence of the reaction will ultimately

be limited by the laws of propagation of wave motion and the condi-

tions of a steep fronted detonation wave may be realized. It is, how-

ever, possible to develop a lower and controllable rate by suitably

decreasing the concentration of reacting molecules or by using mixtures

such as gunpowder requiring reaction between particles. The practical

application of such slow reactions is, of course, in propellants for shells,

rockets, etc. where the shattering effect of a high explosive reaction

(sometimes termed "brisance") would be more destructive than useful,

but where large quantities of energy must be made available in a mod-

erately short time (this property being described as the "power" of the

explosive)

.

The slower processes in an explosion are usually described as burn-

ing, a term made natural by the importance of oxygen in the reaction.

The maximum rate at which an explosion can react is the ideal condi-

tion of detonation, in which the velocity and final state are determined

only by the explosive material and the initial density and temperature

(the initial pressure ordinarily being negligible). This ideal condition

may not be realized and low-order detonations are possible as a result

of any of a number of factors: lack of confinement by the surroundings

permitting expansion of the products before the reaction is complete

and a falling off of pressure behind the detonation front; insufficient

supply or duration of energy initiating the reaction; effects of the physi-

cal state of the explosive such as density and homogeneity of the charge.

From the point of view of underwater explosives, the most impor-

tant factors to be considered are perhaps first of all that a reproducible,

high order detonation is achieved, and second, that no effects occur

peculiar to the particular physical size or condition of the explosive

which are not characteristic of the explosive material under ideal con-

ditions. As an example of the latter, the failure of some small charges

to give results consistent with larger charges may be cited, effects of

this kind being attributable to a disproportionate energy supplied for

initiation, failure of the surface layer of the charge to react completely

before appreciable relief of pressure by the surrounding medium, and

other causes.
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The process of initiation is also of importance. The more stable

explosives from the point of view of shock or impact are more difficult

to initiate and for satisfactory "triggering" of these relatively safest

explosives it is necessary to use a small "booster" charge of more sensi-

tive material. The booster is set off by a percussion or electrical de-

tonator composition which can be initiated by a small quantity of heat

from mechanical impact or by an electrical current.

Explosives materials, exclusive of propellants, have been roughly

divided into two general classes: primary or initiating explosives for

which detonation can be achieved in small quantities with a nominal

supply of energy from, say, a detonator cap, and high explosives for

which detonation is achieved only in larger quantities and is initiated

by a booster charge. The distinction does not imply that a primary

explosive is "lower" than a high explosive (the reverse may be true),

but rather is made on the basis of difficulty in establishing detonation.

The distinction is of course a somewhat arbitrary one, as taken literally

it would make propellants, which do not detonate at all, the limiting

cases of high explosives. It does, however, differentiate between the

explosives used in quantity for destructive purposes and those used in

small amounts to start the process.

The list of explosives which have been used or tested is a very long

one and only a few will be considered here. The available data on

these few are likewise numerous and all that will be attempted is to

give the formulas and an indication of their primary interest for under-

water explosion phenomena.

A. TNT (C7H5O6N3), trinitrotoluene. TNT has for many years been

the standard high explosive. Its usefulness is the result of extreme lack

of sensitivity (and consequent safety), considerable energy, and low

melting point (80° C.) which makes it ideal as the liquid component in

preparing mixtures. The density of crystalline TNT is about 1.65gm./

cm.^, but densities of 1.50-1.55 are ordinarily realized in cast charges

prepared by melting granular TNT and pouring. Although cast TNT
has been used as the standard filling for more high explosive munitions

than anything else, a number of more effective mixed explosives have

been developed, in which TNT is a primary component.

B. Tetryl {CiE.^O^^^)2,^fitrinitrophenylmethylnitramine. A more
sensitive explosive than TNT, tetryl is extensively used as a primary

charge or booster for initiating TNT and other less sensitive explosives.

For this purpose, the granular powder product is formed into a solid

pellet by pressures of 2,000-4,000 kg./cm.^

C. RDX or cyclonite (CsHeNeOe), cyclomethylene trinitramine. RDX
is extensively used in mixtures with TNT and other components to

produce more powerful high explosives. The mixture Composition B,
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containing sixty per cent RDX and forty per cent TNT, is a form in

which RDX is often employed either as an explosive or in preparation

of other mixtures.

D. PETN (C5H8O12N4), pentaerythritol tetranitrate. PETN is a

more sensitive explosive than tetryl but is less convenient for general

use as a booster charge. An important application of PETN is in

primacord, a detonating high velocity fuse much used in demolition

work for firing a number of charges nearly simultaneously; it consists of

a waterproof, flexible cord with a small amount of PETN (approx.

3 g./ft.) as a core. The velocity of detonation in primacord is about

6,000 m./sec, the exact value depending on the production lot. This

high and quite reproducible velocity has been extensively employed in

experimental work to provide time intervals accurate to within a few

microseconds. Mixtures of PETN and TNT are called pentolites, the

most common being a 50/50 mixture. Cast pentolite charges can be

initiated by a detonator cap plus a few grams at most of loose (granular)

tetryl, and have been found highly reproducible and convenient charges

for small scale explosion tests.

E. Other explosives. A number of military explosives have been

developed as the result of efforts to improve upon the performance of

TNT. The necessary properties of any military explosive, such as

safety, stability, and ease of production, and the desirable feature of

greater power, are more easily specified than achieved. It is thus un-

derstandable that data on the composition and performance of success-

ful developments have not been made freely available. The addition

to TNT of such components as aluminum, to increase the heat of reac-

tion, and ammonium nitrate or other oxygen rich materials, to improve

oxygen balance, are two possible modifications by which the perform-

ance of TNT may be improved. A further discussion of these and

other explosives is ruled out either by security requirements or by the

fact that little is known about their properties as underwater explosives.

F. Initiating niaterials. Many varieties and combinations of es-

pecially sensitive explosives are used as the primary material in setting

off explosives. The exact composition and weight of such materials in

detonation caps are trade secrets, but the various possible materials in-

clude lead azide, mercury fulminate, PETN, and tetryl. The per-

formance of a detonation cap is rated in terms of exceeding various

arbitrary tests and it is not to be expected that similarly rated de-

tonators from different manufacturers will produce the same results in.

underwater measurements. Any classification of detonator caps as to

function is beyond the scope of this discussion, but seismographic caps,

which detonate in a much smaller and more reproducible time interval

after applying a firing current, should be mentioned.
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3.2. Detonation Waves

We have already mentioned that even a plane shock wave Avill ulti-

mately die out as a result of dissipation processes at the shock front

unless energy is continually supplied at some point behind the shock

front. If, however, the passage of the wave involves a release of

chemical energy in the medium it becomes possible to realize a self-

sustaining wave, which after its initiation builds up to a stable limiting

rate of propagation characteristic of the medium. Such a wave can

develop in an explosive, which is thermodynamically an unstable sub-

stance capable of reacting to form a more stable product with release

of energy, and is called a detonation wave. This self-sustaining wave
differs in two important respects from a shock wave. In the first place,

although the Rankine-Hugoniot conditions still relate conditions im-

mediately behind the shock front, the chemical energy appropriate to

the pressure and density of the transformed matter behind the front

must be included in calculations of these conditions. The second dif-

ference is that the propagation of the wave is not controlled by the

conditions behind the front, such as the motion of a boundary surface

without which a shock wave could not exist, but is rather determined

by the internal conditions in the material just behind the front. The
three equations expressing conservation of mass, momentum, and energy

at the shock front do not suffice to determine the four unknown quanti-

ties behind the detonation front : pressure P, density p, particle velocity

u, and velocity of propagation D. A fourth condition on these vari-

ables is therefore necessary to define which of the otherwise possible

waves will actually be established. Chapman (19) arbitrarily assumed

that the detonation velocity in any particular case was the minimum
velocity consistent with the Rankine-Hugoniot conditions for w^hich a

self-sustained wave could exist, and later Jouget (53) postulated the

condition

(3.1) D = c + u

where u is the particle velocity and c the velocity of small amplitude

Avaves in the reaction products behind the shock front. These assump-

tions are, as we shall show, equivalent and Eq. (3.1) is the mathematical

expression of w^hat is known as the Chapman-Jouget condition.

There is little doubt that the Chapman-Jouget condition correctly

predicts detonation velocities for the cases of interest to us and it is

generally accepted, but as yet there is apparently no valid theoretical

proof of its necessity in all practical circumstances, von Neumann
(117) has made a detailed analysis of the conditions at a detonation
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front which throw considerable Hght on the matter. Before describing

his results it is worth-while to consider simpler arguments which have

been advanced to make the condition plausible and a natural assump-

tion. A rarefaction wave behind the front of a detonation wave travels

with the velocity c -\- u and if the velocity D of the front were less than

this any such wave could catch up with the front and weaken it. Such

a rarefaction will result if, for example, the detonation is initiated by a

piston which later comes to rest, and in general a rarefaction will result

from any cause which abstracts energy from the reaction products.

t
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(3.2) D = VoV{P - Po)/{Vo - V)

It is evident from the diagram that this relation may be written

D = Vo Vtan a

where a is the angle a line such as AC, joining the initial point A and

a point C on the Rankine-Hugoniot (R-H) curve, makes with the

(negative) V axis.

The two possible states for a given value of D, corresponding to

points C and C\ will not have the same entropy, the value at C being

higher. That this must be true is evident from the fact that, as Becker

(7) points out, a transition from C to C describes a shock wave of com-

pression with initial state C and final state C, and the velocity D.

But, as discussed in section 2.3, the entropy is greater behind a shock

front than ahead of it. The greater entropy at the upper point C of the

two possible ones for a given D is therefore thermodynamically a more

probable state, and we should expect the state of highest pressure and

density compatible with other conditions to be realized. The other

condition is of course that D must be equal to or greater than c -\- u.

It is readily shown, however, that D is equal to c + w at the point

B corresponding to the minimum possible value of D and is always less

than c -\- u ioY any point above B if, as is generally true, the adiabatic

P-V relation for the products has positive curvature:

The more probable states above B are therefore destroyed by rarefaction

waves running into the front, in spite of the higher detonation velocity.

We therefore expect the state represented by B to be the one realized.

The mathematical proof that D is equal to c + ti at 5 is a straight-

forward thermodynamical derivation.^ From Eq. (2.29) the detonation

velocity is related to the P-V conditions in two states {Po, Vo) and
(P, V) and the particle velocity u by

(3.3) D =
Vo-V

and the velocity of sound behind the front is

-(fr--(-i):
2 The proofs given here follow closely the derivations given by Kistiakowsky and

Wilson (64). Thermodynamic considerations for detonation waves have also been
discussed by Scorah (99)

.
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In order to carry out the desired proof it is evidently necessary to con-

sider the adiabatic P-V relation at points on the R-H curve. The
relation between the adiabatic curve and the R-H curve at a given

point will of course depend on the position of the point and it is useful

to examine the possibility that for some point the two curves have the

same slope. For an adiabatic change (dS = 0) we may write

dE = -PdV
and hence

(i),
=

-

But if the slopes of the two curves are the same, the partial derivative

at constant entropy must be the same as the corresponding derivative

for the R-H curve. From Eq. (2.28), we have on the Rankine-Hugoniot

curve

E - Eo = i(P-{- Po) iVo - V)

and hence

Combining Eqs. (3.5) and (3.6) we obtain for the slope of the curves

P -Po
(3.7)

(-1?),

This is also the slope of the line AB m Fig. 3.1 passing through the

initial point PoVo and this line is thus tangent to the R-H curve at B.

The detonation velocity for this point is, from Eqs. (3.2) and (3.7),

given by

D = \\ dVjs 'V
Combining this result with Eq. (3.3) we obtain

D = c -]- u

as was to be proved.

The proof that the detonation velocity is less than c + w above the point B and

greater than c + m below B is somewhat more complicated. We note that the local

sound velocity C is related to the slope of the adiabatic F — V curves by

(-If). = ^-
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and from Eqs. (3.2) and (3.3)

Po, Vo being evaluated at the initial point and P, V on the R-H curves. From these

two equations, it is evident that investigation of the difference between D and

c + M is equivalent to determining the sign of the difference

(3.8) VV - VKD - uy = (-|^)^ - ^^"

at various points on the R-H curve. The adiabatic slope and slope of the R-H
curve at any point are related by the equation

{ovJr \dv)s~^\ds)Xdv)R

where the subscript R indicates differentiation along the R-H curve. Rearranging,

we have

In order to analyze the two factors on the right we note that from thermodynamics

(fX-(l-a

which is a positive quantity, i.e., an adiabatic decrease in volume is accompanied by

a rise in temperature. (This fact is readily demonstrated from more familiar thermo-

dynamic quantities: specific heat, thermal expansion coefficient, adiabatic com-

pressibility.) From the first and second laws

TdS = dE + PdV

and hence

From the energy equation (3.6) for points on the R-H curve we obtain

Sul:stituting for (dE/dV}R yields

It is evident that the sign of ( dS/ dV)R depends on the relative slopes of the line join-

ing the initial and final states on the P-V diagram and the tangent to the R-H curve

at the point representing the final state. If the R-H curve is concave upward, as
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shown in Fig. 3.1 this difference in slopes is negative above the point B and positive

below it. We must expect that this curve will have this form in general, as the pres-

sure must become infinite as the volume approaches zero and must, for the same
volume as in the initial state, lie above the point A. It is thus plausible that the

R-H curve for any normal fluids has positive curvature much hke an adiabatic curve

of compression, and the fact that the sign of {dS/dV)R has the behavior stated can
be demonstrated in terms of the curvature of the adiabatics.

Eqs. (3.9) and (3.10) permit us to write the velocity difference as given by Eq.

(3.8) in terms of variables of known sign, with the result

,.tc-(D-.)^] = (-f)^-(^)

From what has been said, the right hand side of this equation is positive for points

above B and negative for points below B. Hence, as was to be shown, D is less or

greater than c + u according as the final state Ues above or below the point B on
the R-H curve to which a line from the initial point A is tangent.

von Neumann (117) has made a more fundamental investigation of

the Chapman-Jouget condition in which he considers that the con-

servation equations must hold not only for the complete reaction of

the detonation front but also for intermediate stages of reaction in

the detonation front. The transition from undisturbed material to the

final product is therefore described by a series of states, each with its

own R-H curve. The detonation velocity for each state is described

by a line from the initial point A of Fig. 3.1 before reaction to the ap-

propriate point on each curve. In the cases we have to consider the

reaction zone is sufficiently narrow that all stages of reaction proceed

with the same velocity and a single line intersecting all these curves

must represent the detonation velocity. If the line representing the

Chapman-Jouget condition does not intersect all the intermediate

curves it cannot from this argument describe such states and is there-

fore incorrect. In such a case, the correct detonation velocity is, ac-

cording to von Neumann, determined by the line which is tangent to the

envelope of all possible R-H curves rather than to the final curve.

Investigations have been made by Lippmann, Brinkley, and Wilson

(11) to determine the conditions under which the Chapman-Jouget con-

dition is valid for various special cases of solid explosives, which indi-

cate that the relation may break down for high densities of the initial

material. The significance of the result is, however, impaired by the

approximations necessary to permit the calculations. Perhaps the best

justifications of the condition in practical cases are the facts that in-

creased refinements of calculation lead to wider predicted ranges of

validity for it, and the detonation velocities determined with its aid
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agree well with experimental values for conditions where calculations

suggest that it may not be valid. As we shall see later, the exact form

of the detonation wave is not, in most cases, of decisive importance for

computation of shock waves and gas sphere motion. Therefore, a more

detailed consideration of the possible failure of the Chapman-Jouget

condition is not necessary.

With the assumption of the Chapman-Jouget condition and the

Rankine-Hugoniot relations, the pressure, density, and velocity at the

head of a detonation wave are determined in terms of the equation of

state and thermochemical data for the medium. An explicit calcu-

lation can therefore be made and, once this has been done, the condi-

tions behind the front can be computed by using these boundary condi-

tions for integration of the equations of motion for the "fluid" behind

the front. The pressure and velocity distribution behind the front will

evidently depend on the shape of the front in space: plane, spherical,

or other. It is important to realize, however, that the properties at

the head of the wave do not depend on the shape as long as the thick-

ness of the front is negligible, as this condition, which results in the

Rankine-Hugoniot relations, makes any divergence of the wave im-

material.

If we consider a detonation wave established by the initial motion

of a piston or some other cause which subsequently ceases, it is evident

that gas at the point of initiation must come to rest, the agency by
which this takes place being a wave of rarefaction moving outward.

Immediately behind the detonation front the wave has a velocity

c -\- u equal to the detonation velocity D by the Chapman-Jouget con-

dition, and at points behind the front its velocity falls off to a final

value C2 consistent w^ith the adiabatic pressure density relation and the

condition that the particle velocity u is zero. For a plane wave, the

discussion in section 2.3 of the Riemann equations shows that the pres-

sure and density are propagated forward with a velocity c -\- u behind

the front. The particle velocity u is given by

dp
u — Ui

'

\'i

where Ux and pi are the particle velocity and density for some known
state, in this case the state at the detonation front. The final state

may thus be obtained by setting w = and determining the density

P = p2 for which the integral equation is satisfied.

It will be observed that if the detonation wave has a constant

velocity D, the front will travel a distance Dt in time t, the final state

will have travelled a distance C2t, and we expect that the whole scale of
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the wave profile is proportional to the time t. This is mathematically

equivalent to the statement that the pressure, density and velocities

behind the front are functions only of the ratio r/R, where R is the dis-

tance Dt travelled by the wave following its initiation at r = 0, ^. = 0.

That this is true is readily seen from the fundamental equations of

motion and of continuity, which are unaltered if t and r (or x) are re-

placed by I3t and ^r and the pressure, density, etc. are evaluated at ^t,

jSr. This result is an example of the principle of similarity which will

be discussed more completely for shock waves in Chapter 4. For the

short periods of time before the steady state of the wave has been

reached and the exciting cause has ceased, the condition wdll not be

fulfilled, nor is it true in the front where dissipative processes cannot

be neglected. In cases of interest, however, it is to be expected that

the scaling law will be realized to a very good approximation before

the disturbance has travelled any appreciable distance.

The detailed calculation of the properties of detonation waves is a

relatively straightforward numerical integration once the conditions at

the front and the adiabatic pressure-density relation for the products

behind the front are known. These calculations have been made by

G. I. Taylor for TNT, using as a starting point the conditions computed

by H. Jones, and will be described in section 3.6.

3.3. The Equation of State foe Explosives

A necessary preliminary to computation of conditions at and behind

the detonation front in an explosive is, of course, knowledge of the equa-

tion of state and heat capacity of the products which, together with the

heat of reaction and the Rankine-Hugoniot or adiabatic conditions,

permit determination of the pressure-density relations. It is evident

that the products of detonation, although to a large extent gaseous, are

initially confined to the volume of the original solid or liquid. In addi-

tion, the products are at temperatures of the order 3,000-5,000 A. and

pressures of 50,000 atm. or higher. These circumstances thus present

two rather formidable problems : first, the choice of a suitable equation

of state for products at much higher temperatures and densities than

are ordinarily investigated, and second, determination of the appro-

priate distribution of the original atoms among the many possible

molecular species in the product (i.e., the final composition).

A. The ideal gas law. Although we shall be interested in the reac-

tions of solid explosives, in which the final state even of gaseous prod-

ucts is very poorly described by assuming ideal gas laws, it is of inter-

est to consider the equations for ideal gases and some experimental

results on explosions of gaseous mixtures, as these results give some

indication of what composition products determine the detonation

process. For an ideal gas the equation of state is
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nRTPV =
M

where n is the number of moles of gas in M grams of the final gases

(which we assume to be a mixture of products). The adiabatic expan-

sion law is then

PV'^ = constant, dS =

where y is the ratio of specific heats and the velocity of sound c is given

by

=^^^<-f) = ^^^

The increase in internal energy E — Eo may be written

MiE - Eo) = Q + C. {T - To)

where Q is the heat absorbed in the reaction of M grams at the initial

temperature T and final composition and Cv is the mean specific heat at

constant volume of the final composition for the temperature range.

The Rankine-Hugoniot requirement for energy change at the shock

front may be combined with these thermal data to give

(3.11) £ - £. = i(P + P„) (V'-V)=~+^{T- T.)

In order to solve for the final temperature it is necessary to eliminate

P, V from this equation. The conditions of mass and momentum con-

servation at the shock front and Chapman-Jouget condition may be

written

D
Vo
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Substituting in the energy equation (3.11) and using c^ = yPV we have

iM ^' ~ ^^'
V = Q + CAT - To)

Py

Neglecting P^ in comparison to P^ and using the ideal gas law, this

becomes

(3.12) h^^^^ = Q + CAT - To)
7

If, in the explosion of a mixture of gases, the distribution of atoms in

the molecular products were independent of temperature and pressure,

both Q and n could be evaluated on the basis of quantitative reaction,

and Eq. (3.12) could be solved for the final temperature T if the vari-

ation of 7 and Cv with T is known. Actually, of course, the equilibrium

constant of gaseous reactions depends on P and T. Furthermore, we
have no a priori assurance that either quantitative reaction or the equi-

librium condition is the one determining the state of the products at

the head of a detonation wave. It is therefore of interest to compare

results of both possible calculations with observed detonation veloci-

ties. Changes in equilibria affecting Q and n make the determination

of T from Eq. (3.12) much more tedious than if the equilibrium were

frozen, but Lewis and Friauf (67) have made such calculations for mix-

tures of oxygen and hydrogen with various excesses of both components

and for the stoichiometric mixture (2H2 + O2) with added inert gases.

The equilibria allowed for were 2H2 + 62 = H2O, H2 = 2H, 2H2O

+ 02 = 40H, but not O2 = 20. Although the data used and assump-

tions made could be improved there is apparently no reason to believe

that the results are seriously in error. Reference should be made to

the original paper for further details. Once the final temperature T is

determined calculation of the detonation velocity D is made from the

equation

tiRT
,3,3, .4..=tj^-=„,„^^^,

obtained from the approximate relation that

Vo-V={P-Po)\-^-

The calculations of Lewis and Friauf compared with experimental

data of Dixon (29) are copied in Table 3.1. It is seen that the equi-
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librium calculations in all cases agree better with experiment than the

quantitative reaction. The agreement is, on the whole, extremely good

and gives considerable support to a conclusion that detonation condi-

tions are best calculated on the basis of equiUbrium of the products.

This result seems somewhat paradoxical when it is considered that the

thickness of a shock or detonation front is estimated as less than 10^^

cm., which for a velocity of the order 3 X 10^ cm. /sec. allows a time of

10~^ sec. or less for reaction in the front. It is of course unreasonable

to expect completion of the reaction in such a small time. The success

of the equilibrium calculation indicates rather that the reaction is essen-

tially complete before the conditions behind the shock front have

Composition
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periments. As H. Jones points out, the values of h required to fit this

type of data are not in very good agreement with other evidence and
are furthermore totally unreasonable for the front of detonation waves

as they lead to excluded molecular volumes greater than the total avail-

able volume. Jones (50) has therefore developed equations of state

along somewhat different lines in order to calculate detonation condi-

tions in solid explosives. At high pressure he fits an equation based on

theoretical results for the solid state to data of Bridgman and at lower

pressures employs a virial equation. The former equation Jones takes

to be of the form

P = RTf(I-)

dE,©
<i)

where Eo{V/N) is assumed to be the potential energy of interaction of

molecules in the gaseous product and N is the number of moles. The
internal energy Eo is expressed in the form

Eo{V/N) = Ae--y/^ -f B{V/N) + C

the first term representing repulsive forces, the second attractive forces.

In order to obtain suitable values of these constants, Jones considers

first the energy of normal modes of vibration of molecules in a solid,

assumed fully excited. With this interpretation, the function / can be

evaluated from compressibility data for gases under high compression,

and a constant value is found to be a good representation of Bridgman's

results for nitrogen at68°C.,6<P<15 kilobars. The assumed equa-

tion of state is then of the form

P = aAe--v/^ - B + RTf

the constants found to fit Bridgman's data being

/ = 0.313 cm.-*"^ A = 855 kcal./mole

a = 0.263 cm.-3 B = 0.139 kcal./mole

The constant C in the energy equation is taken to be —5.80 kcal./mole

to make the minimum energy equal to the heat of vaporization. At
lower temperatures a virial equation is used:

^ = RT -\- bP + cP' + (IP'
N
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the constants h, c, d being adjusted to give the same pressure and

curvature as the equation for a higher pressure at an intermediate value

of V.

These results are of course based on data for nitrogen at a low tem-

perature. Jones makes the assumptions that the effect of interaction

at high temperatures and comparable densities will not be appreciably

different and that the same interaction can be applied to other gaseous

products. With these assumptions the total energy of the products of

an explosion becomes

E = J: [NaEa +(N - N.) (Eo + ^ Rt\

In this equation Na represents the number of moles of each molecular

species, whether solid or gas, and Ea is the energy per mole exclusive of

interaction of molecules in the gas phase. N = ^Na is the total num-
ber of moles; Ns is the number of moles of solid products. The last

term thus represents the energy of interaction for the gas molecules

plus vibrational energy 3/2 RT per mole.

In addition to the interaction term it is therefore necessary to

evaluate the energies Ea and the composition variables Na. The ener-

gies Ea are evaluated from specific heat data at ordinary pressures, as

interaction effects at high pressures are represented by Eo. The final

problem is therefore determination of the equilibrium composition con-

sistent with the Rankine-Hugoniot and Chapman-Jouget conditions.

In order to determine the equilibrium of possible reactions as a function

of temperature, the activities of the various products are introduced,

which can be evaluated as a function of pressure from the equation of

state. This procedure is made practical by the simplifying assumption

that all molecules have the same field of force. The activity can how-

ever be expressed in terms of the composition variable Na and the equi-

librium constants for the assumed reactions as a function of tempera-

ture at normal pressures to which ideal gas conditions are applicable.

Elimination between these equations and the decomposition equations

for the particular explosive then permits determination of the Na for

various temperatures.

The increase in internal energy of the products must be the sum of

the chemical energy Q released by the reaction and the work done by
the pressure at the detonation front. A knowledge of E, the energy

release Q, and the equation of state therefore provides sufficient infor-

mation to solve the detonation front equations.

Although it is evident from this sketch that Jones' procedure in-

volves several fairly drastic simplifying assumptions, the calculation is

of importance because the results give an idea of the success obtainable
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in calculating detonation front conditions with an equation of state

fitted to available phj^sical and chemical data other than values from

explosion measurements. The adiabatic relation for the burnt gases is

also obtainable from these calculations. The two sets of results will be

considered in more detail in sections 3.4, 3.5.

C. The Wilson-Kistiakowsky equation of state. A somewhat dif-

ferent approach to the problem of the equation of state was developed

by Wilson and Kistiakowsky (64), who assumed an equation of the

form

(3.14) PV = ^^ [1 + xe^-]

with a; = Y.iNih/T^'VM)

where Ni is the number of moles of product i, ki is an empirical param-

eter with dimensions of volume which may be called a covolume, and

a and jS are constants. In the original development, Wilson and

Kistiakowsky took a = 0.33, jS = 1.0, Y^Nrki = K, but better results

were later obtained using a = 0.25, /3 = 0.30. This form of equation

does not apply very well at low densities and it is therefore necessary

to determine the ki in some other manner than from the data at low

temperatures. Instead of fitting a form suggested by theory of solids

to compressibility data, as Jones does, a less fundamental but widely

appHcable procedure was adopted in which the h were determined to

give agreement with detonation velocities at a number of initial (load-

ing) densities for several explosives, a sufficient number being taken to

include significant effects of the various possible product species. (It

will be noted that the variation of D with the loading density should be

a good measure of the ki, as for perfect gas behavior with the kt all zero

the velocity is, from Eq. (3.13), independent of initial density.)

Actual calculations of the detonation velocity, and values P and V
at the front, with this equation of state are carried out by numerical

methods which are too involved to be more than very generally de-

scribed here. The first step of the calculation is computation of a

hypothetical detonation velocity D* for products obeying the ideal gas

law, in the manner already outlined for gaseous explosions. In the

next step, the ratio D/D* is computed with the ideal gas results as a

starting point, using the equation of state (3.14) and corrected thermo-

chemical data. The equilibrium composition to be used is computed

from equilibrium constants versus temperature and stoichiometric con-

ditions by successive approximations or by approximate rules for the

reaction which give surprisingly good results. The pressure, density,

and particle velocity of the products also result from these calculations

and the properties of the front are thus all determined.
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This method has been extensively applied to a number of organic

explosives at various densities with results that agree with experimental

detonation velocities to within experimental errors in nearly all cases.

The other calculated quantities are not readily determined with any

accuracy experimentally, and it is therefore difficult to judge how good

the computed pressure, etc., are. The assumed reactions for specific

explosives, comparison of experimental and calculated values for det-

onation, and the consequences of the results in determining the form

of the detonation wave and the initial conditions of an underwater ex-

plosion will all be dealt with in more detail in section 3.4.

3.4. Calculated Conditions at the Shock Front

In section 3.2 it was shown that from the point of view of hydro-

dynamics the progress of a detonation wave in an explosive is described

by the conditions of conservation of mass, momentum, and energy of

the explosive material as it changes from its initial condition to the re-

acted products on passage of the detonation wave. The further Chap-

man-Jouget condition relating the velocity of the front to properties

behind the front then fixes the detonation conditions at the shock front

in terms of the pressure-density relation for the products and the chemi-

cal energies (heats of formation, specific heats) involved in the reaction.

The detailed calculation of the velocity and initial state (pressure, vol-

ume, temperature) immediately behind the front is then possible for

specific explosives if sufficient chemical data are available. An exact

development from these principles is not possible because of two diffi-

culties: inadequate knowledge of the properties of gases at the high

pressures and temperatures existing behind the detonation front, and

difficulty of accounting exactly for the variety of molecular combinations

possible. The first of these difficulties is perhaps the more serious

fundamentally, although the second presents the problem of determin-

ing with a tolerable amount of effort a reasonable final composition. It

has already been suggested that the composition in chemical equilibrium

at the final pressure and temperature is a plausible approximation on

the basis of detonation velocity in gaseous mixtures, and for want of re-

action rate data to suggest a better criterion, this condition has been

assumed in the calculations to be described.

Two approaches to the determination of a suitable equation of state

were outlined in section 3.3. The first is the approximation of Jones

for TNT in which interaction effects of all molecules in dense phases

were taken to be the same and represented by an equation suggested by

the theory of solids fitted to experimental data for nitrogen, the pres-

sure-density relation at lower pressures being represented by a virial

equation. The second procedure, developed by Brinkley and Wilson

(11), uses an empirical equation of state in which "covolume" constants
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for each type of molecule are adjusted to give best agreement for selected

data on heats of formation and specific heats, and the detonation prob-

lem can then be solved for given equilibrium conditions. The second

problem, of determining the equilibrium composition, is attacked in

either approach by standard thermodynamic methods. The equation

of state and energy conditions are of course not independent of the equi-

librium and the final solution must thus be obtained by simultaneous

solution of the two problems. The formal solution of the equilibrium

problem is essentially the same in the two approaches but differs in de-

tail because of different reaction constants assumed and the different

equations of state emploj^ed. In order to indicate the nature of the

equilibrium calculation a short summary of the steps in the procedure of

Brinkley and Wilson is given here.

The work content A of a mixture of M grams of gases of sufficiently large volume

Vo and temperature T is given by standard thermodynamics as

A{Vo, T) = UNiHio + RT ^N log I + llNi log A^- - A^J

where A^» is the number of moles of the ^th product gas and A^ the total number of

moles. The chemical potential fxi for a gas is defined in general as

^' \dN-)T,v, Nj 9^ Ni

and ixio is its value for the pure gas at standard pressure and temperature T. At

any other volume and the same temperature, the work content is given by

A{V,T) = A{Vo, T) - M i PdV

Introduction of the modified Wilson-Kistiakowsky equation of state to eUminate V
gives on integration

+ RT
\J^.

^eP' - loge ^'i-^)
]

In this equation, F{x) is the function in the equation of state

,,^, NRT ,,, , NRT .^
, ^ ,
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and the h are the empirical covolume constant* for the various species determined

from detonation data.

If at equihbrium for the various reactions the number of moles of each species

Xi is vi, counted as negative for reactants and positive for products, the reaction

may be represented as ZviXi = 0, and for equilibrium we have the condition

'SvifXi =

The thermodynamic constant Kp for reactions at various temperatures is defined

as

RT log Kp = - Xvi ixoi

Summing over the vim and introducing the equilibrium constant gives

log K, = llvi log A^ + ^vi [log
, I + "^^^ - log g F(a;)

J

+ Nxe^^Uvjki

^NiKi

= log K — log G

where log iv represents the first term on the right, log G the other terms. This

equation represents the condition imposed on the reactions by their equilibrium con-

stants. This expression may be written K = KpG, which in turn may be expressed

nA'; = nKpyG;, where A^, = HyCA^i)"^

the product being extended over the equilibrium considered.

The detailed calculation determining both the equilibrium constants

and the final state is carried out in two steps: calculation of a hypo-

thetical final state, using ideal gas laws, the heats of formation and

specific heats of the products, and an estimated final composition and

temperature in the Rankine-Hugoniot equations. This first estimate

of the final state is improved using the actual equation of state. This

revised estimate is employed to calculate approximate equilibrium con-

stants K using the thermodynamic equilibrium conditions, this calcu-

lation involving solution of a set of simultaneous equations equal in

number to the number of products. The whole process is then repeated

with successive approximations giving the same equilibrium.

The complete process is evidently a long and somewhat complicated

numerical procedure which will not be described in detail. It is, how-

ever, of interest to mention approximate composition rules developed

by Brinkley and Wilson, which in most cases agree surprisingly w^ell

with the final result. For explosives described by the formula

C^HrOsNi the assumed decomposition equations are
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QH.O.N, ^ r^K,0 + {s-q- CO2 + (^2(7
- s + CO + ^ AT^

if g + r/2 ^ 5, corresponding to an oxygen rich explosive, or

C,H.0.N,-^^H20 + (s-^CO + (q- s + ^C+ | N2

if g + r/2 ^ s (ox\"gen deficient).

It will be seen from these equations that to a first approximation

free atoms, even of hydrogen, are not significant, molecular hydrogen is

not formed in quantity, nor do polyatomic molecules such as CH4, C2H2,

HCN, NH3 occur in significant amounts. In this first approximation,

the possible presence of OH, O2, NO is also neglected. The reactions

considered by Brinkley and Wilson for the equilibrium calculations are

:

H2 + ,C02
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the equilibrium constants being taken from data given by Lewis and
von Elbe (68).

The compositions found by Brinkley and Wilson for TNT of density

1.46 and by Jones for a slightly different value 1.5 are given in Table 3.2.

Jones' results as compared to those of Brinkley and Wilson give larger

quantities of CO2 and CH4 at the expense of H2O and CO. The avail-

able experimental data of detonation products of course include equi-

librium shifts on cooling of the product gases and so are not directly

applicable for comparison. They do, however, indicate much smaller

quantities of methane, and it is not unreasonable to believe that these

may have been formed as a consequence of reactions during the cooling

process. The reactions involving CO and CO2 may also be expected to

shift, and on the whole it is reasonable to suppose that the compositions

obtained by Brinkley and Kirkwood approximate the actual conditions

more closely. This is particularly true when the compositions are con-

sidered in connection with calculation of detonation properties, as the

Brinkley-Wilson method is based in part on such data. As might be

expected their results do give much better agreement on detonation rate

than do those of Jones. The values are compared in Table 3.3.

The observed detonation velocity for po = 1.50 is 6,620 m./sec.

from Messerly's data (72), and at po = 1.46 interpolation between values

gives 6,470 m./sec. in excellent agreement with Brinkley and Wilson.

Experimental data for pressures behind the detonation front indicate

values of the order of 200 kilobars,^ but are sufficiently inaccurate that

they constitute only a qualitative indication.

Detonation velocities are measured by a number of methods, one of

the most elegant employing a camera with a drum rotating at high speed

on which is recorded the advance of the luminous detonation front along

a stick of explosive initiated at one end. This same general technique

has been employed to estimate the detonation pressure by an ingenious

method in which the velocity of a shock wave started by the detonation

in a lead strip is measured, the pressure being estimated from compres-

sibility data for lead. The procedure involves an extrapolation which,

together with experimental errors, makes the results only approximate.

Shock wave velocities in water can also be measured and can similarly

be used to estimate pressures near small charges, an experimental pro-

cedure described more fully in Chapter 6.

3 This value was estimated from experiments made at the Explosives Research
Laboratory, Bruceton, Pa., in which the shock wave velocity through a lead sheet

in contact with a pentohte slab was measured. The measured velocity was 2,670
m./sec, corresponding to a pressure of 140 kilobars on the basis of extrapolated

compressibility data. The detonation pressure was estimated to be from 40 to 80
kilobars higher, the difference being due to loss of pressure in expansion of the prod-

uct gases against the lead. Because of the extrapolation of the pressure-velocity

curve for lead and this correction, the figure obtained is only quahtatively reliable.
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The results on a large number of different explosives, and some at

several loading densities, as computed by Brinkley and Wilson (11),

show similarly good agreement with detonation rate data, the differences

being in most cases within experimental error. The values for pressure

and density are of unknown accuracy but are very probably not as good.

The values obtained by Jones are less accurate, the calculated rate be-

ing seventeen per cent higher than the experimental value. This lack

of agreement is hardly surprising when one considers the approxima-

tions involved and the fact that no experimental data from explosive

measurements are used.

3.5. Adiabatic Pressure-Density Relation after Detonation

In order to compute the form of the detonation wave behind its front

it is necessary to know the adiabatic law for the products. Jones has

made calculations of the adiabatic relation for TNT (51), based on con-

siderations similar to those in his calculations for the head of the wave.



92 THE DETONATION PROCESS

rate with initial density, are used to determine the constants of equation

of state in the virial form

^ = RT -\-bP + cP' + dP'
N

where N is the total number of moles of gaseous products per mole of

TNT, and, unless the composition is "frozen," is a function of P and T.

In an adiabatic expansion, the work done by the gases must equal

the sum of the energy liberated by the reaction and the loss of internal

energy, giving the relation

(3.15) PdV = d{H - E)

where // is the heat of formation of the products and E their total in-

ternal energy, both of which are functions of P and T. In order to

make further progress it is evidently necessary to introduce conditions

on the composition of the products. As the pressure and temperature

fall during expansion, the equilibrium composition will change but at

the same time the rates of reaction will decrease. The decreased rates

make it reasonable to suppose that equilibrium is not attained in later

stages of the expansion. Calculations based on the equilibrium as-

sumed by Jones for TNT (see, section 3.2) predict that at first the

amount of CO increases rapidly at the expense of CO2 and solid C,

reaching a maximum at about 1,800° K. At this point, the reaction

rates are enormously less than at 3,000° K., and Jones completes his

adiabatic calculation with the assumption of this fixed composition for

further expansion. As already mentioned, there is reason to question

the equilibrium results of Jones, and the final adiabatic relation may be

somewhat in error as a result. We shall see later, however, that the

exact form of this relation is not of paramount importance for most of

the calculations of pressures developed in underwater explosions.

In order to integrate the differential eciuation (3.15) for the adi-

abatic expansion, a rather complicated set of equations is developed in

terms of the activity and composition variables. With the initial con-

ditions of pressure and composition assigned, the initial values of activ-

ity and temperature fix a starting point for numerical step by step

integration. The final P-V relation resulting from these calculations

is plotted in Fig. 3.2. On the logarithmic plot a perfect gas condition

would correspond to a straight line. It is seen that at the higher densi-

ties the pressures found are much higher, corresponding to the increased

effect of repulsive forces on the internal energy. The decrease in slope

at the smallest volumes is attributed to the smaller number of moles

(decreased concentration of CO) at the higher pressures.
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Jones has also made calculations (52), applicable to oxygen-rich

explosives, by which the equation of state and adiabatic expansion are

related to the variation of detonation velocity with loading density (as

previously noted, this variation would not occur were the products

ideal gases). An interesting result of these calculations, noted by

Jones, is that the predicted compressibility of the gaseous products is

quite similar to Bridgman's experimental data for nitrogen mentioned

in section 3.3.

In addition to a knowledge of the pressure and density resulting

from adiabatic explosion, the evaluation of conditions at the gas sphere

boundary requires a knowledge of the sound velocity, Riemann function

(7, and other parameters for the initial adiabatic in the gaseous products.

The determination of these variables for any explosive is a quite straight-

forward derivation from the equation of state and heat capacity data.

The explicit form of the necessary relations is, however, rather compli-

cated and the description of them here is restricted to indicating the

method of approach. The internal energy and entropy can be expressed

as functions of density p and temperature T by means of the Wilson-

Kistiakowsky equation of state in the form:

E{p, T) = Eo + NCv {T - 300) + aNRTxe^'

T

S{p, T) = S. + N f ^ clT - NR flog ,p + \ {e^^ - 1) - axe^^l
J 300^ LP J

where Eo, So are the ideal values for unit density and temperature 300° K.

The sound velocity, given by c^ = (dP/dp)s, is then obtained from the

equation of state and entropy expression by standard thermodynamics,

it being assumed adequate for this purpose to use a constant heat ca-

pacity Cv for temperatures T not greatly different from To, the initial

temperature of the products. The pressure-density relation can also be

expressed as a function of temperature T and the equation of state

variable x, as can the Riemann function o- and enthalpy co. These lat-

ter are in the form of definite integrals, conveniently computed using

the function x = (p/M) KT-"" as independent variable.

3.6. The Form of the Detonation Wave

When the Chapman-Jouget condition is satisfied, a specification of

the adiabatic pressure-density relation in the products of explosion pro-

vides the necessary data for determining the form of the detonation

wave behind its front. G. I. Taylor (106) has considered the general

problem and o})tained detailed results for TNT, using the detonation

conditions calculated by H. Jones. Before describing these results it is
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of some interest to examine the consequences of the simphfied case of a

plane wave for wliich the products are assumed to be ideal gases.

A. Plane wave, ideal gases. If we assume ideal gases in which the

ratio of specific heats is independent of temperature, the adiabatic rela-

tion at any point behind the front is P = kp^ , where k and 7 are taken

to be constant. The detonation velocity, for such a mixture, was shown

in section 3.3 to be

D = (l + y) J^

where Pi, pi are the pressure and density at the head of the wave. The

velocity of sound c in these gases is given by

[dp ).

= kyp^ ^ = 7 —
P

and the velocity of sound Ci at the detonation front is C\ = 'VyPi/pi.

From this relation and the Chapman-Jouget condition, the particle

velocity Ui at the front is Mi = D — Ci = Ci/y.

If the detonation is a plane wave, Riemann's analysis shows that

behind the front constant values of particle velocity, density, and sound

velocity travel with a speed c -\- u and u is given by

(3.16) ui-u=
I
c^/: p

-y-i

From the adiabatic law, c = ci (p/pi) ^ and substituting for c in the

integral gives

2
(3.17) ui - u = 7 (ci - c)7-1

If the detonation is initiated by any cause of duration short enough that

the gases can be considered at rest for all times immediately after initi-

ation, a given value of ii will be propagated a distance r in time t such

that r = (c -\- u)t. The detonation front will have travelled a distance

R = (ci -\- ui)t and we have

—-— = (ci - c) - {ui - u)
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Combining this relation with (3.17) gives

(3.18) ui u = /R - r\ y - I /R - r\

y -\-i\ t J' 7 +

The particle velocity u will be zero for all values of r/t less than

C)
7 + 1

Ui

The particle velocity thus falls off linearly from its initial value, reach-

ing zero halfway between the front and the starting point. The pres-

sure distribution is also readily found from the adiabatic relation and

Eq. (3.18), giving

(3.19)
P
Pi

1
I7 - li^

ci 7 + 1 t T-['-'-^nrf
The particle velocity and pressure distribution for 7 = 1.4 are plotted

in Fig. 3.3 (dashed curve). Initially Ui = D/(y + 1), and an arbitrary
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Fig. 3.3 Calculated pressure and particle velocity of a plane detonation wave.
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initial pressure of 112 kilobars has been assumed. It is to be under-

stood that this calculation is purely illustrative.

B. Plane wave, TNT. Determination of the profile of a plane wave

for actual cases is formally much the same as for ideal gases ; namely, if

the values of pressure and density at the front are known, the Riemann

analysis can be used to determine the particle velocity w as a function of

density. The actual adiabatic law must replace the ideal gas relation

and, if this has been determined in tabular form, the integration for u

must be performed numerically. As a starting point of the calculation

for TNT, Taylor chose D = 6,380 m./sec, pi = 2.00 gm./cm.^ The

pressure and sound velocity for these values are from Jones' calculations

Pi = 150 kilobars, Ci = V(dP)/{dp)p^p, = 4,840 m./sec. Numerical

step by step integration of Eq. (3.16) using an adiabatic relation for

TNT similar to Fig. 3.2 then yields a series of values of u for various

values of p, and corresponding values of c and P are known from the

adiabatic. The pressure and particle velocity are therefore determined

as a function of c + it or of r/R = (c + u)/{ci + Ui), where as before r is

the distance from the source at which the values c and u are realized

after a time t and R is the distance for the head of the wave. Taylor's

results are plotted as the solid curve in Fig. 3.3. The differences from

an ideal gas law (dashed curve) are seen to be consistent with the dif-

ference of the adiabatics.

C. Spherical wave, TNT. Taylor (106) has also computed the pro-

file of the wave behind a spherical detonation front, assuming initiation

at the center which thereafter leaves the products at rest {u = 0). In

the spherical case, the Riemann function is not directly applicable and

a more complicated procedure is necessary. The fundamental equa-

tions describing the motion behind a spherical front are, from section

2.3,

(3.20)
*' + ^^=_l^^
dt dr p dr

dp
,

dp
,

du 2pu
\- u \- p — =

dt dr dr r

If, as we assume, it is legitimate to suppose that a stationary det-

onation condition is attained before the disturbance has proceeded an

appreciable distance, the conditions behind the front will scale in pro-

portion to the distance the front has progressed. That this is true is

evident on noting that if r and t are both changed by a factor /3 into (3r

and ^t, the quantities p, u evaluated at /3r and ^t satisfy the same equa-

tions. The conditions at R and t, where R is the distance of the front

from the initial point are, however, unchanged at (3R and ^t if the time
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to establish the detonation is small. Hence all the quantities behind

the front can be functions only of the ratio r/t. The time t is given by

R/{ci + Ui) = R/D, where, by assumption, D is constant. An equiv-

alent statement is therefore that the properties behind the front are

functions only of the ratio r/R, which may be considered a statement of

the principle of similarity for a spherical detonation wave. This propo-

sition, that the properties of the phenomenon are unchanged if both

length and time scales are changed by the same factor, is of course not

restricted to the spherical case, being equally true for any other sym-

metry, provided the time for the steady state condition to be established

is negligible.

In order to integrate the equations for the spherical case, Taylor

introduces the variables

^ = ~,
\J/
= —, z = log X, where x = -

X c t

in terms of which Eqs. (3.20) become

(3.21)
ci^ ^^se-ii-^yr-
dz r<i - 0' - ^

#^ ,,2^jii:!(i_:i_i)/

dz yp\i - ^y - e

where/ = {p/c^)dc^/dp and is a definite function of p from the adiabatic

relation behind the front. These equations Taylor solves for TNT by
step-by-step numerical integration back from the front, thus determin-

ing ^ and xp in terms oi z. A difficulty presents itself at the starting point

in that both d^/dz and dx/z/dz become infinite for r = R, where

X = ci -\- Ui. The values of ^, xp and dxp/d^ are all finite, however, and
the integration can be begun from a slightly smaller value z' obtained

by a series expansion in the neighborhood of R:

-'-(l).,<— Kl)
Taking z = log r/R, as is permissible since z appears in the equations

only as a differential and noting that (dz/d^^i = 0, this becomes

2 WJ,,
(^ - ^i)

This expression can be evaluated from Eqs. (3.21). Noting that

= 1
, i//i = — = 1

Cl + Ui po Ci Pc
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-KS)'7ivrT['^a,0-^)'©
This equation determines values of z near r = i^ in terms of ^, yp, and

with these initial values, successive increments of ^, \p are computed by
stepwise integration of Eqs. (3.21) for d^/dz, d\j//dz. The final results

obtained by Taylor are shown in Fig. 3.4 and, although they are quite

similar to the curves for a plane wave, the pressure and particle velocity

fall off more rapidly behind the detonation front and the final pressure

for ^^ = is smaller. The excess over the final value is negligible for

r < 3/5 R. This point is the crux of a basic assumption in some theories

of shock-wave propagation and a numerical example may indicate more

clearly the order of magnitude involved. If the detonation velocity D
is 6,400 m./sec. the time required for the tail of the wave at r = S/5 Rto
reach the point R is 2/3 R/D. For a change of radius 25 cm. (approx.

300 pounds TNT) this time is then roughly 25 microseconds, a com-

paratively small quantity relative to the time scale of the pressure wave

developed in the water.

The calculations of Taylor for the spherical detonation wave in TNT
suffer in accuracy from the fact that an approximate adiabatic relation

for the explosion products was used. Appreciable errors in the cal-

culated detonation wave result from small errors in this adiabatic be-

cause the function / = (p/c'^) dc^/dp is sensitive to small differences in

values for P{p). Dasgupta and Penney* have therefore carried out

revised calculations, in which tabular values from Jones' calculations

were used, and the initial conditions at the head of the wave redeter-

mined to give the observed detonation velocity, taken as 6,780 m./sec.

In order to satisfy this and the Chapman-Jouget condition, a higher

pressure of 196 kilobars was necessary, as obtained by extrapolation of

Jones' adiabatics, the corresponding sound velocity and particle velocity

being c = 4,870 m./sec, Uo = 1,920 m./sec.

The detonation wave was then computed by stepwise numerical

integration of Eqs. (3.21), which are solved for d\l//d^ and dz/d^ to avoid

the singularities at the detonation front encountered using z as an inde-

pendent variable. The pressure and particle velocity values finally

obtained are plotted as dashed curves in Fig. 3.4. It is seen that the

pressure, while higher than Taylor's, decays more gradually and a con-

stant value is reached for distances less than half the charge radius from

the center.

Dasgupta and Penney have also computed, by the same method, the

* H. K. Dasgupta and W. G. Penney, British Report RC 373.
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detonation wave for a 40/60 TNT/RDX mixture of density 1.5 from

adiabatics calculated by Jones. The experimental velocity U = 7,280

m./sec. was used, and the pressure, particle and sound velocities were

obtained as 177 kilobars, 5,660 m./sec. and 1,620 m./sec. The pressure,
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3.7. The Approximation of Adiabatic Explosion

AT Constant Volume

An exact solution for the propagation of underwater shock waves

should of course be based on a continuation of the solution for the det-

onation wave after it reaches the surface of the charge, applying the

appropriate boundary conditions. These conditions require a shock

wave in the water and a rarefaction wave travelling back toward the

center of the charge, and a reasonably good solution taking account

of both would be a matter of considerable difficulty. Kirkwood and

Bethe (59, I) observe, however, that the exact form of the detonation

wave near its front is in most cases of no great importance, for the rea-

son that the initial portions of the underwater shock wave, determined

by the head of the detonation wave, are rapidly destroyed by the over-

taking effect as it progresses outward. In other words, even the front

of the shock wave is, in their propagation theory, determined by condi-

tions obtaining at times increasingly later than the time of complete

detonation. It is therefore assumed in the theory that the actual initial

conditions can be adequately approximated by assuming simplified con-

ditions in which the explosion takes place adiabatically without change

in volume, the explosion products being at uniform pressure throughout

the volume.

Before describing the actual calculation of these simplified condi-

tions it is of interest to make a rough estimate of the range in which

neglect of the head of the detonation wave involves appreciable error.

According to the Kirkw^ood-Bethe propagation theory the condition at

the shock front is determined by the pressure on the gas sphere at a

time T which increases with the distance R the shock wave has travelled.

The value of r is related to R by the equation x = e~^/^i in which, for

any specific explosive, the dissipation factor x is a computed function

of R/ao (tto is the original charge radius) and di/ao is characteristic of the

explosive. Assuming this relation, the value of R/ao corresponding to

advance of the head of the detonation wave into the boundary may be

computed. The time required is 2/3 ao/D from Taylor's calculation, and

the value of x for this time is then x = exp(-2/3 • ao/Si • l/D) . For TNT
di/ao = 3.4-10-3 m./sec. D = 6,400 m./sec. and so x = 0.74, which the

theory predicts will be realized at R/qo = 2.0. Although the calculation

is a very crude one indeed, w^e might infer that the theory will be in-

creasingly in error for distances of the order of two charge radii or less.

Calculations of the initial pressure and density following adiabatic

reaction at constant volume have been made by Brinkley, Kirkwood,

and coworkers (59, V, VII), using the modified Wilson-Kistiakowsky

equation of state. The reaction must take place in such a way that the

chemical energy released by the reaction is equal to the increase in in-
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ternal energy of the products. The total energy change is of course

independent of the path by which the transition is assumed to take

place. It is convenient in calculation to evaluate the heat of reaction

at the initial temperature and pressure (essentially zero) , heat the prod-

ucts to the final temperature at constant volume which can be taken to

be infinite and compress the products at the final temperature to the

final volume. The expression of this process for M grams of explosive

is

(3.22) J:N, Hi - Ho + RToZNi = C, • (T - T ) +
( a|)/^

In this equation, Ni is the number of moles of product species i having a

heat of formation Hi per mole, Ho is the heat of formation of M grams

of the explosive, Cv is the total mean heat capacity of all products over

the temperature range and M/p is the final volume. From the Wilson-

Kistiakowsky equation

E{V, T) = Eo + NCriT - 300) + NRTaxe^'

and so

^\ dV = NRTaxe^''
dV T

where a: is a function of temperature and the final composition.

Knowing the specific heats and heats of formation, Eq. (3.22) gives

an implicit solution for the final temperature which for a given com-

position can be solved by successive approximations. Use of the con-

ditions l^E = for the adiabatic conversion and A*S = for the sub-

sequent isentropic expansion, together with the thermochemical data,

thus permits evaluation of the quantities necessary for approximate

propagation theories. Numerical methods and auxiliary tables for

computation arc given in a report by Kirkwood, Brinkle}^. and Richard-

son (59, V).

3.8. Boundary Conditions and Initial Motion of the Gas Sphere

The propagation theory of Kirkwood and Bethe for the underwater

shock wave reduces the determination of shock wave parameters to an

evaluation of the "kinetic enthalpy" on the surface of the gas sphere at

a variable retarded time r after detonation is complete. As already dis-

cussed in section 3.5, Kirkwood and Bethe neglect the head of the

detonation wave and use an initial condition of adiabatic explosion at
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constant volume. The basic problem is therefore evaluation of the

pressure and particle velocity on the boundary as a function of time, in

order to determine the kinetic enthalpy G(a, t) defined by

G{a, t) = a^ait) = a[co(a, t) + iu^{a, t)]

where o){a, t) is the enthalpy and a the radius of the gas sphere.

A. The initial conditions. The initial pressure P(0) in the water

must equal the initial pressure Pg{0) in the gas sphere. (In what fol-

lows, quantities with subscripts g refer to the gas, without, to the water,

and the suffix (0) indicates initial values.) This pressure is of course

not the same as the adiabatic explosion pressure Pe calculated from

thermochemical data, the equalization of pressure being achieved by
generation of an outgoing compression wave in the water and an in-

going rarefaction wave in the gas products. Both of these waves leave

the medium behind them moving with an outward particle velocity,

and the second necessary boundary condition is that the particle veloci-

ties in the water and products be the same at the boundary. The rare-

faction wave may be described as one in which the Riemann function

Ng = {(Tg -\- Ug)/2 is initially zero.^ The Riemann variable Gg is, how-

ever, a calculable function of density, and hence pressure, of the ex-

plosion products.

A second necessary condition arises from the fact that the pressure

and particle velocity in the water are not independent but are related

by the Rankine-Hugoniot conditions and the derived tables (see section

2.6). Taken together, this condition and the continuity of velocity

determine the initial pressure and particle velocity at the boundary, as

indicated symbolically by the relations

(3.23) n = —(jg{Pg), from the Riemann condition

u = u(P), from the Rankine-Hugoniot condition

The relation between dg and Pg = P must be determined by cal-

culations of the adiabatic expansion for the explosion products, as out-

lined in sections 3.5 and 3.7. With these results, the values of P{0)

and u{0) consistent with Eq. (3.23) can be determined numerically or

graphically.

B. Pressure and particle velocity at the gas sphere. The equality of

pressure and particle velocity at the gas-water boundary must be true

at all times after it is first established. The total time derivatives of

^ It is important to note that Ng = need not be, and in fact is not, true at later

stages in a spherical rarefaction wave, nor does the propagation theory used by
Kii kwood et al assume this.
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these quantities, which include the effect of motion of the boundary,

must therefore also be equal, giving

dPn dP dUn du
—r- = —r' —r = -v> at r = a
dt dt dt dt

The fundamental variable of the Kirkwood-Bethe theory is the function

6r(r, t), constant values of which are propagated with a velocity c such

that

dG
,
.aG „

dt dr

and it is therefore necessary to relate G to the boundary conditions.

From its definition, G satisfies the differential equation

dG = d IrL + ^\ =L + "0 dr + rdL + |'^

where the enthalpy co satisfies the fundamental thermodynamic relation

doj = TdS + dP/p. The numerical calculations of section 2.7 show

that the entropy term is small, and setting dS = gives

=(-r)dG = { CO + ^]dr -\-^dP + rudu

where oi = & f dp/p. Substitution in the propagation equation for G
gives

This equation is valid in both the water and gas products if the partial

derivatives are evaluated in the medium considered.

The basic dynamical equations of motion and continuity must be

true in either medium, and in the water they are

1 dp
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(3.24)
<" - 1«')l^dP _ cic - 2n) du _ c

pc dt c^ — uc -\- u^ dt a c^ — uc -\- u^

A corresponding equation for the gas products is obtained by replacing

p, c, CO by pg, Cg, (Jig (whcrc oig = f {cg^/pg) dpg), and noting that the

propagation velocity is —Cg for an ingoing wave, with the result

(3.25) ^-1 dP Cg{Cg + 2U) du Cg
=.(-,- ^«^)cA co„ - - wM — 2u^

PgCg dt Cg^ + UCg '\- V} dt tt Cg^ + UCg + U^

The two equations, (3.24) and (3.25), can be solved for the deriva-

tives dP/dt, du/dt at the boundary in terms of the various velocities and

related functions in the two media. The resulting differential equations

could then be integrated numerically, obtaining at each step new values

of the variables. Rather than carry out these tedious calculations,

Kirkwood and Bethe make use of the so-called peak approximation in

which the falling off of pressure and enthalpy is assumed to be exponen-

tial, with a decay constant chosen to give the initial value of dP/dt cor-

rectly. Before describing this method, it is worthwhile to consider the

approximations in the development so far outlined.

The motion of the gas products is assumed by Kirkwood and Bethe

to be described sufficiently by a single ingoing rarefaction wave. After

a finite time, this wave reaches the center of the charge and internal

reflection must take place. At sufficiently great times, the boundarj^

conditions in the gas will therefore be modified by successive compound-

ing of internal reflections. The first such reflection will occur at a time

greater than 2ao/cg(0), where ao and Cg{0) are the initial radius and

sound velocity in the gas sphere. Inclusion of these reflections would

require an elaborate analysis and is not attempted in the theory out-

lined. These effects occur, however, at sufficiently late times that the

major portion of the shock wave is emitted, and the reflections make
their appearance in the shock wave "tail." This conclusion can be

inferred from the solution for dP/dt, which is readily shown to be always

negative and decreasing in magnitude, the function P(a, i) thus having

a time variation similar to an exponential. The peak approximation

already mentioned is therefore a natural one and should be a sufficiently

accurate description of the pressure variation at times for which the

theory is in any case reasonably reliable. The particle velocity u, how-

ever, is found first to increase to a maximum and then fall off. The
peak approximation is therefore not suitable in this case, and the motion

of the gas boundary requires a separate examination, as described in

part (C).
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A function F{t) described by the peak approximation is assumed to

have an exponential decay of the form F{t) = F{0)e-^/^' and the decay

constant di can be computed from the initial variation of F{t) by the

relation

\dl /,_o
Ip(.o)

The time variation of F{t) is thus determined in this approximation by
the initial value and slope of the function. Kirkwood and Bethe apply

this procedure to the enthalpy oo by writing w = a>(0)e~^/^\ With the

neglect of dissipation doo = dP/p^ hence di is given by

= -p(0)co(0)

and the initial value of dP/dt can be obtained from Eqs. (3.24) and

(3.25). Assuming that initially c = c -\- u, Cg = Cg — u, this gives

.o
26) ^ ^ ,

o^(Q) f^ociP) PJO) c{0) + Pg{0) CgiP)
'

PoiO) Cg{0) U{0) C{0) J{0) + Cg{0) Jg{0)

where the functions J and Jg are given by

cu\_c — u 2 c — uj^

^ I V Cg — u
,
3 „ u^ ~\

Jo = -
,

^a + ^U^
,CgU \_ Cg + U 2 Cg -{- U_\

With the values for co(0) and di, the variation of aj(a, t) is deter-

mined from the initial values and rates of change of quantities at the

boundary. The leading term in the enthalpy function G(a, t) = a{t)

o){a, t) + ia{t)u^ is thus determined. In numerical applications of the

theory, the radius a{t) is taken to have its initial value ao for the times

at which the first term aow{a, t) is important. At later times, the

kinetic term ia{t)u^ becomes increasingly important and must be con-

sidered.

C. Motion of the gas sphere. In order to investigate the expansion

of the gas sphere boundary, Eq. (3.24) may be written

du , c /3 A c'^ — uc -\- u- a dP , c
,

2ii^
a -77 + Z ;:— 77 '^

I
= 7Z ^^ 77 + Z PT ^ + "

.(|..)
=

dt c — 2u \2 ) c{c — 2u) pc dt c — 2u c — 2u
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The particle velocity u is much smaller than the velocity c, and if u is

neglected in comparison with c, the equation becomes approximately

du , ?> ^ a dP
,

a-—h-'W= -,—h^
dt 2 pc dt

The peak approximation is appropriate for P and co, which gives

If the factor a"^^^ is approximated by ao~'^''^ this equation is directly

integrable with the result (noting that u = da/dt) that

(3.27) a'l'u = ao^'MO) + ao"MO)di (l - -^^ (1 - e-'/«0

A second quadrature gives

5u(iO)e:lOi

t
,

2ac
(3.28) a^'^ = ao^i- (l - ^!iM^^ 1+ ^ + ^^^^^ e-^A

/2 ^ 5u(0)M
2a.

where ..^;fl__^\
aow(O) V c(0)V

5^(Q)6>ia

3
2ao 2ao

h —
5w(0) 1 + a

The kinetic term au^/2 then is given by combining Eqs. (3.27) and (3.28)

with the result

(3 29) — = i
(^^^'^)^

^ ' ^ 2 2 (a^/2)4/5

_ aoW2(()) ((1 _^ ^) - ag-^A)2

^u{0)eia yi'A _ bu{0)e,aY(
\ 2a. y L

2ao

The rather complicated expression (3.29) for au'^/2 is not strictly

consistent with the order of the peak approximation for P and a? used

in its development, namely that these variables depend on time as
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e~'/^i, and terms of order e~"^/^i and te~^/^' should properly be dropped.

A further consideration is the fact that the value of co used in the equa-

tion should be taken as the excess over the equilibrium value for hydro-

static pressure Po in the undisturbed fluid. In the initial phases of the

motion the pressures are so large that neglect of Po is unimportant, but

an investigation of the later motion of the gas boundary when the pres-

sure is small must include the effect of hydrostatic pressure. As dis-

cussed in Chapter 8 by simpler methods adequate for the later motion,

the hydrostatic term leads to long period radial pulsations of the gas

products.

D. The enthalpy function on the gas sphere. The final step in formu-

lating conditions at the gas sphere for use in the Kirkwood-Bethe theory

is to construct a suitable approximation to the function G{a, t) =

a[co + \u"'] from the results of parts (b) and (c). To do this, Kirkwood

and Bethe note that the kinetic term au^J2 as given by Eq. (3.29) has

for large t the asymptotic form

OAi} ^ (1 + aY / /
\-'''

2 A 5u{0)diaY"
(-

(4)
2ao )

and for / = is of course aoU^{0)/2. In the initial phases of the motion

the enthalpy term is dominant, and an approximate expression for

G{a, t) which reduces properly in the limits of short and long times is

(3.30) 0(a, t) = ao _^ A (1 + ay \ u%0)

A 5u{0)d,aV

V 2ao )

+

2ao ) /

aoU\0) (1 + -^2 / / \-4/5

^-t/e.

A bu{0)e,a\

\ 2ao )

^Vfi + ^Y

where di, do, and a have the values previously given.

The constant factor multiplying e~'/^i in Eq. (3.30) is much larger

than the factor multiplying (1 + t/d-z)"'^'^ and the two characteristic

times 01 and 02 are comparable in value. As a result, an initially rapid

reduction of enthalpy, and hence pressure, at the gas sphere is replaced

at later times by a much more gradual decay, varying asymptotically

at long times as {t/02)~'^^^. This later variation of pressure is essentially

an effect characteristic of noncompressive flow, by which the motion is

approximated for the small, slowly changing pressures at later times

(see section 9.2). This asymptotic result is of somewhat dubious quan-

titative value because of the approximations involved. Experimental
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shock wave pressure-time curves do, however, show the initially rapid

and later more gradual decay indicated by the analysis.

The major importance of the shock wave for many purposes is ade-

quately described by the initial peak pressure and the rate of decay

while the pressure is still an appreciable percentage of this value. If

the contribution to the tail of the wave is neglected, the complete peak

approximation of the Kirkwood-Bethe theory is obtained:

(3.31) G{a, t) = Goiojo + W<0))e-^/^^

This result adequately describes the prediction of the theory for the

major effect on the shock wave and is the basis of numerical calculations

based on the theory.



4. Theory of the Shock Wave

4.1. The Principle of Similarity

Before discussing detailed solutions of the hydrodynamical equations

for shock wave propagation, it is worth-while to consider what can be

inferred more generally about the solution from the form of the equa-

tions and the boundary conditions. As shown in Chapter 2, the basic

equations describing the motion of a fluid are

(4.1) -^ = --gradp,

where c^ = 1^1(:
dp ,. \dp /s— = -pdiv V,
dt

if viscosity and heat conduction can be neglected. The pressure P is

a function only of the density p, the relation between the two being

determined by the equation of state and heat capacity of the fluid.

These equations have solutions of the form P(r, t), u{x, t), where r is the

vector distance from an arbitrary origin.

Suppose that measurements of pressure have been made at a dis-

tance r from a charge of specified dimensions at a time t after it is ini-

tiated and that a new experiment is arranged in which all the linear

dimensions of the charge are changed by a factor X. The principle of

similarity^ asserts that the pressure and other properties of a shock wave

will be unchanged if the scales of length and time by which it is meas-

ured are changed by the same factor X as the dimensions of the charge.

For example, the pressure and duration of the shock wave measured

ten feet from a cubical charge one foot on an edge will be the same as

the pressure and duration measured twenty feet from a charge two feet

on an edge in units of time twice as large. The duration in absolute

units is therefore doubled at the doubled distance for the charge of twice

the linear dimensions (eight times larger weight). The principle does

not state, nor is it true, that the pressiu'e at any other distance and time

than the scaled ones obeys any such scaling law regardless of other fac-

tors.

In order to examine the validity of this proposition, we observe first

that the differential equations (4.1) are satisfied if the scales of measure-

ment of both length and time are changed by a factor X. For example,

the first of Eqs. (4.1) becomes, on writing r' = Xr, t' = \t,

^ The earliest general statement of the principle of similarity for shock waves
known o the writer is given in the classic paper of Hilliar (47)

.
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fi r2 ix' n
|-,v(r',0 = -^-^grad'P(r',n
at p {T , t

)

where grad' indicates differentiation in the primed coordinates. We
note that all the indicated derivatives are of the same order and we can

therefore write

^ v(Xr, \t) = grad P(Xr, \t)
at p

the scale factor X cancelling out. Hence the same differential equation

is satisfied by v(Xr, X^ etc. as by v(r, t). A similar result is obtained for

the second of Eqs. (4.1) and we conclude that the equations are satisfied

by values of P, p, v measured in scaled coordinates. At the shock front,

Eqs. (4.1) are not valid, but the Rankine-Hugoniot equations (Eqs.

(2.28) of Chapter 2) are easily seen to be satisfied by the same change of

scale. We can therefore conclude that if the principle of similarity is

true at any value (rj, ^i), e.g., P(ri, ^i) = P(Xri, X^i), it is true for all

values of r and t. The validity of the principle therefore depends on

whether similarity is found to hold true in the initial stages of the ex-

plosion.

As was shown in Chapter 3, the process of detonation, once estab-

lished, leads to a shock front advancing outward with constant speed

and intensity. If the hydrodynamical equations (4.1) describe the

situation behind the front then, by the argument just presented for the

shock wave, the profile of the detonation wave is spread out in propor-

tion to the amount the wave has advanced, but has the same form ex-

cept for this change in scale. If the time required to establish the

steady condition is negligible, the profile of the wave is the same for all

geometrically similar charges, provided the scales of length and time

used to specify it are proportional to the linear dimensions of the charge

and the origins of time and distance are at the point of initiation. This

is just the necessary condition for similarity to be established in the

water shock wave and the remaining question is as to whether the

boundary conditions at the interface of the explosion products and

the water are compatible with similarity. In the absence of viscosity

effects (shear), these conditions require continuity of pressure and

normal components of particle velocity and hence of their total time

derivatives, as described in section 3.8. We can easily convince our-

selves that these conditions are satisfied if pressures and particle veloci-

ties are scaled geometrically, and the approximate relations so far de-

veloped to account for the shock wave are thus all consistent with the

principle.

Deferring for the moment an examination of circumstances in which
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the principle of similarity fails, we consider what can be inferred with

its aid about the form of the shock wave. The fact that the pressure

and other properties are unchanged if the linear dimensions of the source

and scales of length and time are all changed in the same ratio does not

of course specify what the values are without other information. It is

possible, however, to learn something about their functional dependence

on charge size and distance. If the linear dimensions of the charge are

specified in terms of a length, a^, the principle can be satisfied only if the

pressure depends on distance and time only as a function of the ratios

r/tto, t/ao. The truth of this statement is evident from the fact that

fixed values of these ratios correspond to the scaling which gives identi-

cal values of the pressure. The pressure Pm at the head of the shock

wave (peak pressure) may therefore be expressed

Pm =
-'if)

the form of the function / being undetermined. If the quantity 6 is

used to represent any measure of time duration of the wave, e.g., the

time constant of an exponential decay, it is evident that S/ao can be a

function only of the ratio ao/r. Another important property of such a

wave is the impulse associated with it, which measures the momentum
imparted to the water by its passage. For unit area of the wave front

the impulse / is given by

/(r,0 = fP(r,t)dt

where the origin of titne is taken to be arrival of the shock front at r.

The time t' to which the integration is carried should, for consistency,

be taken proportional to the scale factor and we write f = Kao, where

X is a function only of ao/r, and the pressure P depends on r and t only

by the ratios ao/r, t/ao.

We may therefore write

J
^

V «-/ \ao/

and, the integral being a function only of ao/r, we obtain
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where g is an undetermined function. The impulse measured for pro-

portional distance and time scales is therefore proportional to the linear

dimension ao.

The practical importance of the principle of similarity lies in the

economy of effort it permits in determining the properties of shock

waves and in the predictions it makes possible of the effect of a changed

scale. For example, the numerical calculations of Penney (83, 85) for a

spherical charge of TNT were explicitly made for a weight of 1,800

pounds of explosive. By a suitable change of scale, however, they also

describe a charge of any other weight. These calculations were ex-

tended to a distance of 6 charge radii or 9.8 feet, and they therefore ap-

ply equally out to 6 charge radii for any other size charge, which for

100 pound weight is 3.8 feet. The more general theory of Kirkwood

and Bethe, being based on the equations from which we deduced the

validity of the principle, must and does automatically satisfy similarity

and therefore predicts shock wave pressures for any size of spherical

charge. Experimentally, the principle is economical because the form

of the pressure and other functions can be determined by measurements

over a range of either distance or charge size only, the effect of the other

variable being determined by similarity. Once the form of the function

is so determined, its value for other weights or distances is known, and

not an independent result.

More detailed illustrations of the principle of similarity Avill be given

later, but its importance and utility can be appreciated from the fore-

going discussion. It is therefore important to examine its limitations

and the conditions under which it is applicable. The principle will

evidently fail in any circumstances for which forces not scaling geo-

metrically are involved. One such force neglected in the equation of

motion is the effect of viscosity which gives rise to terms of the form

ixd-u/dr'^, where /x is the coefficient of viscosity. The derivative is, how-

ever, of the second order, and with its inclusion the equation of motion

is not satisfied on substituting P(Xr, \t), etc. At a shock front, proc-

esses at least similar in effect to macroscopic viscosity and thermal con-

duction must be significant and hence it is not to be expected that the

principle of similarity applies to the rapid changes in the front itself.

These changes do not appear to be of any practical significance and

hence the applicability of the principle to this case is academic.

Another way in which similarity may be expected to fail is in the

case that chemical reactions behind the detonation front are important.

The rate of reaction does not of course change in proportion to the

amount the front has advanced, and a significant effect of delayed reac-

tion will make similarity invalid. No attempt is made in theoretical

calculations to account for reaction rates, the chemical composition

being assumed either in equilibrium or else "frozen" into a fixed relation.
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There are some experimental departures from similarity which may be

the result of delayed reaction or "afterburning," but for the most part

this effect is probably insignificant.

The most important phenomenon in which the principle of similarity

as here stated is not valid is in the later history of the explosion after

emission of the shock wave. The laws of motion of the water and the

gas sphere, as developed for calculation of the shock wave, neglect any

external forces or boundaries. This is a perfectly legitimate procedure

in view of the large internal forces acting in the times of significance,

but is no longer so when the internal forces and accelerations have be-

come weakened and mass flow of the water has established itself over

large regions. The more important nonscaling factor under these con-

ditions is gravity, because it is always present, but under many condi-

tions boundaries, such as the surface and bottom, have an important

effect on the mass flow and motion of the gas sphere.

The sphere of gaseous products expands very rapidly after its for-

mation and soon occupies a volume much greater than that of an equal

mass of water. As a result of this hydrostatic buoyancy the bubble can

be thought of acquiring vertical upward momentum in addition to

momentum associated with radial motion of the water. The energy

associated with the upward rise must come at the expense of other forms

of kinetic and potential energy and is more important for large charges

in which the time scale of the motion is longer. If the vertical displace-

ment of the bubble could be neglected and noncompressive flow as-

sumed, the motion of the gas sphere would scale according to the prin-

ciple of similarity, as shown in section 8.2. These assumptions are,

however, not legitimate except as a crude first approximation, and in-

clusion of gravity effects makes the principle of similarity, as here

stated, inapplicable. Other types of scaling law which permit a non-

dimensional approximation to the laws of motion for the gas sphere

have been worked out by G. I. Taylor and will be described in section

8.5 (see also section 8.9).

4.2. The Detailed Evaluation of Shock Wave Propagation
(Kirkwood-Bethe Theory)

In Chapter 2 it was shown that the propagation of a spherical shock

wave could be descril^ed in terms of the kinetic enthalpy 12(r, t) defined

by

(4.2) nir, /)=:^ + ;i = co + ^

the contributions to 12 from entropy changes behind the shock front

being neglected. The utility of this approach lies in the fact that 12 can
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be simply related to its value 12[a(T), r] on the gas sphere boundary at

an earlier retarded time r given by

(4.3) r = t- ( -*-

where a^r) is the radius of the gas sphere, and cir, r) is the velocity with

which the function r^ is propagated. This relation was shown in sec-

tion 2.4 to be

fi(r, =— n{a, t)
r

As an illustration of how the pressure-time curve is related to these

quantities, consider the asymptotic case of pressures at a point R suffi-

ciently far from the charge that u'^ « P/p. In such cases P = po ^{R, t),

where po is the density of undisturbed water, and from Eq. (4.2) is given

by

(4.4) PiR,t)=('^]P{r)"=©
where a^ is the initial radius of the gas sphere, and

P{r) =p„^Q(a,T)

If the particle velocity term is not negligible, the pressure must be

obtained from the kinetic enthalpy using the equation of state for water.

In either case, it is evidently necessary to evaluate the enthalpy 0(a, t)

at the gas sphere, determined in the manner described in section 3.8, at

the retarded time r. In order to do this it is necessary to make a num-
ber of approximations, the first of which is to represent the propagation

velocity c of 12 by the velocity c -\- a and represent 12 by (co + a^/2) . It

might seem more logical to use the particle velocity u rather than the

Riemann function a, but as shown in the Appendix the latter represents

a better approximation for the difference a — u in the water behind the

shock front. Furthermore, as shown in section 2.6, a is also a con-

venient variable for expression of the properties behind the front. The
question of importance with regard to this approximation is, of course,

what error results from its use in evaluating 12(a, r), and the fact that

the error proves on investigation to be small is the justification for the

approximation. The detailed analysis, described in the Appendix, is

based on consideration of the error in terms of {d/dr (rl2)),., which is not

zero for the approximate r, and can be written as a function of known or
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small quantities behind the shock front. Numerical estimates by Kirk-

wood of the error in rl2 lead to the conclusion that the approximate

value will give too large values of pressure, the error not exceeding

twenty per cent and in most cases probably much less.

A further approximation in the evaluation of 12(a, r) lies in the as-

sumption that its value for points not far behind the shock front may be

obtained sufficiently accurately from a Taylor's series expansion about

the value To corresponding to the shock front. If the shock front has

reached a point R at time to, we have

--©.^, )
(t -Q = To+~ (t - to)

7

dr

c -\- a

where I/7 = (dT/dt)R, and from Eq. (4.3)

JR J ^R

a.^
('•' ^) J airy

Differentiating Eq. (4.3), we have for 7

(4.6) , = fi-^^ = 1 _ -^^« -
f""

_L_ri (c + Ajr
\dT/R c + adr J ^^^^

[c + ay Idr

The parameter 7, which is a measure of the time scale behind the shock

front relative to that on the gas sphere, increases rapidl}^ as the shock

front travels outward. This is because [d/dr (c + a)]r is negative at

all times following passage of the shock wave if 12(a, r) decreases with

time during emission of the shock wave from the gas sphere boundary.

This increase of 7 with distance from the source means that the profile

of the shock wave broadens as it is propagated outward. The increase

ing breadth made plausible by the Riemann formulation of the propa-

gation equations thus appears naturally in this approach also. The
limiting pressure-time relation, Eq. (4.4), may be written

P{R, t - t

where

•'=©' r. + - (/ - /.:

P{t) - Po^^n{a,t)
a{o)

With these approximations for c and the retarded time r, it becomes

practical to compute fl(a, r) and 7 from the equation of state for Avater

and numerical values of the enthalpy on the gas sphere. The actual

reduction of the expressions for To and 7 to a convenient form for calcu-
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lation is somewhat involved and some of the details will be omitted in^

this presentation of the argument. As was shown in section 2.6, the

various quantities associated with the propagation are conveniently

wTitten in terms of the Riemann function cr, defined as

(7 = I —dp, where c = \ —

-

Po

In the approach to be outlined, we are interested in regions at or

near the shock front. In this case, a is not greatly different from the

particle velocity u, and we may use the relations obtained in section 2.6

from the equation of state and the Rankine-Hugoniot conditions, which

are

c = c + o- = Co[l + 2/30-]

(4.7) u = Co[l + (3ct], where ^ = -^^-^
4co

n = CoO- [1 + /3(7]

It will be noted that the propagation velocity c is approximated by
c -]- a rather than c -\- u and it is therefore not assumed that a = u.

In terms of a, the basic propagation equation for G(r, t) = rQ(r, t) be-

comes

(4.8) G{r, t) = CoMl + ^u) = a(T)12(a, r) = G{a, r)

A. Evaluation of 12 [a, rj. From Eq. (4.5), the retarded time To at

the shock front is expressed as the sum of two integrals, the first inte-

gration being performed at the shock front, propagated from the initial

radius a{o) of the gas sphere to the point R, and the second being car-

ried out at constant Tq. These integrals can be expressed in terms of o-

and G[a, r] by differentiating Eq. (4.8) w^hich gives

dr = ^(^. r) 1 + 2^a ^^ _^
1 dG{a, r)

a' [1 + (Serf c. cr (1 + I3a)

Substituting this value of dr and noting that dG[a, r] = for the

second integration, we find after some rearrangement

(4.9) To =
^,[f'^

^^'^''7.
,

^:::""'' da +
2G{a, To) - G{a, T{a)) ^,_ ,

G(a, Tq) - G{ao)

{ao)

<j{ao)
G{a, To)+

o-(a)

r^^" da 1
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In order to obtain G{a, To) (which equals a{To) fi(a, To)) from this

equation, it is convenient to define a new parameter x(to) by the relation

G{ao)

where G(ao) is the initial value at time ^ = on the gas sphere.

We note from Eq. (4.8) that the quantity ^a can be expressed in

terms of (xao/R) by the relation

(4.10) /3C7 =
I V'-^«^(?-)-']

and hence solution for x in terms of (xao/R) determines a; as a function

of ao/R. Substitution of x in Eq. (4.9) and a fairly tedious reduction

leads to the equation^

(4.11) Kox' ^x - Ki =

The functions Ko and Ki are expressed for compactness in terms of an

auxiUary variable Z defined by

13(7

and this function with a subscript a refers to values on the gas sphere,

so that

(4.12) z.(M = i±M^), z„(o) = L±M^

It is obvious from Eq. (4.10) that Z and Za are functions of xao/R and

xao/a{ro). With this notation, the functions Ko and Ki can be shown
to be

(4 13) K =-' ^^""'^ ~ ^^^^ ^"^
i
^"^^^ ~ ^ + ^^ f"^"""^

da

^
c. L ^«(0) U ^aW/ Az' Z.HO))]j

^ ^ 1 ,
«o G(ao) - G(a, To) iZaiO) - 1 _Co_ f'^^^W) , )

Co

J>,,,),,
t 2Z.(0) 2.(a.) J ^^^^

a.^ ^"/

2 For the derivation of this relation and the defining equations (4.13), the original

report of Kirkwood and Bet he (59, I) should be consulted.
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It might appear that the manipulations and reductions involved in

expressing G{a, To) as a function of G{ao) and x have not accomplished

much toward a practical solution, as Ko and Ki both involve G{a, To),

and the integrals in Ko and Ki depend on To through the value of aa on

the gas sphere. Equation (4.11) is, as a result, strictly a transcendental

equation for x(to) which would have to be solved by approximation or

other means. It turns out, however, that the integrals involving aa

are unimportant compared to the other terms. Furthermore, it was

shown in section 3.8 that the variation of the function G{a, t) on the gas

sphere can be approximated by an equation of the form

G{a, t) = G{ao)e-^/'^

which is accurate for t = 0, but is increasingly in error for larger values

of t. With this approximation, Eq. (4.11) may be solved explicitly for

a; as a function of xao/R, and hence ao/R, given values of 12 (a^) and ^i. We
shall have to expect, however, that the later portions of the shock wave

will be somewhat in error from the peak approximation.

It is also to be remembered that the boundary conditions at the gas

sphere, w^hich led to the "peak" approximation, were also somewhat

simplified by neglecting reflections at the boundary of the internal rare-

faction wave. These reflections must also introduce perturbations of

the later portions of the shock wave, and so too detailed an analysis

neglecting this effect is not justified. The form of the correction for

error in the peak approximation is, however, described in section 3.8.

With the approximation and neglecting the integrals over a on the gas

sphere, Eq. (4.11) becomes

(4.14) :

^^'

1 + (1 + 4.KoKiyi'

where Ko and Ki are defined by Eqs. (4.13). If the integrals over o- are

neglected, Ko and Ki are functions of Z and Za{0) only, which are ex-

pressed in terms of xao/R by the relations

(4.15) Z 1 + 2^(^j l^^^^j + yj ^(^ao)\aox)
^

\_2U{ao)'\aox)

j

^"^^^ = ^ + 2^ + \lKa5 + (21^^)

B. Evaluation of y. In order to evaluate the time spread parameter

7, much the same procedure is used as in determining x. From Eqs.
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(4.7) and (4.8), the particle velocity u and velocity (c + a) can be ex-

pressed in terms of a and G{a, t), and substitution in Eq. (4.6) gives

aa 2/3 dG(a
If) C —

J -aCoil + 2/3(7a) C.2 dro J (7(1 + iScr) (1 + 2)3(7)2

Making the substitution Z = (1 + ^a)/^(T and carrying out the inte-

gration yields

(4.16)

^ ^ _ 1 _ 2^ 6/G(a, To) L Z 4(Z - Z.)

l3Co{Za + 1) C.2 (/To { ^Za (Z + 1) (Z. + 1)

With the peak approximation G{a, t) = G{ao)e~^/^' this becomes

1
,

2ao/312(ao) (, Z 4(Z - Za) \
T = 1 - ^ ,^ ,

,x + -TT ^log
0^1 Co \^Co{Za + 1) C.^1 Co { "^Za (Z + 1) (Z^ + l)j

As before, Z is a function of xao/R given by Eq. (4.15). The quan-

tity Za is strictly a function of xao/a{T^, but it usually suffices to neglect

the change in radius a(T^ for increasing Tq and evaluate Za by the re-

lation

i_
, /_!_ ,

r_i_T
a„)x \Q(a„)x L2Q(a<.)2^J

obtained by letting R = ao'm. Eq. (4.15). With this approximation, 7
is determined as a function of xao/R and x for given values of l^(ao) and

C. Calculation of the pressure-time curve. From the results of the

preceding paragraphs, it is readily possible to compute the shock wave
pressure-time curve. Given the values 12(ao) and di, an assumed value

of xao/R may be used to calculate the corresponding value of x. This

value of X determines the point ao/R which has the value and, knowing

x and (xao/R), the corresponding value of 7 may be computed. From
the basic equation of the propagation theory, the kinetic enthalpy at a

distance R as o, function of time t — to after arrival of the shock wave
at time to is given by

a(R, /-/„) = ^(''' '- ^-^

R
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With the peak approximation G{a, t) = G{ao)e~^/^', this becomes

T — TO

Q{R,t-to) =^%^e-^
K

Remembering the definitions

t - to

T — To =
y

G{a, To) = xG{ao) = xao^M

we obtain

(4.17) ^ir,t- to) = xf^y-'-^

At the surface of the charge (R/ao = I), the pressure and particle

velocity are known directly from the boundary conditions; this analysis

in the approximation of Kirkwood and Bethe is described in section 3.8.

At later times the pressure and other variables are determined from the

kinetic enthalpy 12 by the equation of state and shock front conditions.

The necessary relations, obtained numerically by Kirkwood and others,

are discussed in section 2.6 and reproduced in part in Tables 2.1 and 2.2.

These relations become increasingly uncertain near the surface of the

charge, owing to lack of knowledge of the equation of state, but the

initial approximations of the boundary value theory are such as to make

the theory inaccurate in this region.

At sufficiently large distances from the charge, the particle velocity

term u'^/2 in the expression 12 = P/p + u'^/2 becomes unimportant, and

the density p can be approximated by po, the initial value in undisturbed

water. With this approximation, sufficiently accurate at distances

greater than twenty-five charge radii for ordinary high explosives, the

pressure is given by

(4.18) P(r, t-to)= P{0)x (^\ e
" ^"

where P(0) = p(0)12(ao) and 6 = yd^

The theory therefore predicts that the pressure-time curve at a point R
decays exponentially after the initial peak. The parameters x and 6

both depend on (R/ao), however, as does the velocity of propagation U.

The quantities 12(ao) and di/ao depend only on the explosive ma-

terials, and when their values are assigned, the values of x and y are

determined only by the ratio R/ao and not by either R or a^ separately.
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As a result, the pressure at any point for a given explosive depends only

on the ratio {R/a^ and the time scale at this point is proportional to

the charge radius a^, which is thus the linear scale factor required by

the principle of similarity.

The calculation of x and 7 as functions of (R/ao) is straightforward,

once the necessary values of 12(a^) and 61/ao have been found from the

equation of state, as described in section 3.8. Values of x and 7 for

three explosives at several values of R/ao are given in Table 4.1, to-

gether with values of peak pressure Pm and reduced time constant d/ao.

1.0



THEORY OF THE SHOCK WAVE 123

plotted on double logarithmic scales. The empirically fitted straight

line of slope a = 1.16 gives a good fit except for W^'^/R > 0.3

{R/ao < 25). Similar curves for other explosives can be drawn to the

same order of accuracy.

The variation of the reduced time constant B/W^'^, also plotted in

Fig. 4.2 for TNT, is not well represented by a power function. The

derived quantities, impulse and energy, equal to Pnfi and Pr,?d/2pc in

the peak approximation, can be fitted quite well by power laws. A
presentation of these laws and their agreement with experiment is given

(a) TNT, density 1.59

Q

R/n,
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original reports.^ These reports also include formulas for calculation

of the asymptotic variation of peak pressure and time constant at large

distances, which are discussed in the next section.

4.3. The Asymptotic Behavior of Spherical Shock Waves

Although the detailed evaluation of the Kirkwood-Bethe propa-

gation theory provides numerical values of spherical shock wave param-

30,000
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Fig. 4.2 Calculated peak pressure and time constant for TNT (Kirkwood-

Bethe theory).

eters for selected values of distance and initial conditions, it does not

permit a simple indication of the manner in which these parameters may

be expected to depend on distance. Fortunately, it is a relatively

simple matter to determine the limiting laws which hold at large dis-

3 The final compilations are given in two reports by Kirkwood, Brinkley, and

Richardson (59, V and OSRD 3949). It is to be noted that other calculations ni

earlier reports by Kirkwood et al are superseded by these results.
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tances.^ In order to carry out this derivation, we note that the quantity

/3(7 evahiated at the shock front decreases monotonically toward zero as

a hmit, as the shock front progresses outward, and the derived quantity

Z (which equals 1 + (/3o-)~0 therefore increases with increasing R/go.

For large values of R/ao, the behavior of the dissipation factor x and

time spread factor 7 will be determined primarily by the terms involving

log Z/Za in Eqs. (4.13) and (4.14) for x and Eq. (4.16) for 7, the other

terms varying only slowly or becoming insignificant.

From Eq. (4.10), the limiting behavior of Z with increasing R/aoX is

seen to be given by

rr Co R R
Z = —;— as > cc

/312(ao) aoX ao

and Za{0) is, from the basic equation of propagation, determined by

Za{0) ^ (3Q(ao)

[ZaiO) - lY Co

Hence for large R/ao we have

^^
ZaiO)

°^
\aox) IZaiO) - 1

J

and the dominant term is log (R/aox) as {R/ao) -^ ^
. The quantity

Ko, in terms of which Eq. (4.14) for x is expressed, becomes increasingly

great compared to unity at large distances, and the asymptotic behavior

of X is therefore given by

(4.19)
'"^ w.. ,Co Co

/lo
Gia,t)dt . p\-i/s—^ (log^l

ao ^^{ao) G{ao) — G{a, To) \ aoxj

The quantity Ki defined by Eq. (4.13), which depends on R/ao only

through G{ao) — G{a, To) and the integral over G{a, t),^ is a slowly vary-

ing quantity as To increases. The dissipation factor x itself therefore

varies slowly for large R/ao, the dominant factor being the logarithmic

decay. Strictly, of course, Eq. (4.19) is transcendental, but the vari-

ation of X at large R/ao is so gradual that its effect in the logarithmic

term can be neglected. As a result, the factor x decreases slowly as

(log R/ao)~'^'^ for large values of R/ao, and even in this limit the peak

pressure at the shock front decays more rapidly than in the acoustical

* These limiting laws are derived in the original report of Kirkwood and Bethe

(59, I), which the discussion given here follows closely.

^ The function G{a,t) is a monotonically decreasing function, approaching zero

for large t, and the integral accordingly varies slowly for sufficiently large t.
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approximation (for which x would be independent of (R/ao)). Neg-

lecting G{a, To) in comparison to G{ao), the asymptotic peak pressure

variation is, from Eq. (4.18),

and is therefore determined by the time integral of Ga(t) on the gas

sphere rather than its initial value.

The asymptotic behavior of the time scale factor y is similarly found

from Eq. (4.16) to be

(4.21) ,^1-'1J-^U^)
Co^ clT \ao/

If the peak approximation G(a, t) = G{ao)e~^/^^ is an adequate descrip-

tion we find that the time constant 6 = ydi for the initial part of the

pulse (r = To) is given by

(4.22) e = 2'^^^^\oJ^\
Co Co \(J'o/

and therefore increases gradually with R/ao. This result is much more

approximate than the expression for peak pressure. In the later por-

tions of the pulse, the derivative dGa{T)/dT is not accurately determined

by the peak approximation and furthermore its value will become in-

creasingly small. As a result, the second term in Eq. (4.21) for y will

become increasingly smaller compared to unity. At sufficiently late

portions of the pulse, the broadening of the time scale represented by

this term will become unimportant and the later profile of the shock

wave is represented by a time scale increasingly similar to that on the

gas sphere (except of course for the time required for the wave to be

propagated from the gas sphere to the point considered).

4.4. The Shock Wave for Cylindrical Symmetry

The theories of the shock wave so far described have dealt with tlie

case of spherical symmetry, which is the simplest symmetry corre-

sponding to an experimentally realizable situation. In many practical

problems it is neither necessary nor desirable to have the explosive

charge in the form of a sphere detonated at its center. Any tractable

theory for some other shape of charge is therefore desirable, if only to

reveal the nature of the resulting differences. The simplest geometry

for this purpose is evidently the one-dimensional case of an infinite
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cjdinder detonated simultaneous!}^ at all points on its axis. This is a

mathematical idealization not realized experimentally because no charge

is strictly of infinite length and the detonation condition even for a finite

cylinder is not easily realized. The best approximation to the relatively

simple theoretical assumption is obtained for cylindrical sticks det-

onated at one end. In this case the detonation velocity, although not

infinite, is sufficiently high that the shock front makes an angle of less

than thirty degrees with the surface of the charge. For points not too

far from the charge it is reasonable to expect that a theory based on

cylindrical rather than axial symmetry would have a rough correspond-

ence to observations under such conditions.

The basic differences between spherical and cylindrical symmetry
are in the propagation equations for the water and explosion products,

the equations of state and the shock front conditions remaining un-

changed. Rice and GinelP have extended the Kirkwood-Bethe propa-

gation theory to the cylindrical case, and as in the application of the

Kirkwood-Bethe theory the initial conditions are approximated by the

pressure in adiabatic conversion of the explosive to its products at

the same volume. This condition is unaffected by the symmetry and
the essential differences are then in the disturbances propagated away
from the discontinuity.

A basic difficulty in analysis of the propagation lies in the fact that

cylindrical waves even in the acoustic approximation necessarily undergo

a change of type as they are propagated.'^ There is no exact compari-

son with propagation as a function F{t — r/c) as in plane or spherical

waves, and only asymptotically is it found that pressure, for example,

varies as r~'^''^ F{t — r/co) where F is an undetermined function (as com-
pared with r-i F{t — r/co), valid at any distance for acoustic spherical

waves). The development of a finite amplitude theory based on this

dependence will not therefore be as simply related to the actual state of

affairs, and errors incurred in approximations suggested by the relation

will be larger than for spherical waves.

Rice and Ginell develop a propagation theory for the kinetic en-

thalpy 12 assuming a propagation function G, level values of which ad-

vance outward with a velocity c + c, where c is the local sound velocity

and 0- the Riemann function. The discussion of the preceding para-

graphs suggests as a first approximation, analogous to that for spherical

symmetry, taking G = r^'^il, where H = E + P/p + ^u^. Detailed cal-

culations showed, however, that the assumption failed rather badly near

the charge, despite its asymptotic validity. A better approximation,

« Rice and Ginell's treatment is presented in two reports (59, VI and VIII) , the
second being a revision and extension of the first.

' For a discussion of the propagation of cylindrical acoustic waves, see for ex-
ample the book by Morse (75).
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which was found to reduce the changes in G for a fixed value of

{t — r/{c -\- (t)), was obtained by taking G = r"12 with a equal to about

0.4 rather than 0.5.

The peak pressure is computed by procedures equivalent to those of

Kirkwood and Bethe but differing in detail because of the changed sym-

c

O

300

REDUCED DISTANCE R/a^

Fig. 4.3 Calculated peak pressure at the side of a cylindrical TNT charge.

The dashed lines are for spherical charges and the dotted lines indicate transi-

tion to the dashed lines for charges of finite length.

metry. The pressure decays much more slowly with distance, owing to

the fact that the energy of a given weight of explosive is concentrated

in a cylindrical slice rather than a spherical shell. The initial rate of

decay decreases as the shock front advances, and the rate of decrease

remains pronounced at larger distances from the charge than in the

spherical case. The decay of pressure at points behind the shock front

strictly should be computed separately for each point, but this compli-
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cation is perhaps not justified, as discussed by Rice and Ginell. The

details of their calculations are sufficiently similar to those of Kirkwood

and Bethe that reproduction of them here would not be worth-while,

and the discussion here will be confined to the results obtained.

The calculated peak pressure Pm for cast TNT of density 1.59 is

plotted in Fig. 4.3 as a function of R/aJ , where aj is the radius of the

cylinder and R the distance from the axis. Near the charge the pres-

sure falls off roughly as {aJ/Ry-^, and for greater values of R/aJ changes

in slope of the logarithmically plotted curve occur. These changes at

large values of R/ao' are, however, not likely to be realized in actual

experiments because cylindrical charges of length many times the dis-

tance R, which itself is much greater than Go', would be necessary to

approximate the assumed symmetry.

As an estimate of peak pressures in the equatorial plane perpendicu-

lar to the axis of a charge of finite length, Rice and Ginell suggest that

comparison be made with a spherical charge of the same weight. At

small distances, the peak pressure should be essentially that for an

infinite cylinder, and at larger distances the pressure should approach

values for the sphere, the deviations from this symmetry becoming in-

creasingly unimportant. The spherical charge of volume equal to a

cylinder of radius aj and length L has a radius Go given by

4
- irtto^ = iraJ'^L and hence Go = {^L/iao'Y'^ao'
o

The pressures for spherical charges of the same weight as cylinders with

length/radius ratios of 10 and 50 are plotted in Fig. 4.3, as calculated

from the Kirkwood-Bethe theory. The transitions from the cylindrical

case to the spherical ones should occur in the region R ~ L/2, and the

dotted lines suggest a reasonable transition. The decay of peak pres-

sure with distance on this basis would change rather smoothly from a

decay roughly as {aj/Ry-^ near the charge to a decay as {aj/RY-'^^ at

distances greater than the length of the charge. Similar estimates for

the time constant 6 as defined by P{t) = Pme~^^^ are plotted in Fig. 4.4,

and the differences in the changes of d/ao with increasing distance are

evident from this figure.

The theory of Rice and Ginell affords an at least semiquantitative

prediction of the pressure variation off the side of a cylindrical charge,

but the equally interesting question of what happens off the ends of

such a charge has not been treated. The observed pressure-time curves

at points along the axis reveal a number of interesting features, some of

which can be understood qualitatively on theoretical grounds, and the

analysis of such results is discussed in section 7.6. A comparison with

the calculations of Rice and Ginell is furnished by measurements by
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MacDougall and Messerly of the shock front velocity near cyhndrical

sticks of 50/50 pentohte^ which agree within 3-6 per cent with vahies

predicted from calculated peak pressures over the range 1-6 charge

radii. The agreement is not necessarily this good, as the measured

velocities may have been somewhat low.

iS£C/CM)

10 QK
(SEC /cm)

3 10 30 100

REDUCED DISTANCE R/Qq

Fig. 4.4 Calculated time constants at the side of a cylindrical TNT charge.

The dashed hnes and dotted Hnes have the same significance as in Fig. 4.3.

300

4.5. Penney's Theory Based on the Riemann Equations

The differential equations for finite amplitude spherical waves have

been solved numerically by Penney (83) and later Penney and Dasgupta

(85) in the case of TNT. As was shown in section 2.3(c), these equa-

tions can be reduced to a form convenient for stop-by-step integration

by use of the Riemann functions A^ and Q, defined as

^ These experiments, carried out at the NDRC Explosives Research Laboratory,

are reported in UE Interim Report #13 (114).
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(4.23) N = \{a + u)

Jp
- dp

p/

The usefulness of these functions hes in the fact that the increments dN
and dQ in a short interval dt and displacements dr can be found from the

values of N and Q throughout the gas products and surrounding water

at a time t. For the displacements dr indicated these increments are,

from Eqs. (2.18),

(4.24) dN = -- dt, if dr = {C + u) dt
r

dQ = dt, if dr = —{c — u) dt
r

Calculation of dN and dQ for a series of values of u and r at time t gives

values at a time dt later. These values are of course only approximate,

their accuracy increasing with the smallness of the interval chosen.

Successive applications of the method then permit, with sufficient labor,

building up the solution to any desired time. At each stage, the neces-

sary values of u for the next stage are recovered from the relation

u = N — Q, and the pressure is determined from a = N -\- Q, which

must be a known function of density and hence pressure in the water

and gaseous products.

The starting point of the step-by-step calculations is determined by

the conditions in the gas products after detonation is just complete.

The position of the shock wave front is determined by the Rankine-

Hogoniot conditions, as R{t -\- dt) = R{t) + Udt and the shock front

velocity [/ is a known function of pressure (see section 2.5). Although

Eqs. (4.24) determine N and Q through most of the fluid, the displace-

ments dr Sit which they are known after time dt leaves small shells in

which they are not. The function Q, for instance, is an inward moving

wave and its values at and near the shock front are progressively lost as

t increases. Values at the shock front can, however, be recovered from

the value ofN and ii, both of which are determined because the Rankine-

Hugoniot conditions must l)e satisfied. The gap left in values of P and

u on either side of the initial gas sphere boundary can be filled in by

interpolation, and the solution built up.

In Penney's original calculation, this step-by-step process was

started from an assumed initial pressure and density of the products

corresponding to adiabatic conversion of the explosive at constant vol-

ume to its final state, the adiabatics used being those computed by

H. Jones (see section 3.5), for which the initial pressure was 90 kilobars.
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The solution after 27 steps for a charge of initial radius 30 cm. gave the

pressure distribution up to a time 700 ^isec. after detonation was com-
plete, at which time the shock front in the water had advanced to 174

cm. or approximately 6 charge radii. The shock wave at later times

was then estimated by approximate calculation of the "overtaking

effect," (see section 2.4), as a result of which the front of the wave is

3U
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step-by-step process was then carried out on the basis of Eqs. (4.24) to

approximately 6 charge radii, at which point the shock wave pressure

was found to have a nearly linear decay behind the front, as shown in

Fig. 4.5.

The calculated values of peak pressure Pm as a function of shock

front radius R agreed closely with the formula

(4.25) Pm (lb./in.2) = 103,000 ^^ eW«
ti

over the range ao < R < Qao, where ao is the charge radius. The initial

density of the explosive was taken as 1.5 gm./cm.^ and converting Eq.

(4.25) to charge weight W in pounds and distance R in feet gives

P^(lb./in.2) = 14,000^ eO.274 fi'3/72

R

A detailed comparison with experiment is given in section 4.7, but it

may be mentioned here that the predicted pressure of 12,600 Ib./in.^ at

10 charge radii is 20 per cent lower than recent experimental values at

this distance.

4.6. The Propagation Theory of Kirkwood and Brinkley

An approach to the solution for shock waves of the basic hydrody-

namic equations has been developed by Kirkwood and Brinkley (60),

which is particularly convenient for extending experimentally deter-

mined shock wave data obtained at a single distance, or over a limited

range, to other distances. As has been shown, the equation of motion

and equation of continuity provide two partial differential equations for

the pressure P and particle velocity u as functions of distance r and

time t. In the case of spherical symmetry these equations are (see sec-

tion 2.3)

<-' '(i),+'-(s)+eT),=«

pc^ \dr )t \dr Jt r \dp ),

If these equations are specialized to the shock front, they provide

two relations among the four partial derivatives of P and %i. A third

such relation can be obtained from the Rankine-Hugoniot condition for

conservation of mass at the shock front, and the other shock front con-

ditions permit evaluation of the shock front density and velocity as



134 THEORY OF THE SHOCK WAVE

functions only of the pressure P. If a fourth relation among the partial

derivatives and the shock front pressures can be obtained from other

information about the shock wave, the set of equations can be formu-

lated as a pair of ordinary or total differential equations adapted to

numerical solution.

Before considering how this fourth relation is obtained, the trans-

formation of the first three equations into more convenient form will be

outhned. Instead of using r, the position in space of a point at which

the derivatives are evaluated, Kirkwood and Brinkley choose as a vari-

able R, the position in the undisturbed fluid (density po) of a volume

element which has at time t the position r. To effect the transformation

of Eqs. (4.26), it will be noted that by definition {dr/dt)R = u, and a

spherical shell of fluid with thickness dR and mass ^TpoR'^dR has at time

t a thickness dr and mass ^TrpvHr, hence {dr/dR)t = poR'^/pr'^. Using

these relations, Eqs. (4.26) become

pr^ /du\
,

2i/ ^ _ J^/^\
PoR^XdR/t r pc'-ydt/R

valid at any point behind the shock front. At the front itself r = R
and the equations are further simplified. The conservation of mass at

the shock front requires that Pm = poUum where U is the shock front

velocity and Pm, Um are the values of P, u at the shock front. This can

be written as a relation between partial derivatives by noting that the

derivative of Pm or Um for a displacement dR of the shock front from a

point Ro is given by

KdRjR-Ro \dR)t^\dt)R\

\dR)t U\dtjR

dRJi

where U is the shock front velocity, and is determined as a function of

peak pressure Pm for any fluid by the other two Rankine-Hugoniot con-

ditions and the equation of state. Applying this operator to the equa-

tion Pm = poUum gives

(A OQ,) ^ _1_ TJ^ ^ ^^ _ l£^ =
^ ^

^
dt dR Poll dl podR

where a = I — poU — ?
^rid is determined by the value of Pm-

dP
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The fourth relation necessary to obtain the desired ordinary dif-

ferential equations is determined by Kirkwood and Brinkley from the

observed energy flux-time curve of the shock wave at a suitable distance

from the source. The reason for choosing this property of the pressure

wave lies in the fact that the work done by the shock wave after it passes

a point R is ultimately dissipated as heat increasing the internal energy.

This nonacoustic decay of a spherical shock wave and the loss of avail-

able mechanical energy are thus closely related.

From energy considerations the energy-time integral F{R) at a dis-

tance R from the source can be expressed in terms of the peak pressure-

distance curve integrated over distances greater than R, the relation

being

(4.29) F{R) = C r^Pudt = f^ro'poh[P{ro)]dro
J t(R) J R

The first integral is an expression of the work-energy principle, P being

the pressure in excess of hydrostatic pressure and udi the displacement

of a fluid element in time dt, and the integration is performed at con-

stant R. In the second integral h{P) is the increment in enthalpy, de-

fined in section 2.4, for a fluid element through which the shock wave
has passed.

The result Eq. (4.29) is obtained by considering the work Wo done
by the source of initial radius a^. The passage of a shock front through

a fluid element leaves it in a state of higher entropy and internal energy,

from w^hich it returns adiabatically to hydrostatic pressure Po. The
total work done may be resolved into the sum of two terms : the increased

internal energy of the fluid at pressure Po within a sphere of radius R,

and the work done on this spherical surface. Thus we have

(4.30) TF« = 47r f Poro^E[Pm{ro)^ dn + iir f" r'~'(P + PJ udt
J ao J t{R)

where E[P„i(ro)] is the increase in internal energy per unit mass of

fluid and the time integral is carried out for the volume element initially

at R. The term involving Po in the time integral gives the product of

Po and the volume displacement of the fluid element initially at R.

This displacement is evidently the sum of the outward volume displace-

ment AVg of the inner boundary of the fluid (i.e., the expansion of the

gas sphere) and the displacement of the volume of fluid initially between

the shells of radii ao and R to shells of radii a', R' . It can be written

47r f* PoT'^udt = Po^Vg + 47rP.rf rhlr - f To'drA
J t(R) iJ a' J ao A
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= PoAVg + 47rPo r (
- - l) ^o'dvo

the second step following from the relation pr~ch = poVo-dro. Substi-

tution in (4.30) gives

(4.31) Wo = ^TT f Poro'h[Pm(.ro)] dr, + P,A7, + ^tt f^ r'^Pudt
J ao J t{R)

after introducing the enthalpy increment h{P), which is li{P) = E{P)

+ Pod{l/p). The time integral is assumed to vanish as the shock front

passes to infinite distance and hence in this limit we have

(4.32) Wo = 47r r Poro'h[Pm{ro)] dvo + P.AF,

In this equation, the term PoAVg represents energy stored in the water

by expansion of the gas sphere w^hich, on later oscillations, may be dis-

sipated by turbulence of the flow or by radiation of later "bubble

pulses."

Subtracting Eq. (4.32) from (4.31) gives the final result. The
second relation for F(R) permits its expression in terms of P„i and R,

and is conveniently written

(4.33) ^ = -PoRVi{P.n)
dR

The usefulness of considering the energy flux-time curve lies in the fact

that, for a given weight of any particular explosive, its shape changes

very little with increasing R. Kirkwood and Brinkley make use of

this characteristic of F in formulating the desired fourth relation

among the partial derivatives of Pm, Um- As written, F{R) does depend,

however, on the strength of the source (weight of charge and its com-

position) and it is desirable to normalize the time integral to a value

which is independent of this factor. This is done by expressing the

integrand as a fraction of its initial value R-PmUm and choosing a reduced

time scale for which the initial slope of the integrand has unit value.

Inasmuch as the observed energy-time curves are approximately of the

form R^PnMme~^"^ it is convenient to use as time unit the initial logarith-

mic slope of the curve, defined by

- = —
(
^ log r^Pu

)

M \dt /i=.o
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Carrying out the indicated differentiation gives

Pm dt Um dt R fX

and the energy function F{R) can be written

(4.35) F{R) = R''P„,Umi^{R)fji

In this equation, v(R) is the normahzed integral over reduced time r

expressed by

I'iR) = fjiR, r)

, ,,p ,
r'^Pu , t - UR)

where /{R, r) = — , and r = -

R^PmUm M

The vakie of the integral v{R) thus normalized is an expression of the

shape of the shock wave, having the value one for an exponential decay

and two-thirds for a linear decay (sawtooth wave) . In the case of water,

the shock Avave is observed to be nearly exponential in form except for

values of R greater than several hundred charge radii. Kirkwood and

Brinkley therefore assign v the constant value unity for calculations of

underwater pressures, this being their "similarity restraint" on the

energy flux-time curves. A different method of applying the restraint

is necessary for blast waves in air; for details of this procedure the

original report should be consulted.

The desired fourth partial differential equation is obtained from Eq.

(4.34) by use of Eq. (4.35), the complete set being:

/^ 25) JL^ 4- JL ^^ 4_ ?!f!!^ = _ R'^R^'^rn

Um dt Pm dt R F{R)

dUm
,
]:^Pni ^ Q

dt po OR

PodR pc" dt R "

dUm
,

jjdjLrn _ Q dPm Q dPm ^ ^
dt dR Po dR poU dt

With this set of equations, it is possible to solve for the derivatives

dPm/dR, dPm/dt in terms of coefficients depending only the shock front

pressure Pm and radius R and hence obtain an ordinary differential

equation for Pm in terms of R :
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dim (j±rn ,
-^ Oi^m r 771 7-) 75-1

The function F is expressed in terms of P„ by Eq. (4.33), which is

and the coefficients g, shock front velocity U, and density p appearing

in (p are known functions of Pm. This pair of ordinary differential

equations for Pm and F can therefore be solved by numerical integration

subject to a choice of boundary conditions for determination of the con-

stants of integration. The time variation of pressure behind the shock

front as measured experimentally at constant r is initially given by the

derivative

i-KI-")],,

corresponding to the peak approximation to the pressure-time curve

P{t) = PmC-^/^ (see section 3.8). In terms of the coordinate R used in

the present treatment, this becomes

which can be evaluated with the aid of Eqs. (4.36).

The two constants of integration can be determined in either of two

ways: by the initial conditions at the boundary of the gas spheres fol-

lowing detonation, or by the experimental pressure-time curve at a

selected distance.^ If the assumption of adiabatic conversion of the

explosive to its products is assumed, the first method is the same in

principle as that outlined in section 3.7 for application of the Kirkwood-

Bethe theory. The two constants may conveniently be taken to be

the initial pressure at the boundary, and either the time parameter ju or

the total shock wave energy. The explicit formulation of expressions

for these quantities has been made by Kirkwood and Brinkley but is

omitted here. If the semiempirical approach of using an experimental

pressure-time curve to determine the constants is adopted, the natural

quantities to choose are the peak pressure Pm and energy flux integral.

The energy integral, however, is not accurately calcula])le from experi-

mental pressure-time curves because of contributions from noncom-

pressive flow energy, and is subject to greater experimental error than

® Tables and graphs for niimorical aj)i)licati()ii of either type of boundary condi-

tion are given in a report by Brinkley and Kirkwood (11).
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peak pressure. The peak pressure as a function of distance R can be

used equally well for determination of initial conditions from the total

differential equation for dPm/dR. This procedure has been used by
Kirkwood and Brinkley to extrapolate measured shock wave pressures

and compute shock wave energies for TNT and a mixed explosive.

These results are discussed in sections 4.7 and 4.8.

4.7. Comparison of Shock Wave Theories

Three different theories of shock wave propagation have been out-

lined in preceding sections. All of these theories are approximate de-

velopments from the basic equations of hydrodynamics, but the methods

of formulation and nature of the approximations involved are quite

different in the three cases. It is therefore worth-while to compare the

results by the different approaches w^ith experimental evidence and with

each other, in order to bring out their relative accuracy, flexibility, and

fundamental limitations.

An unambiguous comparison of the various theories with each other

and experimentally measured shock wave pressures is unfortunately

not possible at the present time. This is so because results of all three

theories have been obtained for only one explosive, cast TNT, and even

in this case they are not directly comparable because different loading

densities and heats of explosion were assumed in the developments.

Penney and Dasgupta calculated the shock wave pressures for TNT
with initial conditions corresponding to an energy release of 800 cal./gm.

;

calculations from the Kirkwood-Bethe theory are based on calculations

leading to an energy of 1,060 cal./gm.; and the Kirkwood-Brinkley

theory has been used to extrapolate experimental peak pressure meas-

urements at low pressures to points closer to the charge. Other dif-

ferences are in the range of pressures for which calculations have been

made or involve less serious approximations, and are discussed in more

detail later in this section.

The predicted dependences of peak pressure with distance R from a

spherical charge of radius ao are shown in Fig. 4.6, the product PmR/cio

being plotted against R/ao, using logarithmic scales to keep the graph

within bounds. In addition, experimental values from piezoelectric

gauge measurements over the pressure range 5,000-16,000 Ib./in.^ are

shown, these values being obtained from a number of measurements

with a number of sizes of charge at Woods Hole. The close agreement

of the curve from the Kirkwood-Brinkley theory for R/ao > 10 is the

result of the fact that the parameters of the theory were obtained from

the plotted points, and only the part of the curve for higher pressures

represents a theoretical prediction. It is seen that this curve lies very

nearly parallel to, but lower than, the result obtained from the Kirk-

wood-Bethe theory, which lies fifteen-twenty per cent higher than the
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experimental points. The curve predicted by Penney and Dasgupta

lies approximately the same amount below the points, but rises much
more rapidly near the charge. It should be mentioned that later ex-

perimental values of peak pressures are slightly lower than the ones

plotted in Fig. 4.6 (see section 7.4 for exact values), but the differences

are unimportant for the present purpose.

The qualitative difference between the curve from the theory de-

veloped by Penney and Dasgupta and that of Kirkwood and Bethe is

consistent with the fact that the former starts from the spherical det-

onation wave calculated by G. I. Taylor, whereas the latter is based
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The low values of peak pressure predicted by Penney and Dasgupta
at the distances of the experimental observations are to be attributed

primarily to the low energy release assumed in the initial conditions.

In addition, these values are the results of an extrapolation of the cal-

culations, which were made from the surface of the charge out to six

charge radii, and are subject to errors inherent in any such process. In

view of these factors, it seems reasonable to suppose that an extension

and revision of these calculations would give results in good agreement

with experiment.

The assumption that the initial conditions are adequately repre-

sented by adiabatic conversion of an explosive into its equilibrium prod-

ucts is of course a rough one, and makes calculations of Kirkwood and
co-workers rather inaccurate at distances of a few charge radii. Initial

conditions similar to those employed by Penney and Dasgupta, which

take account of the detonation wave front, are logically more satis-

factory in this respect. Another approximation, in which the variation

of conditions on the gas sphere boundary with time has been represented

by the peak approximation, causes error in description of variations of

pressure behind the shock front.

Despite the limitations of the calculations which have been based on

the Kirkwood-Bethe theory, their analytical convenience has permitted

the prediction and comparison of shock wave parameters for a number
of explosives and conditions. These results are in good agreement with

experiment in describing the nonacoustic variations of these parameters

with distance from the charge, and further predict the relative order of

explosives for pressure and duration with remarkable accuracy (see sec-

tion 7.5). The methods of calculation developed by Kirkwood and

collaborators therefore realize rather successfully the goals of any theory

to predict and make understandable experimental results.

The more direct approach developed by Penney, based on numerical

integration of the Riemann equations outward from the charge and using

calculated detonation wave conditions, is undoubtedly inherently more
satisfactory for calculation of the initial formation and development of

the shock wave. Unfortunately its extension to greater distances in-

volves a great deal of step-by-step numerical computation, with at-

tendant danger of cumulative errors, unless precautions are taken of

using very small intervals and providing adequate internal checks and
controls. Penney (84) has suggested that calculations of shock waves

could profitably be made by using the step-by-step calculations out a

few charge radii to provide initial conditions for use of the Kirkwood-
Bethe propagation theory at greater distances, but at the time of writ-

ing nothing of this kind has been done. Calculations along these lines

would be of considerable value, particularly if compared with predic-

tions from the alternative propagation theory of Kirkwood and Brinkley.
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All of the theoretical developments are subject to some uncertainty

at points near the charge for want of experimental data on the prop-

erties of water at the extremely high pressures involved. Any results

for greater distances of course depend on these properties and on the

exact conditions in the detonation wave. A more complete and ac-

curate knowledge of underwater explosion pressures in general will

therefore depend to a large extent on measurements and calculations

for times during and immediately following detonation, and further

work along these lines is highly desirable. Work of this kind has par-

ticular interest in determining the energy dissipated by the shock wave,

as discussed in the next section.

4.8. Dissipation and Energy of Shock Waves

The energy in the shock wave from an underwater explosion is of

importance from several points of view. The energy transport at a

given distance from the source is a measure of the useful (or destruc-

tive) work which the shock wave can do. The total energy radiated

from the source in the initial phases of an explosion determines how
much of the available chemical energy remains for the later motion of

the gas products and surrounding products.

Ultimately, of course, all the energy radiated in the shock wave is

degraded into heat by dissipative processes as the wave is propagated

outward. In an infinite medium, the transformation results in an in-

creased temperature of the water, and the least ambiguous statement

of the energy loss is in terms of this increased heat content. A formu-

lation of this kind is used to advantage in the shock wave propagation

theory of Kirkwood and Brinkley discussed in section 4.6. For pur-

poses of analysis in terms of measured quantities this approach is un-

desirable, and it is necessary to examine the less clear-cut relation of the

possible forms of energy to experimental shock wave pressures.

A. Work and energy behind the shock front. As discussed in section

4.6, the energy dissipated by the shock wave at points beyond a surface

in the fluid defined by the position of the shock front at a given time

must be equal to the work done in the displacement of this surface by

the shock wave. Assuming spherical symmetry, the work W{R) done

on a surface having a radius R before arrival of the shock front at time

t{R) is given by

(4.37) W{R) = 47r r
J t.(

r~Pudt
t{R)

where u is the particle velocity for the shell of radius R and iidt is there-

fore its displacement in time dt. This work is, however, not directly to

be identified with the energy radiated by the shock wave and lost from
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further motion without some consideration of the time r to which the

integration is extended. If tliis time were taken as infinitely large, the

integral in Eq. (4.37) would include the energy radiated in the later

bubble pulses as well as in the primary wave. A smaller value of r is

therefore required to exclude these later contributions.

The proper value of r and the interpretation of Eq. (4.37) are com-
plicated by the fact that as the shock wave passes outw^ard the work
done on any boundary is increasingly that of noncompressive flow which

gives the surrounding fluid kinetic and potential energy. This energy

is returned to the gas products on later contraction of the bubble, and
should not be included if one is interested in the energy radiated by the

shock wave and lost for further motion. If the integration in Eq. (4.37)

is extended to infinite time or over complete cycles of the pulsations

this contribution is excluded because each outward flux of energy is

cancelled by inward flux during the following contraction.

The energy radiated in later contractions of the gas sphere would be

excluded by taking r to be smaller than the time at which the gas sphere

reaches its maximum radius. If this is done, however, the work cal-

culated by Eq. (4.37) includes both the energy radiated in the shock

wave and the recoverable kinetic and potential energies delivered to the

fluid external to the surface of radius r. This combination of forms of

energy is closely related to the afterflow term in the acoustic expression

for the particle velocity u in spherical motion, which from section 2.2 is

(4.38) u = ^-^=^ + -^ f {P-Po) dt'
PoCo PoK J

^^^^

where Po is the hydrostatic pressure. The second, or afterflow, term

in this equation reduces, in the limiting case of noncompressive flow, to

the velocity required by expansion of the gas sphere boundary, and the

corresponding kinetic energy is returned to the gas sphere in its recom-

pression.

If an evaluation of the work done at any point in the fluid from the

measured pressure-time curves is desired, the particle velocity u can be

eliminated from Eq. (4.37) by the use of Eq. (4.38), with the result

(4.39) ^ = -l-f P2dt+±^f Pit) ( P{t')dt'dt

if the hydrostatic pressure Po is neglected. Strictly, this equation

should be evaluated for a surface fixed in the water and hence moving
with it, but except at points close to the gas sphere the resulting correc-
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tion to values of P obtained at a fixed point is not important. If the

total work done by both the shock wave and the noncompressive flow

which the motion increasingly resembles is required, both terms in Eq.

(4.39) should be employed. If, however, a measure of the radiated

shock wave energy only is required, Eq. (4.39) is not correct as it stands,

because of the recoverable changes in kinetic and potential energy in-

cluded.

The second term in Eq. (4.39) is, in the noncompressive approxi-

mation, the change in kinetic and potential energy of the fluid flow.

Therefore, the natural approximation to a value of the radiated energy

is obtained by dropping this afterflow term. Actually, the two types

of energy change are not distinct or mutually exclusive, and at no time

can the pressure behind the shock front be regarded as the result of

either compression or noncompressive flow alone. In cases of interest,

however, the difference in variation with time of the two terms in Eq.

(4.39) makes their contributions reasonably distinct. The first term

increases rapidly during the initial portion of the shock wave for which

the pressure P is large and later additions from the tail of the shock

wave become less and less important. The afterflow term, on the other

hand, increases much more slowly at first because of the integral

SPdt' in the integrand, but for the same reason continues to increase

appreciably for pressures very much less than the initial peak pressure

of the shock wave. The character of the afterflow term is also indi-

cated by the factor \/R as compared to the first term, thus being the

result of the decrease of afterflow velocity with distance from the gas

sphere boundary.

Returning to the question of the time r to which the integrals in

Eq. (4,37) or (4.39) should be evaluated, it is clear that no single answer

is possible for all cases. A major part of the radiated shock wave
energy is accounted for if r is chosen to be several times the initial time

constant of the wave, but the outward energy flux of noncompressive

flow increases for much longer times (up to times of the order of one-

tenth of the bubble period).

B. Energy flux density. The work done on a surface fixed in the

fluid is not the only way in which energy behind a shock front can be

expressed. Another measure which is sometimes useful is in terms of

an energy current density, or rate of energy flow through a surface of

\mit area. A unit volume of fluid with particle velocity u and internal

energy E per gram has energy of amount p{E + \iC^), where p is its

density, and the rate of transport through unit area is therefore

pu{E + \y?). If we add to this the rate Pu at which pressure P in the

fluid can do work on this surface, we obtain for the total energy trans-

port as a result of fluid motion through unit area
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Ef = f puA (e + 41^2 _|_
P\

dt

11^5

where A indicates the increment over the value in the undisturbed

fluid.

This expression for energy flux density is convenient in calculations

based on the Kirkwood-Bethe theory, because the bracketed quantity

in Eq. (4.40) is the kinetic enthalpy increment of the fluid, which is used

as a fundamental variable in that propagation theory. The differences

between Eq. (4.40) and the expression fPudt is insignificant except for

very large pressures (see section 7.2).

C. Ener-gy dissipation in shock waves. The dissipation of energy in

outward propagation of a shock wave as a result of pressure and velocity

Distance
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from experimental pressure-time curves integrated to 6.7 times the

initial time constant are also tabulated.

It is seen from Table 4.2 that the energy remaining in the shock

wave falls off rapidly near the charge as the wave progresses outward,

about thirty per cent of its initial energy being dissipated in the volume

within five radii of the charge and forty-eight per cent in the volume

within twenty-five charge radii. The energies computed from measured

pressure-time curves are approximately twenty-five per cent lower than

the theoretical values, but show corresponding decreases with distance

over the range of measurement. The difference in absolute value is

consistent with the fact that the experimental figures were obtained by

numerical integration to an arbitrary, finite time after arrival of the

shock front, in order to exclude significant contributions of noncom-

pressive flow energy to the integral. For comparison, values of the

afterflow integral to the same time are also tabulated.

The energy of 561 cal./gm. at 1 charge radius represents the total

energy radiated by the shock wave, and is 53 percent of the estimated

total energy of explosion of 1,060 cal./gm. of TNT. The remaining

47 per cent, or 500 cal./gm., is thus the remaining energy for later mo-

tion of the gas sphere and the surrounding water. This energy can,

however, be computed rather accurately from the observed period of

pulsation of the gas sphere (see section 8.3), and for TNT a value of

480 cal./gm. is obtained. This figure is in remarkably good agreement

with the less directly estimated value of 500 cal./gm. Similar calcu-

lations for other explosives give correspondingly good agreement be-

tween calculated shock wave energies and indirect estimates from ex-

perimental measurements of the gas sphere motion. These agreements

are to within the combined accuracy of the measurements and calcu-

lations, and thus give a very satisfactory accounting for the energy

distribution in underwater explosions.

The rapid dissipation near an explosive charge represents a de-

grading or wastage of available energy to heat, this loss occurring at the

steep gradient of the shock front. The fact that some twenty-five per

cent of the total energy of explosion is lost for useful work within

twenty-five charge radii of the explosion illustrates Avhat might be

termed the inefficiency of the shock wave for transmission of energy.

This inefficiency has led to suggestions that greater effectiveness might

be obtained by using slow burning propellant charges which did not

develop steep pressure fronts. Whether or not an improvement would

be reaUzed depends of course on the necessary magnitude and duration

of pressure for the purpose of interest, and whether the necessary energy

could conveniently be released in the most suitable way.



5. Measurement of Underwater

Explosion Pressures

The preceding chapters have dealt with the physical and chemical

properties, physical laws, and mathematical developments necessary

to a theoretical understanding of underwater explosion processes. Be-

fore proceeding to a detailed comparison of the theoretical results with

experimental data, it is of importance to consider the techniques of

measurements of underwater explosion phenomena, and this chapter is

devoted to a brief discussion of some of the experimental methods.

The more important and generally applicable of these methods fall into

two broad classifications : mechanical and electromechanical devices for

pressure measurements, and optical methods, which can be applied both

to pressure measurements and to investigation of mass motion of the

water as a function of time and other variables. This chapter is con-

cerned with the first classification; optical methods are considered in

Chapter 6.

5.1. Ckusher Gauges

Early attempts at measurement of underwater explosion pressures

were all based on devices in which the basic measured effect was plastic

deformation of small lead or copper elements by the agency of the pres-

sure. Measurements of this kind provide directly only an empirical

comparison between different experimental conditions of charge weight,

distance, etc., but interpretations in terms of fundamental quantities

were attempted by comparing explosion effects with those of known
hydrostatic pressures. The earliest investigations of this kind appear

to be those of Abbot (1), who used w^hat is commonly described as a

crusher gauge, in which a steel piston acts on a small lead cylinder fixed

on a massive support as sketched in Fig. 5.1(a). The device may be

thought of as a mass (the piston) attached by a spring (the lead cylinder)

to a fixed support. The action of pressure on the piston face causes an

acceleration which is opposed by the plastic resistance of the lead to

deformation. The amount of deformation suffered by the cylinder is

then a measure of the force acting on the piston and hence of the pres-

sure in the surrounding fluid. In the form used by Abbot and later by
Schuyler, the crusher gauge is very similar to the crusher gauges used

in measuring pressures developed in gun barrels by propellant charges.

The difficulty with use of such a gauge in measurement of shock

147
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wave pressures is the fact demonstrated by Hilliar (47) that the natural

period of the large gauges with soft lead crushers used by Abbot must
have been of the order 400 to 800 microseconds. As a result, the effec-

tive pressure acting on the crusher in the course of its deformation is a

kind of average over comparable intervals (a more exact description of

the actual mechanism of deformation is given later in this section).

Times of this order are however comparable with shock wave durations

of even larger charges. Exactly what the gauges used by Abbot meas-

ured is therefore highly uncertain, but it could not have been any kind of

approximation to the initial pressure. That the measurements made

DEFORMABLE
PELLET

PRESSURE-^

PISTON
I

ANVIL

(a) PRINCIPLE OF (b) SECTION OF
CRUSHER BALL CRUSHER
GAUGES GAUGE
Fig. 5.1 Principle and construction of crusher gauges.

by Abbot have no fundamental significance of this kind is perhaps suffi-

ciently well indicated by his finding pressures varying with weight W
and distance R from an explosion roughly as W^-'^/R^-'^, results which

are neither consistent with similarity nor in agreement with later work

giving laws more nearly of the form W^-^^/R^-'^'^. The method is, how-

ever, of interest because it is the predecessor of fundamentally more

useful gauges based on the same principle which will be considered in

more detail.

Although cylindrical crusher pellets were used both by Abbot and

Schuyler and by Hilliar in a classic series of measurements described

later in more detail (see section 5.2), a more recent modification de-

veloped by the Naval Ordnance Laboratory, U. S. Navy (78), employs

5/32 inch or 3/8 inch diameter soft copper spheres as the "crusher" ele-

ment, the construction of the gauge being indicated in Fig. 5.1(b). A
considerable amount of work has been done to analyze the response of a

gauge of this type to various types of applied pressures.^ Calibration

tests on deformation of the copper balls by impact of a piston travelling

^ A number of such calculations are given by A. B. Arons, to be issued as a
NavOrd Report by the U. S. Navy Bureau of Ordnance.
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with known velocity show that the maximum depression of the ball is a

function only of the energy of the piston before impact, a result sug-

gesting that the resistance of the ball to deformation is primarily the

result of work hardening. If the deformation S is measured, the aver-

age force acting during such a ballistic impact can be calculated from the

initial energy of the striking piston, and with the aid of such experiments

a calibration curve of force F versus plastic deformation S can be pre-

pared. The use of copper spheres has the practical advantage of giving

a very nearly linear calibration curve of the form F = kS for deforma-

tions up to .05 and .08 inches for the 5/32 inch and 3/8 inch spheres,

corresponding to static pressures of 3,000 and 10,000 lb. /in. 2.

This is formally the same as a Hooke's law restoring force for a

spring, with the difference that there is a permanent set of the sphere

after the force is released rather than complete elastic recovery. The
response of the entire gauge up to the time of maximum deformation is

thus equivalent to that of a mass and spring subjected to a force applied

to the mass and the familiar differential eciuation of a linear oscillator

results for the motion of the piston

:

(5.1) m^ + kS = AP{t)

w^here AP(t) is the force on the piston of area A for an applied pressure

P{t) and 771 is the effective mass of the gauge. This effective mass is

taken, in the theory developed by G. K. Hartmann (44), to be the sum
of the piston mass plus J^ the mass of the copper ball (by analogy with

the corresponding value for a spring of finite mass) plus a hydrodynamic

mass. This last term represents the inertia of water near the face of

the piston which moves with the piston, and is assumed by Hartmann
to be %pd'^ where d is the diameter of the piston face, this being the

value predicted by elementary hydrodynamics for the case of an in-

finite cylinder.

2

The equation of motion (5.1) can be integrated for any assumed
pressure variation. We consider the approximation to a shock wave
of an initial peak followed by an exponential decay of the form

P{t) = Pme~^/^. With this assumption, the solution of Eq. (5.1) is

easily found by standard methods to be

(5.2) S ^^"^ ^''^^'

k 1 + {o^ey

g-t/e J sin a)t — cos cct

cot

where 0; = J-
k

m
2 This value is derived on the assumption that the motion of the water near the

piston can be described as noncompressive flow. The formulation of the effective

pressure at a moving boundary, from which the correction is obtained, is given in

section 10.5.
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with the understanding that this equation describes the motion only up

to the first maximum of deformation of the crusher, after which time

the ball retains the permanent plastic set. For an applied pressure of

very long duration {d, wd —> ^) this maximum occurs at a time

3/2 ^o) = tt/co = TT^^rn/k and the deformation S^o is given by

(5.3) Saa — 2APr,

k

which is twice the static value for a slowly applied pressure. The nat-

ural periods Too of 5/32 inch and 3/8 inch balls in the NOL gauge for

which the effective mass is about 15 grams come out to be 355 and 514

w 1.0

UJ
(/)

o 0.8

^ DC

liJ 0.6
>

LlI

cr 0.4

TIME OF RESPONSE v
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mine Pm as a function of kSm and the product oid. In this apphcation,

the gauge gives a measure of peak pressure provided d is known at least

approximately. The ratio tm/Trj^ = co/^/tt and the deformation fac-

tor Pm/kSm are plotted in Fig. 5.2 as a function of cod. It is seen that

if cod is not too small the deformation factor is not too sensitive to vari-

ations in 0^6. Hence, although the gauge does not, strictly speaking,

measure peak pressure Pm without a priori information about 6, it per-

forms this function reasonably well for sufficiently large charges if 6 is

known approximately.

Several complications have been tacitly ignored in the simple dis-

cussion of the ball crusher gauge which complicate the reduction of its

readings to more fundamental quantities. It has been assumed that

the pressure P(0 acting on the gauge is the same as the free field pres-

sure which would exist in the absence of the gauge and diffraction effects

due to its presence are thus neglected. The magnitude of these effects

has been estimated both theoretically and experimentally, with indi-

cations that they are not serious for conditions in which the gauge re-

sponds primarily to peak pressure. A second source of difficulty is the

fact that the deformation of the copper crushers depends not only on

the magnitude of the force but on the rate of its application, experi-

mental itests by Seitz et al. (100) indicating that this "speed effect" may
increase the constant k by as much as 15-20 per cent for strain rates

{1/S)AS/At of the order 1,600 per sec. Corrections can be made on

the basis of such tests but the existence of the effect makes the interpre-

tation of observed depressions more uncertain. A third difficulty is the

assumption of a specific form of pressure-time curve. While an ex-

ponential decay is certainly the best simple mathematical description

of a shock wave in water, it is by no means true that it is always a good

one. For example, the pressure-time curves in certain directions around

cyHndrical charges have multiple peaks (see Fig. 7.15, Chapter 7). The
response of the gauge to such pressure could in principle be computed
from the known form of the curve, but this approach obviously con-

stitutes an investigation of the gauge rather than the pressure acting

on it.

As a purely empirical device for comparison of different explosives

or different conditions, the ball crusher gauge has very real value be-

cause of its reproducibihty and simplicity in use and because one has at

least a rough picture of what it is measuring. Comparison with the

more detailed results obtained by electromechanical gauges which give

a continuous record of pressure have confirmed the essential validity of

the simple theory presented here. With this background the ball

crusher gauge forms a useful tool in explosive investigations.^

3 Detailed discussions of the use of ball crusher gauges and precision of measure-
ments are given in reports by J. S. Coles (22), and by R. H. Brown (12).
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5.2. The Hilliar Piston Gauge

As the discussion of section 5.1 shows, the ball crusher and other

types of crusher gauge are most useful as indicators of peak pressure at

a shock front. An extension of the basic idea of using plastic deforma-

COPPER
CRUSHER

STEEL
PISTON

^:7
B

(a) (b)
Fig. 5.3 Principle and construction of Hilliar piston gauge.

tions to make possible indications of pressures at later times was de-

veloped by Hilliar and applied by him to a classic investigation (47) of

the properties of pressure waves from underwater explosions. The
gauge consists of a piston and copper crusher as before, but with the
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difference that the piston and crusher are initially a known distance

from the anvil rather than in contact with it, as indicated diagram-

matically in Fig. 5.3(a). The piston thus has a length L of free travel

before striking the crusher and in this time acquires a momentum pro-

portional to the impulse or time integral of the pressure on its face.

The impulse per unit area up to the time t at which the piston strikes

the crusher will be denoted by lit), where

(5.6) m = fp{t) dt

We may write, by conservation of momentum, that the velocity V of

the piston on impact is given by

(5.7) lit) =^
where m is the effective mass of the piston and A the area exposed to

pressure. Hilliar found, however, that the deformation S of the crusher

as a result of impact by a piston is a function only of the energy of the

piston. With the aid of calibration tests using pistons of known mass

shot at measured velocities from a compressed air "gun," a calibration

curve of kinetic energy Ec absorbed by the crusher versus crusher de-

formation can be prepared. If the deformation of a crusher struck by

a piston accelerated by the pressure wave is then measured, its value

gives a measure of the energy Ep oi the piston and hence its velocity

V{t). Two corrections are necessary: the body of the gauge is also

moving, although more slowly, and the piston does work on the copper

before being brought to rest because of the pressure still acting. The

first of these effects is accounted for by using a reduced mass

ffi' = m/{l + m/M) where M is the mass of the gauge, and the second

by subtracting a term P • S from the calculated energy absorbed, where

P is the pressure during impact, with the result

^''^ ^^ = TTWm^^'-'''^

The kinetic energy of the piston is, however, given by ^p = ^mV^ and

substituting in Eq. (5.7) gives

(^•9) ^« = jVrTS7M^^'-^^)
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The piston gauge in the form described thus measures the impulse of

the wave up to an unknown time t. In order to make a more direct

interpretation of the pressure-time curve it is evidently necessary to

determine the time of piston motion. If this is known one could obtain

an approximation to the pressure-time curve by writing I{t) = Pav-t

where Pav is an average of the pressure over the time of action. The
exact meaning of such an average depends of course on the form of the

curve P(t) but the difficulty can be resolved by using several piston-

crusher units each acting over successively greater intervals. If each

added interval is made small enough the average pressures over the

added intervals represent good stepwise approximation to a continuous

curve. If the pressure changes comparatively little over the first such

interval the time of action of the piston can be computed assuming its

acceleration to be uniform. The time h for the first piston is then

where Li is the length of free travel and Vi the final velocity computed

from the crusher deformation. The average pressure over this interval

is then

/p; im p = ^^^1^1 ^ miVi"^ _ mi Eel — PiSi
^ ^

"^'
At, 2AU 1 + mi/M' 2AU

All the quantities in this equation are known except for the final pres-

sure Pi which must be estimated. Its effect is not very large and can

be estimated by judicious guessing, or if necessary a second approxima-

tion correcting an initially assumed value.

A second piston is designed to have a longer free travel Li and if

necessary a larger mass ???2 in order to increase its travel time h. The
extra travel time for this piston, again assuming an interval t^ — h short

enough that the acceleration can be considered uniform, is

,
. 2(7.2 - L,)

''-''== TTTfT

The average pressure over the interval t-i
— ii is then given by

^272 - wiFi {W2V2 - wiFi) (F2 + Vi)
(5.11) Pa.2 =

A{t2- h) 2(L2 - Li)A

Again all the quantities can be calculated from known gauge constants

and the average pressure over the interval ^1 < ^ < ^2 determined.
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Fig. 5.4 Pressure-time curve obtained from Hilliar gauge.
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With a sufficient number of piston-crusher units, a block diagram ap-

proximation to the actual pressure-time curves can be constructed, as

sketched in Fig. 5.4(a), and a smooth curve drawn through the blocks,

as indicated by the dashed curve, is taken to represent the actual pres-

sure-time curve.

In Hilliar's experiments, as many as 10 sizes of multiple piston

gauges were used, either 3 or 6 pistons and crushers being provided in

gauges to give a better average. The pistons used were 3^ inch in

diameter and from % inch to 8 inches long; the copper crushers, small

cylinders 0.32 inch in diameter and 0.50 inch long, were found to give

very consistent deformations in calibration tests; the free travels of the

pistons varied from }4 inch to 2J^ inches. A typical gauge with three

units is shown in Fig. 5.3(b). The gauge was normally hung vertically

and the pistons prevented from dropping out of the three chambers A
(only one is shown in the drawing) by the washers B. The annular air

chamber D, open to the water at E and to the chambers A below the

eyebolt C, served to equalize hydrostatic pressure and reduce air com-

pression by the moving piston. The crushers were attached to the

pistons and crushed against the eyebolt.

With the use of piston and crusher gauges, Hilliar was able by a

series of 109 shots in 1918-19 to determine the major features of shock

waves, verify the principles of similarity, and determine weight-distance

laws. A typical pressure-time record from Hilliar's report is shown in

Fig. 5.4(b) for 300 pounds of TNT at a distance of 50 feet. Although

the absolute pressures and durations obtained by Hilhar differ by ten-

thirty per cent from more recent results, his determination of so many
of the major features of shock waves with relatively simple equipment

and facilities was a remarkable accomplishment.

Some of the limitations of Hilliar's techniques are fairly obvious:

determination of a curve by what is essentially a series of time averages

may smooth over or obliterate irregularities and details, and some care

is necessary to pick the proper piston combinations. It has also been

found in later work that good technique is something of an art and that

considerable care and experience is necessary in order to obtain repro-

ducible results. Nevertheless the method does determine the major

features of the shock wave pressure-time curve and has been employed

extensively up to the present time."* One interesting modification of

the Hilliar gauge has been made by Hartmann (45) , in which the work-

ing time is made sufficiently long, by increasing the piston inertia and

decreasing its exposed surface, that the integrated pressure is measured

over an interval longer than the shock wave duration; the device thus

^ An improved design of Hilliar gauge has been developed by G. K. Hartmann
and the Taylor Model Basin. The design of this multiple piston gauge, its precision,

an analysis of errors, and results obtained are described in a comprehensive report by
Hartmann (45).
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constitutes an impulse or momentum gauge which gives a measure of

the area under the pressure-time curve.

5.3. Diaphragm Gauges

Several types of gauges have been developed in which the plastic

deformation of an air-backed plate or diaphragm is taken as a measure

of explosive effectiveness. One such gauge, developed by the Italian

Modugno about 1919,^ consists of a 3^ inch copper disk with an exposed

surface 1 inch in diameter mounted on the lip of a cuplike gauge body,
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tory at Woods Hole/ is sketched in Fig. 5.5. The diaphragm A is

ordinarily made of steel or copper .080 inch thick and is clamped to the

gauge body by a face plate, the diameter of the area exposed to pressure

being 3.4 inches. In practice, the gauge is placed a known distance

from the explosion and the resultant roughly semi-spherical depression

taken to be a measure of the explosive's effectiveness. As in the case

of the Modugno gauge the law of its motion is not a simple function of
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is known not to be generally valid it was found true for this type of

gauge.

The failure of diaphragm gauges to respond in a simple way to

shock wave pressures is shown by the variation of maximum depression

with charge weight and distance. These variations are illustrated for

small charges by Fig. 5.6, in which central deformations as a function of

charge weight are plotted to logarithmic scales for 2 distances. These

and other results show that for charge weights up to 20 pounds, the

deformation of steel diaphragms is proportional to the 0.6 power of

weight and —1.2 power of distance. Other experiments with charges

of 100 pounds or more (22, 23), give a weight exponent of 0.49 and dis-

tance exponent of — 1.13. The differences of the exponents with range

of charge weights and their failure to correspond exactly with simple

shock wave parameters indicate the nonexistence of any simple corre-

spondence with specific shock wave properties.

Despite the limitations of diaphragm gauges for direct measurement
of fundamental quantities, they have continued to be very useful in

explosive comparison. This usefulness is the result of comparative

simplicity and excellent reproducibility when properly used. In addi-

tion, their use also furnishes valuable information for study of struc-

tural damage, as already mentioned and discussed in more detail in

section 10.5. (Fig. 5.6, for example, shows the agreement with ex-

periment of a theory developed by Kirkwood.)

5.4. Piezoelectric Gauges

Although the various mechanical gauges described in the last section

make possible fairly detailed measurements of shock wave pressures,

they evidently cannot practically give a continuous record of pressure

versus time and may be quite inadequate for investigation of pressure

waves which possess any appreciable irregularities of structure. They
are also employed with increasing difficulty for very small scale meas-

urements. Perhaps their most serious limitation is their inability to

measure simply and directly the weaker but more sustained secondary

pressure impulses following the shock wave as a result of later motion

of the gas sphere. For such measurements, what is evidently wanted is

a pressure sensitive device which can be arranged to give a continuous

indication of pressure as a function of time. The natural type of de-

velopment is then some kind of electromechanical gauge or transducer

to convert pressure changes into a varying electrical signal which can

be translated into a visible indication by some type of oscillograph and
recorded photographically.

The simplest and most direct pressure-sensitive electrical phenome-
non is that of piezoelectricity, the property exhibited by some classes of

crystals of developing electrical charge on certain crystalline faces in
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response to applied mechanical stress. The effect is exhibited only by

crystals of fairly low degree of symmetry, the practically most useful

being quartz, tourmaline, and Rochelle salt. The first application of

piezoelectric methods to measurement of underwater explosion pres-

sures is apparently that of Keys (58) in 1921, as a result of a suggestion

by Sir J. J. Thomson that the naturally occurring mineral tourmaline

would be a suitable material. At about the same time, Langevin was

developing the use of quartz crystals for underwater signalling and

Nicolson had made pioneer investigations of Rochelle salt crystals as

electromechanical transducers. The experiments of Keys demon-
strated the feasibility of the method and tourmaline gauges have

been extensively used by the Admiralty Research Laboratory in

England from 1919 to the present.'' Up to the outbreak of World
War II these investigations were virtually the only sustained program

of underwater explosion pressure measurements.

The original form of equipment used in these experiments was very

simple. The gauge consisted of a mosaic of tourmaline crystals at-

tached to a steel plate, which formed the low potential (grounded)

electrode, a foil electrode connected the crystal faces of opposite polar-

ity, and the whole assembly was mounted in a waterproof case. The
total crystal area w^as some 30 square inches and the linear dimensions

of the gauges were of the order 5-8 inches. With these large gauges,

sufficient signal was developed by pressures of the order 200-2,000

lb. /in. 2 to permit direct connection of the gauge through cables several

hundred feet long to the electrostatic deflecting plates of a cathode ray

oscillograph. In the earlier experiments a time scale was provided by
horizontal deflection of the trace from a condenser discharge circuit

suitably synchronized with the arrival of the pressure wave at the gauge.

The resulting deflection of the electron beam was recorded photo-

graphically on a film placed in the evacuated cathode ray tube cham-
ber. The deflection sensitivity and time scales were calibrated by
impressing a transient oscillation of known amplitude and frequency.

Although this original technique has been refined and extended greatly

as a result of advances in electronics, it contains virtually all the essen-

tial components found in later developments.

At the beginning of World War II, it became evident that piezoelec-

tric or similar techniques were essential to obtain comparisons of mili-

tary explosives, estimates of their effectiveness in various circumstances,

and to make possible comprehensive studies of underwater explosion

pressures. With these and similar objectives in mind, experimental

programs were started at a number of laboratories in this country, the

most extensive being at the Taylor Model Basin (U. S. Navy, Bureau
of Ships) and, under contracts of Division 8 and Division 2 of the Na-

^ Many of these investigations have been reported by Wood (123).
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tional Defense Research Committee, at the Underwater Explosives

Research Laboratory (Woods Hole Oceanographic Institution, Woods
Hole, Mass.). The experimental techniques employed at these and

other laboratories employed tourmaline pressure gauges perhaps more
extensively than all other kinds put together. As such techniques were

used to obtain most of the results on explosion pressures mentioned in

this book, they will be described in some detail in this and following

sections.

Of the various types of crystals which might be used for piezoelectric

explosion pressure measurements, tourmaline stands virtually alone in

its fortunate combination of properties. Mechanically, it is quite

rugged and stable and can be so used as to withstand pressures of the

order 40,000 Ib./in.^ or more without damage. Although its absolute

sensitivity, expressed as electrostatic charge per unit area developed by
unit pressure, is much smaller than for Rochelle salt or similar crystals,

it is comparable to quartz in this respect and has the great practical

advantage over either quartz or Rochelle salt of responding to hydro-

static pressure.

The fundamental piezoelectrically active orientation of tourmaline

is a cut perpendicular to the optic axis, charge being developed on faces

perpendicular to the axis in response to pressure being applied both on

these faces and on faces parallel to the axis. If the ratio of piezoelectric

charge Q/A per unit area developed by hydrostatic pressure P is de-

noted by K, it is readily shown that the crystalline symmetry of tour-

maline requires that K = d^^ -\- '^dsi, where 6^33 and dsi are, in Voigt's

notation, the piezoelectric moduli for stresses applied parallel and at

right angles to the optic (Z) axis.

For X-cut quartz crystals, which have been used in pressure measure-

ments, the faces of the crystal are perpendicular to the mechanical axis.

The charge developed on these faces by unit stress parallel to the axis

is represented by dn, but stresses at right angles develop a charge

2di3 and it is easily shown that for equal principal stresses (hydrostatic

pressure) the total charge, which is the sum of the effects, is zero.

Hence if a quartz crystal is to be used, its edges must be protected from

applied pressure. In some gauge designs, this has been done by mount-
ing a circular quartz disk in a coaxial steel ring intended to relieve pres-

sure on the edge of the disk.

It is well known that Rochelle salt and the niore recently developed

ADP (ammonium dihydrogen phosphate) crystals are piezoelectrically

active for shearing stress. In Z-cut crystals the charge is developed

on faces parallel to the optic axis as a result of shearing stress applied to

edges parallel and perpendicular to this axis. As for quartz, the crystal

symmetry requires that the response to hydrostatic pressure be zero.

As ordinarily used, Rochelle salt or ADP gauges employ crystals cut
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with edges at 45° and 135° to the optic axis and a normal stress apphed

only to one pair of edges results in a shearing strain, the other pair and

the faces being protected by a rigid housing.

The advantage of sensitivity to hydrostatic pressure is, of course,

the fact that no mechanical protection need be provided to permit only

certain directions of strain being effective. Any such housing in-

creases the effective size of the gauge, which is undesirable for gauges

which must respond to pressures rapidly changing in space and time,

and is also liable to shock resonances developed by the applied pressure

wave which falsify the crystal response. From this viewpoint, there is

no advantage but rather a definite difficulty in using quartz rather than

tourmaline, and there is no advantage to quartz from the point of view

of sensitivity, the two differing by only a few per cent. Although both

Rochelle salt and ADP have much higher sensitivity, they also suffer

from the disadvantage of having no hydrostatic response and must

therefore be protected from unwanted stresses. The crystals are

physically much less rugged, an important consideration when explosion

pressures are involved, and Rochelle salt is very hygroscopic, likewise

a serious problem when used underwater or in humid surroundings.

Nevertheless, occasions may arise when the higher sensitivity attainable

outweighs these drawbacks and both Rochelle salt and ADP gauges

have been used to a limited extent for such purposes. (The statements

made here refer of course to measurements of explosion pressures rather

than underwater sound studies w^here the much lower pressure levels

usually rule out tourmaline.)

As applied to explosion tests, Rochelle salt also suffers from its large

temperature effect. This is due largely to ferroelectric properties which

make its electrostatic capacitance vary by a factor of 10, becoming very

large in the neighborhood of the Curie points at — 10° C. and 25° C.

The open circuit voltage changes by only about 20 per cent over the

same range, and if the crystal is connected directly to a preamplifier or

other high impedance circuit, the latter condition is quite closely real-

ized. This method of use presents obvious difficulties when the ampli-

fier must function properly during the passage of intense shock pres-

sures. The other alternative, of connecting the crystal to a cable of

considerable length, loads the crystal to such an extent that the output

signal is determined by the coulomb sensitivity and its large tempera-

ture variations. These difficulties are present to a much smaller degree

in the less sensitive ADP crystals which nevertheless have about ten

times as large a response for a given size as tourmaline. ADP gauges

have been used to a limited extent for explosion measurements and, for

relatively large scale measurements at least, have showed considerable

promise. A further difficulty with Rochelle salt gauges is transient

distortion encountered with slowly changing pressures.
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As a result of the considerations outlined and others, tourmaline

pressure gauges have been the main reliance in determination of tran-

sient pressures. There are certain difficulties which must be considered

in any use of tourmaline or other piezoelectric gauges. The first of

these is the fact that, regarded as a circuit element, a piezoelectric gauge
has the fundamental characteristics of an ideal generator in series with

a small capacitance, of a few hundred micromicrofarads at most, which
represents the electrostatic capacitance of the crystal.^ The gauge is

therefore inherently a high impedance device, a characteristic which
introduces several complications in its use. Most devices suitable for

recording fast transients are basically voltage sensitive and have a finite

direct current resistance. The connection of such a resistance across

the gauge thus provides a leakage path for the charge developed, and
the voltage response to a suddenly applied and maintained pressure, for

example, is an exponential decay, the rate decreasing as either leakage

resistance or circuit capacitance is increased. The product of these two
factors determines the rate of decay and must therefore be sufficiently

large, a condition usually best achieved by making the leakage resist-

ance large, as increased capacitance shunting the gauge reduces the

voltage developed.

The necessity of essentially open circuit conditions for direct cur-

rent or low frequencies not only presents requirements to be satisfied by
the recording equipment to which the gauge is connected, but also

presents problems in making this connection. If the electrical line is

long enough, the time required for signals to be transmitted down its

length is comparable with times of interest in transient pressure meas-
urements and attention must be paid to the way in which such trans-

mission takes place. It is a familiar fact that improper termination of

electrical lines results in reflected electromagnetic waves and a distortion

of the voltage at the end of the cable. This distortion is eliminated if

the line is terminated by an impedance equal to the so-called surge im-

pedance of the cable, which is quite closely equivalent to a resistance of

the order 50-100 ohms. This value of resistance is very far from values

of megohms necessary to prevent appreciable leakage of charge and
special measures are therefore necessary to minimize distortion of this

kind.

Another difficulty associated with high impedance gauges is the

vulnerabiUty of such circuits to unwanted signals. Pickup from dis-

turbances in the neighborhood can be minimized by proper shielding

and grounding of circuits, but another source of disturbance encountered

in use of electrical cables, known as "cable signal," must be carefully

considered. This phenomenon manifests itself as electrical charge de-

^ This result is readily obtained from the basic piezoelectric equations (see Refer-
ence (3) for example), but is sufficiently evident not to justify a detailed proof here.
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veloped as a result of stress on the cable and, in transient pressure

measurements, results in an increasing potential difference between the

cable conductors as more of the cable is struck by the pressure wave.

The exact cause of the effect is not fully understood but in coaxial cables

appears to be developed between the dielectric and outer sliielding braid

by some sort of frictional process. Its effect is evidently particularly

serious in measurements of small pressures following an initially much
greater pressure rise, as are encountered, for example, in an ordinary

shock wave.

Another type of effect closely associated with piezoelectricity is the

pyroelectric effect in crystals, in which electric charge is developed as a

result of pressure changes. This effect may be a genuine one or a "false

pyro charge," which is really piezoelectric charge induced by strains set

up in the crystal by differential expansion from temperature changes.

In tourmaline a temperature rise of 1° C. has been found to develop a

charge corresponding to a decrease in pressure of about 200 Ib./in.^

This effect is eliminated if both measurement and calibration are car-

ried out under adiabatic conditions, but temperature changes in either

situation resulting from conduction into the crystal of heat externally

developed can cause appreciable errors. Fortunately, the effect is not

appreciable for practicable conditions in underwater pressure measure-

ments and calibration. It can, however, cause serious errors in air-

blast measurements where proportionately much greater temperature

changes are encountered and the durations are much longer.

Piezoelectricity is of course not the only pressure-sensitive electrical

phenomenon w^hich can be utilized as a measuring technique. Some of

the more promising of other possible methods are use of pressure coeffi-

cient of resistance of metals (e.g., manganin) or electrolytic solutions;

magnetostriction, in which the flux changes of magnetic alloys resulting

from stress develop induced voltages in suitably arranged coils; the

condenser microphone principle, in which mechanical displacements

under stress cause capacity changes in an electrical circuit. None of

these principles has as yet been developed into gauge designs as widely

adaptable as the tourmaline or other piezoelectric gauges but some of

them present attractive possibilities.

5.5. Response Characteristics of Gauges

An effect which must be considered in any gauge design is the rela-

tion of its size and mechanical properties to its response to rapidly

changing pressures. Obviously, the ideal gauge for such measurements

would be of vanishingly small size, so as to offer no obstruction to pres-

sure waves or flow in the medium. This is hardly a practical idealiza-

tion and the effect of finite size and specified mechanical properties of a
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gauge on its measurement of pressure and disturbance of the pressure

to be measured must therefore be considered.

The simplest analysis bearing comparison with reality is that of the

effect of finite gauge area.^ Neglecting for this analysis any internal

reflections or diffraction of the pressure wave by the gauge, we may
consider the steady state response of a thin circular disk to a sinusoidal

pressure acting on its face. If we let the response of unit area to a
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where A = to^ is the gauge area. The relative response R{f)/KAPm
is plotted in Fig. 5.7 as a function of {a/c)J and is seen to fall to zero for

a frequency /« = 0.61c/a and to pass through a series of maxima and
zeros of response for higher frequencies. The useful frequency range

of such a disk, as limited by the transit time 2a/c across its face, thus

extends to an upper limit somewhat less than the value /«. For a gauge

^ inch in diameter in water this frequency is 150 kc./sec.

1.5
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time of the wave across the gauge suffices to explain the general fea-

tures of the response.

In measurements of explosion pressures one is interested of course

in the response to a transient pressure rather than a sustained sinusoidal

wave. The calculation for a circular disk with its face perpendicular

to the wave front can be made by elementary methods for given forms

of the transient. For mathematical convenience the response has been

calculated for a suddenly applied step pressure Pm and for a saw-tooth

wave for which

, t < x/c\

= pJl- ^^=/^l' i > ^/c)

This linear decay can be taken, to a sufficient approximation, to repre-

sent the initial portion of a shock wave. The response S{t) for a step

pressure has the form

=
, ^ < -a/c

S(t) fip sin (p cos (p'

KAPr
[ip sin <^ c

TT TT

) —a/c < t < a/c

= 1
)

i > «/c

where (^ = co8~^{— ct/a)

The response T(.t) to the saw-tooth wave can be written

=
, t < — a/c

T(t) _ r<P _ sin (p cos (p _ a /sin (p ip cos ip sin^A'

KAP^ " \j: TT C0 V TT TT
~

StT /_

— ajc < t < a/c

= 1 - t/e, t> a/c

where the origin of time is taken to be the value for which the front of

the wave is at a: = 0. The relative response T{t)/KAPm is plotted in

Fig. 5.9 as a function of the reduced time t/d for various values of the

ratio a/cd. The general feature of these curves is what one would

intuitively expect : a rounding of the initial discontinuity followed by a

closer approach to the true curve {a/cO = 0) as its rate of change de-

creases. The most serious differences occur for pressures at or near

such shock fronts, which therefore determine the upper limits on gauge

size for a tolerable error. For example, if one wishes to measure the

peak pressure of a shock wave with a decay constant 6 = 400 micro-
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seconds to an accuracy of 2 per cent the ratio a/cd should not, on the

basis of the calculation, exceed 0.02. For water c = 1.5 X 10^ cm. /sec.

and the allowable radius is a = 0.02 X 1.5 X 10-^ X 4 X 10^^ = 1.2

cm.

Several objections can be made to this simple analysis: first, that

the actual situation for a gauge of finite volume must be much more

complex as a result of reflection, diffraction, and Bernoulli flow around

the gauge; second, that orienting a thin disk with its face parallel to the

pressure wave front is more efficient in reducing the transit time. Any
very realistic attempt at a solution of the diffraction problem is of course

rather complicated. The effect of reflections at the gauge surfaces can

be seen qualitatively for a crystal gauge by considering an infinite slab
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of the disk is parallel to the wave front. This larger effect is a factor in

determining the best design and orientation of tourmaline gauges. It

has been found empirically that the most satisfactory arrangement for

general purposes consists of a stack of two or four disks in parallel, the

faces of the disks being set parallel to the direction of advance of pres-

sure. With this design the effects of internal reflections and the re-

sultant oscillations of response are reduced, and the transit time for a

required sensitivity is kept within reasonable limits. Some repre-

sentative tourmaline gauge designs of this and other types are described

in the next section.

5.6. Piezoelectric Gauge Design and Performance

A considerable variety of designs for piezoelectric gauges has been

evolved for various types of applications and as a result of experience

acquired in their use. The more detailed descriptions in this section are

confined primarily to gauge designs which have been developed by the

Woods Hole Laboratory and other cooperating groups. The material

presented is not, therefore, a complete summary of the developments

which have been made by all the various laboratories. The designs

discussed, or similar ones, have, however, been the ones most exten-

sively used and were employed in most of the explosion pressure meas-

urements given elsewhere in this book.

As a result of the considerations outlined in sections 5.4 and 5.5,

tourmaline has been the most extensively used piezoelectric material,

both in the United States and in England. As mentioned in section

5.4, the pioneer development of tourmaline gauges was carried out in

England after 1919 in a continuing program of research employing

rather large units embodying a mosaic of crystals. Until quite recently,

the basic design employed by the Admiralty Research Laboratory was

used largely in England without major changes for measurements and

comparisons of large charges. ^^ Private communications have indi-

cated that a program of investigation on small charges employing

smaller gauges has been undertaken at the Admiralty Undex Works at

Rosyth, but no reports of this work were available at the time of this

writing.

A considerable program of gauge development in the United States

began late in 1941 which was aimed chiefly at extending the range of

usefulness and precision obtainable with tourmaline gauges. The initial

efforts along these lines were made by A. B. Arons and E. B. Wilson, Jr.

at Harvard. Much later development work and construction of gauges

on their basic design, which might be called the hourglass gauge, was

carried out at the Stanolind Oil and Gas Co. Development Laboratory

under the direction of Daniel Silverman (104) and this group supplied

^^ A standardized design is described by Bebb (6)

.
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gauges to a number of laboratories carrying out research programs.

Further improvements were carried out in a later design, which will be

called the Type B gauge, and was developed at the Reeves-Ely Labora-

tories under the direction of A. B. Arons and Clifford Frondel (38).

In addition to these two basic designs, a number of special-purpose

gauges have been evolved, some of which are described in part (C). It

is beyond the scope of this section to give even a reasonably complete
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Fig. 5.10 Construction of hourglass crj^stal tourmaline gauge.

list of gauge developments, and reference should be made to more ex-

haustive discussions for further information. ^^

A. The hourglass gauge. This gauge design is based on the use of

one or more circular tourmaline disks, the faces of which are chemically

silvered and then electrolytically copper-plated for greater strength.

It was found that the electrodes frequently peeled from the crystal if

they made contact only with the faces. To remedy this, the edges were

undercut to give the crystal a "waist" or hourglass appearance, which

gave rise to the name. Electrodes are then applied by silvering and

plating the entire crystal after which the metal in the undercut is

ground away, as shown in Fig. 5.10, thus leaving electrodes plated over

the edges to provide better mechanical adhesion. The crystal element

^2 See, for example, the reports by Greenfield and Shapiro (42), and by Arons and
Cole (3).
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is attached to the commonly used copper-tubing cable as shown, and

the assembly is covered with a waterproofed coating.

The coating operation is of great importance, as the completed gauge

must have high electrical resistance when in salt water and must re-

main watertight after being subjected to explosive shocks. The nec-

essary qualities for a coating material are: toughness and strength

without brittleness; freedom from air bubbles w^hich collapse under

transient pressures or tensions; good adhesion to the gauge assembly;

and freedom from spurious electrical signals. It is also highly desirable

that a thin coating be adequate, as the transient response character-

istics are affected by the overall size, and ease in application and re-

moval of the coating materially simphfies both the original construction

and the repair of a damaged unit. Many types of coating, such as

rubber molding, rubber tape and rubber cement layers, various lacquers

and plastics, have been tried with varying degrees of success, but the

best results have been obtained at Woods Hole using Zophar wax C276,

a compounded mineral wax. Two or more thin layers of this wax are

applied by dipping the gauge assembly into the molten wax and finally

a thin film of tough lacquer (Tygon TP21) is appHed. Although gauges

so coated are not immune to failure, they have by comparison with other

methods tried proved extremely rugged and easy to use and repair.

The hourglass gauge constructed as outlined, either with a single

crystal or with 2 or 4 crystals, has been evolved and used in great num-

bers since 1941 and has proved quite successful. Most of the piezo-

electric measurements made in the United States have involved the use

of this or very similar designs. Gauges of this type have been used to

record pressures from values of the order of 100 Ib./in.^ up to 30,000

lb./in.2 or higher and have been employed both for shock and bubble

pulse measurement. In the interests of a more symmetrical construc-

tion and to obtain greater sensitivity, 2 crystals mounted face to face

have usually been used. The smallest practical crystal size w^ith the

hourglass construction is about 34 inch diameter by }/s inch thick, due

to the necessity for undercutting the edge. Crystals much larger than

3^ inch in diameter gave increasingly frequent gauge-to-gauge dis-

crepancies and changes in sensitivity, the cause of which w^as not defi-

nitely determined but probably resulted from lifting of the electrodes

from the crystal near its center. Difficulties with systematic discrep-

ancies between the smallest gauges on small charge work (1/10 to 5

pound charge weights) also indicated that the basic design, although it

led to gauges successfully used in accumulating a large amount of ex-

perimental data, still left much room for improvement.

B. The Type B gauge. The basic principles of this gauge design

were originally developed for construction of large air-blast gauges, and

the primary consideration was elimination of the hourglass feature, so
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as to permit the use of thinner crystals without the wasted area of the

faces resulting from undercutting. Electrodes exhibiting much greater

adhesion to the crystal than is provided by chemical silvering and cop-

per plating can be formed by baking on silver-spray solutions. It was

found, however, that much subsequent soldering to the electrodes set up

stresses and weakened the adhesion considerably, thus resulting in elec-

trodes which frequently loosened or otherwise made poor contact.

CURED
LATEX

EDGE SCE

Fig. 5.11 Construction of Type B tourmaline gauge.

Gauges constructed by simply attaching electrical leads by local solder-

ing were found to give unreliable and erratic results, and the Type B
construction was devised to prevent local stresses and minimize han-

dling of the electrodes. The construction is shown schematically in

Fig. 5.11, and consists basically in sweating two or four circular disks to

a central steel tab, to which a copper-tubing shielded cable (see section

5.8) is attached. Small leads are soldered to the other (ungrounded)

faces of the crystals in the sweating operation, thus eliminating the need

for subsequent local heating of the crystal by soldering. These leads

are then connected to the insulated central conductor of the copper-

tubing cable. The design also readily lends itself to balanced, or push-

pull, gauge constructions. Either 2- or 4-pile gauges with a total thick-
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ness of ys inch to ij/s inches have been successfully used, the gauge

constants ranging from 2.5 (for 34 inch doublet) to 90 (for l3^ inch 8

pile) MM coulombs per Ib./in.^

A detailed discussion of the performance characteristics of the Type

B gauge is given in part (D), but it may be said here that the design ful-

fills the major requirements of a satisfactory gauge for recording ex-

plosion pressures in the majority of cases. Although it has not yet been

used as extensively as earlier designs, sufficient field work and tests have

been carried out to show the usefulness and reliability of the design for

both shock wave and bubble pulse measurements over a wide range of

pressures.

C. Other piezoelectric gauge designs. In addition to the large British

gauges already mentioned, several interesting gauge designs have been

developed by Osborne (80) at the Naval Research Laboratory. The

most promising of these consisted of a small tourmaline element en-

closed by an oil-filled Neoprene bag, or sheets, supported by rings sev-

eral inches in diameter, leads from the electrodes being led out through

small plastic tubing. This construction was intended to eliminate

plastic coatings, which in earlier work of Osborne appeared to introduce

nonlinearity of response at low pressure levels (< 100 Ib./in.^), and

very small gauges of this type were used in measurements of small

charges, for example, detonators. Although the design has consider-

able advantages in such cases, the relatively fragile construction makes

it unlikely that such gauges would be practical for much larger charges.

In measurement of small explosion pressure changes, tourmaline

gauges become difficult to use because of their relatively low sensitivity,

and as a consequence some work has been done on development of

piezoelectric gauges using the more sensitive Rochelle salt or ADP
crystals. In tests made at Woods Hole, 45° Z-cut crystals of these

materials with cemented foil electrodes have been mounted in a lucite

housing, as shown in Fig. 5.12, to prevent applications of pressure ex-

cept on one pair of edges. The coulomb sensitivities of such gauges

were of the order 400-500 and 115 mm coulomb per Ib./in.^ for Rochelle

salt and ADP respectively. The Rochelle salt gauges were used only

for qualitative measurements or timing purposes because of their large

temperature coefficients of capacity and variation in response to a tran-

sient pressure with the duration of the pressure. Tests with ADP
gauges wxre more successful and showed excellent quantitative agree-

ment with tourmaline gauges in recording shock wave pressure-time

curves; and calibration tests also indicated the absence of any signifi-

cant low-frequency transient distortion as was encountered with

Rochelle salt crystals. The primary difficulty with the ADP gauges

which has limited their usefulness is the fragile nature of the crystals,

which became gradually pulverized when used in large charge measure-
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merits. Gauges of this type should, however, be very useful if sub-

jected only to low pressures or short durations of high pressure or if

short life is not important.

D. Performance of piezoelectric gauges. Although the piezoelectric

gauges which have been developed and used for underwater explosion

pressure measurements are by no means foolproof or free of objection-

able errors and difficulties in use, they are perhaps the most versatile

single tool yet employed, and when properly used are capable of giving
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Fig. 5.12 Construction of gauge with Rochelle salt or ADP crystals.

very satisfactory quantitative results in a variety of applications. The
pressure levels which have been measured with at least apparent reli-

ability range from less than 100 to more than 30,000 Ib./in.^. Small

34 inch Type B gauges have withstood pressures of the order of 90,000

lb./in.2 (3 inches from the center of a 3^ pound charge), failure under

these conditions resulting from destruction of the copper tubing con-

necting cable rather than shattering of the crystal. Not all gauges will

last for a large number of explosions at high pressures, but shock wave
pressures up to at least 20,000 Ib./in.^ from several hundred pounds of

explosive can be practically measured as a routine matter. Tourmaline

gauges of various sizes have been used to investigate secondary or bubble

pulses of charges ranging from 3^ pound or less to 300 pounds in weight,

and a variety of gauges have been used for providing synchronizing sig-

nals and measuring time intervals in underwater sound ranging. The
tourmaline gauges used for shock wave measurements of service weapons
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at Woods Hole have for the most part been either the hourglass or Type

B construction.

The majority of shock wave data on larger charges (50 to 700 pounds

of explosive) cited in Chapter 7 were obtained with such gauges. In the

work at Woods Hole, gauges were ordinarily used in pairs to provide two

records of pressure under given experimental conditions, and four such

pairs were routinely used in much of the work. The average deviation

between two gauges of a pair in measurements of shock wave pressures

was of the order of three-five per cent in routine work, and somewhat

better precision has been obtained under more favorable experimental

conditions. It has been possible in test work to distinguish between

explosives differing by as little as two per cent in shock wave prop-

erties. It is fair to say that piezoelectric gauges constitute a proved

and practical method for routine measurements on service weapons, both

for comparison of effectiveness and for investigation of fundamental

properties of shock waves.

The basic tourmaline gauge designs described have also been used

to a considerable extent in investigation of secondary or bubble pulses.

The earlier hourglass construction did not prove very satisfactory for

this purpose because of difficulty in obtaining dependable gauges of

sufficient sensitivity, but the Type B gauge design has been found quite

satisfactory. The agreement between two gauges of a pair is not as

good as for shock wave measurements, but a more serious difficulty

limiting the accuracy of secondary pressure measurements, particularly

for large charges, is lack of reproducibility of successive shots under

presumably similar conditions. This question is more fully discussed

in section 9.5, but it may be said here that the frequently disappointing

accuracy of such measurements is only in part attributable to the instru-

mental technique. Even with the difficulties and errors of such meas-

urements, piezoelectric gauges have provided much valuable informa-

tion not otherwise easily obtainable, if at all, and their use has been

fully justified.

In experimental investigations of underwater shock wave and other

phenomena, it is frequently very desirable to work on a model scale with

small charges, one pound or less of explosive, for reasons of simplicity

in experimental arrangements and economy of time and money. As

far as shock wave measurements are concerned, the main problem is one

of obtaining sufficiently small gauges (in order to minimize distortion)

of adequate and reliable sensitivity. Although the hourglass design of

gauge has been used to a considerable extent in such investigations, both

at the Taylor Model Basin and at Woods Hole, it never was wholly

satisfactory. The major difficulties encountered were systematic dif-

ferences in indicated pressures of supposedly similar gauges, sometimes

amounting to ten per cent or more, which made absolute measurements
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open to considerable uncertainty in some cases, even if corrections were

made for these differences. Comparative measurements, being un-

affected by these errors if reproducible, could be made with more assur-

ance, but even in this case the errors were larger than in work with

larger charges and occasionally changes of gauge sensitivity were en-

countered. As a result of such difficulties, adequate small charge data

with hourglass gauges were usually obtainable only by statistical pro-

cedures using a number of gauges in a series of shots. Individual gauge
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the indicated pressure-time curve as a result of the finite gauge size.

For peak pressure from a twenty-five gram charge, for example, the

error predicted from the overall dimension of the gauge is seventeen per

cent. If, however, the record is extrapolated back to the time at which

the shock front has reached the gauge center, as shown in Fig. 5.13, a

corrected peak pressure can be obtained. In the gauge tests men-

tioned, the correction found for twenty-five gram charges amounted to

about fifteen per cent, in excellent agreement with the value predicted

by consideration of gauge size. Other tests with larger charges gave

similarly good results and hence it appears practicable to use the cor-

rection technique with confidence in its essential validity, provided the

limitations of accuracy are realized.

5.7. Piezoelectric Gauge Calibration

The ideal pressure calibration of gauges, piezoelectric or otherwise,

would be one in which a known transient pressure wave could be ap-

plied to the gauge under conditions similar to those in measurements

made with the gauge. For this purpose, a suitable source should estab-

lish a pressure wave of simple form, accurately known by direct experi-

mental proof or calculation, and amplitude comparable with pressures

to be measured. This pressure wave should then be applied to the

gauge and recording equipment as they would be used in measurement.

Up to the present, no single method has been developed which satisfies

all of these requirements, but the various techniques employed have led

to fairly satisfactory determination of gauge characteristics.

A. Static methods. The simplest method of calibration is of course

a static one in which a known hydrostatic pressure, read by a calibrated

Bourdon or other pressure gauge, is applied to the gauge under test

mounted in a liquid-filled pressure cylinder. This method in its sim-

plest form is not applicable to piezoelectric gauges, the reason being

that such gauges have no static response. For slowly changing pres-

sures, a piezoelectric gauge is equivalent to an EMF Vo of value KAP/Co
in series with a capacitance Co, the quantity KA being the gauge con-

stant for applied hydrostatic pressure P, and Co its electrostatic capaci-

tance. Any external circuit to which the gauge is connected must have

associated with it leakage resistance R and shunt capacitance C. (The

leakage in general includes surface and volume leakage of the gauge

crystal which, though never infinite, are very high for quartz and tour-

maline.) With these parameters included, the schematic circuit to be

considered is as drawn in Fig. 5.14(a). It is evident that the terminal

voltage V developed by an EMF Vo resulting from an applied hydro-

static pressure decays exponentially with time to zero as indicated in

Fig. 5.14(b). The time required for V to fall to l/e = 0.368 of its origi-

nal maximum is given by the value oi R(C + Co), the tune constant of
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the circuit. For tourmaline gauge designs discussed in the preceding

section, Co has values of the order 10 to 200 /xyuf. Values of R greater

than 10^° ohms are realized only by very special precautions and design

of the complete circuit, and with R = 10^° ohms, Co = 2 X 10~^° farad,

the value of RCo is two seconds. This time can, of course, be increased

by using padding capacitance C at the expense of decreased terminal

voltage. In practical cases, leakage resistance and circuit sensitivity

requirements limit the time constants conveniently obtainable to times

measured in seconds rather than minutes. If the indicated voltage V
is to be a direct measure of the EMF Vo it is evident that the times re-

t»R (C + C^)

(Q) SCHEMATIC ORCUIT (b)RESPONSE TO STEP PRESSURE

Fig. 5.14 Piezoelectric gauge circuit and long time transient response.

quired to establish the pressure and measure V must both be a small

fraction of the time constant, say one per cent; as a result, slow pump-
ing up of pressure and determination of F by a slow period meter are

both ruled out.

The impractical requirements of static methods can be avoided by

use of what may be called a quasi-static method, in which the gauge is

allowed to come to equilibrium with an applied hydrostatic pressure;

this pressure is then rapidly released by manual opening of a valve or

by bursting of a diaphragm. ^^ The resulting voltage is then measured

by a high impedance voltmeter circuit, such as an electrometer type

circuit, or by a recording oscillograph. Methods of this type permit

pressure changes to be produced and their effects indicated in times of

a few seconds or less; the time constant requirements can be conven-

iently realized, and the pressure level can be determined by standard

methods.

Although these quasi-static methods might appear to satisfy ade-

quately the primary requirement for a calibration, they suffer from two

sources of error which impair their usefulness. The first of these is the

phenomenon of cable signal (discussed in more detail in section 5.8),

which manifests itself here as an electrical signal developed by electrical

" Sec, for example, the reports by Borden (9), and by Arons and Cole (3).
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cables subjected to stresses in packing glands through which they are

led to external circuits from the pressure cylinder. Difficulty with

these signals can be avoided by using rigid leads through bushings in the

pressure chamber, but if this is done, the crystal elements of a gauge

must be calibrated prior to their assembly in the hnal gauge plus con-

necting cable, and the possibility enters of changes resulting from such

mechanical operations.

A second source of error is the pyroelectric effect, or generation of

electrical charge in a piezoelectric material as a result of temperature

changes of the crystal. For tourmaline the magnitude of the effect is

such that a temperature increase of 1° C. gives the same signal as a

negative pressure of 200 lb. /in.-. Compression of either a gauge crystal

or its surrounding medium always leads to such temperature changes,

which can be calculated from the thermodynamic properties of the sub-

stance (specific heat, compressibility). Such temperature changes

must occur both in the calibration and use of the gauge. Transient

underwater pressure waves are in nearly all cases of such short durations

that the crystal is heated adiabatically, and if the calibration conditions

are also adiabatic there will be no error from the pyroelectric charge.

If, however, the time of measurement is long enough, there may be an

appreciable heat exchange with the external medium. In general, suit-

able pressure fluids exhibit much greater temperature rises than tour-

maline. The apparent piezoelectric charge therefore decreases with

time, owing to the negative sign of the pyroelectric effect for tourma-

line, as has been experimentally observed (9). The presence of this

error has the same effect as electrical leakage and sets a further condi-

tion on the maximum time of measurement.

If the sources of error described are realized and their effect can be

made small, the quasi-static method furnishes a fairly satisfactory

means for routine calibration which is widely used with good success.

Both manual and diaphragm pressure release are practicable, the former

being more convenient if many readings are wanted and the time neces-

sary is not too long. Pressures up to about 5,000 Ib./in.^ are readily

obtained and measured with simple equipment and the electrical meas-

urement presents no formidable difficulties. The method falls short of

the ideal in that only relatively slowly changing pressures are involved

which are not transient pressures in the sense of a travelling pressure

wave.

B. Steady-state calibrations. Several methods are available which

permit a better approximation to dynamic conditions than static or

quasi-state calibrations. One of these, on which the Stanolind Oil and

Gas Co. Research Laboratory has done preliminary tests (104), utilizes

a reciprocating pump which produces approximately sinusoidal pres-

sure variations up to 30 Ib./in.^ at a frequency of 30 cps. This speed is
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sufficient to eliminate or greatly reduce pyroelectric and time constant

errors. The method does not conveniently provide an absolute calibra-

tion of known pressure amplitude, and has so far only been used as a

null method for comparing an unknown crystal against a standard one

the constant for which has been otherwise determined. The method

has shown considerable promise and should be a very convenient one,

but has not as yet been fully tested.

An absolute method employing travelling acoustic Avaves has been

developed by the Underwater Sound Reference Laboratory, operated by

Gauge
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calibrations at much higher pressures is within their combined experi-

mental error, the results being shown in Table 5.1. Calibrations made
at three different laboratories by similar, essentially static methods are

included in the tabulation and indicate the satisfactory agreement ob-

tained by different observers and equipment.

C. Use of transient waves. A fundamentally more desirable method

than either static or steady state calibration would be one in which a

shock wave, or discontinuity of pressure, with known amplitude and

long duration passes the gauge to be calibrated. One possible method

consists in releasing the pressure of a closed chamber, by bursting of a

diaphragm for example, and initiating a compression wave in fluid at

atmospheric pressure external to the chamber. Experiments of this

kind attempted with thin copper diaphragms and oil as the pressure

fluid met with only limited success, the difficulties being that, with the

arrangement employed, the pressure wave developed had a rounded

outhne and was not very reproducible. This difficulty was the result

of the time of about 100 ^tsec. required for rupture of the diaphragm

and the failure of the wave so initiated to develop into a shock front in

the rather unfavorable geometrical arrangement improvised for the

tests. A further objection was the impossibility of obtaining an abso-

lute calibration of the pressure; the method as tried was therefore useful

only for comparison purposes.

A more promising line of approach is use of a plane shock wave in air

formed by rupture of a plastic diaphragm separating a region at known

gauge pressure from a tube containing air at atmospheric pressure.

This method has been extensively employed in air-blast work^^ and has

the advantage that pressure waves so initiated in air develop into shock

fronts much more rapidly than in water. A further advantage of the

method is the fact that the increase in shock wave velocity with pressure

difference is very considerable in air even at moderate pressures ; for ex-

ample, an excess pressure of 20 Ib./in.^ in air initially at atmospheric

pressure and a temperature of 20° C. travels with a speed of 1,620

ft./sec, a value 47 per cent greater than the speed of an acoustic wave.

This increase in velocity is, moreover, directly related to the pressure

difference by the Rankine-Hugoniot equations (section 2.5) and velocity

measurements of the progressive wave therefore permit absolute pres-

sure determinations.^^ A gauge to be used in underwater measurements

should of course be subjected to a pressure wave in water or a liquid,

and this can be done by allowing the air shock wave to be reflected from

14 A comprehensive report, with references to earlier work, is that of Fletcher et

al(36).
1^ Experimentally determined pressures from velocity data are found to lie sys-

tematically below values predicted from the pressure released, indicating imperfect

formation of a plane shock wave in the experimental tubes employed. See Reference

(36).
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a water surface and placing the gauge to be calibrated in the water.

The pressure in the water will be double that in the air, except for

divergence or attenuation of the wave and nonacoustic reflection

(negligible for pressures less than 10,000 lb. /in. 2). The duration of the

wave so formed is determined by the lengths of direct and reflection

paths, but is easily made adequate. A necessary precaution is careful

determination of the initial pressure and temperature of the air in the

tube, to both of which factors the velocity is sensitive. With suitable

experimental modification, the "shock tube" methods used in air-blast

Q=KAP _^
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Fig. 5.15 "Q-step" calibration circuit.

calibrations may thus very well provide an excellent dynamic means of

calibration, the chief disadvantage being the low pressure levels con-

veniently obtainable.

D. Calibration standards. The simplest absolute pressure standard

is the free floating piston, or dead weight tester. For routine measure-

ments to which it is applicable, a good quality Bourdon gauge, periodi-

cally calibrated against a dead weight tester, has been found very satis-

factory for pressures up to 10,000 Ib./in.^, a sufficiently large value for

most work. Another method for low pressures in air, based on the

pressure-shock velocity relation, has already been mentioned (part (C)

above). If much calibration of gauges is done, it is extremely con-

venient to use calibrated tourmaline crystals as a secondary standard,

ideally in conjunction with a null comparison method. Carefully cali-

brated crystals are dimensionally stable and extensive checks have

shown no significant aging effects.

Electrical calibration of the piezoelectric gauge circuit and asso-

ciated recording equipment is also necessary and a very useful tech-

nique for this purpose and for calibration of pressure measurements is

the so-called "Q-step" calibration circuit, shown schematically in Fig.

5.15. When the calibration response is to be recorded, the condenser

Cs is connected in parallel with the gauge circuit, and the voltage Vp
developed by pressure P is

Vp = KAP
C-\-Co + Cs
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where C is the capacitance of the cable. To caUbrate the system, a

known voltage Vs is applied to Cs in series with the gauge circuit and

the resultant voltage Vc is given by

C + Co-^C.

The ratio of voltages Vp and Vc, and hence ratio of deflections of a linear

indicating instrument, is then

Vp ^ KAP
Vc CsVs

This ratio is, however, independent of both the circuit capacitances C
and Co and of the deflection sensitivity of the instrument. The gauge

constant KA is thus determined in terms of known pressure P, voltage

Vs, and capacitance Cs. In effect, the result is equivalent to impressing

a charge Qs = CsVs on the circuit, hence the name "Q-step."

In actual use, the circuit also determines the transient response

characteristics of the system for an equivalent charge Qs, provided only

that the condenser Cs has negligible shunt leakage currents and dielec-

tric absorption current. The necessary step voltage Vs to determine a

step response characteristic can be suppHed by a calibrated source,

either by a simple switch for static methods or by a more elaborate step

generator for more rapid transient measurements (see section 5.9). A
null method of gauge calibration has been described by Savic (97), in

which the piezoelectric charge from pressure change is balanced against

charge of opposite sign simultaneously applied from a known variable

voltage source and capacitance, the circuit arrangement being quite

sunilar to the Q-step technique. The piezoelectric constants originally

obtained for tourmaline by this method are several per cent lower than

accepted values, but later refinements in the method are reported to

have given results in good agreement.'^

5.8. Transmission of Piezoelectric Gauge Signals

As suggested in section 5.4, the internal impedance characteristics

of piezoelectric gauges present several electrical problems in their use

for measurement of underwater pressures. For greatest efficiency a

piezoelectric gauge should be operated under essentially open circuit

conditions, that is, with the minimum possible shunting effect by the

input impedance of the electrical circuit connected to it.

Two effects of a low value of shunt impedance were discussed in

section 5.7: neutralization of charge on the crystal faces by current flow

i« Private communication from J. H. Powell of the Admiralty Undex Works.
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through the shunting circuit, and reduction of terminal voltage by the

crystal sharing charge with any shunt capacit3^ From this point of

view, it is logical to think of using the crystal with a preamplifier or

other impedance matching device close to it, which would minimize

shunting effects and permit connection to the recording circuits with

greater freedom of choice as to the electrical properties of the connect-

ing elements. This solution, however, is a matter of considerable prac-

tical difficulty, as the impedance circuit must be sufficiently stable and

rugged not only to survive the explosion and withstand rough usage, but

also to operate properly while subjected to explosion pressures.

Although these difficulties can probably be overcome, the more

profitable line of development has been found to be use of direct cable

connection from the gauge to the recording equipment situated at a

safe distance from the explosion. The necessary distance for service

weapons is several hundred feet or more and use of cables this long

presents a number of problems, both in handling and maintenance of

the rigging and in achieving suitable electrical properties.

A. Cable termination. Although for slowly changing signals an

electrical cable can be regarded as simply a lumped capacity, it is evi-

dent that for sufficiently rapid changes the time required for the signal

to traverse the cable will no longer be negligible. The speed of propa-

gation of a signal along an electrical cable is somewhat less than that of

light or other electromagnetic radiation in free space, the value depend-

ing on the dielectric constant of the insulating material in the cable.

For a cable of total distributed inductance L and total distributed ca-

pacitance C (these "total" values refer to values per unit length multi-

plied by the length), the transit time can be shown to be \^LC or, in

terms of the surge impedance Ro of the cable defined as Ro = ^L/C,
transit time = RoC.

If the surge impedance is expressed in ohms and the capacitance in

microfarads the transit time is in microseconds. For a 1,000 foot cable

with a capacitance of 30 mm/* per foot and 50 ohms impedance the time

required for a signal to travel the length of the cable is 1.5 ^sec. In

this case, the cable can legitimately be regarded as a simple lumped

capacity only for signals which change insignificantly over such time

intervals. Even for such signals it is often necessary to examine the

question of how this capacity is properly measured, as discussed in

part (B).

If the cable cannot be treated as a lumped capacity, a more detailed

investigation is necessary. It is a familiar fact that the propagation of

signals along a cable generally results in electrical reflections at the ends

of the cable unless the cable is properly terminated. The voltage at

the receiving end of a cable is then an initial signal related to the origi-
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nal signal and the properties of the entire circuit, followed by a series of

signals resulting from multiple reflections and traversals of the cable.

These reflections are eliminated if the cable is terminated in a value of

impedance characteristic of the cable and equal, for cables with negli-

gible series resistance and leakage conductance, to the surge impedance

U^ = Vl/C. For practical cables, this surge impedance is a resistance

of the order 50 to 100 ohms. It is evident that this requirement for no

distortion by reflections is not directly compatible with the necessity of

000

FREQUENCY (KC)

Fig. 5.16 Simulated frequency response of a piezoelectric gauge and unter-

minated cable.

high d-c resistance of the order of megohms across the piezoelectric

gauge.

The type of behavior when a piezoelectric gauge is connected to a

long cable without any termination at the receiving end is shown in

Fig. 5.16. The cable used was 660 feet long with a capacity of 17 X 10"^

ixf at a frequency of 10 kc. The characteristics of the gauge were simu-

lated by an oscillator as source of constant voltage (20 volts) connected

in series with a condenser of 100 mm/ representing the capacity of a gauge,

and the output voltage was measured by a vacuum tube voltmeter. It

is evident that for frequencies below about 20 kc. the output is inde-

pendent of frequency and it has a value determined by the capacity of

the cables. At higher frequencies, however, the response has a series of

voltage maxima, characteristic of open-circuit resonances, for which the
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reflected signals reinforce each other. (These maxima would be infinite

were it not for losses in the cable. It is also to be noted that the abso-

lute value of response is plotted without regard to phase.) At these

higher frequencies, therefore, the output signal bears no simple relation

to the applied voltage.

In transient pressure measurements one is more interested in the

response to a changing transient voltage, and the sketch in Fig. 5.17

illustrates the response observed when a fixed potential is instantane-

Fig. 5.17 Observed transient response of piezoelectric gauge and untermi-

nated cable.

ously applied to the same network. The series of oscillations corre-

spond to the arrival of successive reflections at intervals of 2RoC (ap-

proximately 1.5 /xsec. for the 660 foot cable already considered) and the

damping is the result of cable and other circuit losses. These oscilla-

tions will of course ol)scure any variations of the applied signal in com-

parable time intervals, and if such variations are to be observed, a

compromise Ijetween the condition for elimination of reflection and the

condition for negligible circuit leakage at long times must be sought.

This compromise is achieved by the use of terminating networks at the

ends of the cable which, roughly speaking, are equivalent to capacities

for slowly changing signals and approximate the surge impedance char-

acteristics desired for rapidlv changing signals.

A sufficiently general network, similar to networks discussed by

Burch (13), to provide adecjuate compensation is indicated schemati-

cally in Fig. 5.18. In this network, the source of voltage Vo and the

capacitance Co represent the piezoelectiic gauge. The coaxial cable

can, to a sufficient approximation, be regarded as loss free and hence
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characterized by series inductance L/d per unit length and capacitance

C/d per unit length, d being the length of the cable. The input and

output networks evidently reduce to shunt capacitances at low fre-

quencies and approximate resistances for sufficiently high frequency of

applied voltage. The steady state terminal voltage Vt for an applied

voltage V = VoS^^, where p = jco = j2Trf, and/ = frequency, is found by

standard methods^^ to be

(5.13a) Vt = CoVo
pH{p)e ^< Cp

1 - J(p)e-2«'oCp

In this equation, Ro is the surge impedance given by Ro = ^L/C,
and the quantity CoVo represents the charge developed by the equiv-

/W Q CABLE

Fig. 5.18 Cable termination network for piezoelectric gauge.

alent piezoelectric gauge. The capacitance Co can be neglected in

comparison with the cable capacitance C, and with this approximation

the functions H{p) and J{p), which depend on the parameters of the

cable and terminal networks, are given by

(5.13b) H{p) =

J{p) =

2Rc

[1 + {R2 + Ro)C2p] [1 + {Ri + Ro)Cip]

[1 + (i^2 - Ro)C2p] [1 + {Ri - Ro)Cip]

[1 + (R2 + Ro)C2p] [1 + {Ri + Ro)C,p]

The equation (5.13a) and the defining relations (5.13b) are in con-

venient form for calculating transient response characteristics, for the

reason that the exponential e-^o^p represents the phase shift corre-

sponding to the transit time RoC of a signal along the cable. An ex-

pansion of Eq. (5.13a) in powers of e~^^p therefore corresponds term-

by-term to the original signal and successive reflections. The transient

effect of these terms can be obtained by use of Laplace transform theory

or other operational methods. It is often desirable to analyze per-

17 See, for example, the report by R. H. Cole (20) , in which the material of this

section is discussed in detail.
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formance of terminating networks by a-c measurements, and for com-

parison with such measurements it is more convenient to rewrite Eqs.

(5.13) in the form

(5.14)

1 _ 1 (^ sin Rod

Vtico)
~ OoVo} RoCc^

1 +MRiCi + R2C2) - c^KRo" + RiR2)CiC2

+ (Ci + C2) cos RoCc. Tl + MR, + R2) -^^]\

2.0

Uj 1.5

</)

zo
o.
</)

UJ

1.0

U 0.5
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CoVo

1S9

VM =

C h C2 cos RoCoi

It is evident that the denominator has zeros whenever (tan RoCo^)/RoCco

= —C2/C, corresponding to voltage resonances which are not in prac-

tice infinite because of cable losses. The response for C2 = 2C is

plotted in Fig. 5.19 (curve (a)) as a ratio of the value for a given RoCco

to the value for RoCco = 0. The transient response to an applied step

1.5

10

ixl 05
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(2). Resistance and capacitance at receiving end. A better com-

pensation developed by Lampson (66) adds a resistance R2 in series

with C2, the terminal voltage being taken across C2. Specializing Eq.

(5.14) to this case gives for the steady state response

I'd")

C ^B^^ (1 + jc^R^C) + C2 COS RoCo^

Empirical tests and calculations show that if C2 = 2C the optimum

value of R2 is about 1.5Ro and the response for these values is shown in

Fig. 5.19 (curve (b)). The resonances are reduced but analysis shows

that no combinations of R2 and C2 can eliminate them. The first two

terms in the corresponding step response are

l> R,C l> ZRoC

f

This expression, plotted in Fig. 5.20 (curve (b)), shows an improvement

over use of capacitance alone but retains the resonant characteristic.

It should be noted here that all these results are based on the assump-

tion that cable losses are negligible. Bancroft has shown that Lamp-

son's network can be adjusted to match the surge impedance of a cable

with finite ohmic resistance of the conductors. The appropriate value

of capacitance C2 which .accomplishes this turns out to be extremely

large (of the order 0.25 /x/), and would give very greatly attenuated

voltage Vt. Tests at the Taylor Model Basin have indicated satisfac-

tory performance with smaller values/^ but where considerations of

sensitivity are a factor it is desirable to have a more efficient network.

(3). Resistance and capacitance at both ends of cable. A con-

sideration of the behavior of Lampson's network, and of cable prop-

erties more generally, suggests that the incipient resonances of the single

network can be reduced by terminating both ends of the cable, in other

words using all the elements in the schematic circuit of Fig. 5.18. The

steady state characteristics of this network have been found to give

satisfactory results for resistances i^i, R2 about equal to the cable surge

impedance Ro, and capacitances Ci, C2 equal to the cable capacitance C.

Comparison of calculated frequency response with experimental meas-

urements on rubber dielectric cables with surge impedance of approx-

imately 50 ohms shows satisfactory agreement (20), considering the

approximations of the theory and failure of the cable to have exactly

the ideal characteristics ascribed to it.

^8 These are described in a report by Greenfield and Shapiro (42).
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The transient responses for this network are readily obtained by the

same methods as before. For Ri = R^ = Ro, the result is

VM =^ \ 2RoC I
^ 6 V 2i?,C /

e 2R,C -\-

t> RoC t> SRoC

and for Ri = R2 = kRo one obtains

IYC\ RoC J
VM = J^^^ ( ^^T^^ 1

e-iJ^^m:c +

f> RoC

This expression is plotted in Fig. 5.20 (curve (c)) for the value k = 1.12

(i.e., Ri = R2 = \.12 Ro). It is seen that the saw tooth characteristics

of single-ended terminations are replaced by a smooth rise similar to

critical damping characteristics in simple R-L-C circuits. The time to

rise to the final value is of the order 1.5 RoC, which for a 600 foot cable

with Ro = 50 ohms, C = .015 fif is about 1 microsecond. This time is

short enough to permit faithful transmission of exponential pulses with

a time constant of 100 microseconds or more, and so is adequate for

shock wave measurements of charges larger than about 10 pounds.

The necessary or obtainable performance under other conditions is easily

predicted by obvious proportions.

The double-ended compensation described has been used for many
shock wave measurements on service weapons (22), and has proved

very satisfactory. A practical problem in its use is the necessity of in-

corporating an electrical network at the gauge end of the cable. Tests

have shown, however, that the network can be placed fifty to seventy-

five feet from the gauge if necessary without significant loss in perform-

ance, and the network can be spliced into the cable as a waterproof

assembly.

From the point of view of explosion pressure measurement, it is evi-

dent that compensation for cable transmission characteristics is im-

portant chiefly for short duration shock waves, and is so much less

critical in measurement of the more sustained "bubble pulses" as ordi-

narily not to be necessary. The compensations discussed by no means
represent the ultimate in performance readily attainable; they have,

however, proved adequate without further elaboration.

B. Dielectric properties of cables. The discussion of cable charac-

teristics so far given has been based on the assumption that, except for

the distributed nature of the parameters, the cable capacitance could be

regarded as a constant independent of the nature of signal applied to
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the cable by a piezoelectric or other high impedance gauge. This as-

sumption requires a perfect dielectric material for cable insulation, in

which the capacitance is independent of frequency and the dielectric

loss is negligible. All solid dielectrics exhibit some departures from

this ideal state, although the effects are sufficiently small as to be negli-

gible for polystyrene and polyethylene cables used in gauge circuits.

Cables with these dielectrics are desirable for small charge work where

they can be handled fairly gently.

Unfortunately, the standard varieties of low-loss cable often do not

survive the rough treatment encountered in work from vessels with

large charges, and also exhibit spurious effects known as "cable signal,"

as discussed in part C. The cause of failure is breakdown of the dielec-

tric by handling and salt water absorption. To avoid these difficulties

more durable rubber dielectric cables have been used almost exclusively

in the past for field work. Cables of this type all show appreciable

variations of capacitance with frequency, some being very poor indeed.

Although the low-loss rubber varieties are much better, it is still not

safe to assume that over any appreciable range of frequencies or time

intervals they can be represented as a simple capacitance and it is there-

fore necessary to determine the errors involved and devise means for

their correction.

Over the frequency range fifty cps. to fifty kc./sec, the capacity of

a good low-loss rubber dielectric cable varies by ten per cent or more,

and the response to a gauge signal impressed on the cable will vary by

about the same amovmt over this range of frequency or the correspond-

ing range of times. If the cable response characteristics are determined

as a function of frequency, by bridge measurements or otherwise, it is

formally possible to correct any observed transient response for the

effect by use of the superposition theorem and operational methods.

As a practical matter, this procedure would be prohibitively difficult

because of the necessity for a series of response measurements, repeated

for every use of the cable, and tedious calculations. An alternative

solution is introduction of a compensating network, which has been

done, but with only limited success because no simple network can be

successfully used over the wide range of frequencies necessary. A
simpler procedure, which is adequate for reasonably good dielectrics, is

to calibrate the transient characteristics directly and use this calibra-

tion record for correction of the observed records, the procedure for

correction being quite simple if the effects are not too large.

A suitable and very convenient procedure for calibration of the

cable characteristics is afforded by the Q-step procedure described in

detail in section 5.7, by which in effect a known quantity of charge is

impressed on the circuit from a step voltage source (see section 5.9(D))
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and a standard condenser of known capacitance. The standard con-

denser is conveniently made the terminating condenser in the termi-

nating networks described in part (A) of this section. A step voltage

applied to this condenser in series with the cable then gives a response

curve similar to the sketch in Fig. 5.21(a), the gradual falling off with

time being the result both of dielectric effects (change in capacitance

with frequency and dielectric loss) and of leakage resistance of the cable

circuit. The transient characteristic thus obtained is actually a com-

plete calibration of the charge sensitivity of the complete electrical cir-

cuit (including the recording circuit), except for times so short that

transient effects in long cables are of importance. That this is true

can be seen from the equations derived in section 5.7, as the capaci-

(a) STEP VOLTAGE (b) EXPONENTIAL

Fig. 5.21 Effect of dielectric loss and leakage resistance of cables on transient

response.

tance C representing the circuit capacitance can actually be a fictitious

equivalent capacitance (real or complex) of any two-terminal network.

For rapidly changing signals, such as the initial peak pressure in a

shock wave, the initial response is evidently the correct one to use, and

for more slowly changing signals correspondingly later values of re-

sponse. The exact formulation of the relations can be made by the

superposition theorem, which relates the response of a linear system for

any apphed function to its value for a unit function or "step voltage."

The nature of the error for an exponential pulse is indicated in Fig.

5.21(b), drawn roughly to correspond with the step response indicated

in Fig. 5.21(a). It is seen that the deviations from the ideal response

become increasingly great with time, hence errors in area measurement

(to give the impulse of a pressure-time curve) can be serious for rela-

tively small loss in step response. If, however, this loss in step re-

sponse is small, quite adequate correction for it can be simply made.

Consider the case of an applied voltage V{t) = Yoer^'^ and a step

response of the form S{f) = >Sc» + {So — S-x,)e~^/^, corresponding to an

initial response So followed by an exponential decay of time constant r
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to a lower value Sec. By the superposition theorem/^ the observed

response R(t) is found to be

R{t) = Voe-^/^ - {So - S^) (^4^) e-'/^ - e-^/^1

If the decay of the step response is slow, and hence r much greater

than d, one finds to a first approximation that

y(,. ^ Rjt) - (1 - s^/So) [e/{r - e)]R{0) (1 - t/r)
^^ So- {So- S^^)[d/{T-d)]

where R{0) is the value of response at time t = 0, and terms of order

{I/tY and higher have been neglected. The true time constant 6 can

be evaluated from the R{t) curves with sufficient accuracy. If the

ratios t/r, 6/t can also be neglected the even simpler formula results

that

y(.. ^ R{t) - (1 - S^/So) {e/T)R{0)
^^

So - {So - S^) {d/r)

If the area under the V{t) curve to a time t' is required it can be

shown that for the same assumptions

t' V

r v{i) dt =——^—-- r R{t) dt

T — U T — U

If the time t' is sufficiently greater than r that S(t') ~ aS» this equation

becomes

o o

and the proper calibration value is the limiting value *Soo for long times.

Equations of this type have been found useful and practical in correct-

ing shock wave records for leakage and dielectric effects in cable cir-

cuits. If these effects are not too large, similar correction formulas are

readily worked out for other types of applied signal and response. The
important conclusion to these arguments is that the presence of such

effects may result in serious errors if precautions are not taken to mini-

mize and evaluate them.

^^ Seo, for cxampl(% the hook by Gardner and Barnos (40).
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C. Cable signal. In addition to the purely electrical properties of

cables, an effect of applied stress on electrical cables must be con-

sidered in their use with piezoelectric or other high impedance gauges.

This phenomenon, described as cable signal, manifests itself as an elec-

trical charge developed on the conductors of a coaxial cable as a result

of shock pressures on the cable. The exact origin and nature of the

effect are somewhat obscure, but the evidence indicates that static

charge is developed on the outer surface of the insulating dielectric,

where it is in contact Avith the outer braided shield, as a result of fric-

tion between the dielectric and shield. In a low impedance circuit,

charge of this kind is quickly neutralized, but a piezoelectric gauge cir-

cuit is necessarily one of high direct current resistance which is as effec-

tive in retaining such spurious charge as it is in retaining piezoelectric

charge.

The phenomenon is not very reproducible under conditions of use.

It has been found, for example, that a given cable exhibits progressively

decreasing signal on repeated applications of shock pressures at fairly

short intervals, being, so to speak, beaten into submission, but if left

unused for several days again becomes as bad as it was at first. Cables

with different dielectrics vary greatly as regards cable signal, poly-

ethylene cables being particularly bad, and presumably identical pieces

of cable frequently differ greatly. Insofar as anything very simple can

be said about such a relaxation phenomenon, it is true that the amount

of signal is proportional to the length of cable subjected to stress, and

that the voltage developed varies inversely as the total circuit capaci-

tance (thus leading to the conclusion that a "false piezoelectric" charge

is developed).

The fact that the charge developed increases with length of cable

exposed to pressure means that cable signal is most serious when one is

interested in measuring slowly changing pressures, particularly when
these are preceded by much higher initial pressures. For example, a

shock wave with a large initial peak pressure or followed by a gradual

decay develops a signal when it encounters the connecting cable from

the gauge which increases until the whole of the wave has passed the

gauge and met the cable. Release of pressure from sections near

the gauge reduces the signal, but this is balanced by the signal from the

cable further along. A nearly constant signal is thus developed shortly

after the cable is first struck which persists until drained off by circuit

leakage or by attenuation of the pressure wave with distance. The
cable thus acts to give a sort of integration of the pressure-time curve,

and the effect obviously becomes increasingly serious if one attempts to

measure relatively weak pressures following a much stronger pressure

which has had full effect on the gauge cable.

The errors resulting from cable signal may be so serious as to spoil
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completely quantitative measurement, even though tests seem to indi-

cate its unimportance. As an extreme example, suppose that the

maximum signal developed by an exponential pressure wave is fifteen

per cent of the peak signal from the gauge. This signal will decrease

very gradually and the relative gauge and cable signals as a function of

time will look somewhat as sketched in Fig. 5.22. It is evident that

the indicated signal will be double the true value when the latter is

fifteen per cent of the original peak signal. The error in indicated area

under the pressure-time curve also becomes increasingly great; for the

final time in Fig. 5.22, it is already forty-five per cent of the true value.

Fig. 5.22 Effect of cable signal on piezoelectric gauge records.

The indicated value of rapidly changing pressures, such as peak pres-

sure in the example, will not be in error because of the integrated, or

"low-frequency," nature of cable signal.

With a given cable, there are several expedients which can be used

to minimize the signal. The most obvious is that of leading the cable

directly away from the source of pressure in order to minimize the

length of cable exposed and reaUze attenuation of pressure as rapidly as

possible. A second, which has been used in measurement of bubble

pulse pressures, is to lead the cables to the water surface as directly as

possible and run them just below the surface, a region in which the

pressure wave is almost immediately cancelled by the reflected pressure

wave from the surface. A third expedient makes use of the "season-

ing" effect already mentioned, whereby cable signal is reduced after

application of pressure. Although this technique has been used with

some success, it is clearly makeshift and, it is to be hoped, is of historical

interest only.
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Inasmuch as none of the standard types of coaxial cable has been

found satisfactory as regards cable signal, efforts have been made, both

in this country and in England to devise better special cables. One

such design, devised at the Taylor Model Basin (42), employes a ]/^ inch

outside diameter soft copper tubing with 1/16 inch bore. A central

copper wire (#22 or smaller) is used as central conductor, and the tube

is filled with ceresin wax for dielectric. This filling may be accomplished

in a variety of ways, one of the most effective being to heat the tube by

an electric current, pumping fluid wax into the cavity, and cooling grad-

ually to prevent formation of voids. Cables of this type have been used

with considerable success in measurement of shock wave and bubble

pulse pressures. No two cables are exactly alike, and tests of all sec-

tions of tubing used are necessary if a minimum of cable signal is to be

realized. Good cables of this construction develop one-fifth to one-

tenth the signal of the best of a number of rubber dielectric cables

tested at Woods Hole, and these cables have been found adequate to

reduce cable signal error on shock wave measurements to the order of

one or two per cent. Similar cables used with larger gauges in bubble

pulse measurements give rise to errors of the order of five per cent. It

might appear that use of these cables would be hopelessly difficult in

large charge work where the distance from gauge to recording equipment

is hundreds of feet, but only the fraction of this length corresponding to

the distance travelled by the pressure wave in the desired time interval

need be composed of low signal cable; for the rest, standard types of

cable may be used. A somewhat similar type of cable, devised by the

Stanolind Oil and Gas Co. Research Laboratory, consists of a con-

ventional coaxial cable except for an outside lead sheath replacing the

usual copper braid. This cable has been found to be considerably bet-

ter than the standard construction, but is usually somewhat inferior to

the copper tubing design.

A British cable known as "Telconax," developed by the Telegraph

Construction and Maintenance Co. for air blast work, has been found

to have very low cable signal. This cable is much like a coaxial cable

except for the use of a relatively soft and porous dielectric. Because of

its inferior mechanical properties, use of this cable in marine work seems

doomed to failure except under ideal conditions.

The probable origin of cable signal at the interface between the

dielectric and outer shield of conventional cables suggests the possi-

bility of reducing the signal by making the dielectric surface conduct-

ing, either by use of colloidal graphite or by use of conducting rubber

near the outside surface. Several types of cable along these lines have

been or are being developed. At the time of writing, preliminary un-

derwater tests have been made indicating that such cables are equal or

superior to copper tubing cable but further tests are needed.
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One final possibility remains to be considered, that of using a bal-

anced, or push-pull, line. If the two sides of such a balanced line de-

velop equal cable signals, these signals will cancel each other exactly if

the rest of the system is arranged to respond only to potential dif-

ferences between the two sides. Hence the use of push-pull gauges and
amplifiers with a perfectly balanced line represents the ideal solution in

principle. In practice push-pull operation has usually been found to

reduce the signal considerably but never completely. The improve-

ment was found only if the two high potential conductors were sur-

rounded by a common dielectric and shield. The use of two separate

single conductor cables is, on the other hand, as likely as not to make
matters worse, an example of the nonreproducibility of the phenomenon.

The failure of two conductor cables ever to be perfectly symmetrical

means that a cable should be used in which the separate signals are

small. If this condition is satisfied, as it appears it would be wdth

graphite or conducting rubber layers between dielectric and shield, the

use of a balanced line should be the best ultimate solution for the cable

signal problem. That it has not been used more extensively up to the

present is explained largely by limitations of available equipment and

cable.

5.9. Electrical Recording of Underwater Explosion Pressures

The most powerful tool for recording of transient pressures is

undoubtedly the cathode ray oscillograph, and in many applications

where high time resolution is necessary it has no satisfactory substitute.

As a result, nearly all measurements of underwater pressure-time curves

involve its use. In such transient measurements, a number of factors

are involved in addition to those encountered in the more qualitative

uses of oscillographs. These added requirements are sufficiently severe

that, for the most part, present-day commercial equipment is inade-

quate and one must either modify such equipment considerably or de-

sign instruments specifically for the purpose. This section outlines the

more important requirements and some of the solutions which have

been developed.^^

The necessary elements of a transient recording system can be

grouped in five broad categories: (a) signal amplifiers, (b) cathode ray

tube indicator, (c) time resolution of the record and s^^nchronization,

(d) photographic or other means of obtaining a permanent record,

(e) calibration of the sensitivity and time resolution. The relation of

these functions is indicated schematically in Fig. 5.23. The signal

from the piezoelectric or other pickup is amplified by whatever factor

is necessary and applied to one pair of deflection plates of the cathode

^° Designs of electronic e(iuipmcnt for such tran.sient measurements are described

in reports by Greenfield and Shapiro (42) and by Cole, Stacey, and Brown (21).
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ray tube. The screen of the tube is photographed by a suitable camera,

a time scale being provided by motion of the film or by deflection of the

cathode ray tube trace. In either case, it is usually necessary to

brighten the cathode ray tube trace at the time of the event to be re-

corded, and if a linear time base is used its operation must also be syn-

chronized. Suitable triggering signals can be obtained by a gauge or

other device operated by the pressure wave, or from an electrical circuit
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CALIBRATION
VOLTAGE

MASTER
CONTROL

UNIT
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The frequency response requirements are frequently rather severe,

both at low and high frequencies, and can best be made evident by
simple examples. Faithful reproduction of the initial discontinuous rise

and rapid decay of shock wave pressures makes necessary sufficiently

rapid response that the peak value will not be rounded off appreciably.

In many cases the initial behavior of shock wave pressure P{t)

is satisfactorily represented by a negative exponential of the form

P{t) = Pme~^/^, where Pm is the peak pressure and the time constant 6
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This result is plotted in Fig. 5.24 as a function of the reduced time t/d

for various values of the ratio d/r. The response for the limiting case

that ^ ^ GO is an exponential rise to the final value Pm as given by

R{t) = P^(l — e~^/'"), with time constant r determined by the circuit.

It is evident from Fig. 5.24 that unless the value of r is much smaller

than the time constant 6 of the applied signal there will be considerable

distortion of the true curve (represented by d/r -^ ^
) and loss of indi-

cated peak value. It is easily shown that the indicated peak height

always lies on the true curve, and the time of rise to this value must be

small compared to the time constant 6. For example, if a pulse of

duration ^ = 50 /isec. corresponding to the shock wave 3 feet from a

}/2 pound charge is to be recorded with a loss of less than 2 per cent in

peak value, the value of d/r must exceed 300 and r must be less than

0.17 /isec.

Expressed in terms of frequency response, the requirement on r

means that the simple RC stage should have 70 per cent of its midband

response at a frequency /c = ^/^irRC = 950 kc./sec. For larger charges

the demands will be less severe, and in the case of service weapons

(300-500 pounds of explosive) a high frequency response flat to 100

kc./sec. is usually adequate. The analysis presented here is of course

oversimplified and in practice multistage compensated amplifiers must

be considered. Nevertheless, the analysis does show the nature and

order of magnitude of the requirements which any amplifier must

satisfy.

The low frequency requirements on amplifier circuits can be made

evident in a similar manner. As already discussed in sections 5.7 and

5.8, the input impedance of an indicating circuit used with a piezoelectric

gauge must be high in order to prevent loss of pressure-developed

charge, the exact requirements depending of course on the transient.

A similar problem which must be considered in a-c amplifiers is the loss

of low-frequency response as a result of capacitative interstage cou-

plings. Either of these problems can be analyzed in terms of a series

resistance-capacity circuit, the input voltage being applied across the

combination of resistance R and capacitance C in series, and the output

voltage developed across the resistance. The relative response in this

case is given by

F{j.)=
^"^^

1 + jo^'K

where the time constant X = RC is the time required for the response to

an applied step voltage to fall to 1/e of its original value.
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If the input signal is again a negative exponential P{t) = Pme~^/^,

the transient response R(t) is given by

(5.15) m) = f^^ [1 - (9/x)e<'-x>»]

This expression is plotted in Fig. 5.25 as a function of t/d for the case

6 = X/10 (circuit time constant a factor of ten greater than the pulse

time constant), and also for d/\ = 0, corresponding to perfect low-
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In measurements of explosion pressures, the area under the pressure-

time curve, or impulse, is of considerable importance and it is evident

that the low-frequency response will modify measured areas consider-

ably. One can, in fact, show very easily that the integrated response

to infinite time of a pulse of finite area is zero for any a-c amplifier or

other circuit with no d-c response, a conclusion made plausible by the

negative values of response at long times indicated in the example of

Fig. 5.25. (It is interesting to note that, if the circuit considered does

have a non-zero response to a fixed voltage, it is quite generally true

that the integrated response is independent of the high frequency re-

sponse characteristics, being determined primarily by the low-frequency

response.) If the integration of the response curve is carried out to a

finite time t' , the fractional error AA in the area A (^') for an exponen-

tial pulse is readily shown from Eq. (5.15) to be approximately given by

AA ^ t' - e

A ~ X

if the time t' is less than lOX. Thus, if the error is to be less than 5 per

cent, the amplifier low-frequency time constant must be at least 20

times that of the pulse.

The low-frequency demands of pulses encountered in explosion

measurements are so severe that, except in a very few cases, commercial

standards of response (flat to say 20 cycles/sec.) are grossly inadequate.

Frequently the simplest solution, as far as amplifier characteristics are

concerned, is to eliminate the problem entirely by the use of d-c ampli-

fiers. This solution cannot be applied to the input circuit for a piezo-

electric gauge which has inherently no static or d-c response because of

the equivalent capacitative internal impedance of the gauge. Although

low-frequency compensation could be applied to improve the charac-

teristics of such input circuits, it has been found adequate, and simpler

in practice, to use uncompensated circuits with input impedances as

high as 100 megohms. (Higher values than this are usually difficult to

obtain in field work with cables in salt water, and the value quoted is

sometimes inconveniently large.)

The requirements on amplifiers, in addition to those of frequency

response, are conventional except that the linearity and gain stability

need to be rather better than ordinarily found in commercial amphfiers.

The more important elaborations for this purpose are regulated supply

voltages and liberal use of feedback. In addition, instruments which

are to perform reliably in the field under frequently trying conditions

need to be developed with attention to such things as ruggedness, ac-

cessibility and ease of repair; only the existence of these factors in design

and use can be indicated here.
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B. Cathode ray tube circuits. The most important requirements of

the cathode ray tube and its associated circuits are that the accelerating

voltages be high enough to provide adequate brilliance of the trace for

photography, and that these voltages be sufficiently well regulated to

prevent changes in sensitivity and undesired modulations of the light

intensity. For trials with service weapons, overall accelerating poten-

tials of 2,000 volts are usually adequate, while for small charge work on

shock waves potentials as high as 5,000 volts may be necessary.

A factor in quantitative use of cathode ray tubes often not appre-

ciated is the fact that the deflection sensitivity of the tube varies in-

versely as the applied accelerating voltage. This voltage must, there-

fore, be kept constant to at least the same degree as the desired precision

of measurement; this regulation is accomplished by use of sufficiently

steady a-c supply voltage or regulation of the high voltage supply.

High voltage regulation is of advantage also in preventing supply volt-

age modulation of the light intensity, which otherwise frequently results

when the cathode ray tube grid is used to switch the beam on and off in

transient recording. This switching, almost always necessary if an

electrical time base is used and often so with moving film recording, is

described below.

C. Ti7ne resolution and synchronization. In some respects, the

simplest way of obtaining time resolution of a transient signal is simply

to use a high-speed continuous film movie camera started manually just

before the occurrence of the transient. Electrical problems of syn-

chronization disappear and a virtually unlimited time duration is ob-

tainable, and these advantages may be sufficiently great to outweigh

the problem of handling and wasting large amounts of film. Usually,

however, this is not the case, and other means are preferable. One
method is deflection of the cathode ray tube trace by a linear time base,

or single sweep, circuit initiated electrically just before the occurrence

of the transient. The requirements of the circuit are linear deflection

with time, reliable triggering by readily available synchronizing pulses,

and a means of turning the tube beam on and off at the beginning and

end of the deflection. The circuits used for the purpose are, for the

most part, evolutions from standard designs. This method of obtain-

ing a time scale is best for relatively fast transients where most efficient

use must be made of the available light output from the cathode ray

tube, but it gives only a limited recording time for given time resolu-

tion.

A useful compromise between use of a movie camera and of electrical

trace displacements is the rotating drum camera, in which, as the name
implies, a short length of 35 mm. film is attached to a drum rotating on

an axis parallel to the displacement of the cathode tube trace by the

signal. Drums with diameters of 3 or 4 inches driven at speeds up to
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3,600 RPM or more are commonly used, giving time resolutions on the

film up to 1 or 2 inches per millisecond.

Either the electrical time base with fixed film or the drum camera

with moving film requires synchronization of the recording interval with

the events to be observed. One method is to use changes in the firing

current of the detonator cap initiating the explosion. Unless special

caps are used or large firing currents employed, the detonation of the

charge is usually delayed by several milliseconds after the circuit is

closed and the interval is often not sufficiently reproducible if accuracy

to a fraction of a millisecond is needed. The breaking of the firing cir-

cuit by the force of the explosion is also quite undependable, particu-

larly for large charges. A number of special firing circuits have been

devised which permit satisfactory operation, but none has been found

foolproof. Another expedient is to use a pressure operated switch

suitably placed near the explosion. The most satisfactory switch of

this kind is probably simply a piezoelectric "pilot" gauge designed pri-

marily for ruggedness, as little maintenance is required with a good

gauge and its operation is both simple and readily predictable. In these

methods or others, it is often desirable to delay the operation of the

various circuits to be synchronized by controllable intervals, and rela-

tively simple trigger circuits accomplish this purpose satisfactorily.

D. Photograjphic recording. In photographic recording of transient

oscillograph traces there is seldom an excess of fight and it is usually

desirable to use the fastest available lenses of reasonably good quality,

the most generally employed type being an f/2.0, 50 mm. focal length

lens. The trace of either a single tube or a combination of several tubes

mounted near one another is recorded on the film. The type of film

used is not critical, although the best results have been obtained with

Eastman Fluorographic, and adequate densities for most purposes are

obtained without use of prefogging or intensification. A trace 1 milli-

second long on a 5 inch tube screen with a record of an exponential

pulse of time constant 50 microseconds can be photographed with good

readability using an f/2.0 lens and 2,200 volts overall accelerating po-

tential on the cathode ray tube. For fixed film recording using a time

base either 35 mm. film and a rebuilt miniature camera, or cut film with

a special holder to permit several exposures on a single film, have been

used.

E. Calibration circuits. Any system for recording transients must
include accurate means of calibrating voltage sensitivity and the time

scale, and it is highly desirable to extend the meaning of sensitivity to

include the complete transient characteristics of the electrical systems.

A common practice in much oscillograph work is to calibrate both volt-

age and time scales at once by recording a sine wave of known ampli-

tude and frequency. Although this method is economical of time, it
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has the disadvantages that a sine wave, being a smooth curve, is not

ideally suited for precise interval measurements, and is rather difficult

to calibrate with high accuracy. A further objection is that the record

of a single frequency gives virtually no indication of transient response

characteristics. A better procedure is to separate the two types of

calibration and perform each in a more convenient and useful way.

The Q-step principle of calibrating piezoelectric gauge circuits has

already been discussed. As was pointed out in section 5.7, this method

of applying a known transient voltage, and in effect a known quantity

of charge, provides a complete transient response calibration of the

entire electrical system (cable, amplifier, cathode ray tube), except, as

ordinarily used, for effects of distributed parameters in a long cable.

The most useful type of transient voltage for purposes of analysis is

usually a step, or Heaviside unit function, although sometimes other

functions, such as a negative exponential, may be desirable. Various

means of generating such transients have been developed, which have

in common an accurately known source of d-c voltage and a conveniently

controllable switch (either mechanical or electrical). A simple form of

transient generator, consisting of a high-capacity dry-cell and precision

voltage divider switched by a relay and associated control circuit, may
be adequate for some purposes. For more critical applications, more

elaborate circuits have been developed which include an electronically

regulated supply switched by a vacuum-tube "gate" circuit, a means of

delaying the operation for an adjustable interval after a synchronizing

pulse, and an internal potentiometer circuit for checking the calibration.

For timing calibration, pulses of sharply peaked wave form can be

provided from standard crystal or tuning fork frequencies and their

submultiples obtained by multivibrator or scaling circuits. These

pulses can be applied to the cathode ray tube as a signal or intensity

modulation, or used to control a glow discharge tube mounted optically

adjacent to the tube, which thus provides timing marks on a moving film.

Summary. To sum up the methods of transient recording, most of

the reciuirements can be met by extension or adaptation of standard

electronic and photographic techni(]ues. The important consideration

is that such equipment must be capable of giving quantitatively reliable

records dependably imder field conditions. Most existing commercial

equipment falls short of these demands and, although some instruments

can be modified to perform acceptably, it is usually more satisfactory

to build the equipment specifically for its intended purposes.

5.10. Experimental Arrangements for Pressure Measurements

Although the arrangement and handling of gear for locating explo-

sive charges and measuring equipment involves few points of funda-

mental scientific interest, it is a necessary part of the experimental work
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which must be properly done if trustworthy results are to be obtained

efficiently. The details of such experimental layouts will of course de-

pend very much on the specific problem and the available facilities, and

as a result there are not many principles and procedures sufficiently

general in application to merit a detailed discussion here. There are,

however, several basic considerations which must always be taken into

account and are discussed here, together with brief descriptions of ex-

perimental arrangements which have been used for some of the large

and small charge work at Woods Hole.

The most obvious characteristics peculiar to underwater explosion

work are the facts that high explosives by definition react violently and

can cause serious damage, wanted or otherwise, in their vicinity; that a

sufficiently large body of water must be available; and that an explosion

happens only once. If work with small charges only is intended, it is

not too difficult to provide a suitable volume of water, necessary safety

features are readily obtained, and arrangements of gear can be made
with small expense in manpower and materials. For example, tests

using standard detonator caps and/or charges up to an ounce or so in

weight (usually tetryl) have been performed at a number of laboratories

in tanks of steel or concrete of moderate size, say three feet or more in

each linear dimension, and the major precautions are those of proper

explosives handling and prevention of interference with other activities

in the immediate vicinity.

Charges up to a pound or more in weight can usually be fired in

small ponds or off docks not too near buildings. At Woods Hole, for

example, a great number of investigations using charges as large as

one-half pound have been performed off a dock in twenty feet of water,

an arrangement which was particularly convenient because booms and

tackle at the edge of the dock could be used for easy handling of gear

and recording equipment could conveniently be housed nearby. Arti-

ficial or natural ponds can be used which still permit shore installation

of handling and recording equipment. At Woods Hole, a shallow

natural pond was enlarged by excavating to provide water eight to ten

feet deep in which charges up to five pounds were fired. Larger charges

were impractical because of the small depth and short time interval be-

fore reflections occur from the boundaries, and because of filling up by
loosening of the sides of the pond.

Damage to the walls and limited volume of water will probably be

the limiting factors on the size of charge which can be fired in a small

body of water, and work with larger charges, such as service weapons,

has without exception been done either in lakes or coastal waters of the

ocean. Many types of gear have been used for different purposes in

the small charge work, but the most useful arrangement for many pur-

poses has been to support charges and gauges or other equipment on a
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steel ring of suitable size, for example, rings ten or fifteen feet in diam-

eter of one inch steel rod. The entire rig is then lowered from a boom
or overhead cableway to a suitable depth for firing.

The successful firing of charges weighing hundreds of pounds under

controlled conditions is at best a rather complex operation involving

considerable manpower and equipment, including vessels to handle

gear, in addition to the basic gauges and auxiliary instruments. Any
such explosions must be fired in reasonably quiet water, usually with an

available depth of eighty feet or more. Even with purely mechanical

gauge instrumentation, rather large and cumbersome rigs are required

to provide known positions of gauges and charge. Work of this kind

done by the U. S. Navy Bureau of Ordnance at Solomon's Island,

Maryland has involved the use of pipe frameworks supported from the

surface by large logs or telegraph poles, the whole gear being set from

large barges. In some British work, the gear has been set from a mov-

ing vessel and supported by floats, as has also been done in the work at

Woods Hole. The latter work, employing the schooner "Rehance," has

given the most comprehensive data for large charges on effects of explo-

sive weight, shape and composition, variation of explosion pressures

with distance, and so forth, the instrumentation including both piezo-

electric and mechanical gauges. For most of the work, the gauges and

charge have been disposed along a steel cable forty feet below the sur-

face, the various elements being supported by floats, and the whole rig

kept taut by towing. ^^ Electrical firing line and cables from the piezo-

electric gauges are led along the surface on floats to the Reliance, a

seventy-six-foot Gloucester schooner fitted out with electrical recording

equipment, laboratory and shop space, and sources of electrical power.

A typical rig of the type described is shown schematically in Fig.

5.26, the insets giving details of the various gauge mountings. On some

shots, as many as 8 piezoelectric gauges, 25 ball crusher gauges, 8 dia-

phragm, 8 Modugno and 8 mechanical momentum gauges have been

employed, and at the date of writing 450 large charges of various kinds

have been fired. For further details of rigging and handling gear, de-

tailed analysis of experimental techniques and measurements, and so

forth, the research reports should be consulted (22, 23)

.

In all explosive w^ork the hazardous nature of the work must con-

stantly be kept in mind and adequate safeguards against misfires, im-

proper handling, and so on, set up and observed. The characteristic of

explosions that they happen only once adds to the difficulty of good

measurements, because the instruments must be functioning properly

at the time of firing if any results at all are to be obtained from that

2^ The methods used in measurements of large charges (50 to 1,000 pounds of

explosive) at the Underwater Explosives Research Laboratory (Woods Hole) are

fully described in a report by J. S. Coles (22),
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shot, adjustments and tests while the event occurs being almost invari-

ably difficult and often impossible. These difficulties are particularly

great for large charge work, in which a single shot represents a large

''^'^-©

:C
1^

MOMENTUM GAUGE RIG

Fig. 5.26 An arrangement of gear for large scale explosion tests.

investment in time and money, and seemingly excessive precautions to

insure reliable functioning of equipment usually justify themselves in

the end.



6. Photography of Underwater

Explosions

The optically visible effects of underwater explosions constitute

valuable experimental tools in measurement. The advantage peculiar

to techniques based on optical phenomena is the fact that for many-

purposes no distortion of the phenomenon results from the measure-

ment, a state of affairs which it is often difficult and sometimes impos-

sible to achieve by use of mechanical or electrical devices. A second

advantage lies in the fact that photographic records can give infor-

mation over a field of view, rather than being point measurements.

Largely because of these characteristic features, photography of under-

water explosions has supplied a great deal of both qualitative and quan-

titative information and is potentially capable of supplying much more.

It is the purpose of this chapter to review some of the techniques which

have been developed, suggest their advantages and limitations, and give

illustrations of their appHcations.

6.1. Surface Phenomena

The simplest and most obvious photographic data obtainable from

underwater explosions are records of the phenomena visible above the

surface. Apart from their pictorial interests, such records can be made
to yield quantitative information as to the propagation of shock waves

and the motion of water around the gas bubble formed by the explosion

products. The surface phenomena arising from these causes are dis-

cussed in detail in sections 10.1 and 10.2, but the types of measurement

involved are mentioned here to indicate some of the technical require-

ments.

The initial arrival of the shock wave at the surface is made evident

even at great depths by a region of darkened water, often described as

the slick. The front of this region spreads out from a point above the

explosion with a speed which is at first infinite (neglecting relativity

effects !) and decreases asymptotically to the velocity of sound in water,

or about 5,000 ft./sec. The higher speed at points closer to the charge

is the result both of the geometry of the source and surface and of super-

sonic velocity of finite amplitude waves. Measurements of the dis-

turbance are thus capable in principle of application to measurements
of depths of explosions and to determination of shock front velocities.

In either case, the large velocities involved require motion pictures

taken at high speed if detailed records are to be obtained, as motion pic-

210
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tures taken at normal rates of 16-64 frames/second show the phenome-

non on one or at most only a few frames before it leaves the field of view.

For charges of a few hundred pounds or less, frame rates of 1,000 per

second, such as are possible with Eastman high-speed or Fastax cameras,

are needed.

A somewhat slower phenomenon, but one which still requires high

film speeds, is the rise of the dome of spray thrown up from the surface

by reflection of the incident shock wave. The initial velocity of the

upper surface of this dome is simply related to the pressure in the shock

Avave producing it, and can therefore be used to compute shock wave

pressures. The development and contour of the dome is easily seen to

be affected by the depth of the explosion, and the phenomenon has been

made the basis of several methods for measuring depths of explosion.

The gaseous products of explosion rise upward after their formation

and, after a time determined by the depth and explosive, break through

the surface, projecting the familiar plumes of spray if the charge is suffi-

ciently close to the surface. The time of the process and the nature and

extent of the upward water motion are clearly closely related to the

motion of the buoyant gas volume, and can provide valuable evidence

as to the nature of the motion when the breakthrough occurs.

The phenomena above the surface, as sketched briefly in the fore-

going, are examined in more detail in Chapter 10, but the usefulness of

photographic records suitable for quantitative measurement should be

apparent. If such records are to be obtained, two general types of re-

quirement must be met. The first of these is the obvious necessity that

the photographic quality must be good. Proper exposure, good contrast,

and in the case of motion pictures proper frame speed, must all be real-

ized for good measurements. These necessities are both straightforward

and obvious, but they are mentioned because of the large amount of

otherwise useful data which have been lost as a result of such things as

surface glare on the water and unsuitable or faulty equipment.

A second type of requirement is that of proper scales of length and

time, incorporated directly in the record if possible. Although it is

sometimes possible to make useful measurements without either type of

scale, any record is more valuable for them and many measurements are

virtually impossible otherwise. An example of the latter is photo-

graphic determination of underwater shock wave velocities and pres-

sures, which can hardly be accomplished without accurate knowledge of

a distance scale and precise indications of film speed in terms of a known

standard.

6.2. Optical Considerations in Underwater Photography

Although, as suggested in the preceding section, phenomena visible

above the water surface can provide much information about an explo-
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sion below it, these phenomena are to a considerable extent byproducts

of the major physical events. Many of these events can thus be in-

ferred only indirectly unless the photography is carried out beneath the

surface. The substitution of water as the optical medium and the fact

that the phenomena of interest are capable of destructive effects both

present difficulties in securing a sharp, adequately illuminated image at

the photographic plate, and methods of satisfying this basic requirement

are discussed in this section.

A. Transparency of the water. Water is at best an imperfect medium
for transmission of light waves, owing to a greater decrease in intensity

with distance from a source than predicted by geometrical considera-

tions, such as the inverse square law for a point source. This attenu-

ation is largely the result of scattering by impurities, and varies tre-

mendously with the amount and nature of such impurities.

If the laws of geometrical image formation hold, all the light which

reaches the camera from a given point on an object to be photographed

combines at a corresponding image point on the plane of the film. If

scattering and absorption occur in the intervening medium, however,

part of this light does not reach the camera and, what is worse, light

scattered from other geometrical paths does arrive, thus producing a

decrease in definition and contrast of the image.

This reduction in visibility is inherent in any given medium, and

becomes rapidly more serious as the distance increases, as the attenu-

ation and scattering increase exponentially with the path traversed.

Loss of intensity by absorption and scattering could of course be

compensated by using brighter illumination, but the failure of the light

to form a good image cannot. An upper limit to possible working dis-

tances is therefore set by the clarity of the water, and this limiting factor

is an important one for measurements on any scale. In tests on a lab-

oratory scale, such as might be performed in a tank several feet on a

side with detonator caps, reasonably clean tap water is often satis-

factory, but must be changed when contaminated by dirt, solid carbon

explosion products, or growths. With larger charges, transparency is

a more difficult problem, because larger working distances are necessary

which in turn require larger volumes of clearer water. If an artificial

basin is used, the water must be changed or cleaned periodically, which

becomes a considerable expense for work with even a few pounds of ex-

plosive. For charges of more than a few pounds, work must almost

always be carried out in natural bodies of water, and the clarity of this

water is frequently the Hmiting factor which makes satisfactory pic-

tures difficult or impossible to obtain.^

^ Problems of underwater photography in general have been investigated by the

Woods Hole Oceanographic Institution, as reported by Ewing, Vine, and Worzel
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A very simple and effective measure of water transparency is ob-

tained by using the Secchi disk. This is a circular disk, eight inches in

diameter and painted white, which is lowered in the water until it be-

comes invisible from above the surface. The depth of water at which

this happens is called the Secchi disk reading, and a rough but useful

empirical rule is that reasonably good pictures can be taken up to half

the Secchi disk reading. This reading in sea water varies greatly with

nearby sources of contamination, nature of the bottom, etc., but gen-

erally is very much less in coastal waters than offshore. For example,

harbor waters on the New England coast may give readings of the order

of 20 feet, while readings of 120 feet are obtained 100 or 200 miles off-

shore. Tropical waters are much preferable, for this and other reasons,

readings of 130-140 feet having been obtained within a mile of islands

in the Bahamas for example. The readings quoted here are not in-

tended as source data, but merely to give an indication of what order of

distances can be used. In tests in Woods Hole harbor on the Massa-

chusetts coast, object-camera distances of more than 5 feet are fre-

quently impossible, but in tests off the Bahamas motion pictures of good

quality have been taken at a distance of 60 feet.

A further inherent characteristic of water is of course the lower

speed of hght corresponding to an index of refraction of the order 1.34,

the exact value depending upon the temperature, density, and salinity.

The effective object distances and field of view for a camera with air

between the lens and film are therefore reduced by this factor, as com-

pared to air. The difference in optical path merely requires a changed

lens setting for proper focus, but the greater working distance required

for a given field, as compared to air, is unfortunate because of the scat-

tering effects already discussed. The index of refraction is, however, a

useful experimental tool in investigation of pressures and flow following

explosions, as discussed in section 6.3.

B. Explosive light sources. An explosive is an appropriate hght

source for study of explosions, and some of the most successful sources

for still photographs with extremely short exposures have employed

explosive "flash charges." Similar charges have also been proved most

satisfactory for fundamental studies of small scale explosions, and a

description of their preparation is therefore merited.

The basic design, developed at the NDRC Explosives Research

Laboratory in Bruceton, Pa. (34), consists of a centrally detonated

spherical charge of cast 50/50 pentolite (an equal mixture by weight of

PETN and TNT, see section 3.1). This charge is surrounded by a

concentric layer of argon gas at atmospheric pressure. The spherical

(33) ; a number of techniques and applications to underwater explosions are described

in reports by Eldridge, Fye, and Spitzer (31), and by Swift et al (105).
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detonation wave strikes this layer and a brilliant flash of light results

from emission following excitation of the atoms by the high temperature

and pressure of the shock wave in the gas. The duration of intensity

can be made very short by decreasing the thickness of the layer, which

is excited at supersonic velocity, and the total illumination can be varied

by using different charge sizes. A 0.55 pound charge 2.5 inches in

PRIMACORD

LEAD SHEATH

PRIMACORD

PLASTER OF
PARIS

ARGON GAS

ARGON GAS

Co) SPHERICAL (b) CONICAL

Fig. 6.1 Explosive flash charges for underwater photography.

diameter with an argon layer 0.19 inches thick has been estimated to

give approximately one million candlepower with a duration of about

one microsecond.

Two adaptations of this basic design are shown in Fig. 6.1.^ The

spherical charge in Fig. 6.1(a) is detonated at its center by a piece of

primacord, a detonating fuse, which is wrapped in a lead sheath to pre-

vent initiation of the main charge luitil the detonation wave reaches the

end of the fuse. The charge is cast in a plaster of paris mold with the

fuse in place, and mounted in a split round bottom flask of larger in-

ternal diameter; the two halves of the flask are then cemented together

and the air space evacuated and filled with argon. This design from its

symmetry gives nearly uniform illumination over a sphere. Charges

without the glass flask and argon filling have been found to give remark-

2 Methods of preparing these and other types of explosive charges are given in

reports by Eldridge, Fye, and Spitzer (31), and by Newmark and Patterson (79).
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ably uniform and reproducible shock wave pressures, and hence are

very useful in fundamental investigations.

The spherical intensity distribution from the design of Fig. 6.1(a)

is to a large extent wasted in many applications. This waste is accom-

panied by the obvious disadvantages of using unnecessarily large quan-

tities of high explosives near equipment or gear. Reflectors can of

course be used to concentrate more of the total light output in a given

region, but a better solution in many cases is simply to use only a suit-

able section of the sphere in the form of a conical charge, as shown in

Fig. 6.1(b). With an angular opening of 60° this charge has approx-

imately V7 the weight of a spherical charge giving the same intensity

over this angle of field without reflectors. The charges described are

not usable without modification at depths of more than about 20 feet

below the surface, but protective cases of various types and other

charges permit flash photography at depths of 600 feet or more. For

details of these and other designs of flash charges and their preparation

the original reports should be consulted.

Explosive flash charges have the advantages of very high intensity

with extremely short duration and are thus best suited to single flash

photographs of rapidly changing phenomena, especially underwater

shock waves. Although two or more charges have been fired at preset

intervals, they are not useful for sequence records of slowly changing

phenomena. The use of flash charges has the further disadvantage of

involving high explosives, which of course cause underwater effects in

addition to those intended to be made visible, and experimental ar-

rangements must be planned to prevent interference by these disturb-

ances. The use of high explosives also involves hazards. These are

already present in photography of an explosion, and it may well be that

alternative sources, such as high voltage discharges, result in compa-

rable hazards, as well as presenting difficulties in field operations.

C. Other flash sources. Electrically operated light sources can also

be used in underwater flash photography. The General Radio micro-

flash unit, Avhich comprises a gas-filled lamp through which a condenser

previously charged to 7,000 volts is discharged after ionization of the

gas by a triggering impulse, is one electrical counterpart of an explosive

flash charge, and the General Electric electronic photohght, employing

a high voltage discharge through a capillary arc, is another.^ Both

these units give intense flashes with durations of the order of two to four

microseconds, and can therefore essentially stop underwater shock

waves. A number of investigations at the Taylor Model Basin on

shock waves and intersecting shock waves from small charges have

3 The General Electric "Electronic Photolight" is an example of the capillary arc;

underwater flares for photographic purposes are described in a report by E. L.

Patterson (81).
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been reported by Campbell (16, 17), in which microflash units have

been employed.

Another type of source employs discharge of a condenser through a

spark gap in the water. A spark arranged to act as a very small source

of high intensity and duration of a few microseconds has been developed

by Libessart (69). Magnesium electrodes are employed, the light be-

ing emitted from a tiny hole in one electrode, and the main discharge

circuit from a high voltage condenser is closed by auxiliary gaps excited

from a spark coil. This type of spark is particularly simple to use in

many applications, because it acts virtually as a point source, and sharp

records can be made on photosensitive material without use of a lens.

As compared with explosive flash charges, electrical flash methods
are much more convenient for tests which can be performed on a lab-

oratory scale. This convenience is largely lost in field work with larger

charges, because of the limited light output without multiple units

and the increased electrical difficulties. For such work, the explosive

flashes are more useful, particularly if facilities for charge preparation

are available.

The use of flash sources similar to those described has the disad-

vantage that a single unit gives only a single flash or requires a con-

siderable interval before it can be triggered again. This objection can

be met by the use of a source of high intensity and longer duration if

the film is moved rapidly past a slit and a "streak" photograph taken.

Experimental methods of this kind (72) have been extensively used in

studies of detonation waves, which are self luminous, and have been suc-

cessfully applied to measurements of shock wave velocities in water,

illumination being supplied by the self-luminous shock wave excited in

an argon-filled tube, as shown in Fig. 6.2. The advantage of the con-

tinuous time record from this method is of course obtained at the price

of limitation of the observable field by the slit.

. D. Sources of greater duration. Flash sources or very high speeds of

mechanical motion are essential for stopping the motion of shock or

detonation waves which travel several feet in times of a millisecond or

less. For slower but still, by ordinary standards, rapidly changing

phenomena, such as the expansion of the gas sphere, a number of types

of light source are possible. Stroboscopic illumination with contimious

film motion and continuous high-intensity illumination using high-speed

motion picture cameras have both been used. The stroboscopic methods
are based on Edgerton's developments, and the lamps employed in the

General Radio power stroboscope, for example, have been used to give

flashes at rates up to 1,500 per second with exposure times of the order

of 30 microseconds. High-speed motion picture cameras employing

rotating prisms to provide the equivalent of intermittent film motion,

such as the Eastman High-Speed and Western Electric Fastax cameras,
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can be used at even higher frame speeds but the duration of exposure is

greater (e.g., 80 microseconds for the Eastman High-Speed running at

3,000 frames per second).

A number of varieties of continuous high intensity sources have

been used, among which may be mentioned capillary high-pressure

mercury arcs and underwater flares. For the relatively short times of

1 or 2 seconds at most, photoflash bulbs with durations of from 6 to 100

— DETONATOR

-TETRYL

SHOCK
FRONT

GLASS WALLED TANK LIGHT SOURCE

ONE FOOT 50 MICROSECO^CS

(a) (b)

Fig. 6.2 Shock wave velocity measurements for small charges.

milliseconds can be simply employed, several bulbs being fired in se-

quence by mechanical or electrical means if it is necessary to prolong

the illumination. A difficulty common to many such sources is their

relative fragility, as a result of which they must be suitably protected

from shock wave pressures if they are not to be extinguished or dam-

aged. This consideration evidently also applies to cameras, which

must be housed in cases strong enough to withstand hydrostatic and

explosion pressures. In extremely clear open water natural sunlight

may be adequate for photography of relatively slow motions. As an

example, motion pictures of the bubble pulsation from 50 and 300 pound

charges have been taken from 60 feet with natural sunlight in water off

the Bahamas.

E. Lighting and synchronization. The most effective lighting ar-

rangements evidently depend on the end to be achieved, and so many
variations are possible that it would be futile to attempt any very gen-

eral rules. Such things as suitable arrangements of source and camera
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positions and the need for introduction of reflecting or diffusing surfaces

or backgrounds must be determined for the case of interest. For many
purposes a silhouette is desirable, which can be obtained, for example,

by a translucent diffusing screen in front of a source facing the camera.

In small scale experiments, light sources and cameras can often be

mounted in air above the water surface by use of suitable mirrors.

In high-speed simple flash records especially, accurate synchroni-

zation of lighting with the explosion event is necessary. This can be

done in a number of ways, the more common involving changes in firing

current on detonation, use of multiple firing circuits with flash charges,

or action of the shock wave on a mechanical or electrical triggering de-

vice (see section 5.9). Controlled time delays can be obtained by elec-

trical delay circuits, or by use of explosive time delays from unequal

lengths of detonating fuse initiating the main and flash charge from a

single detonator cap. The velocity of detonation in primacord fuse

being 20.6 feet per millisecond, a delay of 4.0 microseconds is intro-

duced by a 1-inch path difference. This method is particularly simple

in field work, and with various modifications has been used for many
purposes.^

6.3. Pressure Measurements by Optical Methods

A. Shock velocity measurements. The velocity of an advancing shock

front is directly related to the pressure difference across the front by

the Rankine-Hugoniot conditions if the equation of state for the fluid is

known. In the case of water, the departures of the shock velocity from

the limiting acoustic value are appreciable only for pressures very close

to the charge, the increase being 30 per cent for a pressure difference of

70,000 Ib./in.^ (see section 2.5). Pressure determinations from velocity

measurements are evidently of limited accuracy unless this excess veloc-

ity is appreciable, and methods based on velocity are therefore in-

herently best suited (in the case of water) to measurements close to the

charge. This region is one which is explored with difficulty using

mechanical or electrical gauges, and the optical technique is therefore a

valuable supplement to more direct pressure measurements. A draw-

back, as far as pressure determination is concerned, is the increasing

uncertainty as to the pressure-velocity relation at higher pressures,

owing to meagerness of data for determining the equation of state.

Measurements have been made at Bruceton"^ using a rotating drum
camera and slit, the photographic arrangement being as shown in Fig.

6.2(a). Illumination was provided by the luminous shock waves in two

* A difficulty in such applications is the fact that primacord, being an explosive,

develops a shock front which may interfere with the j^henomenon of interest if not

properly arranged.
6 See DF Report Number 20 (35)

.
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argon-filled tubes excited from an auxiliary charge, the angle and lengths

of the tubes giving illumination for 70 microseconds. The resulting

streak record, a tracing of which is shown in Fig. 6.2(b), can be measured

to give displacement as a function of time, and the velocity then ob-

REDUCED

5 10

DISTANCE R/Oo

Fig. 6.3 Shock front pressures from velocity data compared with theory

and piezoelectric gauge measurements.

tained by differentiation. Values obtained for spheres of a cast explo-

sive two inches in diameter and of density 1.80 are listed in Table 6.1,

together Avith shock front pressures computed from Kirkwood and

MontrolFs calculations (59, II) for fresh water. The values of both

Distance
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16,000 ft./sec, corresponding to pressures in excess of 10^ Ib./in.^, and

measurements of the less rapidly changing plane wave velocities at a

flat charge surface give 19,000 ft. /sec.

The pressures determined from these measurements are compared

with predictions of the Kirkwood-Bethe and Kirkwood-Brinkley theories

in Fig. 6.3, in which distance R is expressed as a multiple of the charge

radius do. The parameters of the latter theory were obtained from the

experimental piezoelectric gauge data plotted as open circles. The
velocity data (solid circles) are seen to agree within their scatter with

gauge measurements where the two meet, but give much higher pres-

sures close to the charge than either of the theoretical predictions. The

difference from the Kirkwood-Bethe theory is probably explained by

the assumed initial conditions of adiabatic conversion of the explosive

to its products at the same volume. The similar disagreement with the

Kirkwood-Brinkley theory cannot be attributed to this assumption, as

it is not involved, but may be the result of inadequate treatment of the

approximation methods employed. It is to be noted that the various

data of Fig. 6.3 are not strictly comparable for several reasons (dif-

ferent explosive loading densities, velocity results for fresh water), but

the necessary corrections are much smaller than the differences.

The data obtained by any method are very meager for pressures

close to the charge and further investigations would be desirable. Al-

though the velocity method is indirect and gives only shock front pres-

sures, this line of attack is one of the most promising ones. The initial

rate of expansion of the gaseous products is also indicated in Fig. 6.2(b),

but the outline is distorted by refraction of light passing through the

high pressure region (see part B).

B. Optical distortion methods. The velocity of light in water de-

pends on the pressure as a result of the difference in density, the index

of refraction changing from 1.344 at atmospheric pressure and 17° C.

to 1.365 at 20,000 Ib./in.^, an increase of 1.5 per cent. This increase is

great enough to cause marked refraction effects, particularly for oblique

incidence at a discontinuity, and has been used as a basis for optical

studies of pressures. The deviation in a light ray passing through a

spherical front is indicated diagrammatically in Fig. 6.4(a) . A ray origi-

nating at Q travels along the broken path through the points S and P.

The curved path within the shock front is drawn for decreasing pres-

sure and decreasing velocity at points behind the front.

The actual path between fixed points of entry and exit is determined

by the requirement of geometrical optics that it be the one which mini-

mizes the travel time between these points. This condition leads to

Snell's law of refraction, and for a linear velocity gradient behind the

front the path is easily shown to be an arc of a circle. Rays actually

originating at aS or P appear to an observer at Q to have originated at
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points S' or P' on the virtual ray. For clarity, the deviations indicated

are very much exaggerated over ones actually occurring. Coordinate

lines on screens placed as shown in Fig. 6.4(a) appear to be distorted out-

ward, as indicated in Fig. 6.4(b).

The optical refraction effect just described has been used by Halver-

son (31) as the basis of a method for determination of shock wave pres-

sures in water. In this method a ruled screen of Incite in the position

of the points S, S' is photographed from point Q. The resultant image

of the displacement SS' on the photographic record can then be used,

together with the known radius of the shock front, distance of the

SCREEN

P'
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have not been accounted for. It seems unlikely that the piezoelectric

gauge data are ten-fifteen per cent in error, in view of their much better

agreement with results from ball-crusher gauges, dome velocity calcu-

lations, and independent calibrations and measurements. The more

likely possibility is therefore the one of inaccuracies in the method.

Shock distortion of the screen by the pressure wave was found, by

measurements on the records, to be small. Another source of error is

uncertainty as to the refractive index-pressure relation for the salt

water used in the experimental arrangement. No direct figures for

salt water were available, and the relation employed was based on

isothermal values at high pressures corrected to adiabatic conditions

from data at lower pressures. Further uncertainties exist because of a

necessary wavelength correction and possible temperature effects in

second order terms. There are reasons to believe that none of these

uncertainties has a large effect on the relation actually used, but either

a direct determination for salt water or repetition of the explosion

measurement in fresh water would be desirable.

Halverson has also extended the refraction measurement to determi-

nations of the decay constant of the pressure wave with distance behind

the shock front, the profile being assumed exponential in form. This

determination evidently requires an examination of the actual path be-

hind the shock front. Assuming that Snell's law applies, i.e., that the

ray is described by geometrical optics, the differential equation of the

path can be integrated numerically for any assumed value of decay

constant 6{r) in the expression P{r) = P^(i^)e~(^-'')/^W where R is the

shock front radius. This calculation is repeated for several possible

values of d(r) to find by interpolation the one consistent with the ob-

served displacement of a coordinate intersection behind the shock front.

The decay constant so obtained is of course for spatial variation, and a

conversion must take into account the variation with R of peak pressure

Pm, and strictly should include variation of d{r) with R. The latter

effect of spreading is unimportant, however, and can be neglected.

The calculations outlined have been carried out for the shots pre-

viously mentioned and gave an average time constant of 40.4 /xsec.

for 5 points behind the front, the average deviation from the mean be-

ing dbl.7 jLisec. with no indication of systematic variation for different

points. The initial time constant of deca}^ from piezoelectric data is

50 )usec. or about 20 per cent higher.

The measurement of scale distortions described in the foregoing is

open to the basic objection that the results obtained are not purely

analytic deductions from basic principles, but depend in part on assump-

tions as to the form of the refraction gradient. It can readily be shown
that this is an essential limitation of the method, as there are finite

regions near ^discontinuities which any possible ray must completely
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traverse, and hence cannot be explored in detail. In many cases this

objection is not serious, however, and the exceedingly simple equipment

needed for optical distortion studies recommends the general method as

a potentially very useful one.

C. Other refractioji methods. Although measurements of optical dis-

placements are the most promising means of utilizing refraction effects

in pressure waves having discontinuous fronts, two other possibilities

should be mentioned. The first of these is an interferometer method

devised by E. Mach and further developed by his son L. Mach (70),

which is essentially an application of the principle of the Rayleigh or

Jamin interferometer. The experimental arrangement consists in split-

ting light from a slit source into two geometrically separated beams by

use of a half-silvered mirror. These two beams are recombined at a

second half-silvered mirror after reflection from suitably placed re-

flecting surfaces, and interference fringes are formed in the combined

beam. If the refractive index of a finite region in one beam is changed,

the corresponding part of the fringe system is displaced in proportion

to the total change in optical path in this part of the beam. The method

is of course very sensitive to small changes in refractive index and has

been extensively used for investigation of supersonic flow in air or gases.

The differences in refractive index for liquids are so much greater, how-

ever, that even moderate pressures would cause impractical magnitudes

of fringe shift. Deviations in the path by refraction would make ele-

mentary analysis based on undeviated rays inapplicable. The most

useful application of interferometer methods is to small, slowly chang-

ing velocity gradients which are not characteristic of the more interest-

ing underwater explosion phenomena.

A more promising possibility is the Schlieren method, in w^hich the

region of disturbance causes angular deviations of parallel light from a

source bounded by a straight edge. The beam is brought to a focus by
a lens in whose focal plane a second straight edge parallel to the first is

placed to block off all but a narrow strip of light. The deviations in the

beam result in more or less light passing this barrier into a camera

focused on a suitable plane in the disturbance. The original intensity

of the disturbance as recorded by the camera will then be changed in

proportion to the angular deviation. The method is less sensitive to

changes in refractive index than are interferometer techniques, but the

limitation of infinitesimal deviation of the beam must be respected if

elementary analysis is to be applied, and large discontinuities or gradi-

ents are handled with increasing difficulty. The method is neverthe-

less a potentially useful one, but has not to the writer's knowledge been

applied to studies of pressure waves in water.

^

^ The mathematical developments and limitations of this and other refraction

methods have been discussed in a report by Weyl (119).
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6.4. Direct Photography

The applications of photographic techniques which have so far been

described involve special optical or mechanical arrangements to obtain

detailed information about pressures and velocities. The more con-

ventional methods of flash and motion picture photography are also of

great importance, a particular advantage being that information is ob-

tained over a field of view rather than merely at points in the field.

This advantage is particularly evident in studying shock wave fronts,

the form and motion of the gas volume, and effects at targets. A num-
ber of examples of such "straight" photography and results obtained by

its use are given in other sections, but a few representative illustrations

are presented here to indicate their application and limitations.'^

A. Form of shock fronts. Although shock fronts in water are not

self-luminous, large pressure gradients are made visible when suitably

illuminated as a result of the accompanying changes in refractive index

which have a focusing lens effect. In the case of a spherical shock front,

for example, the refraction effect acts to concentrate uniform illumi-

nation from behind the spherical front into paths nearer that of the

tangential ray grazing the spherical surface than the ones in the absence

of the front (see Fig. 6.4). The region near the grazing ray therefore

appears more brightly illuminated on a photograph. The apparent

radius of the shock front seen in this way is evidently somewhat greater

than the true value, because the tangent rays subtend a larger angle at

the camera than the secant lines from the great circle on the sphere in

the plane normal to the optical axis. This geometrical error is small

unless the camera is close to the shock front, but must be taken into

account in measurement.

A number of photographs of shock waves in successive stages of de-

velopment are reproduced in Plates I and II. The pictures were

taken by light from flash charges behind the main charge and facing the

camera. The desired time interval between detonation of the main

and flash charges was obtained by use of primacord fuse, as described

in section 6.2. The camera shutter was left open through the interval

of both explosions, and the outline of the main charge is made visible

in the center of the pictures by light from its detonation. Bare charges

were intentionally used to permit this double exposure and to reduce the

amount of stray material in the field of view to a minimum.
The development of the shock wave from a spherical charge of

pentolite 2^ inches in diameter is shown in the 3 records of Plate I,

taken at times of 13, 58, and 104 microseconds after detonation. The

^ These illustrations are from photographs taken at the Underwater Explosives

Research Laboratory, Woods Hole. These and many other similar photographs are

reproduced in reports by Eldridge, Fye, and Spitzer (31), and by Swift et al (105).
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scale marks in the first two cases are 7 inches apart, in the last, 13

inches. The black horizontal rods were introduced to determine the

distortion of the dark gas sphere outline inside the shock front, and

supporting wires and detonator fragments are also visible. The first

picture shows that the shock front shortly after detonation is very

nearly spherical and concentric with the charge. Fine structure of the

shock wave just behind the front is evident in the second and, to a lesser

extent, third records at later times. These secondary fronts are be-

lieved to be real rather than optical illusions, and become invisible at

greater distances. Even in this highly symmetrical case, the shock

wave close to the charge has a fine structure sufficiently pronounced to

be registered by refraction, a result of importance in confirming shock

wave pressure-time curves exhibiting similar irregularities. It is per-

haps not amiss to point out that these and other photographs give little

support to assumptions that the shock wave pressure has a significant

time of rise, nor does the gas bubble outline exhibit large irregularities

in its expanding stages.

Shock waves from a cylindrical stick of pentolite (1 Vie inches diam-

eter, 5//8 inches long) are shown in Plate 11. The reference marks are

7 inches apart in the first two pictures taken 10 and 54 microseconds

after initiation, and 13 inches apart in the third picture taken at 101

microseconds. The first picture shows detonation about half com-

pleted, the shock front and gas products being visible although some-

what obscured by general illumination. The second picture is of par-

ticular interest, as it clearly shows multiple fronts in regions off both

ends of the charge. Two secondary fronts are visible at the detonator

end and a single one at the other end. These multiple discontinuities

are also observed in piezoelectric gauge records at greater distances, and

must have their explanation in the relief of pressure discontinuities at

fronts intersecting shortly after their formation, as discussed in section

7.7. The multiple shocks are present but closer to the front and less

evident at the later time of the last record. The shock wave front at

this time is less elongated and pictures at later times show the approach

to the spherical shape ultimately realized.

A clear cut example of the Mach effect in intersecting shock waves

from two 0.11 pound loose tetryl charges placed 8.4 inches apart and

fired simultaneously is shown in Plate III. The shock fronts have

travelled approximately 12 inches from the charges (located below the

margin of the picture) and the normals to the fronts at the intersection

include an angle of 71°. The characteristic Mach region of intersection

discussed in section 7.7 is clearly evident, although the exact details are

subject to error from refraction effects.

B. Photographs of the gas bubble. The pictures in Plates I and II

show the initial rate of expansion of the gaseous explosion products after
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detonation. The possibility of distortion by refraction in passage

through the shock front must be recognized in analyzing any such pic-

tures. This was tested by measurement of the known separations of

steel rods visible in Plate I, and the apparent distance found to be from

2 to 8 per cent greater than the actual values. (The elastic compression

of the rods by the pressure wave is computed to give displacements of

less than 0.1 inch.) The apparent bubble diameters for the 2^ inch

spheres were 3.7, 5.9 and 6.9 inches at times of 13, 58 and 104 micro-

seconds after detonation. The initial radial velocity of the bubble is

therefore of the order of 4,000 ft./sec, this figure being correct only

as to order of magnitude because of uncertainties as to the exact times

and distances.

The motion of the bubble over the greater part of its pulsations is

very much less rapid than in the initial phase, and can be followed in

sufficient detail with motion pictures. For small charges with bubble

periods of several hundredths of a second or less, special high speed

cameras are needed. The records reproduced in Plate IX and Fig. 8.1

for a 0.5 pound charge with a period of 28 microseconds were taken,

for example, with a 35 mm. Fastax camera running at about 1,800 frames

per second, illumination being provided by flash bulbs. For work with

larger charges, lower film speeds and longer exposures are possible. As

an example, Plate IV shows the gas products from a 56 pound TNT
charge fired at a depth of 100 feet. The photographs were taken from

40 feet with natural light by a Jerome motion picture camera running

at approximately 45 frames per second. The first frame at 0.18 seconds

after detonation shows the spherical outline of the bubble near its maxi-

mum expansion, and the second at 0.34 seconds the spiked protuberances

at the first contraction.

Many investigations of bubble motion have been made by photog-

raphy, a number of which are described in Chapter 8. Comparatively

few results have been obtained except on a laboratory or model scale,

owing to obvious practical difficulties in obtaining adequate lighting

conditions and clear water in field work. Some very beautiful small-

scale photographs of both bubble motion and shock waves were obtained

in German investigations during World War II, but at the time of this

writing few technical data concerning them were available, and they

cannot therefore be adequately described here.

C. Ejfeds at and near targets. Photographic techniques have proved

useful in understanding and analyzing the motion of water near bound-

aries, such as the free surface of the water and deformable plates. Some
examples of this kind discussed in section 10.4 show very clearly the

formation of cavitation in water under small negative pressures near

such surfaces, and a number of investigations have been carried out to

examine the mechanism of such cavitation.
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Photographic studies of the damage process in structures are very

useful in an understanding of the important phenomena. Measure-

ments of deformation as a function of time have been carried out by

several groups, one of the more important conclusions from such investi-

gations being the demonstration of the importance of secondary bubble

pulses in causing damage under favorable conditions. A time history

of deformation is obviously a first requirement in such studies, and a

motion picture record is the best single method of obtaining such infor-

mation. As illustrations of such work, there may be mentioned studies

at the Taylor Model Basin by Hudson (48) on ten inch circular dia-

phragms, in which displacements were measured by reflection of light

into a moving film camera from small steel balls or aluminum spots on

the diaphragm. A number of photographic studies on cylinders of

various sizes and internal supporting structure have been made by

Decius and Fye (26) at Woods Hole, which have shown very strikingly

the importance of later bubble pulses in ultimate damage. For more

detailed accounts of such investigations reference should be made to the

original reports.



7. Shock Wave Measurements

7.1. The Form of the Shock Wave

The underwater shock wave from high explosives is found in most

cases to be a highly reproducible phenomenon, which can often be

represented at a given point to a first approximation by a discontinuous

rise in pressure followed by an exponential decay in time. As the shock

wave spreads out from a charge, its peak value decreases and its du-

ration, as estimated for example from the time constant of exponential

decay, increases gradually. These broad general features are shown by

the reproductions in Plate V of pressure-time curves, obtained using

tourmaline gauges, at distances of 20 and 500 feet from a cylindrical

300 pound charge of TNT.i The peak pressure of 6,000 Ib./in.^ at 20

feet falls to 150 Ib./in.^ at 500 feet, and the time constant of 500 ^tsec. at

20 feet, defined here as time for pressure to fall to 1/e = 0.37 of its

initial value, increases to 900 /^sec. at 500 feet. (The irregularities at

later times are the result of reflections from the surface and bottom, not

characteristics of the pressure in an infinite body of water.)

It is evident from Plate V that the description of the shock wave as a

simple exponential is only an approximation. For charges reasonably

close to a sphere in symmetry, the approximation is a reasonably good

one for pressures greater than about one-third the peak value, but two

types of departure are observed at later times, even for charges of high

symmetry. First, a hump or irregularity of variable magnitude and

shape, depending on the shape of charge and explosive, and second, a

very much more gradual decrease of pressure than the continuation of

the initial exponential decay. The gradual decrease is generally ob-

served, and has its explanation in the expansion of the gas sphere follow-

ing detonation and, in the incompressive approximation, a falling off of

pressure at points in the surrounding water with time as ^~^^^ This

characteristic of the pressure-time curve has been considered in section

3.8 according to the theory of Kirkwood and Bethe, and is further dis-

cussed in section 9.2.

The "hump," or local region of pressure in excess of a smooth curve,

which frequently occurs somewhere near or after the time constant, has

been found for geometrically similar charges to be characteristic of the

explosive, and it is often possible to distinguish pressure-time curves and

identify the explosives responsible by the appearance of these humps.

^ The experimental data quoted in this chapter were nearly all obtained at the

Underwater Explosives Research Laboratory, Woods Hole, by methods described in

Chapter 5. More complete compilations of data will be found in reports of the UE
series (114), and formal reports by J. S, Coles (23) and by Arons and Smith (5).
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Their character is also affected by the shape of the charge, as are fea-

tures of other positions of the pressure-time curve. The origin of these

humps has not been conclusively demonstrated, but it is reasonable to

presume that they arise from internal reflections in the product gases of

the rarefaction wave of pressure generated in these products when the

initial detonation wave first reaches the surface of the charge. No de-

tailed analysis of the complicated dynamics inside the products has

been attempted, but the time of appearance in the shock wave in rela-

tion to the initial peak is at least of the order of magnitude to be expected

from this explanation.

It is to be expected that charges which do not have spherical sym-

metry will give rise to a shock wave which is not symmetrical, and dif-

ferences in form of the wave at different points around the charge are

in fact observed. An example is the pressure-time curve, shown in

Plate VI for the shock wave at one end of a cylindrical charge contain-

ing 300 pounds of TNT. In this case, two pressure peaks are observed,

the second being higher than the first, and it is evident that approxi-

mation of the curve by an exponential is only a crude representation of

it. Double peaks of this kind are usually observed at points on or near

the extended axis of cylindrical charges, their relative magnitude and

displacement depending on the relative dimensions of the charge and

distance of the point of observation. These complications are accentu-

ated for small charges of insensitive explosives, for which relatively

large booster charges of more sensitive materials must be used to insure

proper detonation. The explanation of such departures is considered

in section 7.7, but can be considered roughly to be the result of a non-

linear combination of shock wave pressures from different parts of the

charge.

The conclusion of importance for the present is that, while an ex-

ponential curve is a simple and convenient approximation to the form

of an underwater shock wave, it is by no means a perfect representation

and in some circumstances is a rather poor one.

7.2. Experimental Shock Wave Parameters

A complete, explicit representation of experimentally measured

shock wave pressure-time curves for any type of charge would be an

equation giving the pressure as a function of time after arrival of the

initial peak in terms of the charge weight and position of the point of

measurement. Even for the simplest forms of charge conveniently

realizable, an exact result of this kind would be cumbersome and not

readily visualized. On the other hand, a simple functional representa-

tion by means of a negative exponential curve is not a fully adequate

representation, as the discussion of section 7.1 shows, and some compro-

mise between the two possibilities is usually desirable.
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A. Peak pressure and time constant. Despite the limitations of an

exponential decay as a description of shock waves, its analytical con-

venience is so great that parameters based on it are widely used as a

first approximation, and in many cases such parameters furnish a quan-

titatively reliable description of the earlier parts of the curve. In this
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Plate I (top row). Photographs of spherical pentolite charges at three instants after

detonation.
Plate II (second row). Photographs of cylindrical pentolite charges (4/1 length-

diameter ratio) at three instants after detonation.
Plate III (lower left). Mach intersection of two shock waves at a point 12 inches

from two 0.11-lb. tetryl charges 8.4 inches apart.
Plate IV (a and b, lower right). The gas products from a 56-lb. TNT charge, fired

100 feet below the surface, at two instants.
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30 per cent of its initial value, but at later times the "tail" of the shock

wave decays much more slowly than in the exponential approximation.

This result is typical of charges which do not differ too much from

spherical symmetry, and illustrates the extent to which the exponential

approximations of Eq. (7.1) can be expected to apply in simple cases.

Although it would be possible to devise auxiliary functions to fit the

later portions of the curve with additional parameters, increasing experi-

mental uncertainty as to the exact values of the smaller pressures ordi-

^ 8000
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Strictly, the pressure P{t) — Po in excess of hydrostatic pressure should

be used in this equation, but for most cases of interest the shock wave
pressure P{t) is so large that the difference is of no importance.

Unfortunately for simplicity, the form of the shock wave is such

that the integral I{t) does not converge rapidly to a limiting value with

increasing values of t, and it is not practically possible or desirable to

define an upper limit on time for which the impulse is obtained. This

difficulty arises from the existence of the shock wave tail, or interval of

slowly decaying pressures, the area under which makes a continually

increasing contribution to the integral of Eq. (7.2), as shown in Fig. 7.2.

The reason for the tail is the onset of essentially noncompressive motion

exterior to the gas sphere, and the pressure associated with the motion

becomes zero (strictly hydrostatic) only after the gas pressure has fallen

to hydrostatic. This time is of the order of one-tenth the period of pul-

sation of the gas sphere (see section 9.3) which is many times the time

constant 6 of the initial high pressure region. For example, the time

constant 6 is approximately 0.5 msec, thirty feet from 300 pounds

of TNT, and the duration of positive excess pressure is of the order of

80 msec, for th^s charge detonated 40 feet below the surface.

The determination of impulse out to some 200 times the initial time

constant of the wave would, for many reasons, be a time consuming and

difficult problem both in experimental arrangements and analysis.

Such an integration in many cases would reduce the value of the figure

finally obtained as a measure of a short-lived transient pressure. For

these reasons, impulse values for shock waves are customarily obtained

by integration over only the earlier high-pressure region to an arbitrarily

assigned upper limit on time, which should be long enough to include

any characteristic features of the pressure-time curve when the pres-

sures are a significant fraction of the initial peak value. One way of

assigning the upper limit on time is to specify it in terms of the initial

time constant, for example as five or ten times the time constant. Such

a measure presents difficulties if pressure-time curves from considerably

different explosives or from charges of different shapes are to be com-

pared, and in such a case a simpler measure is a specified value for a

given charge weight or volume.

In order to arrive at a suitable criterion for the integration time, the

effect of different choices in this time on impulse ratios for charges of

different explosives and shapes has been examined.^ The data used in-

cluded pressure-time curves for charges of three explosives, in approxi-

mately spherical and elongated cylindrical shapes. The measured time

constants differed by factors as great as three, but impulse ratios for

times greater than five times the mean value showed little change with

increasing values of the limit on time, although individual values in-

3 Unpublished analysis by the writer.
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creased continuously as indicated in Fig. 7.2. It was accordingly con-

cluded that a significant measure of impulse for comparison purposes

is obtained by integrating to five times the time constant of a spherical

charge of the same weight. Values of time corresponding approximately

to this rule have been used for most impulse calculations from data ob-

tained at Woods Hole, although for special cases other values have been

used. Whatever the criterion that is chosen, its arbitrariness must be

recognized in any analysis of experimental data. (This point is dis-

cussed, for example, in section 9.3 in comparing shock wave impulse

with values for the later secondary, or bubble, pulses.)

C. Energy flux density.'^ Another significant measure of the shock

wave is in the energy flux across unit area of a fixed surface normal to

the direction of propagation. The rate of energy transport across unit

area in a fluid of density p and particle velocity u is, from section 4.8,

given by

puA E + W + -

where A[£' + Ju^] is the increase in kinetic and potential energy for

unit mass of fluid, and P is the pressure. The energy flux density to

time t after arrival of the shock wave is then

J E + \u^ + -\dt(7.3) Ej = puA

In the limit of small amplitudes, the internal and kinetic energies

can be neglected in comparison with P/p, and for an outgoing spherical

acoustic wave the particle velocity u is given by (see section 2.2)

u{R, n = ^ - ^^ + J_ r (p _ p^) dt
PoCo Poti J

The energy flux density in terms of pressure then becomes

(7.4) E, = j-({p- PoY rf^
+ -L r (p _ pj r r (p _ p^^^t] d^

O

The second term, representing the effect of the excess particle velocity

or afterflow left by an outgoing spherical wave, rapidly becomes negli-

^ This quantity is frequently described in the literature as energy flux or simply
energy, when in reahty a specific quantity for unit area is meant.
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gible compared with the first at increasing distance R from the source.

Its magnitude increases with the time t to which the integration is ex-

tended as a result of the slow decrease of P in the tail of the shock wave.

The effect of the afterfiow is not ordinarily considered at distances

exceeding ten-twenty charge radii, and energy flux density is estimated

by the first term only in Eq. (7.4). This term in itself is not exact, be-

cause it is obtained in the acoustic approximation. An estimate of the

correction necessary at the shock front can be made by expressing the

exact result of Eq. (7.3) in terms of pressure by employing the Rankine-

Hugoniot conditions of section 2.5, which are valid at the shock front.

These give:

-fEf = -\ dt

Expressing the shock front velocity U in terms of pressure by the rela-

tion U = Co{l + aP) and expanding in powers of P then gives correc-

tion terms to the integral (l/poCo)J^P^dt. For an exponential shock

wave of peak pressure Pm (lb. /in. 2) in sea water, these reduce to the

result (4) that

(7.5) Ef=(l- 1.67 X lO-'Pm - 4.9 X lO-^'^PJ) (l/poc) fp'dt

For a pressure Pm = 20,000 Ib./in.^, the correction amounts to 3.5 per

cent and hence is insignificant at lower pressures.

D. Units. Of the many units which have been, and are, employed

to express explosion pressures, the most common in English speaking

countries is pounds per square inch (Ib./in.^). In some of the theoretical

developments in Chapters 3 and 4, the more convenient metric unit of

kilobars (1 kilobar = 10^ dyne/cm.- = 14,513 Ib./in.^) is employed, but

the use of (Ib./in.^) is so general in experimental and engineering work

that the experimental results discussed in this and later chapters are

expressed in this unit. Lengths such as distance from the charge and

depth of water are expressed in feet, also in conformance with the most

usual practice, and times are given in seconds or decimal fractions of

seconds (milliseconds, microseconds).

The derived quantity impulse is conveniently expressed in units of

(lb. sec. /in.2). The energy flux density, as defined in part (C), has

really the nature of intensity, or energy per unit area, and the total

energy flux through a surface is given by the integral of this quantity

over the surface. The engineering unit of work or energy which is

readily obtained from the experimental used pressure unit is inch-
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pounds, and the energy flux density function is conveniently expressed

in units of (in. Ib./in.^). It is evident that the units chosen have httle

to recommend them from the point of view of logic or internal con-

sistency and their adoption here is justified by the convenience of estab-

lished usage.

The energy flux density in any approximation is somewhat arbitrary,

as in the case of impulse, because of the necessity for some convention

as to the time t to which the integration is carried, and this must be

remembered in specifying or attaching significance to experimental

values. The dependence on P^ of the leading term in Eq. (7,4) makes

this integral converge more rapidly than the impulse integral, however,

and for most purposes the same upper limit as for impulse, of approx-

imately five times the time constant, is fully adequate to give a fair

measure of energy flux density.

7.3. Validity of the Principle of Similarity for Shock Waves

The most direct predictions concerning the behavior of shock waves

are embodied in the principle of similarity, discussed in section 4.1, and

conclusions drawn from it. According to this principle, if the linear

dimensions of the charge and all other lengths are altered in the same

ratio for two explosions, the shock waves formed will have the same

pressures at corresponding distances scaled by this ratio, if the times at

which pressure is measured are also scaled by the same ratio.

A. Scale experiments for spherical pentolite charges. The most direct

experimental test of similarity is the obvious one of making two or more

experiments with charges of different weights in which all linear dimen-

sions have the same ratio. If the observed pressure-time curves,

measured at distances in this ratio, are identical when corrected for the

difference in time scale, the principle is verified. Since the linear dimen-

sions of a charge are proportional to the cube root of the volume, and

hence weight W, the distances in such experiments should be made
proportional to W^'^. The observed pressure-time curves at scaled

distances R satisfying R = constant X W^^^, and only at these dis-

tances, should be the same at times t proportional to W^'^, or what is

the same thing, should superpose if plotted to new scales of time taken

proportional to the reduced time t/W^'^.

The simplest and most clear cut tests of this kind have been made
using spherical cast pentolite charges of three different weights. Pento-

lite is an excellent explosive material for this and other types of funda-

mental investigation because it can readily be cast into charges of varied

size and shape and is sensitive enough to be detonated with a minimum
size of initiating, or "boostering," material. In small charge work,

which is in many ways the more difficult, spherical pentolite charges

have been found to give more reproducible results than any other ex-
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plosive, presumably because of the symmetry and lack of booster ma-

terial.

A series of measurements (23) have been made for 51 and 80 pound

charges at a number of distances from 12 to 100 feet, which can be com-
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The general agreement is excellent, even to the shape and position of the

bump at t/W^'^ = 225 ^isec./lb.^^^. The differences in pressures at

later times are to be attributed to experimental inaccuracies rather than

to failure of similarity.

The agreement among results for the 3 charge weights can also be

shown by comparison of values for peak pressure and reduced values of

time constant, impulse, and energy density. The reduced values are

obtained by dividing by W^'^, this being necessary to make the values

comparable as all depend linearly on time, which scales as W^'^. The

results in Table 7.1 are seen to be in excellent agreement except for

the impulse (integrated to 6.7^), the difference in this resulting from

the discrepancies in the tails of the measured curves.

Parameter
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a single curve, and the equation of this curve then specifies the para-
meter completely for the particular explosive.

I
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P„.(lb./i„.^)=2.25XlO^(^)

Theoretical values from calculations based on the theory of Kirkwood

and Bethe are plotted as the dashed curve and are seen to be in excel-

lent agreement with the observations. This agreement is rather better

than is observed for most explosives (more detailed comparisons with

theory are presented in section 7.4).

' The reduced time constant d/W^'^ is plotted in Fig. 7.5 and is seen

to increase slowly with distance from the charge. The experimental

values show somewhat greater scatter than in the case of peak pressure

but show no systematic departures from the estimated empirical curve.

The dashed line predicted by the Kirkwood-Bethe theory gives sys-

tematically larger time constants, which are to be attributed to the

exponential or peak approximation, which constrains the theoretical

curve to exponential form. The reduced impulse, integrated to a time

t = 6.7^, is plotted in Fig. 7.6. The points are fitted quite well, except

close to the charge, by the formula:

7(6.70) = 2.18W \R )

The theoretical results are an even better fit, as indicated by the

dashed line, but the agreement in absolute value is fortuitous, as the

experimental results were obtained by integration of the experimental

curve to a finite time, and the theoretical result is for integration of an

exponential formula to infinite time. It is interesting to note, however,

that the shape of the curve is so well represented by the theory.

The energy flux density function Ef, integrated to 6.70, is plotted in

Fig. 7.7 and is fitted over the entire range by the relation

Ef = 3.27Tf1/3 /E^^

The Kirkwood-Bethe theory gives the same slope of 2.12 and a constant

of 4.23. The excess of this slope over the value 2.00 is a result of de-

partures from the acoustic inverse square law, as is the difference of the

peak pressure slope of 1.13 from the acoustic variation as 1/R.

The confirmation of the principle of similarity can be extended even

further to the magnitudes and times of occurrence of the minimum and

following maximum in the pressure-time curve. The plots of these

pressures and reduced times are omitted here for reasons of space, but

it is interesting to note that the pressures fall off with distance as

(W^'^/Ry-^'^. The exponent 1.05 is not, nor does similarity requ're it to

be, the same as the value 1.13 for peak pressure, and the difference is

understandable in view of the lower pressure level and closer approach

to acoustic conditions.
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Although the data for pentoUte give the most detailed verification of

the principle of similarity, investigations with other explosives (TNT,

tetryl, and mixed explosives) have established similarity curves for

these explosives also, some of which are discussed in comparison with

each other and with theory in the next section.

7.4. Similarity Curves for Various Explosives

Shock wave similarity curves for a considerable range of charge

weights and distances from the charge have been obtained for several
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explosives. These results are very similar in general form to the re-

sults obtained for pentolite, as discussed and illustrated in section 7.3.

Experimental values have been obtained for the following conditions,

among others:

(1). Spherical TNT charges, pressures from 500 Ib./in.^ to 20,000

lb./in.2 for charge weights of 48 and 76 pounds, density 1.52 gm./cm.^

(2). Cylindrical loose tetryl charges, pressures from 4,000 Ib./in.^ to

17,000 lb./in.2 for charge weights of 4 and 5 pounds, density 0.93 gm./

cm.^

For many years, TNT has been the standard high explosive, more
widely used than any other, although other materials are superior to it

in effectiveness or for fundamental investigations. Because of its wide-

spread use as a standard of reference, similarity curves for TNT are

plotted in Figs. 7.8-7.11. These curves are seen to be qualitatively

very similar to those for pentolite in section 7.3, and provide a means of

estimating shock wave parameters over a rather wide range of charge

weight and distance. It should be remembered that these curves apply

strictly only to spherical charges of density 1.52 gm./cm.^, and de-

partures from spherical shape or differences in loading density will re-

sult in changes of the parameters.

It is generally characteristic of shock wave results for high explosives

that peak pressure P^ and the reduced energy flux Ef/W^'^ are ac-

curately represented over the range of measurement by power laws of

the form: constant X {W^'^/RY, where a is a constant. The reduced

impulse I/W^'^ and time constant B/W^'^ are less accurately fitted by
such a power law, but the agreement is fair for these over a range of 10

to 1 or more in W^'^/R, except very close to the charge (distances less

than 10 charge radii). The power law thus gives a compact, reason-

ably precise method of representing the data, and is also a reasonably

good representation of results from the theory of Kirkwood and Bethe

(see section 4.2). Accordingly, it is convenient to write the peak pres-

sure, impulse, and energy flux in English units as

/Wl/3\a
(7.6) ^"'K^)

/Wl/3\/3

In quoting values of the constants, charge weights are taken in pounds,

and distance R from the charge in feet.

Experimental values of the constants (/c, I, m) and exponents
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{a, j(3, 7) for the series listed are summarized in Table 7.3. As has been

remarked in section 7.2, impulse and, to a lesser extent, energy flux

values depend on the time to which the integration of the pressure-time

curve is carried, and this time for the different series is therefore also

entered. For comparison with theory, values of the parameters fitted

to calculations based on the Kirkwood-Bethe theory (59) are entered in

parentheses.

Important questions from the purely empirical point of view are the

accuracy of the experimental values upon which the curves are based

and the accuracy with which the curves represent these points, as these

determine the confidence with which pressure and derived quantities

can be obtained from Eqs. (7.6). The reproducibility of experimental

Explosive
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very good account of the experimental observations.^ The predicted

peak pressures are of the order of 10 per cent higher than experimental,

but the exponents of W^'^/R agree rather well, the poorest agreement

being in the case of tetryl, for which the data were scantier and covered

a smaller range of W^^^/R. The comparison of absolute values of im-

pulse is somewhat meaningless unless some decision is made as to when

and how the shock wave ends (see section 4.8), but the agreement of

observed and calculated values is as good as can be expected in view of

this difficulty. The energy-flux parameters are somewhat less am-

biguous and, although absolute theoretical values are systematically

high, the weight-distance exponent is in good agreement. In nearly

all cases, comparison of the Kirkwood-Bethe theory with experiment

shows that the former leads to pressures and initial time constants of

decay which are somewhat too large, the discrepancy being larger for

time constants.

The variations with distance of all shock wave parameters are pre-

dicted rather well, and it can be concluded that the theory agrees with

experiment at least as well as could be expected.

The upper limits of pressures to which the similarity curves discussed

are fitted do not exceed 25,000 Ib./in.^ corresponding to a distance of

about 7 charge radii. At closer distances, the effects of dissipation at

the shock front and the true form of the detonation wave in the ex-

plosive are more important. Rather limited data at higher pressures

reflect this difference by showing that the rate of decay with distance

becomes greater close to the charge. More extensive measurements in

this region would be of great interest in determining the conditions be-

fore the shock wave has progressed very far, and in particular for esti-

mating the total shock wave energy release (see section 4.8). The data

so far available give only meager or rather inaccurate values of pressure

and duration, although they do show the expected increase in rate of

dissipation and rate of pressure decay (decreased time constant).

At the other extreme of low pressures, a number of complicating

phenomena are present, which are associated with the long paths in-

volved. Ultimately, in an ideal fluid of infinite extent, an ordinary

acoustic wave of much lower pressure and longer duration than the

shock wave near the charge would be expected from theory. Water is,

however, not an ideal fluid, seemingly small viscosity effects are no

longer negligible, differences in temperature with depth cause refraction

of bending of sound rays, and the surface and bottom of the sea intro-

duce reflected waves which interfere with the direct wave to a point of

observation. A more detailed discussion of these complicating phe-

^ The agreement is not immediately obvious from the constants and exponents

listed in Table 7.3, as numerical values of the constants are sensitive to small changes

in the exponent.
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nomena is given in section 7.9, but it may be said here that similarity

curves of the form discussed in this section and section 7.3 appear to

describe the pressures until they have fallen below 100 lb. /in. 2, corre-

sponding to distances of the order of 900 charge radii.

7.5. Comparison of Shock Waves for Different Explosives

A. Sumlarity curves. Similarity curves giving peak pressure, im-

pulse, and energy furnish the most comprehensive basis for the com-

parison of the shock waves. By their use, estimates can be made of

ratios of any of these parameters at any distance. As the approximate

formulas are written and curves are plotted, ratios can be most easily

compared for equal weights of explosive. If the equations are used,

Explosive
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clearly wrong if peak pressure or energy are more significant factors.

It must also be remembered that ratios of this kind may depend sig-

nificantly on the pressure, and statements true for low pressures at con-

siderable distances from the charge may not be true at smaller dis-

tances.

More precise values of peak pressure and other ratios than are given

by similarity curves can be obtained by direct comparisons in which

charges of different explosive materials are fired under as nearly the same
experimental conditions as possible. A vast amount of experimental

data has been acquired in this way, not only for comparison of explosive

materials, but also to determine the effects of differences in methods of

preparing the materials, effects of charge shape and orientation, and so

on.^ All that can be given here is a brief discussion of the ways in which

results of such comparisons can be presented, and their significance.

B. Shock wave ratios for equal volumes of explosive. In many cases,

explosive comparison tests are performed by using equal volumes of ex-

plosives in cases of the same dimensions. The ratios of shock wave
parameters at equal distances will evidently be the same as for equal

weights only if the two explosives have the same density. On an equal

volume basis, as compared to equal weight, the material of higher den-

sity is evidently favored because of the greater mass of material, and

this difference further illustrates the necessity for caution in being sure

what one really means or is concerned with when comparing explosives.

The equal volume basis is somewhat more convenient when com-

paring shock wave parameters with theoretical results, which are natur-

ally obtained directly in terms of charge dimensions, and this repre-

sentation will be considered first. Strictly, peak pressure and other

ratios should be stated for a specific value of ao/R, where ao is the charge

radius (or other characteristic dimension) and R the distance. It is al-

most always found to be the case that in the pressure range 1,000 to

15,000 lb. /in. 2 these ratios do not change significantly with pressure

level, and for such pressures these results can usually be accepted with-

out more specific limitation. The standard deviation of mean ratios

obtained in tests at Woods Hole depend on the explosive and parameter,

but are of the order 2 per cent for peak pressure, 4 per cent for impulse

(integrated in most cases to approximately five times the time constant),

and 6 per cent for the energy function.

As in the case of comparisons for equal weights of explosives, the

ratio of one explosive to another depends on the shock wave parameter

considered, the values being progressively larger for impulse and energy

as compared to peak pressure, owing to increase in both peak pressure

® The most complete summary of such data is given in a report by J. S. Coles

(23) , in which results from tests at Woods Hole and from representative British and
German work are given.
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and duration of the shock wave. These increases suggest the possibihty

of alternative forms of expressing the comparison in terms of weight or

volume ratios, which in many cases give simpler representations of the

data.

C. Weight and volume ratios. A weight ratio for a given measure-

ment of two explosives such as shock wave pressure may be defined as

the ratio of weights of the two explosives which gives the same peak

pressure (or other measure) at the same distance. On this basis, the

ratio for explosives more powerful than TNT is less than unity, i.e., less

w^eight is needed. In order to avoid this situation, the reciprocal of the

figure just defined is more often used and referred to as an equivalent

weight. Ordinarily, the comparison explosive is taken to be TNT and

the equivalent w^eight of an explosive in terms of TNT is therefore equal

to the weight of TNT in pounds required to give the same peak pressure

at a given distance, for example, as one pound of this explosive. Similar

considerations can be applied to volume of charge rather than weight

in order to obtain equivalent volumes in terms of TNT or some other

reference explosive.

The usefulness of equivalent weights or volumes lies in the fact that

the values obtained, when different shock wave parameters or other

measures of explosives are considered, are often very nearly the same.

The reason for this lies in the fact that an explosive which develops a

greater peak pressure than the same weight of another explosive, TNT
say, often but not always has an increase in time scale of pressure in

roughly the same proportions. If this is true, then a suitably larger

weight of TNT will develop very nearly the same shock wave as the

more powerful explosive, and this equivalent weight will be the same

whether deduced from peak pressure, impulse, or energy measurements.

Under such circumstances an equivalent weight is a more concise state-

ment of experimental results than the totality of peak pressure and

other ratios for equal weights or volumes.

The extent to which one may speak of the equivalent weight of an

explosive, and the magnitudes of values obtained for various explosives,

can only be shown by explicit comparisons of calculations based on

shock wave peak pressure, impulse, and energy flux density. With a

few exceptions, the differences between variously obtained values for a

given explosive are less than or comparable with the experimental un-

certainties of the ratio. It is therefore possible in many cases to speak

of an explosive as equivalent to, say, 1.3 times its weight of TNT with-

out serious ambiguity. Even in this example, however, one can run

into difficulty for the reason that what is an e(iuivalent weight at one

distance from the charge is not at another. This behavior must be the

result of different variations with distance of the shock wave para-

meters, and an example where this sort of thing occurs is for shock



LB/

380

LB/ IN

LB/IN

(0) 48 FEET {DETONATOR END)

(b) 48 FEET (FAR END)

i
(c) 58 FEET (ON BISECTOR)

Plate VII. Shock wave pressure-time curves for line charges (oO-lb, TXT, 25 foot length).

The interval between timing dots is 200 /xsec.

2650

LB/IN

Plate Vni. Ground shock and water shock wave 50 feet from a 300-lb. TNT charge,

charge and gauge 4 feet above bottom.





SHOCK WAVE MEASUREMENTS 21^7

waves very close to the charge. More powerful explosives which de-

velop higher initial pressures may be expected to produce shock waves
which are dissipated more rapidly in their initial stages, the shock wave
may well be relatively stronger near the charge, and the equivalent

weight is therefore greater.

In a fe\v exceptional cases, there is no single figure suitable as even

an approximate equivalent weight, and the advantage of the concept is

to some extent nullified for this or similar cases. Even in these circum-

stances, use of equivalent weights for specific parameters can be de-

fended on the ground that it gives a somewhat fairer picture than do
ratios of shock wave parameters at equal distances. This is particularly

true for peak pressure: a 15 per cent increase in peak pressure obtained

by using a more powerful explosive may seem relatively unimportant,

but it is not if a 50 per cent greater weight of the inferior explosive

would otherwise be required. This difference in viewpoint results from
the fact that the peak pressure varies only as the 0.33-0.4 power of

charge weight, and corresponding but smaller differences result for im-

pulse, which varies with weight as l^o-6-o.7_

D. Other measures for explosive comparison. Shock wave ratios or

equivalences are not the only relative measures of explosives which can

be used in their comparison. Another useful type of ratio is a distance

ratio : the ratio of distances from the charge at which equal volumes, or

weights, of explosive produce the same value of peak pressure, impulse,

or other parameter of the explosive. The distance ratios have as a

corollary volume ratios, which are the ratios of volumes of water around

the charge in which the parameters of interest exceed a specified value.

In addition to the various shock wave parameters, as measured by
piezoelectric or mechanical pressure gauges, more empirical measures

can be used, such as deformations of diaphragms or plates at known dis-

tances from the explosion. These empirical values are usually related

to properties of the shock wave in rather complicated ways (see section

10.5), and are therefore to be related to specific shock wave parameters

with caution. They are, however, often highly reproducible and com-
paratively easily obtained results and so have been widely used for the

purpose of empirical comparison. From the present point of view of

shock wave comparison, the difficulties in interpretation of such data

make their detailed consideration here out of place, but it would be mis-

leading not to mention the importance of such methods in practical

testing. The results obtained, particularly if equivalent weights are

determined, usually give values which are closely consistent with results

obtained from more directly determined shock wave parameters. This

is of course to be expected, and apparently anomalous results can usu-

ally be understood in terms of differences in character of the shock

waves.
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The various measures of shock wave comparison are clearly related

to one another. For example, comparisons at equal weight and at equal

volume differ from one another because of differences in density of the

explosives and conversion from one basis to another can be made using

known values of density. The conversion also involves a knowledge of

the weight dependence of the parameter under consideration, which

must therefore be known. In many experiments, equal volumes of

explosives have been compared, and ratios for equal weights are derived

quantities, but the reverse procedure may equally well be followed.

Similar considerations apply to the other relative figures which have

been mentioned, and one can clearly devise a large number of such

figures all describing the same pair of explosives but from different

points of view. Systematic procedures for deriving a desired figure in

terms of another known one have been devised, for which reference

should be made to original reports.

A decision as to what figure of explosive comparison is significant

depends of course on the reason for making the comparison. If, for

example, damage of structures of rapid time response by large explo-

sions is of interest, the peak pressure only may be of concern, and at the

opposite extreme the impulse may be the dominating factor. It may
equally well be that one is interested in the total energy release both

during emission of the shock wave and at later times, in which case

shock wave energy parameters are significant but only a part of the

story. Any discussion of the many possible applications is beyond the

scope of the present remarks, which have for their purpose only to list

some of the figures of comparison which have been obtained and to indi-

cate their relation to one another.

7.6. Effects of Charge Shape and Orientation

The discussion of preceding sections has been limited to the simplest

realistic case of shock waves possessing spherical, or nearly spherical,

symmetry. In the majority of practical cases, this situation should

ultimately be approached at sufficiently large distances from any charge

of finite dimensions, but it does not by any means follow that initial

differences from a spherical w^ave become insignificant within a few

charge dimensions. The case is, in fact, quite the opposite, for example,

differences in shock wave pressure-time curves around cylindrical depth

charges observed at distances of 20 feet (roughly 15 times the average

linear dimensions of the charge) are found at distances of 100 to 500

feet. These differences can clearly, therefore, be of practical as well as

fundamental importance, and representative experimental measure-

ments will be considered in this section.

The idealization of a spherical charge detonated at its center is one

that is approached in practice only by special methods of preparation
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(see section 6.2); for military and practical purposes less symmetrical

forms of charge and methods of detonation are therefore almost exclu-

sively used, however unfortunate this is from the point of view of sim-

plicity in theory and measurement. Other reasons than expediency

may also dictate nonspherical shapes of charge, as one may be inter-

ested in concentrating explosive effects in one direction at the expense

of others.

A. Line charges. Perhaps the simplest experimentally realizable

form of charge which differs considerably from a sphere is a line charge.

^SHOCK FRONT

DETONATOR

\
LINE CHARGE

^;rfvvvvv\v^v\vvvv\vv\vvvvvvv^ -\b

Fig. 7.12 Shock front around a line charged detonated at one end.

The line charge is an extremely elongated cylinder which is detonated

at one end, the detonation wave progressing the length of the charge

with finite velocity and generating a conical shock wave about the

cylinder as axis. This situation does not correspond to one-dimensional

cylindrical symmetry in which the shock wave is specified by the radius

vector from the cylinder axis, but is rather one of axial symmetry in

which the coordinate parallel to the axis must also be considered. The

extension of the Kirkwood-Bethe theory to cylindrical symmetry by

Rice and co-workers, as discussed in section 4.4, does not apply directly

to line charges, both because of the finite length of charge and because

of the finite detonation velocity. Simpler approximate considerations,

however, suffice to explain qualitatively the general differences in pres-

sure at different points around the charge.

In Fig. 7.12, a line charge of length L is detonated from point 0.

The detonation wave proceeds with a velocity D toward L, and a shock

w^ave forms in the surrounding water. After detonation is complete,

the shock will have an outline as indicated, if it is assumed that the

cumulative effect of successive elements of the explosive is to be ob-
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tained by simple addition. In order to understand qualitatively the

differences in pressures measured at points A, B, C, it is convenient to

assume that the pressure at any point and time can be obtained by

adding the pressures which would be developed independently by suc-

cessive elements of the charge. In this approximation, which has been

developed in a Road Research Laboratory report/ the pressure at a

point at a distance r from an element dx is then the sum of pressures

P = {P„ie~^/^/r) dx, where P^ and d are constants. If the difference in

times of initiation are to be taken into account properly, these contri-

Fig. 7.13 Shock wave pressure-time curves at points on extended axis of a

line charge.

butions must be evaluated for a retarded time t = t — r/c — x/D,

where r is the path in water with velocity c, and x is the distance of the

element from the point of detonation. For an element to contribute

we must then have r ^ 0, and the pressure at any point is

(7.7) P = P.
I

r/e

dx

the limits of the integral over x including all values of x from which a

signal can reach the point of observation (i.e., for which r ^ 0).

Explicit evaluation of the integral Eq. (7.7) must be carried out

numerically and this has been done for several specific cases, but the

general nature of the solutions can he inferred quite simply. Consider-

ing point A of Fig. 7.12, it is evident that the first signal arrives from

' The details of this theory and its appUcation to experimental results are given

in three reports listed as Reference (92) .
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0, and the pressure is rapidly built up to a maximum, actually by for-

mation of a shock front. The pressure then falls off, until after a time

interval ^i = L{l/c + l/D) the last, much weaker, signal arrives from

point L. The duration of the wave is then very nearly ^i. At point B,

the first signal arrives from point L, and at a time ^i = L{l/c — l/D)

later the last weaker signal from arrives. The duration at point B,

in the direction of detonation, is thus shorter than at the other end, and

the pressure-time curve is, so to speak, compressed at point B. Cal-

culations based on Eq. (7.7) show that, approximately, the pressures at

B would be increased over those at A in the ratio that the time scale

is reduced. This ratio is (D -\- c)/{D — c), which for D = 20 ft./msec,

c = 5 ft./msec, is 5/3. The pressure-time curves at opposite ends

should therefore look roughly as sketched in Fig. 7.13.

The qualitative predictions represented by Fig. 7.13 are confirmed

surprisingly well by experiment. Calculations based on Eq. (7.7) have

been applied to experimental data for charges of cordtex (similar to

primacord, 3 grams of explosive per foot) and found to represent the

general characteristics of the observed pressures quite well with

Pm = 5,000 Ib./in.^ and ^ = 17 ^tsec. The experimental records un-

fortunately did not show the full duration of the waves, the later por-

tions of which were cut off by surface reflections. Similar experiments

with larger charges (50 pounds of TNT in a 25 foot length) in much
deeper water^ gave durations of 6.5 and 3.8 msec, for positions corre-

sponding to A and B in Fig. 7.12, as compared to values of 6.25 and

3.75 msec, calculated using D = 20 ft./msec, and c = 5 ft./msec The
peak pressures were roughly 40 per cent higher at points A, as com-

pared with the estimated increase of 67 per cent. The measured im-

pulses, however, differ much less, being of the order of 15-20 per cent

higher at B, as expected from the approximate estimates.

For points on the perpendicular bisector to the charge, such as point

C in Fig. 7.12, the situation is quite different. The duration of pressure

for continuing detonation depends on the distance from the axis, but

must always be shorter than at points off either end, and decreases as

the distance increases. At points sufficiently far from the charge, the

peak pressures are much higher than off the ends, as shown in reproduc-

tions of the observed pressure-time curves in Plate VII. Near the

charge, however, the peak pressures increase less rapidly than they

would for a spherical charge, and the peak pressures off the end increase

more rapidly. This difference in behavior is shown in the plots, on

logarithmic scales in Fig. 7.14, of peak pressure P,„ as a function of

l/vo for 50 pound, 25 foot TNT charges. At distances greater than

about 30 feet (from the nearest point of the charge), all the curves have

8 These results are given in more detail in a report by J. S. Coles and U. II. Cole,

to be issued as a NavOrd Report by the U.S. Navy Bureau of Ordnance.
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nearly the same shape, the slope being somewhat larger than the value

of one for a spherical acoustic wave. Near the charge, the pressure off

the side increases much less rapidly and gives indications of varying

more nearly as (ro)~^^^, which would correspond to a cylindrical acoustic

wave. This is qualitatively reasonable, for at nearby points on the side

the charge appears to be more nearly of infinite extent and the shock

front more nearly plane (see also Fig. 7.12).

The pressure-time curves obtained off the side are very much more

like those for spherical charges in shape and duration than are the ones

obtained on the extended axis. The impulse at points off the side is

7,000 LB/IN^ 2
A**— 6»300 LB/ IN

r-«— 5,600 LB/IN^

l-i 200;USEC H H 200JUSEC H I" 200JUSEC H

(a) OFF SIDE (b)OFF FAR END (c)OFF CAP END

Fig. 7.15 Shock wave pressure-time curves for cylindrical charge (3.5 feet

from 0.55 pound loose tetryl, length-diameter ratio 1.4).

some 30 per cent higher than values off the end. At a distance of 15

feet from the charge the initial rate of pressure decay corresponds to a

time constant of 0.32 msec, which increases to about 0.70 msec, at 58

feet, although the total duration is less than 1.4 msec. A nonacoustic

spreading of the wave profile thus occurs even though the total duration,

corresponding to the end of detonation, decreases.

It is also evident from the observed pressure variations plotted in

Fig. 7.14 that at no point can the pressure decay with distance be con-

sidered acoustic. Any calculations based on this assumption are there-

fore very approximate, and it is perhaps surprising that so much of the

general behavior can be simply understood on this basis.

B. Cylindrical charges. The asymmetry of charge shape of which

line charges are the extreme case is that of a cylindrical charge detonated

at one end. Many studies have been made of such charges for various

ratios of diameter to length. The general features of the shock wave

pressure-time curves at different points around the charge are broadly

similar in kind to those found for line charges, and can be qualitatively

understood in the same way.
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The qualitative correspondence of cylindrical to line charges is an

imperfect one, however, as illustrated by pressure-time curves of Fig.

7.15.^ These results were obtained at a distance of 3.5 feet from 0.55

pound loose tetryl charges with a length to diameter ratio of 1.4. As
for line charges, the peak pressure is highest off the side, but is higher

off the cap end than off the far end and the order of pressures for points

on the axis is thus reversed for the greater symmetry.

The pressure-time curves off the side of the charge are found to be

very similar to those from spherical charges in that the initial peak is

followed by a smooth, roughly exponential decay. At points on the

axis, however, the curves are quite different. Not only are the peak

pressures somewhat lower, but they are followed by second peaks and

rather irregular decay, initially more nearly linear than exponential in

form. Off the detonated end, the separation of the two peaks is smaller

and the difference in shape less marked, but these effects are observable.

These multiple peaks of course make meaningless a single description

of the curves by peak pressure and time constant, and explicit descrip-

tion of such curves is much less simple.

The simplest quantitative comparisons of curves such as those of

Fig. 7.15 are in terms of initial peak pressure (remembering its less clear

significance off the ends), impulse, and energy. Analysis of records for

various length to diameter ratios show that the impulses change very

much less with relative position than the peak pressures, the total dif-

ference in impulse being less than five per cent for the case of Fig. 7.15

while the difference in pressure is twenty per cent. The rate of decay

of pressure is thus affected in the opposite way as peak pressure, so as

very nearly to neutralize changes in impulse. This action is of course

reasonable from considerations of conservation of momentum, as the

vector momentum of the entire system must be zero (neglecting the

external force of gravity). The component of momentum parallel to

the charge axis, to be obtained by integration over the entire disturb-

ance, must also be zero, which implies the approximate equality of

measured impulse at opposite points. The energy density varies

roughly as the product of peak pressure and impulse and accordingly

is greatest for the directions of maximum initial pressin*e, being deter-

mined by the integrated square of pressure versus time.

Rather complex pressure-time curves are observed for small cast

charges containing significant amounts of booster material and for

large charges with nonccntral boosters. The geometry and manner of

detonation is not simple in most service weapons and in most cases they

correspond only roughly to spherical or cylindrical symmetry. Meas-
urements on large cylindrical charges detonated near one end do, how-

^From measurements by W. G. Schneider, reported in UE 15 (114).
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ever, show the same general features of multiple peaks and irregular

decay (Plate VI is an example).

The presence of multiple peaks is not accounted for by simple

acoustic theory, but is rather the result of nonlinear interference of

pressure fronts from different parts of the charge. The theory of such

effects, as discussed in section 2.10, has been only partially developed,

but does give a qualitative description of the phenomenon. Because

this explanation involves the consideration of multiple sources, of which

asymmetrical charges are hardly a simple example, further discussion is

postponed to section 7.7.

It is interesting to note, in conclusion, that the propagation of the

double peaked shock wave outward from the charge offers an illustra-

tion of the overtaking effect in shock waves. At distances of a few

(a) ACOUSTIC (b) REGULAR

Fig. 7.16 Intersection of plane shock waves.

(C) MACH

charge radii, the second smaller pressure discontinuity advances more

rapidly than the initial shock front and the time interval between them

decreases, as is to be expected for finite amplitude waves. As the shock

front pressure decreases this overtaking effect is reduced, and the time

interval between the peaks changes much less rapidly. For example,

the double peaks observed off the end of a 300 pound cylindrical charge

have a separation of 150 /xsec. at 20 feet which decreases to 75 ^usec. at

30 feet, but are still discernible 500 feet away.

7.7. Shock Waves from Multiple Charges

In the acoustic approximation, for which the wave equation for

pressure is linear, the resultant pressure at any point in a fluid through

which two pressure waves from separate sources pass is simply the sum
of the pressures which either disturbance produces when unaffected by

the other. Thus, the intersection of two weak pressure fronts of equal

strength is represented by Fig. 7.16a in the acoustic case.

For shock waves, however, the velocity of propagation of the front
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increases with pressure ahead of the front, and the pressure difference

across the front is large if the wave advances into fluid already under

compression. The form of a shock wave therefore changes as it enters

a region through which another shock wave has passed, and the pattern

of Fig. 7.16a is modified into the scheme corresponding to Fig. 7.16b.

This condition is described as regular reflection by von Neumann (116),

as discussed in section 2.10. The case considered here, of intersecting

shock waves of equal strength, is equivalent to a shock wave and its

MACH
STEM

SLIPSTREAMS

PENTOUTE
STICKS

REFLECTED
FRONTS

Fig. 7.17 Mach reflection of intersecting shock waves from pentolite sticks

detonated at one end.

reflection in a rigid surface below the line of symmetry in Fig. 7.16, and

so the analysis of this latter case is directly applicable here.

Detailed calculation, based on the Rankine-Hugoniot conditions,

shows that the differences from the geometrical reflection increase with

the strength of the shocks and increasing angle between the shock fronts,

as measured by the half angle a between either shock and the plane of

symmetry. For pressures less than about 10,000 Ib./in.^ the dif-

ferences are not large, but become so rapidly at higher pressures, par-

ticularly for values of a approaching 90°. For sufficiently large values

of Pm and a, the equations at the shock fronts cannot be satisfied by the

regular reflection scheme of Fig. 7.16b. Instead, the so-called Mach
region reflection shown in Fig. 7.16c is found as discussed in section

2.10, with much higher pressures behind the advancing discontinuity
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than twice the pressure of either shock alone. The critical value aextr for

which this occurs decreases with the pressure, and for a pressure of

40,000 lb./in.2 the value aextr = 40° is obtained, corresponding to an

angle of 80° between the two fronts.

A. Photographic examples of the Mach region. A number of observers

have obtained flash photographs of intersecting shock waves. In one

4 LB CHARGE

4 LB CHARGE

GAUGES

!
GAUGE

Fig. 7.18 Gauge arrangement for Mach effect measurements.

series of experiments reported by MacDougall, Messerly, and Boggs,^°

two cylindrical sticks of pentolite inclined at an angle to form a V were

simultaneously fired at the point of the V to form shock waves as

sketched in Fig. 7.17, illumination being obtained by explosive flash

charges. The pressure at the shock front intersections for the condi-

tions of the experiment was estimated to be 300,000 Ib./in.^, This

corresponds to a pressure ratio of 20,000 ahead of and behind the shock

front, and the maximum value of a for regular reflection at this large

pressure is calculated from Eq. (2.41) to be 26°. Photographs obtained

for a = 22° showed regular reflection, and for a = 36° irregular, Mach
reflection as sketched in Fig. 7.17 was observed as predicted. The ex-

act positions of the "reflected" portions of the waves travelling in the

wake of the original waves are distorted because of refraction of light in

passing through the waves (see section 6.3), but narrow lines observed

behind the intersection as in Fig. 7.20 were believed to be real. They
may thus correspond to the slipstreams predicted by von Neumann:

10 Reported in UE 20 (114)

.
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boundaries at which the particle velocity and density are discontinuous,

but the pressures on either side are the same.

Similar photographs have been obtained at lower pressure levels,

using smaller charges and explosive flash charges or high intensity

stroboscopic hghts for illumination. In one such experimental two 50

gram charges were fired simultaneously and the intersection of the

shock waves photographed Avhen the shock waves were 12 inches from
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B. Pressure measurements. Although photographs reveal the exist-

ence of Mach regions very beautifully, no optical methods have as yet

been applied to the measurement of pressure in regions of nonacoustic

intersections of shock waves. Some measurements have, however, been

made using piezoelectric gauges. ^^ In these experiments, two 4 pound

charges at varying separations were detonated simultaneously. Piezo-

electric gauges were placed at points 4 feet from each charge on the

plane of symmetry, and another gauge was placed on a line through the

charges 4 feet from the nearer one, as shown in Fig. 7.18. The pressure-

time curves on the plane of symmetry showed peak pressures of 18,000

lb./in.2 when the angle between the fronts was 90°, a value approxi-

mately double that due to a single charge. This pressure increased to

a maximum of about 22,000 Ib./in.^ for an angle of 135°, as shown in

Fig. 7.19a. The existence of a Mach region was estabhshed for angles

greater than 126° by the fact that gauges placed on, and two inches to

one side of, the plane of symmetry both showed a single shock front,

indicating a region of finite width with one shock only (stem of the

Mach Y). The calculated maximum value of o; = 60° for regular re-

flection agrees within experimental uncertainty with the value a = 63°

observed.

The observed increase in peak pressure as a increases is in the direc-

tion predicted by theory (dashed line of Fig. 7.19a), but considerably

smaller. The initial rate of decay of the curve was found to be much
greater, as shown in the plot of initial time constant in Fig. 7.19b (ob-

tained by approximating the initial part of the curve with a negative

exponential). As the intersection between the two fronts was made
increasingly oblique by moving the two charges together, the observed

peak pressures fell off rapidly until for angles approaching 180° (coinci-

dence of the charges) the pressure was very nearly the same as for a

single charge of double the weight, as shown in Fig. 7.19a. At the same

time, the time constant and duration parameters increased and ap-

proached the value for a single charge of double weight.

The fact that increases in the observed peak pressures are accom-

panied by decreased duration of high pressures means that the strength-

ening of two shock fronts by their intersection is not as pronounced as

peak pressure values alone might seem to indicate. Measured values

of impulse and energy flux density at the plane of intersection in fact

decrease continuously, from values corresponding roughly to addition

of pressures from the two charges to values comparable with those for a

single charge. These estimates are complicated by the fact that, as the

charges are brought close together, the later portions of the pressure

wave are weakened by rarefaction waves resulting from the reflection

of each shock wave off the gas bubble of the other charge! These

12 A. M. Shanes, UE 21 (114).
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changes in duration are not predicted by existing theory, which assumes

shock fronts of infinite duration, but an upper hmit on what can be ex-

pected must obviously be set by the fact that the total energy of the

two shock waves is only double that for a single one.

The experimental results so far obtained do not indicate tremendous

increases in effectiveness of shock waves by their nonlinear combination,

but the various possibilities have hardly been explored in any detail,

and the subject merits further investigation.

DETONAT

Fig. 7.20 Mach reflection scheme for a cylindrical charge.

The phenomenon of multiple shock fronts off the ends of cylindrical

charges, particularly off the end near which detonation is started, must

be the result of interactions of shock fronts, and a possible explanation

of the effect may be similar to one suggested by G. T. Reynolds (91) for

the case of air blast waves which exhibit similar properties.

The initiation by the detonator near one end of a cylindrical charge

sets up a detonation wave, which on reaching the surfaces of the charge

develops shock fronts in the water off the end and off the sides of the

charge, as indicated schematically in Fig. 7.20. At points such as F,

however, the intersection of two shock fronts at different pressures con-

stitutes a physically impossible situation, which must result in a new

shock front. A front O'Y behind OY, if this is weaker than the front

YB, can provide the necessary continuity of pressure in the region be-

hind O'YB.

The fronts sketched in Fig. 7.20 are similar to the Mach F, the front

OY corresponding to an incident wave, O'Y to its reflection and YB to
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the stem, or shock front of greater strength than either of the fronts

OY^ O'Y. A similar situation is possible at the other end of the charge

also, as sketched. This possible mechanism of forming multiple shock

fronts is unproved for shock waves underwater, but has been quite

definitely established in air blast tests. It further seems quite reason-

able that intersections of shock waves of different strengths must occur

in irregular shapes of charges. If this happens, the necessary con-

tinuity of pressure in the absence of a shock front requires that an extra

shock front, or fronts, develop to establish this continuity.

7.8. Reflection of Shock Waves at Boundary Surfaces

The pressure-time curves and similarity curves for shock waves dis-

cussed in preceding sections represent the pressure distribution around

explosive charges in free water, that is, in regions sufficiently far from

boundaries that the pressure is unaffected by their presence. In all

actual cases, the medium is only of finite extent, being limited in any

case by the surface of the water and bottom, if not by walls or other

obstructions. It is therefore necessary to consider the possible effect

of the natural boundaries for any conditions, and other limits, such as

targets or walls, may be equally or more important. Of the various

boundaries of interest, the free surface of the water in contact with the

atmosphere is the simplest and will be considered first.

A. Surface reflections. The reflection of a pressure wave at a free

surface results from the requirement that the pressure above the surface

be unchanged, and the reflected wave must therefore be one of negative

pressure, or rarefaction. In the acoustic approximation, the wave is

reflected as light would be from a mirror. It is convenient in consider-

ing the pressure at points below the surface to think of the reflected

wave as arising from a fictitious second source of equal strength located

on the other side of the surface from the actual source at the position of

its optical image. The pressure at any point below the surface is then

for waves of small amplitude simply the algebraic sum of the pressures

in the two waves, taking into account the difference in amplitude and

time of arrival.

The resultant pressure obtained by addition is the same as the origi-

nal wave until the arrival of the negative reflected pressure at a later

time. Although this negative peak is smaller than the positive peak,

it is superimposed on a later weaker part of the positive wave, and the

resulting pressure is usually less than the initial hydrostatic value, as

shown in Fig. 7.21. The exact values of absolute pressure so obtained

depend of course on the rate of decay of the direct wave, path dif-

ferences, and the depth, but in nearly all cases a negative absolute pres-

sure is predicted for explosive waves of short duration (the absolute

pressure is ©f course gauge pressure plus hydrostatic pressure Po).
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Whether and to what extent predicted negative pressures, or ten-

sions, are actually realized depends upon the experimental conditions.

Various observers have succeeded in obtaining absolute tensions of as

high as several hundred pounds per square inch. Values of this magni-

tude are obtained only for clean, air-free water, however, and under

more usual explosion conditions it seems improbable that open water

can sustain tensions greater than one atmosphere at most. The evi-

dence for this belief is partly based on the estimate that a tension as

low as this value will support bubbles of diameter as small as one or two

microns in diameter, and partly based on the formation of cavitation

bubbles in regions of water behind a rarefaction in which tensions of this

order were expected. It is therefore reasonable to suppose that water

TIME

Fig. 7.21 Gauge pressure as a result of surface reflection.

not especially purified is incapable of supporting negative pressures of

more than an atmosphere, and possibly much less. Instead, a region of

cavitation containing many small bubbles is formed which prevents the

increase in negative pressure.

Although the existence of small negative pressures in water is not

ruled out, the occurrence of tensions at an interface or boundary is very

much less likely, owing to the effects of oil or dirt on such boundaries.

For example, gauge measurements of pressures resulting from surface

reflections indicate within experimental error negative pressiu'es equal

to the hydrostatic pressure at most, as indicated in Fig. 7.21. The
absolute pressure is therefore zero after arrival of the siuface reflection,

and the effect of the surface is to cut off the pressure wave. The im-

pulse and energy in the resultant wave are therefore decreased below

their value in free water, the effect increasing with distance from the

source and at points closer to the surface. This "cutoff" effect is of

importance both in measurement and in predicting the effect of charges

filed near the surface. It is also sometimes useful in locating the posi-
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tion of an explosion (see section 10.3), the time interval A^ in Fig. 7.21

being closely equal to the value computed from the image construction

if the surface of the water is smooth. ^^

B. Bottom reflections. If the bottom of the sea could be considered

a perfectly rigid boundary, it would act as a perfect reflector of pressure.

Thus the reflected wave developed at the boundar}^ would, in the acous-

tic approximation, be a compression wave progressing as if it originated

from an image source at the position of an optical image in the bound-

ary of the actual source. Any real material is only imperfectly rigid

as far as reflection of pressure waves is concerned, and the doubling of

pressure at the boundary obtained assuming perfect rigidity is therefore

an overestimate. In order to show how effectively actual bottom ma-
terials reflect the energy striking them, consider the case of a charge

fired on the bottom. If no energy were absorbed by the bottom, this

charge would be equivalent to a charge of double the weight fired in

open water, because all the energy is confined to the water above the

bottom. A charge of weight 2W to sl first approximation gives a peak

pressure at any distance increased by a factor of 2^'^ = 1.26, and a du-

ration increased in the same ratio. The impulse of the wave should

therefore be increased by 2^/^ = 1.59^ and the energy flux density by a

factor of 2 for a charge fired on a rigid bottom.

The increases in pressure and duration actually realized depend on

the character of the bottom, but are seldom more than 3^-% of the

predicted upper limits. For example, the peak pressure, impulse, and

energy flux density 60 feet from a 300 pound TNT charge fired on a

bottom of hard-packed sandy mud were increased by 10, 23, and 47

per cent over the values observed from a charge at mid-depth. These

increases correspond to increasing the weight of a charge in free water

by roughly 35-50 per cent rather than a factor of two, and an appreciable

fraction of the shock wave energy was therefore transmitted to the

bottom in this case.

If the bottom could be considered to be a homogeneous fluid, acous-

tic theory predicts that a somewhat weaker wave of compression would

be reflected geometrically, the pressure being calculable from the den-

sities and sound velocities of the water and boundary material by the

formulas of section 2.8. Experimental measurements with charges fired

near the bottom show, however, that the situation is not this simple.

For example, an observed pressure-time curve 4 feet above the bottom

and 50 feet from a 300 pound charge fired 4 feet above a sandy-mud

bottom is reproduced in Plate VIII. The discontinuous shock front,

^3 It is important to realize that the geometrical reflection discussed is strictly

valid only in the adiabatic approximations, and is not rigorous for waves of finite

amplitude.
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wliich arrives at the time for a direct wave from the charge, is preceded

by a gradually rising pressure reaching a value of about 40 per cent of

the shock discontinuity when the latter arrives.

The initial gradual rise in pressure must be the result of a disturb-

ance which is propagated in the bottom material at higher velocity than

in the water. Refraction, or possibly diffraction, of this kind implies

an inhomogeneity of the bottom, as otherwise the transmitted wave in

the bottom would travel in a straight line, and none of its energy would

be returned to the w^ater above it. A somewhat different mechanism,

which is known to play an important part in long range transmission of

sound, is the generation of seismic or earthquake waves which in turn

generate waves in the adjacent water. Usually, but not always, a bot-

tom reflection corresponding in time to the geometrical reflection path,

and of rather smaller amplitude than computed for a rigid bottom, is

observed for charges fired near the bottom. The time and magnitude

of the ground shock depend on the nature of the bottom, and also vary

considerably with the relative positions of the charge and point of obser-

vation with respect to the bottom. The character of bottom effects is

thus not simply described, and their study is of more value in an under-

standing of the bottom structure than of the shock wave in water.

C. Other boundaries. The study of effects near homogeneous walls

and targets should at least give more straightforward results than reflec-

tions off the sea bottom. Unless such boundaries are rigid and of large

extent compared to the length of the shock wave, however, complications

arise in these cases also. For example, a yielding structure may at

first act as a rigid surface because of its inertia, but at later times when

it has been set in motion, it acts more as a free surface. If in addition,

the least dimension of such a surface is not large compared with the

shock wave, the propagation of the shock wave is no longer simply de-

scribed by simple reflections, and diffraction waves are established in

the vicinity of the structure. The description and analysis of what

happens in such cases is evidently as much a function of the structure

as of the underwater pressures. Detailed discussions of problems of

this kind are far beyond the scope of this book, but some general con-

siderations are indicated in section 10.6.

7.9. The Shock Wave at Large Distances

As shock waves are propagated outward from an explosive source

they become weakened by both dissipation and divergence. One might

then expect that the characteristic features of finite amplitude waves

would disappear rather rapidly, leaving a wave propagated essentially

according to the acoustic approximation. The propagation theory of

Kirkwood and Bethe indicates, however, that even at large distances

from the charge the peak pressure falls off somewhat more rapidly than
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in the acoustic approximation and the duration continues to increase

slowly. It is to be remembered in this connection that propagation

theories of shock waves are based on the assumptions that dissipative

processes can be neglected except at the shock front, where they are

implicitly included in the Rankine-Hugoniot conditions, and that the

undisturbed water has everywhere the same density and sound velocity.

At short distances, where the path traversed is small and the pressure

discontinuity large, both assumptions are good ones.

For longer paths and lower pressures, appreciable effects of viscosity

and inhomogeneity of the fluid may well occur. The observed phe-

nomena, although of considerable scientific and practical interest, in-

volve to an increasing extent departures from the concept of an ideal

fluid and effects of the surface and bottom. Their understanding then

becomes as much a problem in oceanography and submarine geology as

one in hydrodynamics, and a complete analysis is out of place here.

A. Observed pressures. For shock wave pressures of the order

1,000-40,000 lb. /in. 2, the extensive investigations outlined in sections

7.3 and 7.4 show that the initial peak pressure at the shock front de-

creases approximately as i^~«, where a has values of the order 1.15, and

at the same time the initial rate of decay decreases gradually. This

broadening of the profile is difficult to measure with high accuracy, but

its existence is unmistakable. This is shown, for example, in Fig, 7.5.

Less direct proof is contained in the more gradual decrease of impulse,

which includes the effect of peak pressure and duration, as i^-[o-9-io5]^

compared with the decrease of peak pressure as R-^-^^. For these high

pressures, the increase in time constant is very roughly as R^-'^~^-^.

A natural question is that of the distances and pressures to which

empirical laws of this kind remain approximately valid. Less extensive

investigations have been made for pressures of the order of hydrostatic.

However, a number of measurements of peak pressures of the order

50-150 lb. /in. 2 for 60 to 300 pound charges at distances of 500 feet are

in good quantitative agreement with the empirical formulas of section

7.4. The pressure-time curve also shows the expected broadening, as

shown in Plate V for example. Although the shock front appears vir-

tually discontinuous for the time scale of Plate V, measurements of the

records give an indicated time of rise of the order of 50 ^sec. at these

pressure levels. This value is far in excess of that to be expected from

gauge and amplifier transient response characteristics. It also seems

unreasonable that such values can indicate a real loss in high frequency

components of the shock wave, because the change in slope of the curve

at the peak is virtually discontinuous. Measurements with smaller

charges (3^ to 10 pounds) at pressure levels down to pressures of the

order 15 Ib./in.^ reveal rise times of the same order but the records show
a rounded peak rather than a discontinuity in slope.
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Osborne (80) has found that the presence of air bubbles in coatings

or on the faces of pressure gauges causes distortion of the initial portions

of weak shock waves from very small charges. It is possible that the

collapse of such bubbles or some other instrumental difficulty is re-

sponsible for the apparent rise time at these low pressures levels with

large charges. This explanation, however, is not easily reconciled with

the rapid initial response indicated at the first arrival of both the direct

wave and its surface reflection, nor Avith the fact that calibrations of

gauge sensitivity at even lower pressures by acoustic waves (see section

5.7) are in agreement with calibrations at pressures of several thousand

pounds per square inch.

Osborne has measured pressures from Number 6 detonators at dis-

tances from 1 foot to 32 feet, using very small gauges found not to ex-

hibit the peculiarity mentioned (see section 5.6 for a description). The

measured peak pressures from 1,200 Ib./in.^ down to 45 lb. /in.- were

compared with the asymptotic pressure-distance relation of the Kirk-

wood-Bethe theory. Their result that the peak pressure should vary

as (l/R) (log R/a^~'^''^, where ao is the initial charge radius, rather than

as \/R, and the data were found to confirm this prediction within ex-

perimental error. This result is spoiled by the fact that no measurable

increase in duration with distance was observed, although the same

theory predicts an increase as (log R/aoY'^, which requires an increase

in duration of at least 25 per cent from 1 foot to 32 feet. Quite apart

from the fact that measurements on larger charges unmistakably show

increased durations, departures from the acoustic peak pressure vari-

ation without corresponding changes in duration are difficult to under-

stand theoretically. It is important to realize, however, that accurate

measurements of pressures lasting from 10 to 30 microseconds from so

small a charge as a detonator cap, containing less than a gram of ex-

plosive, are extremely difficult, particularly near the charge.

The possible instrumental difficulties and scarcity of data make

generalizations as to the true form of shock wave pressures below

100 lb./in.2 impossible at present. The predictions of the Kirkwood-

Bethe theory indicate small but significant effects of finite amplitude at

even lower pressures but their validity can be regarded only as probable

and not proved. At these low pressures, however, long distances of

propagation are involved for appreciable percentage changes in pres-

sure, and for such long paths the mechanism of dissipation by viscosity

of the fluid must be considered. The effect of viscosity on weak sinu-

soidal sound waves to which acoustic theory may be applied is well

known to cause an absorption which increases rapidly with frequency

of the wave and for plane waves leads to an attenuation which increases

exponentially with the range.

A transient wave, as is generated by an underwater explosion, can
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to the extent that it is Hnear (i.e., of small amplitude) be regarded as a

superposition of sinusoidal waves of suitable frequency components

corresponding to the steeper portions of the pressure-time curves.

These frequencies are attenuated more rapidly than the lower ones, and

one should therefore expect a progressive rounding of the initial peak

of the shock wave, which however -becomes significant only over dis-
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Fig. 7.22 Refraction of a sound wave as a result of sound velocity decreasing

with depth.

tances of hundreds of yards for charges of reasonable size. The exact

analysis of this absorption effect is complicated by a necessarily co-

existing dispersion, or dependence of sound velocity of a continuous

wave on frequency. Ideally, measurements of transient explosion

pressures offer an excellent means of examining such effects, but instru-

mental and environmental difficulties in such measurements have not

as yet permitted their satisfactory realization.

B. Refraction effects. The propagation of shock waves outward

from an explosive source may be greatly modified by variations in the

medium through which it travels, as well as by the presence of bound-

ary surfaces. The effect of the medium, which results from variations

in the velocity of propagation at different points, is under any practical

conditions negligible for distances at which any ordinary explosion wave
is sufficiently intense to inflict damage. At distances exceeding a few
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hundred feet, the effects may be very large for conditions encountered

in the ocean, and at intermediate distances they may cause measurable

effects in some investigations. A general discussion of the various

phenomena belongs in a treatise on underwater sound transmission.

The discussion here is intended merely to indicate the nature of the

effect by a simple example which is adequate to show the differences to

be expected for propagation over short ranges.

The major factor in determining the velocity of sound in the ocean

at shallow depths is the temperature of the water, an increase of 10° F.

increasing its value by about 40 ft./sec, the exact figure depending on

the temperature, depth and saline content. In the ocean, different

horizontal layers of water are not at the same temperature and the

result is a vertical gradient of sound velocity. The simplest case of

this kind, and the only one we shall consider, is that of a uniform nega-

tive velocity gradient, corresponding to warmer water at the surface.

If, as in Fig. 7.22, a wave is initiated at point 0, different parts of the

front travel at different rates, the upper portions advancing faster. As

a result, the wave front becomes distorted, and a sound ray drawn nor-

mal to any part of the front becomes bent downward as it progresses

(except for the part of the front travelling vertically) . This bending is

analogous to optical refraction, and the path of the part of the front

which reaches points P from is not the straight line joining but a

curved path. This path is the one of least time for a ray from to P,

and it is easily shown that Snell's law describes the inclination of suc-

cessive parts of the ray, just as in geometrical optics.

If the negative gradient is a uniform one such that the velocity

Co{d) at a depth d is given by Co{d) = Co(l — Kd) where Co is the velocity

at the surface, the path between and any other point is a circular arc

joining the points with its center in a horizontal plane at a depth 1/K
below the surface, as indicated in Fig. 7.22. This sketch is exaggerated

to show the nature of the effect; for a temperature difference of 50° F.

between the surface and a depth of 1,000 feet, K = i X 10"^ ft.~^ and

the plane of centers is 25,000 feet below the surface. Even for this

rather extreme condition, the actual path between points and P a few

hundred feet apart is not much longer than the straight line (the dif-

ference at 1,000 feet is 0.07 feet in this case). The fractional change in

time of travel from that computed for a straight line is even smaller

than the path difference, as is qualitatively evident from the fact that

in time the curved path is shorter, despite its greater length in feet.

The amount of difference depends on the relative position of points

and P, as well as their separation, but the percentage change is, to a

first approximation, less than {KUy, where R is the separation. For

K = 4 -10"^ ftr\ R = 1,000 ft., the time difference is thus less than

0.04 per cent of the total time. The changes introduced by refraction
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increase rapidly with distance, as is evident either from this approxi-

mation or from Fig. 7.22, but for distances up to several hundred feet

have a very small effect on the wave front. The only circumstances in

which the small differences at short ranges may have significant effects

are probably in explosion depth ranging methods depending on meas-

urements of time differences (see section 10.3), but even in such meas-

urements the errors are unimportant for ranges up to several hundred

feet. These statements and calculations apply only to these ranges

and should not be extrapolated, but do give an estimate of the order of

the effects and the distances at which they must be considered more
carefully.



8. Motion of the Gas Sphere

8.1. General Features of the Motion

After emission of the shock wave, the gaseous products of an explo-

sion continue to expand outward at a gradually decreasing rate. As a

result there are considerable radial displacements of the water, but the

changes in velocity take place at a much slower rate than in the initial

phases of the motion immediately following detonation. The pressures

in the surrounding liquid are therefore much smaller and the whole

character of the motion changes. Although the same basic hydro-

dynamical equations apply as in the case of the shock wave, and exact

solutions would be at least as difficult to obtain, the qualitative dif-

ferences in the later motion make more appropriate somewhat different

approximations. In order to see the reasons for these and their limi-

tations, it is helpful to examine briefly some experimental studies of the

motion before considering the various theoretical developments.

A series of frames from a motion picture record of bubble motion

(105) is shown in Plate IX; the charge used was 0.55 pound of tetryl

detonated 300 feet below the surface of the water. The time intervals

between these frames are all nearly equal, as indicated, and it is evi-

dent that an initial rapid expansion of the spherical bubble is gradually

brought to a stop after 0.014 sec. The bubble^ then contracts at an

increasingly rapid rate until it reaches a minimum 0.028 sec. later, and

after an abrupt reversal again expands. Throughout the expanded

phase of the bubble's motion there is very little vertical migration but

near the minimum radius an appreciable upward displacement occurs.

The reversal of the bubble motion at the minimum occurs so abruptly

as to be virtually discontinuous on a time scale suitable for the rest of

the motion; this characteristic is shown clearly in Fig. 8.1 in which the

bubble radius is plotted as a function of time. A further qualitative

feature of significance is the fact that the bubble retains its identity at

the minimum despite the large radial accelerations and appreciable

vertical motion, and remains fairly symmetrical. The motion is, there-

fore, a reasonably stable one in fact. A further evidence of overall

stability is the continued oscillations of the bubble (if the charge is fired

sufficiently deep to permit them to occur before the bubble rises to the

surface) : three or four complete cycles are readily observed and at least

ten such cycles have been shown to exist for very deep charges.

^ In the discussion of this and the next chapter, the gas products from an ex-

plosion are frequently described by the term "bubble" in common usage, although
the term "globe" emi)loyed in Taylor Model Basin reports avoids possible con-

fusion with other kinds of bubble.

270
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The maximum velocity of the bubble surface as the bubble ap-

proaches minimum radius is about 200 ft./sec. in the example and over

most of the motion is very much less. The maximum radius of 1.48

feet corresponds to an internal gas pressure very much less than hydro-

static (roughly one-fifth), as the equilibrium radius for this size charge

is readily estimated to be 1.0 feet. This radius, for which the gas is at

the hydrostatic pressure of the water, is indicated by the dashed line in

Fig. 8.1 and it is evident that the pressure is less than this over some 80

per cent of the first cycle. The length and time scales will of course

change with the size of charge and the depth at which it is fired, being

larger for larger charges and shallower depths. In general, however, it

20
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(the secondary or bubble pulses) are emitted, which an incompressive

theory can describe only as a disturbance appearing simultaneously at

all points in the liquid.

From the foregoing considerations, it is to be expected that the

theories based on noncompressive flow will be most successful in ac-

counting for the general properties of the motion in its expanded phases,

and in predicting properties, such as the period, primarily thus deter-

mined. The vertical displacement of the bubble at its minimum and

the characteristics of the pressure wave emitted at that time are, how-

ever, more seriously affected by the approximations. In addition to

the common assumptions just described all the theories involve other

approximations, and the degree of refinement of the various treatments

is largely a question of the extent to which these further approximations

and idealizations are removed.

8.2. NoNCOMPKESsivE Radial Motion Neglecting Gravity

The simplest approximation to the true motion of the gas bubble is

the one in which it is assumed that the motion of the surrounding water

is entirely radial and there is no vertical migration. In this approxi-

mation, which has been discu sed by a number of writers, the hydro-

static buoyancy resulting from differences in hydrostatic pressure at

different depths is neglected. It is thus assumed that at an infinite

distance from the bubble in any direction the pressure has the same

value as the initial hydrostatic pressure Po at the depth of the charge

(atmospheric plus the added pressure of the water column). For a

given depth of charge, the differences in pressure at the surface or near

the bubble will clearly be greater the larger the charge and bubble re-

sulting from its deformation. The neglect of differences in hydrostatic

pressure should thus be more serious for large charges and small depths.

If radial flow is assumed, the equations of continuity and motion for

the water are (Eqs. (2.2) and (2.4))

(8.1) ^ + u^' + p^ + ^-^ =
dt dr dr r

du
^

du
,
dP ^

dt dr dr

For pressure changes of the order 15 Ib./in.^, such as prevail over most
of the bubble motion, the corresponding changes in density are of the

order 10~^ po, where po is the equilibrium density. Under these condi-

tions, the derivatives of density p are easily seen to be negligible in the

first of Eqs. (8.1), which then becomes
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du 2pu

dr r

Integrating this equation, we have

(8.2) u{r, =^
Avhere the constant of integration Ui{t) is the velocity for r = 1 and may
depend on time. The radial velocity in noncompressive flow thus falls

off as the inverse square of the distance from the origin, as is, of course,

evident from elementary principles. With this result the second of

Eqs. (8.1), becomes

r^ dt 2 dr dr

Integrating from the surface of the gas sphere, for which r = a,

Ua = da/dt = Ui/o?j P = Pa, to infinite distance where P = Po and

w = 0, gives

M(-f)-l'-(l)"
-"•"-'•'=»

Integrating with respect to time leads to the result

(8.4)
I

p^a^ (^\ + ^
Poa' ~

J ^" ''''^'' " ^'

where C is a constant of integration. Except for a factor iir, the inte-

gral over a is easily seen to represent the work done by the pressure Pa

in expanding the sphere to its radius a{t), as the element of volume is

dV = ^iraHa, and the integral must therefore equal the decrease in

internal energy of the gas to E{a) from its initial value. Absorbing this

initial value into a new constant of integration Y gives after rearrange-

ment

Written in this form, it is easily seen that the first time integral of the

equation of motion is merely the expression of conservation of energy,

as the first term is readily shown to be the kinetic energy of radial flow
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outside the boundary, and the second term is the work done against

hydrostatic pressure.

If the products of explosion behave as ideal gases with a constant

ratio of specific heats 7 and are further assumed to undergo adiabatic

changes, the pressure-volume relation is P{V/Wy = k, where W is the

mass of explosive products in grams and A; is a constant. The internal

energy E{a) is then given by

J ;.(„)
T - 1 7-1 \V(a)/

From the last expression, it is evident that E{a) decreases rapidly

with increasing volume (proportional to a^), and at sufficiently ex-

panded stages of the motion represents a negligible fraction of the

initial energy of the products. The values of radius a and correspond-

ing pressure Pa for which E(a) has a given value can be estimated from

a knowledge of the adiabatic law for the products and the initial energy.

For TNT, the calculations of Jones (described in section 3.5) give the

adiabatic relation, valid for P< 4,500 Ib./in.^

©' 25

= 7.8

where P is in kilobars, W is in grams, and V is in cm.^ The total energy

released by 1 gram of TNT is about 1,060 cal./gm. (= 4.44 X 10^°

ergs./gm.) of which approximately half is emitted in the shock w^ave

(see section 4.8 for a detailed discussion).

The fraction F of the remaining energy Y which is present as in-

ternal energy at any state of expansion is

F =^ = 0.166 P,;/^ = 0.42
©'

where P is in Ib./in.^, W is in lb., a in ft., and Y is taken to be 440 cal./

gm. This fraction is less than 25 per cent for P < 7.6 lb. /in.-. For a

300 pound charge the corresponding radius is 13.5 feet, rather less than

the maximum radius of about 20 feet for a charge detonated 50 feet

below the surface. The curve of bubble expansion has the same

qualitative manner of variation with time as shown in Fig. 8.1, which

leads to the estimate that the internal energy of the products is less than

25 per cent of the total for more than 70 per cent of the entire cycle.

The fact that the internal energy is relatively unimi)()rtant over
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much of the expansion suggests, as a first approximation, neglecting it

entirely. If this is done, it will be seen that the gas sphere must have a

maximum radius when da/dt = 0. Calling this value am, we have from

Eq. (8.5)

(8.6) Y = ^ PoaJ
o

This relation thus furn'shes an experimental method for determining,

to a rather good approximation, the total energy Y associated with the

radial flow of water in terms of the maximum radius a« of the bubble

and the hydrostatic pressure Po at the depth of the explosion. Experi-

mental measurements based on Eq. (8.6) are described in section 8.3.

Neglecting the internal energy in Eq. (8.5) makes possible separa-

tion of the variables, and using Eq. (8.6) to eliminate Y gives the result

(8.7)
. .-.o . ,

da

-iWf
K^)'-']'"

where ao is the initial radius of the gas sphere at time ^ = 0. The
integral is not expressible in terms of elementary functions, but can be

transformed to give a sum of incomplete jS-functions Bx(p, q), defined

by

B.{p,q) = J'^xp-'il -xy-'dx

the necessary substitution being x = (am/ay. Values of this function

have been tabulated for discrete values of p, but unfortunately the

values p = 5/6, q = }/2 required here are apparently not included. In

general, the solution must therefore be obtained by numerical methods

and some of these results are illustrated in section 8.3. In the par-

ticular case x = 1, correspondiiig to a = am, the solution is know^n in

terms of the factorial or 7-function: Bi (5/6, 3^) = 2.24. These limits

a = 0, am correspond to the time required for expansion from zero to

maximum radius. The initial radius ao is small compared to am and

hence this time is approximately 3^ the period of oscillation T. Substi-

tution in Eq. (8.7) gives the approximate result

"(i.rKH) = '-""(R)'
^.gg^ y. ^ 2 /3pAi/2 ^ /5 i\ ^ _ /,^\m
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This result can also be expressed in terms of the total energy Y by

Eq. 8.6, giving

yi/3

(8.9) T=lMpc"'-—
P5/6

This expression, which has been derived by a number of writers and is

usually known as the Willis formula (121), shows that the ''bubble

period" varies as the cube root of the total energy or weight of a given

explosive, and for a given weight, varies as the negative 5/6 power of

the hydrostatic pressure. If the pressure at the surface of the water is

one atmosphere, or 33 feet of sea water, the period therefore varies as

(d + 33)~^/^, where d is the depth in feet. The particular constant

multiplying the period formula depends, of course, on the limit of inte-

gration chosen for the initial radius. The functional dependence of the

period on F, Po, Po must, however, be of the form of Eq. (8.9) from

dimensional considerations, if these variables are assumed to be the

only ones affecting the motion. It is therefore reasonable to expect

that this form should apply more generally than the approximations of

the simplified model would permit. The experimental evidence de-

scribed in section 8.3 does in fact demonstrate the validity of the

formula over a wide range of depths provided the multiplying factor is

suitably adjusted. However, this agreement is not found for charges

fired near the surface or bottom, which is to be expected as a result of

the distortion of the mass flow of water by such boundaries. The

modifications of the simple formula obtained by more refined analysis

are considered in section 8.10.

8.3. Comparison of Radius and Period Measurements with

Simple Theory

A. Radius-time curves. The earliest systematic measurements of

the motion of gaseous explosion products are those of Ramsauer (88),

who employed an ingenious electrolytic probe method to determine the

position of the gas bubble boundary. In these experiments, charges of

guncotton weighing one or two kilograms were fired at depths up to

thirty feet in forty feet of water. A number of electrodes were sup-

ported at suitable distances from the charge by a rigid frame, and to-

gether with a common electrode formed conducting circuits with the

seawater acting as electrolyte. After the charge was fired, the expand-

ing gas bubble isolated the electrode circuits successively, and relay cir-

cuits were used to make a spark recording of the times of current inter-

ruption. In this way a displacement-time curve of the bubble motion

could be determined up to its first maximum radius, and Ramsauer
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found that the variation of maximum radius with depth and charge

weight agreed very closely with the formula

(8.10) Pofl. constant •W

where W is the mass of explosive and Po the hydrostatic pressure at the

depth of explosion. By comparison with Eq. (8.6), it is seen that the

right side of Eq. (8.10) should represent the energy available after

emission of the shock wave, which Ramsauer computed to be about

8
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taken by Edgerton of detonator caps exploded at various depths. Ex-

perimental points measured by Ewing and Crary (32) from one such

record are plotted in Fig. 8.2,^ and the solid curve is taken from Her-

ring's calculations based on Eq. (8.7), the value of a^ having been chosen

to give agreement with the experimental observations. It is seen that

the simple theory predicts a curve of the same general form but some-

what broader than that found experimentally. The most likely expla-

nations of the difference appear to be either that optical distortions in the

experimental arrangement caused errors or that the proximity of the

20
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for several explosives (TNT, tetryl, pentolite, etc.) at a variety of

depths. The most complete data are for tetryl, and two typical ex-

amples for 0.056 pound charges at 5 feet and 330 feet are plotted in Fig.

8.3. These curves show the characteristic cusp shape of curve for each

cycle, with decreasing period and amplitude of oscillation in successive

oscillations. The decreased values of maximum radius and period as a

result of increased hydrostatic pressure at the greater depth are also

evident. A radius-time curve for a tetryl charge weighing 0.55 pound

at 300 feet is shown in Fig. 8.3c, and the effect of charge weight is seen

by comparing this curve with Fig. 8.3b for the 0.05 pound charge at the

DIRECTION

OF MOTION

\

H 8" M
Fig. 8.4 The gas sphere near its maximum and first minimum (one ounce

polar ammon geUgnite charge, three feet deep).

same depth. It should be mentioned that the values of radius near the

bubble minimum are somewhat uncertain, owing to "smoke" from the

explosion products which obscures the bubble outline. It is also to be

noted that the curves in Fig. 8.3 have been plotted without regard to

vertical displacements of the bubble center and do not therefore show
the upward migration under the influence of gravity. This effect is

considered in section 8.5.

A difference in character of bubble shape during its motion is the

distortion from spherical form near its minimum, an effect which is

largest for charges fired near the surface. This difference is shown in

Fig. 8.4, a sketch of the bubble outline near the minimum radius for a

condition of rapid upward migration. (The sketch is based on photo-

graphic studies made by the Road Research Laboratory (95).)
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At great depths, the shape near the minimum is not far from spher-

ical, but when the bubble is moving rapidly the outline as seen from the

side is kidney shaped at and near the minimum, the convex face being in

the direction of motion. In the more expanded phases, the bubble is in

either case closely spherical. The approximation of sphericity through-

out the motion is thus seen to be least good in the contracted phase and

near the free surface, where variations in hydrostatic pressure over the

bubble boundary are a great part of the total.

Very few photographic records have been obtained of the bubble

from large charges, and these are less satisfactory for measurement pur-

pose than in the case of small charges, owing to technical problems in

mounting the cameras and other gear. They do, however, show the

same general features as the records for small charges, and there is no

reason to believe that any essentially different features, apart from the

change in scale, result from differences in charge weight. This con-

clusion is also supported by indirect measurements of period, migration,

and so forth.

B. Variation of period with depth and charge weight. It was shown

in section 8.2 on the basis of a simple approximate theory that the

period T of oscillation of the gas bubble is given by

yi/3

-i- o

where Y is the total energy available and can ordinarily be considered

proportional for a given explosive to the charge weight W, Po is the

hydrostatic pressure at the depth of explosion, and the constant k is

characteristic of a given explosive. It was further argued from dimen-

sional considerations that the functional form of this equation should

be valid quite generally, despite the rather crude approximations in-

volved in its development, if the explosion is not too close to boundary

surfaces.

The predicted dependence of period with hydrostatic pressure was

first verified in detail by Ewing and Crary (32) using J^ charges of TNT
and small charges of SNG Oil Well explosive in depths from 40 to 675

feet. Similar period results using }/2 pound tetryl charges fired at depths

from 100 to 800 feet are plotted in Fig. 8.5, using double logarithmic

scales, against depth +33 feet (as the water surface was at atmospheric

pressure). The straight line is drawn with a slope of —5/6, and fits the

experimental points within the accuracy of measurement. A similar

verification of the period-depth relation for larger charges is shown in

Fig. 10.3 of section 10.3, in which are plotted data for 200 pound

charges fired at depths up to 900 feet in 3,000 feet of water, the data

having been obtained in the course of sound ranging measurements.
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These and other data are fitted by a straight hne of slope — 5/6 except

for depths less than 200 feet, the points for shallower charges showing
periods increasingly less than the predicted values. This difference is

to be expected when the depth is not more than a few times the maxi-

mum bubble radius, and the results of more detailed investigations of

the effect are discussed in section 8.9.

The variation of period in proportion to the cube-root of charge

weight has not been directly verified over nearly the range as for the
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Fig. 8.5 Bubble periods against depth for 0.55 pound tetryl charges.
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variation Avith depth, but there is no reason to doubt the correctness of

the predicted law. For example, 25 and 300 gram loose tetryl charges

fired at a depth of 12 feet in 24 feet of Avater gave values of the constant

K in Eq. (8.11) differing by less than 1 per cent. The effects of the

surface and bottom on period, discussed in sections 8.8 and 8.9, are not

given exactly by theoretical corrections which have been developed, but
except for this small uncertainty it appears that the bubble periods for

}/2 pound and 300 pound TNT charges require constants K in Eq.



282 MOTION OF THE GAS SPHERE

(8.11) differing by less than 2 per cent. It is therefore possible to con-

clude that this bubble period formula, and bubble period measurements,

can be relied upon to within two or three per cent if the charge is not

too close to boundary surfaces. The values of constant K for the first

bubble oscillations of several different explosives, obtained largely from

small charge data, are listed in Table 8.1, the units being chosen to give

the period in seconds for charge weight in pounds and depth in feet.

C. Period of later oscillations and energy loss. The Willis formula

for period, Eq. (8.11), is based on the assumption that negligible energy

losses occur in the course of the bubble pulsation except at or very near

successive minima. Hence an expression of the same form should be

Explosive
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and if the difference in initial deptli can be neglected, so that Zj = Zi,

(8.13) ''^'iW

Eq. (8.13) is a very useful and interesting result, for it permits an

estimate of energy losses in successive contractions from the easily ob-

tained ratio of periods. Data of this kind have been obtained from the

200 pound charge tests mentioned in part (B), which show that the

ratios T2/T1 and Tz/T2 are indeed nearly constant, independent of

depth, for depths greater than about 320 feet. At smaller values of

depth the ratios increased, this change being attributable to migration

of the bubble and effect of the surface on period. Disregarding this

change, the data give the values r2 = 0.34ri, n = 0.54r2. If a theo-
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stant for the range of depths and charge weights employed, except near

a bounding surface, as shown in Fig. 8.6. The vahies 0.7 to 0.8 indi-

cate that from 50 to 65 per cent of the energy of the first oscillation is

lost in the first contraction, and this order of magnitude is observed

generally for high explosives. These data, supplemented by theoretical

calculations of the detonation energy Q, also agree fairly closely in pre-

dicting that from 40 to 45 per cent of the initial energy of explosion

remains in the bubble motion during its first cycle.

A further interesting application of bubble period measurements is

to comparison of explosives. For two charges of equal weight fired at

the same depth, Eq. (8.11) predicts that the energies Y remaining after

0.9

08

g 0.7

UJ
0.

0.6
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ratio of shock Avave energies, because the pertinent vakies are of course

those which represent total wastage as heat after the shock wave has

passed to infinity. Experimental values give neither this value nor the

total of transmitted energy before any wastage has occurred, as they

are obtained at a finite distance from the charge. This uncertainty

considered, the comparisons of such energy ratios give rather satis-

factory indications that no serious discrepancies exist in the total ac-

counting of energies, even though this accounting is not yet as directly

based on experiment as might be desired. More explicit illustration is

unfortunately precluded by security restrictions applying to the more

significant examples.

8.4. General Equations of Noncompressive Motion

When the effect of gravity is included, the motion of the gas sphere

is symmetrical around a vertical axis through the initial position of the

charge, but no longer has radial symmetry. To take account of the

external force and lower symmetry, it is desirable to use the more power-

ful mathematical methods of potential theory rather than solve the

dynamical equations by direct integration. In this section, these

methods are therefore outlined as they apply to noncompressive flow of

an ideal fluid incapable of supporting shearing stress (i.e., neglecting

viscosity). No attempt will be made to examine their full possibilities

and limitations ; for such discussions, reference should be made to stand-

ard treatises.

For noncompressive motion in which the density is assumed con-

stant, the equation of continuity expressing conservation of mass (cf.

section 2.1) reduces to

(8.14) divv =

where v is the vector particle velocity. For the problems of interest to

us, it is possible to define a velocity potential (p at all points in the fluid,

from which the components of v are obtained by space differentiation

:

•J

(8.15) V = — grad ip, i.e., Ux =
> etc.

dx

With this definition, the potential ip must satisfy Laplace's equation,

obtained by substituting (8.15) in (8.14),

(8.16) div(grad <^) = AV =

where, in Cartesian coordinates, A^ = d'^/dx^ + d'^/dy'^ + d'^/dz^. In

addition to satisfying this equation, the potential ip must also be so
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chosen that it gives correctly any prescribed values of velocity at bound-

ary surfaces of the fluid. At rigid boundaries, the component of veloc-

ity normal to the surface must be equal to that of the surface, and in an

infinite medium, the velocity must vanish at infinity at least as rapidly

as l/r^ if the total kinetic energy of flow is to remain finite.

In the cases to be considered, the fluid is subjected to external

forces. If the force per unit mass of fluid be denoted by F, the equa-

tion of motion becomes

(8.17) Po^+ ho grad v^ = p,F - grad P
ot

The only forces which need be considered are conservative and hence

derivable from a potential function 12 defined by F = —grad 12. Intro-

ducing the potentials ip and 12 in Eq. (8.17) gives

— po — grad ip + \po grad v^ = — po grad 12 — grad P
dt

Space and time differentiations are interchangeable and this equation

can therefore be integrated with respect to the position variables to give

the generalized Bernoulli's equation

(8.18) £ + = ^ _ iv^ + fXO
po ot

where F{t) is a function of time only. If the motion is steady (does not

change in character with time), d(p/dt = and F(t) = constant, and

hence

p
h Iv^ + 12 = constant

Po

which is the familiar form of Bernoulli's theorem for steady flow.

For the motion of the gas sphere, the only external force is gravity

which has the potential — gz, where g is the acceleration of gravity, and

the depth z is measured as a positive distance below the point in the

liquid at which the hydrostatic pressure would be zero. If the surface

of the water is at atmospheric pressure the origin of z is therefore thirty-

four feet above the surface, this distance being the length of the column

of water which exerts a pressure of one atmosphere. From this equa-

tion, prescri})cd conditions on the pressure at boundary surfaces fur-

ther define the allowable solutions for (p. For example, at the free sur-

face of the liquid the pressure must be the same everywhere (ordinarily
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atmospheric), and the position of the surface must in general change in

time to satisfy this condition.

A consequence of potential theory which is useful for later develop-

ments is a modified form of Green's theorem relating the variations of

any potential function (p satisfying AV = throughout a volume of

fluid to its values on surfaces enclosing the fluid. As is shown in stand-

ard references/ this integral theorem may be written

///[©-O' -(!)>=-// 4:-
where the volume integral is extended throughout the volume of fluid

and the surface integral is evaluated over all boundary surfaces, d/dn

indicating differentiation of (p in the direction of a normal to the surface

(taken as positive away from the fluid). The volume integrand, how-

ever, is double the kinetic energy of unit mass of fluid and the integral is

thus 2/po times the total kinetic energy T of the fluid, which gives

(8.19) ^=-|Jj4?^
The kinetic energy can therefore be evaluated from the velocity poten-

tial and its variation at the boundaries.

8.5. Motion of a Gas Sphere under Gravity

A rigorous solution from noncompressive theory for the motion of

the gaseous products and surrounding water after an explosion should

start from the initial form of the boundary surface and distribution of

pressure and velocity, from which these quantities would be determined

at later times by solution of the dynamical equations. Initially the

gas boundary is spherical or nearly so, but there is no guarantee in the

appropriate boundary conditions that a spherical surface is the form in

equilibrium with the gas pressure of the interior. Detailed investi-

gations show, in fact, that this is not the case if gravity is considered,

and the motion may even become dynamically unstable under some

conditions. Attempts to develop a solution determining the actual

state of motion without artificial restrictions on the geometrical form

of the gas water interface rapidly become extremely complicated and

have so far only yielded qualitative information about limited phases of

the motion. Some of the conclusions which have been drawn from such

analysis are given in section 8.7.

From a more empirical point of view, the experimental evidence that

a spherical boundary is in fact a good approximation to the actual out-

* See, for example, Lamb, p. 46 (65).
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line over most of the motion makes reasonable the assumption that the

form of the gas bubble is spherical. This procedure is not required by

the basic equations, and in fact is consistent with the true boundary

condition that the pressure should be the same at all points on the sur-

face only if vertical displacements of the center of the sphere are neg-

lected. In the general case, the spherical form must therefore be im-

agined as one preserved by fictitious constraint forces acting at the

boundary. These forces are to a certain extent arbitrary, but if the

motion is to remain dynamically reasonable, it is necessary that they

shallnot change the total energy of the motion and hence these forces

should be restricted by the condition that they do no work.

The first reasonably complete account of the radial and vertical

displacements of the bubble and of the mass flow of water, including

the effects of both gravity and boundary surfaces is due to Herring (46)

.

This theory has been amplified and extended by G. I. Taylor (107) for

the case of motion under the influence of gravity alone, and by Courant

and associates (102) to take into account the boundary surfaces to a

better approximation. In this section, the solution for motion under

gravity, as developed by Taylor, will be considered.

A. The equations of energy and mo7nentu7n. The first task in estab-

lishing an equation of energy similar to Eq. (8.5) for purely radial mo-

tion is evaluation of the total kinetic energy of flow for the water. If,

at a given instant, the center of the gas sphere of radius a has an upward

velocity U (not to be confused with shock front velocity!) and the radius

is increasing at the rate da/dt, the radial velocity Ur of a point P on the

surface must be given by

(8.20) {Ur)a =~+Uc08d
at

where a and 6 are measured from the moving center C of the sphere, 6

being the angle the radius vector makes with the vertical. A suitable

velocity potential determining the flow velocities for the surrounding

water must satisfy the equation

{Ur)a
(-f).

and be a solution of Laplace's ecjuation vanishing properly at infinity.

The symmetry of the problem suggests the familiar solutions of Laplace's

equation in spherical harmonics, the suitable form being

, -. A . Bcosd
<p{r, ^) = - + —-
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Substituting in Eq. (8.20) to determine A and B, we obtain

(8-21) ^ = 7UJ + 2
7^^'=°''

Differentiation to determine radial and tangential components of veloc-

ity gives the results

d(p a^ da
,

a^ jj ^Ur= -
-T- = -2:^ + -3 ^ cos (9

dr r^ at n

\d(p la^ jj . -

Ua = = (7 sm ^^
r dd 2r^

Both Ur and Uq vanish as 1/r^ and are admissible solutions. The

kinetic energy of the fluid is, from Eq. (8.19), given by

2 I I
^ dn

the integral being carried out over the bounding sphere of radius a and

a second outer boundary which can be considered a sphere of radius R
allowed to recede to infinity. The contribution from the large sphere

vanishes, while the value for the inner surface is

(8.22) T = ^ r a ("^ + it/ cos A ("^ + f/ cos ^^ 27r2 sin ddd

o

The first term, giving the energy of radial motion, is the same as the

value found before (Eq. (8.5)). The second term, giving the transla-

tional energy of flow, shows that this energy is the same as if a mass

27rpoa^/3, equal to one half the mass of water displaced by the gas sphere,

were given the velocity U. The equation of energy is, therefore, ex-

pressed by the relation

(8.23) 27rp,a3(^ + jpoa'U'^ + "^ poa'gz =Y- E{a)

where, as in section 8.2, E{a) is the internal energy and the hydrostatic

pressure Po = PoQz. In this equation U = —dz/dt, and there are there-
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fore two unknowns, U and a. To determine these a second equation is

necessary.

The second relation is simply obtained from momentum consider-

ations. From the derivation for kinetic energy of the moving water, it

was found that its effective inertia as regards translation was that of a

mass 2irpoa^/3 with velocity U. The vertical momentum acquired by
the water should, therefore, be {2irpoa^/S)U and is the result of the

buoyant force on the gas sphere, equal to iirpoa^g/S by Archimedes'

principle. Equating the impulse of this force to the momentum ac-

quired, by Newton's second law, gives

(8.24) j Fdt = j p„g J
ahlt = — Poa^U

and hence

(8.25) U = -^ = ^
\ aHt

at -I/-
a result originally given by Herring.

This rather intuitive argument may perhaps not be wholly satisfy-

ing to some. It should be pointed out that its validity is insured only

if artificial external constraints on the boundary, which must strictly be

introduced to keep it spherical, are such that they exert no resultant

force on the boundary and hence do no work on the bubble during its

motion. An equivalent condition is the requirement that the resultant

effect of the fluid pressure at the boundary on its motion be zero, and if

this condition is worked out, one obtains Eq. (8.24). To do this, one

must first compute the pressure Pa at the boundary surface r = a from

Bernoulh's equation (Eq. (8.18)) and the velocity potential. This pres-

sure acts normal to the surface and the resultant force in the direction

of motion {6 = 0) is obtained by integrating Pa cos 6 over the surface.

Setting the result equal to zero gives Eq. (8.24).

B. Taylor^s nondimensional form of the equations. It is readily seen

that the equations of motion, (8.23) and (8.25), do not permit simple

geometrical scaling, for which the equations are unchanged if all lengths

and times are multiplied by the same factor. This principle of similar-

ity, valid for shock and detonation waves, cannot therefore be applied

to bubble phenomena. The reason for the failure of this scaling is of

course the effect of gravity in addition to the internal gas pressure in

determining the motion. The initial energy of the gas is, however,

relatively small if one excludes a fairly small portion of the oscillation

cycle when the bubble is near its minimum size. Over most of the cycle

it is therefore reasonable, as an approximation in determining the gen-
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eral features of the motion, to neglect this term in the energy equation.

With this approximation, the only force acting on the water is gravity

and the only resistance to flow is that offered by the inertia of the

water.

If the linear scale of the phenomenon is changed, the corresponding

change in time scale which preserves similarity of the two motions must
be such that the effect of gravity (hydrostatic pressure) is the same in

either system. If this is to be true, the invariance of the acceleration

of gravity g which has dimensions length/ (time) ^ requires that the time

scale be increased by the square root of the scaling factor for length. It

is convenient to express this correspondence by using a characteristic

length L in terms of which the equations can be expressed in non-

dimensional form. The dimensionless variable i' replacing the time t

and scaling properly can therefore be written

^ Q

provided dimensionless variables a', z' replacing a, z are expressed by
a = La\ z = Lz'. Using these definitions, Eqs. (8.23) and (8.25) be-

come

dt' a'^ J

if the characteristic length L is chosen to have the value {Y/gpoY'^.
With this choice of L as made by G. I. Taylor, the equations are ex-

pressed in a nondimensional form suitable for numerical integration

with assigned initial values of z' , a'
,
provided the term E{a)/Y is neg-

lected. Corresponding values of measured lengths and times are then

determined by the relations

a' z' \pogJ t' \pof)

where Y is the total energy available after emission of the shock wave.

Usually, the energy Y can be expected to be proportional to the

weight of the charge and hence to the cube of its linear dimensions. The
scaling laws expressed by Eqs. (8.27) thus require that, for proper

scaling of bubble phenomena from one size of charge to another, the
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initial values of "hydrostatic" depth z and the scale of length be in-

creased as the three-fourths power of the linear dimensions of the charge;

correspondingly, the time scale must be increased as the three-eighths

power of charge dimensions. Thus neither length nor time scale di-

rectly with charge dimensions, and it is not possible to preserve exact

similarity for both shock wave and bubble phenomena. A further

difficulty in scaling bubble phenomena lies in the fact that the depth

variable z is not the depth d of the bubble center below the water sur-

face, but is rather a measure of hydrostatic pressure at this depth. If

the pressure is atmospheric at the surface and lengths are measured in

feet, then z = d -\- 3d feet, and it is evident that z can be less than 33

feet only if the pressure at the surface is reduced below atmospheric.

Hence model scale experiments on bubble phenomena can in many
cases be made to simulate those for large charges only by reducing the

pressure at the surface.

It should be emphasized that the nondimensional form (8.26) of the

equations of motion and the scaling laws (8.27) are only approximations

obtained by neglecting the internal energy of the gas sphere, and hence

are increasingly in error as the bubble radius becomes smaller. Strictly,

complete similarity of bubble motions for two different charge sizes is

not possible because the scaling laws for the internal energy and hydro-

static pressure are not compatible. Any conclusions obtained on the

basis of the scaling laws as expressed by Eq. (8.27) are therefore sub-

ject to some uncertainty and are particularly unreliable in considering

phenomena in the region of greatest contraction. These inaccuracies

may, of course, be removed at the expense of generality by restoring

the term -Eia)/Y to the right side of Eq. (8.26). For TNT, E(a)/Y

varies as {W/a^y^ from section 8.2, and expressed in Taylor's variables

has the form: constant- (Tf^^^'^a'-^^''). This term thus varies as W^'^^

and its inclusion requires separate solutions of the equation of motion

for each charge weight.

C. Results obtained neglecting the internal energy. G. I. Taylor (107)

has given the results of numerical integration for the initial condition

that Zo' = 2.0, where Zo' is the initial value of the depth variable at time

t = 0. This integration was carried out by approximate solution of

Eqs. (8.26) for the initial stages of the motion, based on the fact that

initially a' and the migration velocity dz'/dt' are both small. Neglect-

ing small terms in a'^ and dz'/dt', the first of Eqs. (8.26) gives

da' a'-'i'' „ 2 ,—

dt' V27r 5

assuming a' = for t' = 0. Using this value of t' in the second of

Eqs. (8.26) and integrating gives
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'-^j ^./e/sj -^^^^" -z' = 2 \ r^\ -^^dt'' = ^t'2

an expression valid only for small radius and translational velocity.

The values of z' and a' for zj = 2, t' = 2.0 are then used for step by
step numerical integration of the complete form of Eqs. (8.26).

Taylor's results are plotted in Fig. 8.7 and show the characteristic

features of the vertical migration described in section 8.1: a slow rise

until the bubble passes its maximum expansion, followed by an increas-

ingly rapid upward movement as the minimum radius is approached.

The bubble has a non-zero minimum radius despite the neglect of in-

ternal gas pressure which is apparently required to stop the radial

contraction. This seeming paradox Taylor resolves by noting that,

as the bubble contracts, all the kinetic energy available is taken up by

the vertical motion before the radius becomes zero. The computed

minimum radius a' is given by a' = 0.21, and the time at which this

occurs is t' = 0.64. These figures are of course only approximate, par-

ticularly the value of a', as the effect of internal energy has been neg-

lected.

The results plotted in Fig. 8.7 refer of course to the specific initial

condition that Zo' = 2.0 and are in reduced units. They therefore corre-

spond to a particular relation between charge weight and initial depth

do, and, from Eq. (8.27), this relation is

do + 2.31Po = Zo = 2l--)
\Pog/

where Y is the energy available, and Pa is the pressure at the surface in

lb./in.2. The value of Y depends of course on the weight and kind of

explosive. For TNT, the total energy of explosion is approximately

1,060 cal./gm., of which approximately 40 per cent remains after emis-

sion of the shock wave. The energy Y for TNT becomes Y = 8.4 • lO^^TF,

if the charge weight W is expressed in pounds, and the depths corre-

sponding to given weights of explosive and reduced depth zj = 2.0 are

given by

do + 2.31Po = 2()W'i'

Similarly, the time scale for a weight W and zJ = 2.0 is given by

Ksec.) = 0.55Tf1/8

These relations can be used to find corresponding depths and charge

weights, and the auxiliary scales in Fig. 8.7 illustrate the relations ob-
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tained for several charge weights. The dashed Hnes indicate the corre-

sponding positions of the surface, which for atmospheric pressure is

thirty-three feet below the origin of z. For the two largest charges, the

first cycle always lies well below the surface, but the bubble intersects

the surface before completion of one period for thirty and ten pound

charges. The theory of course becomes meaningless after this occurs,

as the bubble loses its identity by venting, and is unreliable in any case

when the bubble approaches the surface because effects of this prox-

imity have been neglected.

Despite the weaknesses of the theory, the examples do illustrate the

necessity for reducing the pressure at the water surface if model experi-

ments are to simulate on a reduced scale even the general features of

the motion of the gas sphere from larger charges. For example, if a

10 pound charge were to reproduce the behavior for a 2,200 pound

charge, the hydrostatic pressure at the surface would have to be re-

duced to 26 per cent of atmospheric, and the distance do below the sur-

face decreased by the same factor. If the surface pressure is not scaled,

it is evident that the total hydrostatic pressure near the original depth

of explosion changes proportionately much less for small charges than

for large, owing to the relatively larger constant pressure above the

surface. Hence, the differences in pressure resulting from gravity have

a smaller effect and the migrations are much smaller for explosion prod-

ucts of small charges. In any given case, the importance of gravity

can be estimated by comparing the maximum bubble radius with the

equivalent hydrostatic head at the surface. For charges of 1 pound or

less of explosive with a maximum radius not exceeding 4 feet and at-

mospheric pressure of 33 feet of water at the surface, the variations of

pressure around the gas sphere are clearly not a large fraction of the

total and the migration under gravity is a small effect. For 300 pound

charges, on the other hand, the radius is of the order of 30 feet and the

effect of gravity is large.

8.6. Calculations of Gravity Effects and Comparison with

Experiment

The first calculations of bubble motion under the influence of grav-

ity, made by G. I. Taylor on the basis of his nondimensional formu-

lation of the equations of motion, have been extended by other workers

using more elaborate numerical methods. In addition, a number of

approximate formulas and solutions representing such results have been

developed, which permit calculation of the various parameters of inter-

est with reasonable accuracy and much more simplicity.

A. Numerical calculations. Comrie and Hartley (24) have com-

puted the expansion and migration of the bubble for 4 different values

of initial hydrostatic pressure corresponding to values 1, 2, 3, and 4 for
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the reduced depth Zo', the internal energy of the gas being neglected.

Their results, expressed in Taylor's reduced units of length and time,

are plotted in Fig. 8.8, the solid curves representing the radius, and the

dashed curves the upward displacements of the center and top of the

bubble. These curves apply to any desired charge weight at four

depths determined by the charge weight and value of Zo'. The con-

versions for several weights of TNT, taken from a table given by

Kennard (55), are given in Table 8.3, where the distance in feet and

time in seconds corresponding to unit value of the reduced variables of

Fig. 8.8 are tabulated, together with the corresponding initial hydro-

Charge weight
W{\h.)
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slight contraction in the case Zo' = 1. (It is to be observed, however,

that this is the least reaUstic of the cases calculated, as the neglected

repulsion of the free surface has a considerable effect in actual cases.)

Calculations are also given in the report of Comrie and Hartley in

which the internal energy of the gas is included. These are for values

c = 0.08, 0.09, 0.10, 0.11 in the expression E(a')/Y = ca'-^'\ where

c = 0.075Tf^^^^ and hence correspond to weights of TNT from 3 to 500

pounds. The curves are very similar to those of Fig. 8.8 for c = 0, the

principal differences being that the maximum radius and migration are

about 10 per cent smaller; the period and minimum radius are very

nearly the same.

A number of other detailed numerical solutions have been made by

H. M. Nautical Almanac Office (76), primarily for initial values corre-

sponding to very small charges (1 gram and 1 ounce TNT); one set of

results corresponds to the case zj = 1.0 first computed by Taylor (dis-

cussed in section 8.5), and shows reasonably good agreement with this

more approximate calculation. In another (77), results are given for

formulas developed by Temperley (111) to include an approximation to

the nonsphericity of the bubble (see section 8.7 for details of this effect).

B. Approximate formulas. The detailed numerical calculations

cited above apply only to specific relations between charge weight and

depth of water, but reports from the Road Research Laboratory (Eng-

land) (93) give a number of more general, approximate formulas for

principal features of the motion. These results are in some cases based

on approximations in the equation of motion found to be justified by

the calculations, and in other cases are empirical expressions fitted to

calculated points.

Examination of the calculations shows first that the period of oscil-

lation differs only slightly from the value predicted neglecting vertical

migration resulting from gravity, and in fact is influenced only slightly

by including the internal energy of the gas. The effect of migration on

bubble radius is also small up to the time of the first maximum. Changes

in the vertical position can therefore be neglected in the equation of

motion: z' = Zo and dz'/dt' = in Eq. (8.26). If the internal energy

is included in the form E{a')/Y = ca'-^'"^, the maximum radius a'm

(for which da'/dt' = 0) is given by

(8.28) a'J = -^, (1 - ca'm-'i')
4:TrZo

This equation is readily solved by graphical methods and is found to

agree with exact calculations to within 1 to 5 per cent.

A second fact observed about the calculations is the near-constancy



MOTION OF THE GAS SPHERE B99

r''
of the integral I a'W during the contracted phase, beginning when

o

the bubble has contracted to about half its maximum size and contin-

uing beyond the next minimum. This integral, however, determines

the vertical momentum acquired by the water, which thus remains

nearly constant during the contraction. This constant value permits

a simple expression of the velocity of the bubble center, for if we let

m =
I

a'Mt', the momentum equation (Eq. (8.26)) becomes

a result appHcable in the contracted phase if m can be evaluated.

The value of 7n in Eq. (8.29) can, of course, be found exactly for the

calculated cases. An approximate evaluation for other values of the

parameters can be obtained if it is assumed that the shape of the radius-

time curve is essentially the same, no matter what the migration, when
the radius is large and the constant value of m acquired. With this

assumption, a'^ = a'm^ F{t'/T'), where F is a function independent of

charge weight and depth, and T' is the period. We therefore have

3r

m = I an," p\ tir. \ai = Ka-m'^T' = ^=
J* a'JF(Jr^dl' = k'a',

5/6

where /c is a constant. The value of k required to fit numerical cal-

culations is estimated in the RRL report to be 0.70, but a better value

from calculations made by the Nautical Almanac Office would be from

0.57 to 0.67. Taking a value 0.6 gives

(8.30) '» = 0.6^,

With this value of ??z (and hence dz'/dt') known, the vertical velocity

and minimum radius a' of the bubble can be computed from Eq. (8.26).

Inserting the vertical velocity dz'/dt' from Eq. (8.29) and setting

da'jdi' = gives

(8.31) a'^l - ca'-'") = ~ m'
o
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the term {4:Tr/3)d'h' representing hydrostatic buoyancy being negli-

gible. This equation can be solved graphically for a', and the corre-

sponding vertical velocity U' = —dz'/dt' obtained from Eq. (8.29).

Results obtained in this way are in only moderately good agreement

with experiment.

The displacement of the bubble at the time of the first minimum is a

quantity of some importance, as it determines the position of the source

of the bubble pulse. An empirical relation obtained from the numeri-

cal integration is that, to within about ten per cent, the rise Ah' is pro-

portional to the period of oscillation if these quantities are both ex-

pressed in Taylor's nondimensional units, the relation being

Ah' = 1.05 r = 1.19 Zo'-'i'

If the rise Ah is expressed in feet, the formula becomes

(8.32) Ah = 81 ^^
^ 5/b

where the charge weight W is in pounds, the hydrostatic depth Zo in

feet, and the numerical factor is obtained from Taylor's estimate of

available energy for TNT.
It is to be noted that all the formulas of this section which involve

numerical factors are restricted to the case of the energy for TNT.
Approximate corrections for other explosives can be made either on the

basis of calculated detonation energies, assuming the same fraction re-

mains for the bubble motion, or by the observed ratio of bubble periods.

The formulas and calculations are both somewhat special in that they

assume a specific adiabatic law for the expansion products based on

Jones' calculations for TNT. The constant c and exponent (—^) ap-

pearing in the formulas are the result of these calculations and are not

necessarily exactly correct for TNT or appropriate for other explosives.

The differences resulting from better calculations would, however,

probably not be large compared with other errors inherent in the theory

and experimental uncertainties.

C. Co7nparison with experiment. A comparison of theoretical cal-

culations for the effects of gravity alone on bubble motion with experi-

ment is made difficult by the fact that these effects are appreciable only

for relatively shallow explosions in which the migrations are large. A
shallow explosion, however, implies the presence of a free surface of the

fluid above and near the bubble, which introduces further changes in

the motion. As a result, clear-cut examples of purely gravitational

motion are not readily achieved. The importance of gravity compared

with surfaces increases for a larger scale of bubble dimensions and sur-

face distance, because variations in hydrostatic pressure over its sur-
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face become a larger part of the total, but the technical problems of

photographic or other measurements are much more difficult for large

charges. As a result, there are not many experimental data available

to test the simple gravity theory, and most comparisons to experiment

must be made with more elaborate theories which include surface

effects. These theories and their agreement with experiment are con-

sidered in later sections.

As we have seen, the first maximum of the bubble and the period of

the first oscillation are not much affected by gravity except as it deter-

DEPTH (ft)

Fig. 8.9 Migrations of gas bubbles from 0.66 pound loose tetryl charges.

mines the hydrostatic pressure, and the discussion of section 8.3 neg-

lecting gravity need not be reconsidered here. The vertical position of

the bubble center as it first contracts and approaches the first minimum
is affected, as are the later phases of the motion. The first systematic

investigation of bubble migration for various depths and charge weights

was made by H. F. Wilhs and Ackroyd (122). These observers meas-

ured the bubble rise at the time of the first and second minima by

sound-ranging methods employing two piezoelectric gauges at known

positions relative to the charge to determine arrival times of the second-

ary pulses at these points. Differences in these times as compared with

those for the shock wave then permitted calculation of the rise. A
series of charges of various weights (15 grain detonators, 1 ounce tetryl,

1 and 5 pounds blasting gelatin) were fired at wide ranges of depths in

55 feet of water.

The results of Willis and Ackroyd showed first a gradual increase in

the rise as the charge depth was decreased, in fair agreement with Eq.

(8.32) according to which the rise varies with depth d as (d + 33)~^^^
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The observed rises were systematically somewhat less than the cal-

culated ones, and close to the surface were increasingly smaller, be-

coming negative (i.e., a downward displacement) when the charge was
a few feet below the surface. This phenomenon is shown in Fig. 8.9,

which is a plot of similar data obtained at Woods Hole for 250 gm. tetryl

charges (2). Migrations at the end of both the first and second cycles

are shown and the solid line is the curve predicted by Eq. (8.32) for this

o
UJ

C/)

o
<
q:

OIL SURFACE (AT ZERO PRESSURE)

TIME (msec)

Fig. 8.10 Motion of spark generated bubbles for Zo' = 1.0 compared with
theory. Solid circles are measured radii, open circles measured rise of the

center.

charge and weight. The decreased and reversed migrations near the

surface and bottom are accounted for by the surface attraction and

bottom reflection and are further considered in section 8.11.

D. Model experiments. A more detailed comparison of Taylor's

theory with experiment than has been obtained with explosive charges

was made by Taylor and Davies (109) in a very beautiful series of model

experiments, in which gas bubbles produced by electrical discharges in

water or oil were photographed. The bubbles so obtained involved

energies of the order 1/40 calory and so correspond to roughly 2.10~^

pounds of TNT. The bubbles had a maximum radius of a few inches,

and to simulate larger scale explosions it was necessary to reduce the
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hydrostatic pressure above the hquid to a small fraction of atmospheric

pressure.^ In order to obtain the closest comparison with the theory

so far outlined, one series of experiments was carried out under a vacuum

to minimize the effect of a surface, and the spark was produced at a

depth which gave amax = 3.7 cm., Zo = 6.01 cm. The ratio a^^^i^/Zo

= 0.61 corresponds to zj = 1.0 in the calculations of Comrie and

Hartley, and the experimental values of radius and rise versus time

should therefore be represented by the curves for zj = 1.0 in Fig. 8.8,

provided the scahng factors L and t/f of the theory are chosen as

L = Zo = Q.l cm. and t/t' = Vl/g = 0.079. The values of lengths I

and time t are then given b}^

I = 6.05 V, t = 0.079 t'

The measured radii and migrations are compared with the theory

in Fig. 8.10. Although the radius values show considerable scatter at

longer times, they are seen to be in rather good agreement with theory,

as are the measured upward displacements. The data thus provide a

very satisfactory confirmation of the gravity theory.

As already mentioned, the case just considered corresponds to

shallower depths than can ordinarily be realized without large effect of

the free surface. In another series of records, Taylor and Davies ob-

tained the radial and vertical displacements for a bubble formed at the

same depth, but with a surface pressure equivalent to a depth 6.5 cm.

for the oil used. The resulting motion therefore corresponds to a large

scale experiment at atmospheric surface pressure and the charge fired

at a depth of (6.05/6.50) X 33 = 31 feet. The greater pressure at the

depth of the bubble leads to a smaller observed maximum radius,

am = 3.15 cm., and the value am/zo = 3.15/(6.05 + 6.50) = 0.25 corre-

sponds to the case zj = 2.0 calculated by Comrie and Hartley. The

scale length L required to convert the calculated values to experi-

mental conditions is then L = Zo/Zo' = 6.27 cm., and hence a = 6.27 a',

t = Vl/g t' = 0.080^', where a' and t' are calculated nondimensional

values. Under these conditions, the bubble remained spherical during

the first expansion, then flattened and became concave on its lower sur-

face as it contracted. The subsequent expansions restored the sym-

metry to a considerable extent, and the bubble moved upward toward

the surface with considerable velocity.

5 In the experimental arrangement employed by Taylor and Davies, the bubble

spark is produced in a cylindrical glass tank by discharge of a condenser initially

charged to 4000 volts. In some of the experiments, transformer oil of low vapor

pressure was used as a fluid instead of water, in order to prevent boiling at the bubble

surface in its low pressure, expanded phases. Illuminating sparks at intervals con-

trolled by a pendulum timing device gave a series of exposures on a film mounted on

a rotating drum. Optical distortion by the walls of the cyhndrical tank was pre-

vented by attaching plane-walled auxiliary tanks, also filled with oil.
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The observed size and displacement of the bubble are plotted in Fig.

8.11 for comparison with the predicted curves for Zo' = 2.0. Because

of the nonspherical shape of the contracted phase, one-half the hori-

zontal bubble diameter is plotted. It is seen that the first half cycle is

in good agreement with theory, but that the later migration is much
less than predicted. This difference is consistent with the greater

hydrodynamic resistance of the actual flattened bubble surface as com-

pared to the idealized sphere assumed in the calculations The ob-

40 60 80 100

TIME (msec)

Fig. 8.11 Motion of spark generated bubbles for Zo' = 2.0.

120

served period of 45 msec, is appreciably less than the computed 54

msec, but the discrepancy is quantitatively explained by the effect of

the free surface.

The model experiments under reduced pressure are seen to agree

rather satisfactorily, on the whole, with Taylor's theory, the discrep-

ancies being largest in the neighborhood of the unstable minima where

the velocities are large and the bubble surface far from spherical. The
differences observed are similar to those found for explosion bubbles,

and this similarity makes the spark technique a useful and significant

one in analyzing large scale explosions. It must be remembered that

the scaling does not and cannot readily be made to include exactly to

scale the viscosity and vapor pressure of the fluid and the way in which

energy is released. Fortunately, these sources of error, discussed by
Taylor and Davies, are not large enough to cause appreciable dif-

ferences in the results. Other experiments made by Taylor and Davies

include records corresponding to Zo' = 2.8, and a number of interesting
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films showing the migration of the bubble toward model rigid surfaces

and targets. Similar small scale records of such motions, which are of

considerable importance in assessing the role of secondary bubble pres-

sures in explosion damage, have been taken by Campbell (17) at the

Taylor Model Basin, using detonators, but without the reduction of

surface pressure necessary to give a model scale of large explosions.

Campbell and Wyckoff (18) have made streak silhouette and strobo-

scopic pictures, using continuously running film, of half cap and Num-
ber 6 detonator cap explosions under reduced atmospheric pressures in

a 24 inch water tunnel. The records obtained illustrate very beauti-

fully the changes in maximum size and period with hydrostatic pres-

sure, reveal interesting cavitation regions at various times between the

shock wave front and the bubble surface, and also show the relation of

bubble motion to displacements of water at the free surface. The
energy values for these very small explosions are not too precisely known
and detailed analysis of the radius and period data is not attempted

here. The other observed phenomena are considered in Chapter 10.

8.7. Effects of Compressibility and Nonspherical Form on
Bubble Motion

We have so far developed the approximate theories of bubble pul-

sation and migration on the simplifying assumptions that the bubble

retained a spherical form and that the surrounding water was incom-

pressible. Although most of the calculations of the motion suitable for

comparison with experimental data have been made with these approx-

imations, more exact formulations undertaken by Herring and others

are of interest in indicating the nature of the errors to be expected from

the simpler calculations. There are described here Herring's develop-

ment (46) of the equations of motion for spherical symmetry, including

the effect of compressibility and of gravity on the motion, and the

analysis by Penney and Price (86) of the stability of the spherical form

during the pulsation.

A. The effect of compressibility. The equation of an inviscid fluid

for spherical symmetry is, from section 2.3,

du ^ _ _ 1^
dt dr p dr

where u is the radial velocity and P the pressure at a point (r, t) . Inte-

grating this equation from the bubble surface (r = a) to infinity gives

«""S+l(l)'-"f'<">+/>S'"=-J
dP

P
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where the variable X has been defined as the divergence of the velocity

u,X = (l/r^) d/dr (r^u), and the following relations have been employed:

ri*=-ji<""Kt)

=
I

^ ':rr I
+ I

r— dr (integrating by parts)

,

an J dt

[du du~\ _ d^a

'dt Trjr^a
~ de

If we assume that the density is a known function of pressure P,

neglecting irreversible processes induced by the preceding shock wave,

the right side of Eq. (8.33) is a known function of P(a), the pressure in

the gas sphere. The departures from incompressible theory are repre-

sented by the terms in X. The equation of continuity supplies a means

for evaluating X(a) in terms of P{a), however, for we have from section

2.3 that

(8.34) m = [div«],=<. = \- i^l = [- i-^'
[_ p atjr=a L ^"P dt Jr=a

where c^ = {dP/dp)s is the velocity of sound. With this relation,

Eq. (8.33) becomes an ordinary differential equation for a in terms of

^ a

Pip), except for the integral I rd\/dtdr. This term is, moreover,

the only one which can account for loss of energy by radiation of a pres-

sure pulse, as the others are unaffected by a change in the sign of

u{a) = da/dt. If the motion of the water is sufficiently small for acous-

tic theory to be applied, this integral would be given exactly by a simple

analysis. For in the limit of small amplitudes, the velocity u, and

hence its divergence X, must satisfy the wave equation A-X — il/co~)

d^X/dt"^ = 0. Hence for spherical symmetry X is of the form (1/r)

f{t — r/co). We therefore have r d\/dt = —Cod/dr (rX), and the inte-

gral in question becomes

(8.35) f r— dr=-Co[ ~ {r\)dr = Coa\(a)
J dt J dr

In the present problem, the amplitude of motion is sufficiently large

that the acoustic theory is not valid, but Herring has shown that the
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deviations from the acoustic result of Eq. (8.35) are not large, being

greatest at and near the stage of greatest contraction. This analysis,

which we shall omit, shows that the most important correction term to

be added to the right side of Eq. (8.35) is

oadt\_ \dtj JCoa dt

Substituting in Eq. (8.33), using Eq. (8.34) for X(a), and rearranging

gives

d^a
,

3

\dt ) aco dt I \dt ) J pco dt \ c„ dt ) J

d^

P

The left side of this equation can be written as a derivative, and if den-

sity variations are neglected so that p can be replaced by po, the density

at the depth of explosion, we can integrate over a. Taking the lower

limit to be the maximum radius a^ for which da/dt = 0, we obtain

(8.36)

\dt / \ Zcodt / J |_ Po poCo dt \ Co dt /J

In this expression, the terms in 1/co represent approximately the

effect of compressibility, and if these terms are neglected the energy

equation previously derived (Eq. (8.5)) is obtained. The factor

(1 — 4/3 1/co da/dt) changes sign when the bubble passes its maximum
radius, as da/dt becomes negative, and hence introduces a dissymmetry

in the radius-time curve. This is, however, not particularly important

as da/dt, the radial velocity, is very much less than the velocity of sound

Co over nearly the entire pulsation. The term involving dP{a)/dt repre-

sents the acoustic radiation of energy, and will be further discussed in

section 9.4.

The equation (8.36) in principle permits a solution for the radius-

time curve and the corresponding pressure at the surface of the bubble

(which is determined for a given a), but no calculations of this kind

have been made. It seems quite certain that the deviations from non-

compressive theory will be insignificant over most of any one cycle, al-

though the radiation term does lead to a large energy loss near the mini-

mum.
B. The effect of gravity. In the theory developed by Taylor, the

gas bubble is assumed to remain spherical despite its vertical migration
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under the influence of gravity, and in effect any constraints necessary

to preserve this form are imphcitly assumed present in such a way that

the total energy is unaltered by them. Herring has examined the ques-

tion of the form of the bubble surface when gravity is included, and he

finds that to a first approximation the bubble remains spherical ; but the

assumption that the gravity effect is small, made in obtaining the result,

breaks down in later stages.

Herring's analysis, although straightforward, will not be given in

detail here. Assuming the correction for gravity to be small, the

velocity potential, pressure, and radius vector to the bubble surface

are expanded in powers of the acceleration of gravity g, use being made
of the fact that coefficients in the expansion of (p must be solutions of

Laplace's equation and hence can be expressed in spherical harmonics.

The boundary condition which must be satisfied at the bubble surface

is that the pressure be a function only of the volume V of gas, regardless

of the shape and of g. The first order correction to the radius vector

turns out to be simply an equal upward displacement of all points of the

surface, the velocity U being given by

U = ^(' aHt2^1
a'

J

The first order result for U is in agreement with the result of section

8.5, which assumes a spherical form. It shows, however, that the up-

ward velocity increases with time, particularly when the radius becomes

small in the contracting phase, owing to the factor 1/a^. Hence the

assumption that the upward displacement due to gravity is small be-

comes increasingly poor as the bubble contracts, and the conclusion

that the form remains spherical is no longer established. The inference

that the bubble may well become unstable is supported by experimental

pictures of the bubble (section 8.3), as well as by more detailed analysis

of Penney and Price, and of Ward.

C. Perturbations of the bubble form. More elaborate approximations

to the actual form of a bubble in a fluid have been developed by Penney

and Price (86), in which departures from spherical symmetry are treated

as small perturbations, which on account of the symmetry about a

vertical axis can be simply expressed in a series of surface spherical

harmonics. Ward (118) has modified this approach somewhat to ob-

tain results expressing the departures from spherical form as a series of

approximations in increasing powers of the vertical velocity U of the

bubble. Ward's development is particularly interesting, as it shows

rather well the stages of approximation in which the various theories
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already discussed are obtained, and is outlined in the following, together

with some of the results of Penney and Price.

We begin by noting that for symmetry about a vertical axis the

velocity potential <^(r, t) for the fluid can be expressed as an expression

in powers of 1/r and Legendre polynomials Pn (cos 6) :^

(8.37)
A Pi(cos d) P2(cos 6)

(p{r, t)= h ^1 h i52 h •

where d is the angle with the vertical axis, and the coefficients A, Bi . . .,

are functions only of time. We further assume that the radius vector

R from the center of the bubble to its surface can be written

(8.38) R{t) = a + 52P2(cos 6) + h^P^{Gos 6) -{- • - -

where ho, hs . . . , are functions of time, and bi = because of the

choice of origin. As is shown in the development, the coefficients

62, 63 are of order U^, U^ . . . .

The radial velocity Ur of the surface is given by { — d(p/dr)r = R, and

since the distance to any point R of the surface differs from the value a

by a quantity of order U^, the error in identifying Ur with {dR/dt + U
cos 6), to make the normal velocity in the fluid equal that of the bound-

ary, will be of order U"^. We therefore have

dR I d(p\ ^j _

dt - i-fX

i.+ff. +§'.+<'»')

the term U cos d being necessary to account for the velocity U of the

bubble center chosen as origin for R. The derivative dR/dt can, how-

ever, be expressed in terms of the Pn by Eq. (8.38), and if this is done

coefficients of like P's must be equal, as the expression must be true for

any 6. Substituting for R and dR/dt then gives the relations

(8.39) Po:A=a^'^, Pi : ^Yl - ? ^A = WU
dt \ 5 a/

^ db2
,
2A , 3B2 j3 dbz

,

2A , 4P3 18 Bi

dt a^ a^ dt a^ a^ 5 a^

where terms of order U^ have been dropped.

^ The double use of P, in connection with these polynomials and for pressure, is

to be noted, but should cause no confusion.
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The necessary condition on the boundary of the surface is that the

pressure P{R) be uniform and equal to the gas pressure Pg. The pres-

sure is determined by BernoulH's equation (Eq. (8.18))

-° - gR cos e + (^) - i(grad *,)«^ = ^
p« [aOn

*

where Po is the hydrostatic pressure at the bubble center. Substitution

for R and (p then gives a series of terms in the P n (cos 6) . (In carrying

out this substitution, it must be remembered that the origin of R is in

moving coordinates and d(p/dt is to be evaluated in fixed coordinates.)

Use is then made of the orthogonality relations for Legendre poly-

nomials, namely that

.+1
2 .„

n m = n
+1 2n + 1

(cos d)Pm{cos d)dicos 6) =
ii m 9^ n

Four equations therefore result from multiplying the Bernoulli equa-

tion by Po, Pi, P2, -P3 in turn and integrating over cos 6, these being

2*(«^^)-i''Jf* + ^^^^^^=^«
Id , „,. 6 CB^,^

, ^,,„, .,.3

a^ dt a^ dt 4:
... i

.a- df^ J a

}_dBs _iBsda _ldM C^
a^ dt a^ dt o? dt^ J a

dt + OilJ^ =

The various stages of approximations of the theories already dis-

cussed are nicely shown from these equations. In the zeroth approx-

imation neglecting gravity, t/ = and the first of Eqs. (8.40) becomes

Po

which is equivalent to Eq. (8.4), obtained for motion of a sphere neg-

lecting gravity. The last two of Eqs. (8.40) are equivalent to the rela-

tions
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, (Pa , „ da dbo
, d^^— bo ho — h a =

'dt' dt dt ^ dt'

d^a da dbs d^bz ^— 263-— +3-—;

—

[-a —— =
df" dt dt dt^

as can be verified by substituting the expressions for B2 and B^ in terms

of 62 and 63 given by Eqs. (8.39).

Penney and Price have considered the solution of equations of this

type, and they showed numerically in a special case that departures

from sphericity represented by 62 (deformation into a spheroid) were

very much greater at or very near the minimum than anywhere else.

This is, of course, in agreement with the observed behavior and there

seems no reason to doubt that the instability of bubble contraction is

perfectly consistent with noncompressive theory. These writers have

also examined other cases of the first order perturbation theory, for

which their paper should be consulted.

If only the first power of U is included, the second of Eqs. (8.40)

gives Herring's formula for the bubble rise;

(8.41) U = %{ a'dt=1/-

as B2 is of order U^. Retention of U^ terms in the first of Eqs. (8.40)

gives

d^a
,
S/daV U^ P,

a h- —
I

= — — oz
dt^ 2\dtl 4 po

which, together with Eq. (8.41) for U, is equivalent to the equations

used by Taylor, as developed in section 8.5. The formula for the rise

is, however, correct only for the first order in U, the term

{^/^g)f{B'i/a^)dt being neglected to obtain it.

A completely consistent theory, correct for terms of order C/^, should

from the foregoing include departures from sphericity as determined by

the coefficient B2. Ward has computed the corresponding value of 62

in the expansion of R{t), using the result from Eq. (8.39) that

= 1 f ^
a^ J a

{dt

and computing Bi by numerical integration from the third of Eqs.

(8.40) with Comrie and Hartley's values for a, da/dt, etc., for zj = 3.0.

The results of this approximate calculation show that 62 remains small
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compared with a during the expansion of the bubble, but increases

rapidly as the bubble contracts, becoming so large near the minimum
(greater than a) that the whole calculation is invalid. This result,

which is similar to that found by Penney and Price, thus again shows

the inadequacy of assuming a spherical bubble near its minimum size,

and indicates also the difficulty of obtaining better methods of ap-

proximation. The failure of theory is closely related to the existence

of a large upward velocity at these times, and so should be least when

the vertical motion is least: at great depths or close enough to surfaces

that the upward effect of gravity is compensated.

8.8. Effects of Boundary Surfaces: The Method of Images

The mathematical developments which have so far been made were

all based on the assumption that the gaseous explosion products moved
in a medium of infinite extent, and the flow of water around the gas

sphere was therefore restricted only by the condition that the velocity

vanish sufficiently rapidly at infinity. In actual practice, however, the

fluid medium is always limited in extent by the natural boundaries of

the surface and bottom, and may also be limited by artificial boundaries

such as the wall of a tank or the hull of a ship. The simplest cases ap-

proximating actual conditions are of an infinite rigid boundary (e.g.,

the sea bottom), to which the flow must be parallel, and a free surface

(surface of the water), at all points on which the pressure is the same,

it being supposed that any pressure differences which might otherwise

develop are instantly relieved by displacement of the surface. Neither

of these boundary conditions is satisfied by the results for radial and

axial gravity flow around a spherical cavity in a fluid, and the motion of

the cavity and surrounding water must therefore be appropriately modi-

fied to permit their being satisfied. The differences in the resulting

motion will evidently be greater as the region of large flow velocities

near the bubble surface approaches either the surface or the bottom.

These boundaries will thus appear to exert appreciable forces on the

bubble if they are near the bubble during its motion. The evaluation

of such effects is most easily made by the use of the standard method of

sources and images to be described.^

A. Hydrodynamical sources. The motion of the gas sphere bound-

ary can be analyzed as the resultant of radial pulsation of the sphere

superimposed on a translational velocity of its center. Considering

first the radial motion, it is convenient to think of an outward radial

flow of the surrounding water as being produced by a simple source of

fluid at the center of the sphere, the strength M of this source being

defined as the fraction (l/47r) of the volume of fluid emitted in unit time.

' These methods are given in more detail in standard texts on hydrodynamics,
for example the book by Milno-Thomson (74).
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An inward radial flow is similarly described by a simple sink. Such

sources and sinks are of course purely conceptual devices without physi-

cal reality, and are introduced merely for mathematical convenience.

If the spherical boundary of the flow has a radius a and velocity da/dt,

the rate of flow across the boundary is 47ra2 da/dt, as 4iira'^ is the surface

area. For incompressible flow, this must also be the rate at which

fluid is emitted by a source at the center and the strength of the source

is therefore M = o? da/dt. The velocity potential (p{r) at a point r

from the center corresponding to this flow is, from Eq. (8.21),

^(t-) = a^ da/dt- 1/r = M/r. From this equation, the velocity poten-

tial is constant for a fixed value of distance r from the source, and the

equipotential lines for which (p = constant are thus circles. The flow

of fluid is normal to these lines and the streamlines, across which there

is no flow, extend radially from the source.

The equipotentials and streamlines shown in Fig. 8.12a are seen to

be analogous to the equipotentials and lines of force about point elec-

tric charges or magnetic poles, and the concept of a hydrodynamical

source may thus be used to analyze flow problems in the same way as

corresponding electrical problems. A further analogy which can often

be used to advantage is that of fluid flux with electric or magnetic flux.

In problems with axial symmetry, this flux is expressed by the stream

function \p introduced by Stokes,^ the value of which at a point not on

the axis is defined to be (l/27r) times the rate of flow of fluid through any

surface bounded by a circle around the axis of symmetry and passing

through the point. Its value is thus determined by the velocity distri-

bution, and constant values of the function represent the streamlines

(actually surfaces) across which there is no flow. Hence the condition

\f/
= constant must be satisfied at geometrical boundaries where the

flow is parallel to the surface and the stream function is conveniently

used in applying such boundary conditions.

A second type of source which proves useful is formed by the combi-

nation of a source and sink of equal strength. The strength of the

combination is taken to be the product of the source strength and dis-

tance between the two. If the separation is reduced to zero while keep-

ing this product unchanged, the combination is called a dipole source

analogous to an electrical dipole, its direction being defined as that of

the line from the sink to the source. The velocity potential of such a

dipole at any point is easily computed from its definition with the result

/x cos 6
<p(r, e) = -—

where B is the angle which the radius vector r to the point from the

dipole makes with its axis.

8 See, for example, Milne-Thomson (74), Chapter XV.
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The potential required to describe the flow of fluid around a sphere

which has a translational velocity U is, from Eq. (8.21), given by

cos 6

r

and hence this flow can be described by a dipole source of strength

M = {}^)(^^U. The equipotentials are given by cos 6 = const X r^,

and the streamlines obtained from the Stokes stream function by

sin 6 = const X r; these lines are plotted in Fig. 8.12b. It is seen that

the dipole source acts like a small tube through which the flow is con-

centrated. The drawing also shows that the boundary condition for

flow around a sphere is satisfied if it is remembered that the dipole must

move with the velocity of the sphere.

B. The method of images applied to a rigid boundary. The usefulness

of the concepts of simple and dipole sources lies in the fact that restric-

tions on the flow of fluid imposed by geometrical boundaries can be

satisfied by superimposing the flows from suitable combinations of these

sources placed at points inaccessible to the fluid. The velocity poten-

tials of each such flow, and hence their sum, satisfy Laplace's equation,

and from standard theorems of potential theory the resulting potential

is the solution of the hydrodynamical problem. Knowing the velocity

potential permits calculation of the velocity and pressure distribution,

and the equations of motion can therefore be obtained.

The simplest boundary condition is that of an infinite rigid plane,

representing the sea bottom or a confining wall, which requires that the

flow adjacent to the plane be parallel to it, the corresponding condition

on the potential being that at the plane dcp/dii = 0, where n is a normal

to the plane. A pulsating sphere in an infinite medium is equivalent to

a point source at its center. If a second like source is placed at a dis-

tance 26 from the first it is evident that the combined flow at a plane

perpendicular to the line joining the sources and halfway between them

will by symmetry be parallel to the plane.

This is, however, precisely the flow distribution required at a rigid

boundary a distance h from the radially pulsating sphere. This restric-

tion can thus be analyzed by replacing the boundary plane with a source

located at the position of an optical mirror image of the source, i.e., at a

distance h behind the plane as shown in Fig. 8.13. The flow from two

simple fixed sources cannot, however, be the true one because the second

image source produces a flow through the boundary of the sphere. If

the sphere is small compared to its distance from the boundary, this flow

is nearly uniform at all points on its surface, and the flow distribution

would be nearly that around a sphere moving away from or toward the

wall as it expands or contracts. It is thus seen that displacements of a
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pulsating sphere can maintain the required flow distributions at a rigid

wall, and it is plausible that the sphere should move in this way as if the

wall exerted a force on it directly. The addition of such a displacement

is not, however, a true solution of the boundary condition at the sphere

except in the limit of negligible size, but the required flow at this bound-

ary can be restored by placing additional sources at suitable points in-

side the sphere. As this region is in fact free of fluid, fictitious sources

\ \ \ \ \_\ \

\
\. \ /

/

. \i.'/
\

\\.
II /
I/.

/

Fig. 8.13 Streamlines of flow for source and image of equal strength.

of this kind are permissible if the corresponding velocity potentials

satisfy Laplace's equation at all points in the fluid.

The required sources to correct the flow at the sphere can be shown
to be a point source and a continuous uniform distribution of negative

sources known as a line sink, the disposition of which in the sphere is

shown in Fig. 8.14. The point C at which the source is located and the

line sink from the center ends is called the inverse point to B and is

defined geometrically by the relation OB X OC = a^, where a is the

radius of "the sphere. The required strength of the source C is {a/OB)M,
if M is the strength of the original images at B, and the distributed line

source has a strength M/a per unit length.^ It will be observed that

° A proof that this distribution restores the required boundary condition at the
sphere will be found in the reference of footnote 8, and only a sketch of the method
is given here. The proof is most easily made in terms of the Stokes stream function
"^j which must be constant over the sphere. The value of ^ at a point P for a point
source M at point O is easily siiown to b(^ ^ = M cos 6, where d is the angle between
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the total strength of the combination is zero. There is therefore no

net flow introduced by these sources, their effect being merely to give a

redistribution of the flow pattern.

The combination of sources depicted in Fig. 8.14 thus restores the

boundary conditions at the sphere, but it is evidently done at the ex-

pense of again violating the condition on the plane. It might thus ap-

pear that the complications of the method have succeeded only in re-

storing the problem to its original status. This, however, is not true

RIGID



318 MOTION OF THE GAS SPHERE



MOTION OF THE GAS SPHERE 319

The calculation of the position and strength of the successive images

has been carried out by Shiffman and Friedman (102) by essentially

the methods outlined above, and their results therefore permit evalua-

tion of the velocity potential in the fluid to any desired degree of ap-

proximation. The first stage of the process, restoration at the plane

boundary, evidently is accompHshed by mirror images behind the plane

of the sources added in the sphere, these images being matched by

corresponding ones at the inverse points in the sphere, and so on. The

successive stages obtained by Shiffman and Friedman in this way are

indicated in Table 8.4.

With this known distribution of sources, the velocity potential at

any point in the fluid can be computed. For a point source, the value

of (p is given by <^ = M/r where r is the distance from the source, and

the value of (p for a line source is obtained by integrating the potential

d(p = M'dx/r for an element over the length of the source. The gen-

eral expression for (p becomes increasingly complicated as successive

images are included. Fortunately for simplicity of calculation, this

general result is not needed to determine the equation of motion of the

sphere. This is because the kinetic energy of the system can be deter-

mined from the value of ip on the boundaries only (see section 8.4).

These calculations, described in section 8.8, must, however, be pre-

ceded by a determination of the system of images for a sphere moving

in translation in order to take account of the migration during its radial

pulsation. If the plane boundary were not present, this motion would

be described by a dipole source ix at the center of the sphere. The

image of this source giving tangential flow at the plane is evidently an

equal but oppositely directed dipole at the image point an equal dis-

tance behind the plane. The violation of the flow condition on the

sphere is rectified by adding another dipole inside the sphere at the in-

verse point Ci in Fig. 8.15 and of strength ^t(a/26)^, as is easily shown

from the stream function. Successive reflections thus lead to a series

of oppositely directed dipoles of decreasing strength, as indicated in

Table 8.4. The corresponding velocity potentials at points in the fluid

are then given hy ip = ix cos d/r'^, where d is the angle the radius vector

from the dipole to the point makes with the symmetry axis. It will be

noted from Table 8.4 that the distances of the successive image points

from the center of the spheres can be expressed by recurrence formulas

as

On

a
Cn+\ = a— 7 ci

26 - Cn "(i)
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C Approxwiate solutioris for a free surface and rigid bottom. The

boundary condition to be satisfied at a free surface is that the pressure

be the same at all points on the surface. From section 8.4, the pressure

at any point in a fluid is given by Bernoulli's equation

- + ^2 = -77 - Kgrad cpY
Po 01

RIGID



MOTION OF THE GAS SPHERE 321

It is interesting to note the electrostatic analogy to the hydro-

dynamical situation. If sources are replaced by electrical charges, the

velocity potential has its counterpart in the electrostatic potential,

and streamlines of flow correspond to electric lines of force. The case

of a free surface in hydrodynamics is easily seen to be equivalent to a

perfectly conducting plane to which lines of force must be perpen-

dicular, and the image of a charge in a conducting plane is a charge of

opposite sign at the image point in the plane. A similar but less real-

istic analogy can be drawn for a rigid surface : the corresponding electro-

static surface is a boundary separating free space from a hypothetical

medium of dielectric constant zero, this condition being the one for

which lines of force are parallel to the surface, and the image is a charge

of the same sign.

The boundary condition (jj? = at a free surface is clearly only an

approxim.ation to the true condition expressed by Eq. (8.42) and appli-

cation of the method of images to satisfy <^ = involves the further

difficulty that, strictly, the boundary surface cannot remain fixed or

even plane. This is evident if it is recalled that the streamlines ending

on the surface are lines along which fluid flows. Any motion of fluid

will thus displace its boundary, in general by unequal amounts at dif-

ferent points, and the result is formation of surface waves (this is briefly

considered in section 10.1). This effect will clearly be greater when any

sources required are relatively closer to the surface, and use of the con-

dition </5 = at the undisturbed surface is a poorer approximation.

Application of more exact boundary conditions would, however, be a

matter of considerable difficulty, and as a result most developments in-

cluding the effect of a free surface content themselves with the simpler

condition. If these developments were to be carried out to the same

degree as the treatment for a sphere and rigid boundary, a similar set

of images reflected in the sphere and plane (except of course for signs)

would be required, but the approximations inherent in satisfying (^ =
at a fixed boundary do not justify such elaboration. The development

for a rigid boundary does, however, permit inferring the errors resulting

from neglect of the higher order images required for a sphere of finite

rather than negligible radius, and this question is discussed in section

8.10.

The representation of the free surface boundary condition by a

single image source is so simple that it is convenient to work out to the

same approximation the more general case of a bubble pulsating at a

distance h above the bottom, and distance d below the free surface, as

shown in Fig. 8.16. The images of the original source in these two

surfaces must in turn have images in the other surfaces, which again

must have images, and so on. As a result an infinite set of image sources
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is required, the first few of which are shown in Fig. 8.17.^° This neces-

sity for successive images indicates that surface and bottom effects are

not simply additions.

The distances of the successive images from the original source are

easily seen to be

(OP) n = n{d -\- b) if n is even

= (n - 1) {d + 6) + 26 if n is odd

{OQ)n = n{d -{- h) if n is even

= (n - 1) {d -\-b) -\- 2d if n is odd

ZERO PRESSURE

BOTTOM
^ ^ ^ V

Fig. 8.16 Geonietry for a sphere pulsating between the surface and bottom.

^° The infinite set of images required for this case were first given by Kennard

(55) ; the effect on bubble motion has been further developed by Shiffman and Fried-

man (102) and by Friedman (37).
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The correction to the velocity potential function at any point is then

obtained by adding the potentials of the image sources, and for evalu-

ation of the kinetic energy it suffices merely to know the mean values

at the original source. Since the source is, in the present approxima-

tion, a point, only the values at this point are required. Summing the

values of 1/OPn, 1/OQn with proper regard to sign gives for the correc-

tion A^a, remembering that the original source has a strength a^,

(8.43)

where

A<^a =

X =
d-h
d + h

[2xF{x) - log, 2]

F{x) = E
n = 0(2^ + l)^

SURFACE BOTTOM
/ \

^etc0 k

SOURCE

© : © © etc

Fig. 8.17 System of images for a pulsating sphere between a rigid bottom
and free surface.

8.9. The Equations of Motion for a Sphere and Bounding

Surfaces

In the last section, the distributions of sources which represent the

flow of a fluid between a moving sphere and infinite boundaries were ob-

tained. In order to determine the motion of the sphere, it is next

necessary to write the dynamical equations of the motion, and this is

most conveniently done by use of the energy principle. The kinetic

energy T of the fluid is, from section 8.4, given by

(8.44) -t/j' dn
dS

where the surface integral is to be extended over all boundary surfaces.

The velocity potential (p is calculated from the source distributions for

pulsation and translation of the sphere:

da

di
U<p.
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where (pa and (pz are the velocity potentials for unit velocity of trans-

lation and pulsation.

A. Rigid surface. The normal derivatives d(p/dn must satisfy

boundary conditions at the sphere and a rigid plane as tabulated below

(see section 8.8)
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For a point outside the sphere at 6n, we have the same integral except

for replacing Cn by 6 n and changing the limits:

j/'^«-f^j;;;";^-™G")

The integral for a source inside the sphere is thus independent of its

position, and hence line sources contribute to the same extent as a point

source of equal strength. As remarked in section 8.8, each of the nega-

tive line sources introduced in the sphere is exactly cancelled by a point

source and their net contribution is zero, leaving only the original source

at the center. Putting m = a^ gives ^ira^ for this term. This can-

cellation does not occur for the images behind the plane and the expres-

sions for the line sinks and sources in this region can be obtained by

direct integration and addition. Using the notation of Shiffman and

Friedman (102), the result can be expressed

(8.46)

where the Z)„ and dn are defined by the recurrence formulas

(8.47) 1 - ""
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and it is more convenient to use a series expansion in powers of s/a.

For image points inside the sphere, s is one of the lengths Cn which are

less than a, and an expansion in positive powers of Cn/a gives

^^ = i[cos ^ +^ Pi(cos d) + + i (?)> (cos d) +

where the P, (cos 6) are the Legendre polynomials and c n is positive for

points above the origin. For image points behind the plane, s is one of

the lengths bn (bn > a), and an expansion in powers of a/hn gives

(fz = — 1 + 2 f- Pi(cos d) +
On -fe)

Pi(cos d) +

Terms of degree higher than the first in powers of (cn/a) or {a/hn)

are neglected for simplicity in applications which have been made of

expansions in zonal harmonics, the justification being that these terms

involve increasingly higher powers of the fraction a/2h, which is always

less than 3^. Integration of ip and (p cos B over the sphere for the series

of dipoles then gives

(8.48) dS = 27ra3

.n =

v?3 COS ddS = — a^ -\- — a^
o o n = \ J

where the Dn, dn are defined by Eq. (8.47).

On substituting these expressions and Eq. (8.46), the expression

(8.45) for the kinetic energy may be written

T = 2Trpoa'{l +"(^h"'^-'H^
+ ~PoaKl + mU'

where the quantities /„, /i, /2 are the bracketed series in Eqs. (8.46),

(8.48). The equation of energy including the potential energies of

hydrostatic buoyancy and internal energy E{a) of the bubble is then

(8.49)

27rp„a3(l +/J (^J
- Arp^a^frU ^]'^') + ^

p.a'(l + ^hW

+ -- p^ahjz =Y - E{a)
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where z is the distance of the center below the surface of zero hydrostatic

pressure and U is the upward velocity, from the bottom and toward

the surface.

Comparing this result with Eq. (8.23) for motion under gravity alone,

it is seen that the effect of the rigid boundary is represented by the

quantities /«, fi, fi, which are functions of the ratio a/26 (6 = distance

from bubble center to the wall) and vanish for a/26 = 0, corresponding

to negligible influence of the wall on the flow.

Energy considerations thus provide one of the two equations neces-

sary to determine the radius and displacement of the bubble with time.

In the absence of boundary effects, a second equation was obtained by

momentum considerations (see Eq. (8.25) and the discussion following

it). While the same approach could be used in the present more gen-

eral case, it is simpler to use the more powerful method of the LaGrange

formulation of the equations of motion in terms of the kinetic and po-

tential energies of the system, employing the radius a and displacement

6 as generalized coordinates. The validity of this general method of

mechanics for the motion of a sphere in a fluid is discussed in Lamb's

Hydrodynamics (65), and is assumed here without proof.

If gravity is the only force of origin external to the sphere and V is

the potential energy of hydrostatic buoyancy plus internal energy of

the gas, the LaGrange function S = 7" — F satisfies the differential

equations

\da)dt\dal da

dt\du)
02

db

where d = da/dt, U = dh/dt. Either of these equations may be used

to give the second relation in addition to the energy integral, Eq. (8.49).

The second of the two proves more convenient and gives directly the

equation corresponding to the translational momentum under influence

of gravity alone (Eq. (8.25)). Substitution and carrying out the dif-

ferentiations gives, letting a = a/26,

(8.50)

I [5 ..„ + 3/.,. - M, (f)] = - I [I (f) + If V
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The two differential equations, (8.49) and (8.50), are more con-

veniently expressed in nondimensional, or reduced, variables for length

and time. The variables emploj^ed by Taylor in his analysis of bubble

motion under gravity could be emploj^ed, but these are not as con-

venient in the present problem where the position of the bottom is also

a factor. Shiffman and Friedman^^ have therefore adopted somewhat

different characteristic length and time units L,* C* to effect the trans-

formation to dimensionless variables which are defined by the relations

''''' ^* = (iS:)"'
^* = ^*(ir

where Po is the initial hydrostatic pressure at the depth of explosion in

the differential equations. Reduced variables (denoted by asterisks)

are then expressed in terms of these scaling factors by

a = L*a*, h = L%*, t = CH*

and initial values of hydrostatic depth Zo (corresponding to pressure Po)

and charge position bo above the bottom by

Zo = L^Zo"^, bo = L%o*

The scaling factors L* and C* so chosen are seen on comparison with

the results of section 8.2 to be simply the maximum radius and two-

thirds the period of oscillation obtained neglecting the internal energy

and external influences of gravity and boundaries. They thus should

be expected to have a close connection with these simple properties in

the less approximate solutions, as proves to be the case.

Using the reduced variables, Eq. (8.49) and (8.50) become

'-> «-[<'+«(&7+5"+'«(f)"-'Kf)(f)]

(8.53)
(It

26*2 \_da \dt* J 2da\ dt*J da \dt* J \ dt*j]
+

a^

26*2

" The notalion employed here differs from that of Shiffman and Friedman in

order to reduce the danger of confusion with other parts of the text. It is unfortu-

nate that the usages and conventions of various authors are conflicting and not al-

ways int(!rnally consistcmt, a difficulty which must be kept in mind when comparing
different results.
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The internal energy term E{a^)/Y depends on the hydrostatic pres-

sure at the depth of explosion. If the equation of state per gram of

explosive is taken to be of the form PV^ = k in cgs. units, the internal

energy E{a) in ergs for W pounds of explosive is

E(a) = 454TF PdV = 454Tf
/, 7 — 1 7—1

Expressing this in terms of the radius a in feet by the relation

454Tf7 = — (30.5a)3 gives
o

E{a) = ^^ (3.81 X 10-3)7-' "^"^

7 - 1
'

' a3(T-i)

The available energy Y in ergs for W pounds of explosive can be

written as a fraction r of the detonation energy Q in calories per gram
of explosive as

Y = (4.19 X 10^) rQ (454Tf)

and the desired fraction is therefore

E{a) ^ (3.81 X 10-3)7-1 k ^7-ia-3(7-i)

Y "
4.19 X 10^ '7-1 rQ

To express this in terms of the nondimensional radius a*, it is necessary

to evaluate the scale factor L* in feet, which is

(8.54) L*(ft.)
/ 3F y
\4:irpo(jz„/

(5.17^)"

if Zo is in feet. The time scale factor C* is not needed here, but is given

for completeness; its value is

*^ -1/2^-) = 0.216 L
2gzo/

where C* is in seconds, L* and Zo in feet. Using the scale factor gives

for the internal energy term



sso
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required in bringing the charge (source) and its image to their actual

separation from infinite distance. This work is then the increase in

kinetic energy, which is positive for hke charges (rigid surface) repelUng

each other and negative for unUke, attracting charges (free surface).

ExpHcit calculations using the image force =be^/4a:^, where x is the

separation, leads directly to the results given.

The hydrodynamical reason for the changes in kinetic energy is

simply that for a free surface there is iess inertia of surrounding fluid

than in an infinite medium, while a rigid boundary interferes with the

flow and increases its inertia. As Herring (46) points out, this expla-

nation also makes obvious the observed changes in period. The effect of

either surface is to change the inertia (or kinetic energy) of the oscil-

lating system, without affecting its spring constant (or potential

energy). The period is proportional to the square root of the inertia,

as in the formula for a mass oscillating on a spring, and the percentage

change in period is therefore approximately one-half the change in

kinetic energy. Hence we might expect the modified periods Ts, Ti to

be given by

where T is the free water period, and aav is the time average of a over

one complete cycle. (The justification for using a^v as defined is not

obvious, but a detailed argument, such as Herring has given, is omitted,

as more exact derivations are given in section 8.10.) The decreased

inertia for a free surface thus shortens the period and a rigid surface

causes an increase.

The presence of rigid and free surfaces also causes displacements of

the bubble center as it pulsates, and these changes can be qualitatively

understood in terms of the change in inertia of the flow. In the case of

a rigid surface, the presence of the boundary interferes with radial flow

of water, whether outward or inward, near a spherical surface in its

vicinity. Initially, when the pressure in the gas is in excess of the

hydrostatic pressure, the water on the side of the bubble surface near

the wall is less readily displaced, and the bubble surface moves away
from the wall. The effect is relatively small, however, because the net

pressure (in excess of hydrostatic) is positive for a short part of the

bubble period, and the bubble is small during this time. When the

pressure falls below hydrostatic, acceleration of flow toward the bubble

surface does not occur as readily on the side toward the wall, and the
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flow must be such as to bring the surface nearer to the wall. A con-

siderable amount of momentum is imparted to a large mass of water in

this way when the bubble is large. As the bubble contracts, the

momentum acquired becomes concentrated in a smaller mass of water

near the bubble, and the velocity of flow in this region increases. The
bubble surface must then move toward the wall with increasing speed

as if attracted to it. This effect is so much larger than the repulsion

when the pressure exceeds hydrostatic that the dominant motion is an

apparent attraction increasing the bubble velocity toward the wall as it

contracts, even though the momentum of the flow is decreasing in the

most contracted stages.

A free surface has the opposite effect on bubble migration, as in this

case the water at the surface is free to move but must do so in such a

way as to equalize the pressure with that of the atmosphere. As the

bubble begins to expand, the water above it has less inertia and is dis-

placed more readily than that below, and the bubble surface moves up-

ward. When the gas pressure falls below hydrostatic, however, a down-

ward flow of water takes place, because the water near the free surface

is more easily accelerated toward the bubble. Just as for the rigid

surface, the large amount of momentum acquired while the bubble is

large is concentrated into larger velocities of a smaller region near the

bubble surface as it contracts. This increased velocity makes it appear

that the bubble is repelled downward from the surface, and the velocity

increases as the size of the bubble decreases.

8.10. Calculated Motion of a Gas Sphere near Surfaces

A. The period of oscillation. When free or rigid infinite surfaces are

present, it is necessary to integrate the equations of motion derived in

the preceding section (Eqs. (8.52), (8.53)). These equations, or ap-

proximate forms of them, have been integrated numerically by several

writers. On the basis of such results, a number of simplifying approx-

imations can be made which permit an analytic expression for the period.

These approximations, some of which are also discussed in other sec-

tions, are as follows:

(i). The period T and vertical momentum S at the first minimum
are twice as large as the time tm and momentum Sm at the first maxi-

mum. This assumption is exactly true in the limit of small vertical

displacements, and is very nearly true from numerical integrations.

(ii). The vertical velocity is zero up to the first maximum. This is

consistent with the numerical results, which show that this velocit}^ be-

comes large only as the bubble radius becomes small.

Taking dh*/dt* = 0, 6* = &«*, where h* is the initial distance of the

charge above the bottom, the energy equations (8.52) and (8.57) for

E{a*)/Y give on solving for da^/dt"^'.
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da* Vl - a*3 - fc*a*-3/4

dt* a*3/2\/l+/.

This can be integrated to give the time tm* of the first maximum as

(8.58) /„.* =
I ,

^^
c/a*

Vl - a*3 - ^^*a*-3/4

The hmits of integration are the maximum and minimum radii

a^* and a*, and are, in this approximation, the largest and smallest

roots of

(8.59) 1 - a*3 - A;*a*-3/4 = q

The parameter k*, which represents the effect of internal energy of the

gas, depends on the explosive and depth. Using Taylor's assumptions

for TNT as expressed by Eq. (8.57) : k* = 0.0607 Zo'/\ k* is found to

vary from 0.146 to 0.223 as the depth below the surface changes from

to 150 feet. The roots of Eq. (8.59) depend on k* and hence vary

slightly with the depth. The smallest root a* is very nearly equal to

/c*^/^, and the largest root a^* is somewhat less than the value unity ob-

tained for k* = 0. For k* = 0.20, numerical solutions of Eq. (8.59)

give a* = 0.118, a^* = 0.924. The value am* = 0.92 shows that the

assumed internal energy gives a maximum radius 8 per cent smaller

than the value 1.0 neglecting the internal energy.

The evaluation of Eq. (8.58) requires insertion of the appropriate

form of the function fo, which represents the effect of surfaces. This

function, obtained by the method of images in section 8.8, is an infinite

series in powers of a*/2ho*. An examination of this series shows, how-

ever, that the radical V 1 + /„ can be approximated closely by the lead-

ing terms in its expansion which gives the relation

^'+^'-'+£?'^^^

where F{x) = 1 for the rigid bottom only, F{x) = — 1 for free surface

only.

For both rigid bottom and free surface, the first order image theory

gives

(8.60) F{x)

^''-''hi i2n + \y-.^ -'^^'']
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where x = (d — ho)/id + ho), and d is the distance below the free surface.

Using the expression for v 1 + Jo, Shiffman and Friedman have de-

veloped a method of evaluating the integral for tm^, based on approxi-

mating the integrand by suitable orthogonal polynomials. This pro-

cedure, for details of which the original paper should be consulted, gives

for the period T* the value

r* = 2e = i.47(i + "-y^^
)

Converting this to dimensional units gives the final result

Wi/3 r 3 42TF1
T = 4.19^ 1 + ^-^^^'^

Zo'i' boZc

/'F{x)l
1/3

the constants in the expression being based on the expression (8.56) for

the internal energy of TNT, using A;* = 0.20.

It is convenient to write the period formula in a more general form

applicable to other explosives than TNT. To do this exactly would

mean recomputing the integral for T for each explosive depth, using the

best available expression for E{a'^)/Y in place of /c*a*~^^^, and redeter-

mining the limits am* and a*. Fortunately the result is insensitive to

these changes, and so the evaluation need not be repeated. In a re-

vised formula Friedman (37) has, however, used a value k* = 0.16,

corresponding to shallower depths, as being more representative of

most available measurements, and the revised expression for the period

in nondimensional units becomes

r* = 1.485 ri + o^i?#M1

The expression for the period T in time units does depend directly

on the explosive and energy conversion. The length and time scale

factors L* and C* were defined as

\4:TrpogZo/ \2gZo/

where Y is the energy remaining in the system during the cycle and d

is the depth. Expressing F as a fraction r of the total detonation

energy Q in calories per gram of explosive, the scale factors L* and C*

then become, for W pounds of explosive
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/W\l/3
L* = (5.36 X lOhQyi^ f —

j ,
if L* and Zo are in feet,

C* = 0.216 L*2,-i/2, in seconds

as shown in the derivation of Eqs. (8.54), (8.55).

The period T in seconds using these values of L* and C* is then

(8.61) 0.561
{rQW) 1/3 r ().Ml{rQWYi^F{x)l

L hoZo'" J

1.0

05

3

b -0.5
Z
D

UJ
o -10

2

1.5

•2.0
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B. The 7iiaximum radius. The maximum radius in the first expan-

sion is of course determined by the condition that da^jdi^ = 0, which

gives, if the vertical velocity at this time can be neglected,

(8.62) 1 - a.*3 - ^%^ =

The internal energy for TNT has, in almost all mathematical calcula-

tions, been taken to correspond to the adiabatic relations Py^-^s = ]^^

where the exponent 1.25 and value of k are chosen for best fit to Jones's

calculations (see section 8.5). This specialization is unnecessary, and

if a more general law PF^ = /c is used for one gram of explosive with P
and Y in cgs. units (8.56) gives the result that E{(i'')IY = k*a*-^^^-^\

where

^ k(rQ)-y(7.SQXlO-')y-\
,

(t - 1) 4.19 X 10^

The conversion factors appearing in this equation are such that Zo is in

feet, k and Q in cgs. units per gram of explosive. The largest root of

Eq. (8.62) for the more general adiabatic may be obtained numerically,

and is approximately given by

a^* = 1 - — H — k""^

Values of the radius a^ in feet are then obtained by using the scale

factor L* of Eq. (8.54).

It should be noted that the approximations by which a,„* is obtained

will often be valid only for the first maximum, as the bubble is in most

cases moving with appreciable vertical velocity at later maxima. A
correction could be made using measured velocities at the time of later

maxima, if desired, but this procedure has not been attempted in any

practical calculations. A similar difficulty applies in calculations of

bubl)le minima with the further complication that the bubble is not in

fact spherical and so such results would be of dubious value.

C. Migration of the bubble under gravity. The nature of the vertical

motion of the bubble presents some difficulties in devising suitable ap-

proximation formulas, and attempts of this kind have been confined to

determining the migration over the first period, that is, the vertical

displacement when the bubble has contracted to its first minimum
radius. These approximations have been based on empirical fitting of

numerical calculations. One such formula has already been given in

section 8.6, in which the migration was found to be roughly propor-
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tional to the translational momentum acquired by buoyancy during the

first expansion, and the numerical factor of proportionality was ob-

tained by empirically fitting values obtained by numerical calculations.

Shiffman and Friedman have done essentially the same thing, using a

momentum function s in reduced units. They have also added the

refinement of using a relation of the form A6* = Kis + ^25^ instead of

A6* = KiS, where s is the value at the minimum. In order to express

such a formula in usable form, it is necessary to obtain an expression for

s in terms of initial conditions, and Shiffman and Friedman's derivation

(102) is outlined here, as it is needed also for calculations of pressure in

section 9.3.

The translational momentum s at the minimum is assumed to be

twice the value Sm at the first maximum, in good agreement with numeri-

cal calculations. In the absence of surfaces, the momentum s is given

by (a*^/3) (dh*/dt*), but in their presence, the more general equation

(8.53) must be used, which is

dt^ dt^y ^^^^^'^
dt* ^"^ ^'dt*

26*2 Ida \dt* ) da \dt* ) V dty da\ dt*) J

+ \ «*'

If, as in the period calculation, the vertical velocity is neglected during

the first expansion, we obtain for Sm

Sm —

o o

1 r''"*a=^^/Vl - a*3 - A;*a*-=^/4 dfo

•^ a* Vl+/, da
da'

a*9/2\/l + /,+ -J^-^^= ^ ''' da*

the second step following on eliminating t* by Eq. (8.58). In addition

to the value of v 1 + /^ already used in the period calculation, the value

of dfo/da is needed. This is adequately approximated by using

dfo/da/Vl -j-/o = 1 — a*/46o* in the first integral. A numerical
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evaluation for k* = 0.20 by Shiffman and Friedman, similar to the

method used for the period, gives

(8.63)
/0.113 0.019\ , 1 /^^^, ,

0.148\

As this result is written, it includes only the effect of a rigid bottom.

The effect of a free surface is readily included by using the more general

expressions for fo and dfo/da. This will not be done here, a more ap-

proximate but simpler discussion being given in part D. It is seen from

Eq. (8.63) that s can, by suitable choices of 0^* and 6^*, be made zero.

This corresponds to a bubble which has no vertical motion at the time

of the first minimum, the "stabilized" position in which the effect of

gravity is compensated by the rigid bottom. The depth d* for which

s = is given by

(8.64) d* ^ 6.25/2 _|_ 3 35^* _|_ 0.4

The migration A5* of the bubble due to gravity and the bottom is

found by Shiffman and Friedman to be given by

(8.65) A6* = 19s (1 - 62s2)

where s is determined by Eq. (8.63). These formulas for the migration

and stabilized position as written here are expressed in units proportional

to the maximum bubble radius. The actual values obtained for specific

cases and their relation to experimental results are considered in section

8.11.

D. Ayproximate formulas for migration near surfaces. Although the

analysis employed by Shiffman and Friedman for the influence of the

bottom on bubble migration can be extended without difficulty to in-

clude a free surface above the bubble, the formulas are rather cumber-

some. Instead of carrying out this derivation, a derivation due to

Herring (46) will be outlined here which shows more explicitly the na-

ture of the effect. The vertical momentum equation including surface

terms is the starting point in this analysis, which is, from Eq. (8.53),

given by

(8.66) -^ r^' (1 + 6/.)
^* - 2a*3/,

^-^*1 = a*-^
\^1^(^^\

/da^\ /r/5*\ / Of, \ /db*\n _ 1
2^^!-:- " "^ l + l -T II .- 1 I

- - a'
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In this equation, the bracket on the left side represents the trans-

lational momentum, the bracket on the right represents the surface

"forces," and the last term is the hydrostatic buoyancy. The variable

Z* may represent the distance to the free surface or the bottom, and the

values of fo, fi, /2 as obtained by the method of images depend on which

case is considered. The analysis shows that dfi/dl*, /2, 6/2/81* are of

order 1/Z*^ or higher, and will be neglected in the present approxima-

tion. The values of dfo/dl* and /i for a free surface above the charge

and for a rigid bottom below it are seen by inspection of the formulas of

section 8.9 to be

the upper sign being for a free surface and the lower for a rigid bottom.

Inserting these values in Eq. (8.66) and integrating to obtain the up-

ward velocity dh'^/dt* gives

(^ ^ 3 0^2^ _ J_
"^*

/S"(i^>+.-i7/-*

If the distance /* to boundaries can be assumed fixed, the first term

can be immediately integrated a second time to give a displacement of

±^J«*'W-««(0)]

This is a periodic term, which can be thought of as representing the

attraction or repulsion of the bubble by its image. Its value becomes

greatest at the bubble maximum, and vanishes at the minimum
{a*^{T) = a*^(0)). Its magnitude is in any case small and will there-

fore be neglected.

The integrals in the last two terms increase chiefly while the bubble

radius a* is large. It is therefore reasonable to calculate them ap-

proximately for the first period T by neglecting the internal energy, in

order to determine the nature of the surface correction introduced by

the second term. The integrals can be evaluated by using the relation

da*/dt* = (1 — a*^y^^ a*"^^^^ obtained from the energy equation by

neglecting the internal energy of the gas, and taking twice the integral

over the first half cycle from a* = to a* = 1 (a* is measured in units

of the maximum radius am obtained neglecting the internal energy).

Both integrals can be expressed in terms of /3-functions, giving
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,T* . , .. „ ^1

(1 - a*3)i/2^a* = 0.74

o o

T* 1

J (1 - a*3)i/2

The ratio of the two terms is then

Surface term Zo* ^ ^^ Zo

Gravity term = " °-'°
2?? = " °-'V^

""

the change to dimensional units introducing the scale factor for length,

which is the maximum radius am in the present approximation. The
distance —Zo is just Po/poQ, where Po is the hydrostatic pressure at the

depth of explosion, and the migration M)i is roughly given by Herring's

result

:

(8.67) ^hl = A5
pogl

arn~]

u
where A6 is the migration under gravity alone.

This formula shows that the effect of either surface falls off roughly

as 1/P, where I is the distance to the surface from the initial center of

the bubble, and if the surface is close enough the bubble may even sink

during its oscillation, despite its buoyancy. The rise due to buoyancy

for charges at a given depth increases with charge weight, the effect

being greater near the surface owing to the relatively greater differences

in hydrostatic pressure over the larger bubble surface and the longer

period of oscillation. For sufficiently large charges, the relatively

greater buoyancy cannot be counteracted by the surface repulsion ex-

cept for depths so shallow that the bubble breaks surface before con-

traction, and a rest position of zero net migration does not occur. The
exact charge weight for which this first occurs has not been determined

and cannot be calculated with any accuracy from the approximate

formulas which have been developed, but is of the order of a few pounds.

The absence of a rest position is not indicated for a charge fired near

the bottom, as the bubble is carried away from the rigid surface by

gravity, and in practical cases the bubble is relatively much less buoy-

ant than it is near the surface. It is to be noted that this case is more

complex because the distance above the bottom is an independent vari-

able for a given depth. The calculation of migration given here is of

course only a crude first approximation, as only the leading terms in the

surface corrections have been used, and internal gas pressure has been

neglected.
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Kennard (55) has made extensive calculations, based on formulas

equivalent to the initial equation (8.66) of the development given here,

but including the internal energy in computing the integrals. These

calculations indicate that near either surface the effect varies nearly as

l/l when close to the surface, the variation as 1/P being approached at

greater values of I. It is of course to be remembered that all such cal-

culations become increasingly questionable too close to the surface, a

criterion suggested by Kennard being that the distance I should be at

least twice the maximum radius am for reasonable accuracy. Kennard
has also considered the case of a free surface and rigid bottom both

present, which is only approximately a superposition of their separate

effects, and the case of an infinite rigid surface at an arbitrary orienta-

tion. For a vertical wall, a net horizontal attraction of the bubble

occurs as one would expect, in addition to its rise under gravit3^ For

further details Kennard's report (55), w^hich gives a comprehensive dis-

cussion of the features of bubble migration under a variety of condi-

tions, should be consulted.

It should be mentioned that a number of boundary conditions other

than of infinite plane surfaces have been considered by other writers.

Savic (98) has obtained approximate forms of the equations of motion

under the influence of a rigid sphere and an infinite rigid cylinder. A
report from the Road Research Laboratory (94) treats the case of a

rigid disk, and it is found that its effect is, as would be expected, rather

less than that of an infinite rigid surface. These problems all involve

applications of potential theory, using the method of images or other-

wise, which are similar to the cases already described. Although these

calculations are of interest as idealizations of practical situations in ex-

plosion damage, their detailed developments are rather lengthy and

have not been as yet of much practical application, and so will not be

given here. Temperley has discussed the much more complicated case

of a deformable target (112), which can appear to act as either a free or

rigid surface depending on its displacement. Situations of this kind

are of considerable importance in assessing the effect of bubble motion

on explosion damage, a topic which is considered briefly in Chapter 10.

8.11. Measurements of Periods and Migration near Surfaces

A. Period measurements. A number of studies have been made of

the effect of the free surface and rigid bottom on the period of oscillation

for small charges (3^ pound of explosive). If the boundaries are far

from the bubble, theory predicts a variation of period with hydrostatic

pressure according to the formula T = KW^'^ {d + 33)~^^^, where W is

the charge weight in pounds, d is the distance below the surface in feet,

and the pressure at the surface is 33 feet of water. The predicted de-

crease in period near the sea surface and increase near the bottom are
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shown by the data of Fig. 8.19, in which the periods for 0.55 pound

charges of tetryl fired at various depths in approximately 24 feet of

water (2) are plotted against d + 33. Also plotted for comparison is

the period-depth relation T(sec.) = 4..53W''' {d + 33)-^/'' obtained for

charges fired in deep water.

The most accurate calculation of periods when both surface and

bottom must be considered is the result of Friedman (37) given by Eq.

(8.61), which for the present purpose may be written

(8.68) T{d + 33)5/« = QMl{rQWy^' 1 +
^.Ml{rQWyi^F{x)'

hoid + 33)1/3
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above the bottom {x = %). At this latter depth the theory thus pre-

dicts no correction to the period, the opposite effects of the two surfaces

cancelhng.

The vahdity of Eq. (8.68) can be tested in various ways, one of the

simplest being to calculate the value of {riQWy^ from it, using the ob-

served distances and period. If the theory is correct, it should then

give a constant value of {nQWy^^ regardless of depth and surface dis-

tances, and this value should agree with the one obtained from meas-

urements in deep water. Values oi K = {rQ^^ obtained in this way
are plotted against depth of explosion in Fig. 8.20, and lie within 0.5

per cent of the straight line representing the free period value except

when the charge is less than 6 feet from the bottom. The formula thus

represents the observed deviations remarkably well near the surface,

but overcorrects for the effect of the bottom.

S>.45

8
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infinite body of water are in the proper direction. No precise data

suitable for directly determining the constant in the simple period ex-

pression were available, and its value was therefore obtained by assum-

ing that 43 per cent of the computed detonation energy of 1,060 cal./gm.

for TNT remained in the first pulsation.

Friedman (37) has outlined a procedure whereby the agreement of

the observed periods with the theory including surface effects can be

checked, and which also permits estimates of the energy in the bubble

motion if the theory applies. The theoretical expression, Eq. (8.68),

can be written

T{d -f 33) 5/6 a- ^
F\x)

d{d + 33)1/^

where a = OMl{rQWy'\ (3 = 0.192{rQWy'', and

F'{x) = - (1 + x)F{x) (see footnote 12)

1.0

^ 0.9

O
O
cr
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value of 456 cal./gm. corresponds to the values r = 0.43, Q = 1,060

cal./gm. used to plot the straight line depth-period relation of Fig. 8.21.

The theoretical relation including surface effects, also plotted in this

graph, lies about 3 per cent below the experimental points for d less

than 60 feet, but is otherwise an excellent representation of the free sur-

face effect.

The overestimate of the effect of the sea bottom for both small and

large charges, obtained by assuming the bottom to be a perfectly rigid

plane surface, is surprisingly great. The actual bottoms in these in-

vestigations were of course not perfectly rigid, being fairly hard packed

9
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doubt of the discrepancy, as predictions regarding migration of the

bubble and its effect on bubble pressure pulses are likewise not well con-

firmed (see part (c) and section 9.6).

B. Photographic studies of bubble migration. The most complete

set of data on motions of explosion bubbles as affected by free and rigid

surfaces is undoubtedly contained in the records obtained by Lt. D. C.

Campbell at the Taylor Model Basin (17). In these experiments, most
of the bubbles were formed by the explosion of Du Pont Number 8 det-

onator caps, although a few results are given for larger mine detonators

and for J^ ounce tetryl charges. The bubbles were photographed using

the high-speed stroboscopic motion picture camera technique developed

by Edgerton, most of the exposures being made at 1,500 frames/sec.

In Campbell's report a large number of sequence records are shown
taken under the following conditions

:

(1) Charge at various depths, surfaces remote.

(2) Charge fired at several distances from a rigid vertical concrete

wall.

(3) Charge fired at several depths beneath a steel sheathed wooden
bottom boat.

(4) Charge fired at several distances above a concrete block.

(5) Charge fired midway between two steel plates with several sepa-

rations.

The charges fired under condition (1) served essentially as control

shots for the later series, in which surfaces were present, and show the

characteristic radius-time curves already discussed. In some cases as

many as 17 oscillations of steadily decreasing amplitude were observed,

but after two or three cycles the changes in amplitude become so small

that detection of a cycle is very difficult. The charges placed near the

vertical w^all show very strikingl}^ the attractive effect appearing at the

minimum radius. Displacement-time curves obtained from the films

are reproduced in Fig. 8.23 and the rapid motion at the time of the mini-

mum is clearly evident, the maximum velocity of the bubble center

toward the wall being of the order of 200 ft. /sec. for a charge fired 9

inches from the wall. At close distances, this velocity decreases, and

the bubble becomes flattened on the side toward the wall, being very

nearly a hemisphere when initiated by a contact explosion. Much the

same phenomena were observed for charges fired near the concrete bot-

tom.

Charges fired close to the free water surface showed the expected

repulsion. A downward motion of part of the gas volume occurred

even for a charge fired 3 inches under the surface, although the bubble

lost part of itself through the surface during the first expansion. This

free water repulsion was also observed for a charge fired 12 inches below

the Avooden boat, but a charge fired 6 inches beneath it acquired an up-
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ward velocity of 180 ft. /sec. during the contraction and shortly later

came in contact with the boat.

The most spectacular result of all was obtained when the charges

were fired midway between steel plates. If these were twenty-four

inches apart, the bubble was not affected appreciably. For a twelve

inch separation, the bubble expanded spherically, but as the contraction

phase set in, it began to stretch out toward each vertical plate, and two

DISTANCE FROM WALL (inches)

Fig. 8.23 Migration of the bubble from a detonator placed nine inches from
a vertical wall.

or three milliseconds before its maximum contraction divided rapidly

in two globes, one for each rigid surface, so to speak. The two globes

contracted separately and moved rapidly toward the two plates where
they expanded in contact and flattened out again. This bubble division

was found to be critical to charge position, deviations of one-quarter of

an inch from exact centering causing the bubble to move intact toward
the nearer plate. This result is not surprising in view of the strongly

distant-dependent nature of the phenomenon.
Although Campbell's results give a beautiful confirmation of the

predicted effects of surfaces on bubble displacements, they are not well

suited to comparison with theory owing to the very small size and un-
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certain energy content of the charge. Measurements made at the Road
Research Laboratory (95) using one ounce polar ammon geUgnite

charges three feet below the surface and a single flash photographic

technique have been compared with calculations based on Taylor's

theory, corrected for surface effect according to Herring's analysis.

The observed maximum radius of 1.65 feet was sufficiently large com-

pared with the depth of 3 feet for a large, downward migration of the

bubble to occur. Measured displacements of the center as a function

of time agree with values calculated from theory moderately well up to

times near the minimum. The discrepancy at later times is most strik-

ingly shown if velocities are compared, the theory predicting a maxi-

mum value of 900 ft. /sec. while the maximum measured value was esti-

mated at 180 ft. /sec. This difference is to be attributed at least in part

to the greater hydrodynamic resistance of the flattened surface actu-

ally realized, as compared to a sphere assumed in the theory, and to

turbulence in the wake of this surface.

Temperley (111) has modified the Taylor theory to include a first

approximation for the distortion expressed in surface harmonics (see the

discussion of section 8.7). The measured values of the harmonic co-

efficient, obtained by analysis of the observed bubble sphere, are in

qualitative agreement with calculated values based on Temperley's

results, the agreement being somewhat improved if observed rather

than computed values of vertical velocity are used in this calculation.

Although photographic methods ideally offer the best means of ob-

taining information regarding the form of the bubble near its minimum,

there are numerous practical difficulties which have limited the quan-

tity and usefulness of such data. Some features of the observed motion

which have not been brought out in the discussion so far are the for-

mation of smoke-like streamers and narrow spiked projections on the

bubble periphery. These are not conspicuous when the bubble is large,

but become more evident as the bubble contracts and increasingly ob-

scure its outline, making determination of the shape and displacement

rather uncertain. An example of this is shown in the motion picture

frames of Plate IX for times near bubble minima. The general fog and

obscuration is probably due to the explosion products and stray foreign

matter such as charge case, if any, detonator fragments, and so on.^''

The projections have been attributed by Penney to the effect of in-

creasing instability, as the bubble contracts, of high order harmonic

terms expressing local deviations from spherical form.

The experimental difficulties of obtaining good underwater photo-

^^ The difficulties with soUd products can be minimized by using an explosive

such as Polar Ammon Ciclignite, as has bcH'n done in Biitish work, the better oxygen
balance resulting in much less solid carbon. A further advantage is decreased con-

tamination of water in experimental tanks.
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graphs, discussed in Chapter 6, make necessary carefully controlled

light conditions which are not readily achieved for small scale explosions

and are very difficult to obtain for large charges. As a result, not very

many experiments have been done except on a very small scale. Some
recent experiments (105), done in extremely clear water off Cuba, should

provide useful information about migrations of bubbles from charges up

to }/2 pound in weight, but at the time of writing these data had been

only partially anah^zed. Photographic records were also obtained of

the bubble from 300 pound TNT charges, but uncertainty as to the

camera position and orientation make analysis of migrations a very

dubious possibility.

C. Measurements of migration by sound ranging. The difficulties in

obtaining photographic records of bubble motion have led to the use of

less satisfactory methods based on determining bubble position by sound

ranging methods. In such work, arrival times of the secondary bubble

pulses emitted at successive bubble minima are recorded; the only in-

formation so obtained is the position of the pressure source at these

times. The method is limited in accuracy by uncertainties as to gauge

positions and suffers from more fundamental errors. IMost sound rang-

ing methods depend on measurement of time differences in reception of

the secondary pulses at two or more different gauges (see section 10.3).

As contrasted with the shock wave, however, bubble pulses ideally have

no abrupt changes or discontinuities in outhne and frequently have

durations comparable with the time differences in feasible gauge ar-

rangements, which inevitably limits the accuracy obtainable.

Frequently, recorded bubble pulses show small spikes or other minor

discontinuities superimposed on the general profile, and these local dis-

turbances have commonly been used as reference points. This pro-

cedure is not free from objection, however, as gauges differently oriented

often show rather different forms of bubble pressure-time curves, even

though corresponding reference points are quite obvious. These dif-

ferences impl}^ a lack of spherical sj^mmetry in the pressure wave, and

make dubious the assumption that the spikes have their effective origin

at the bubble center. Measurements on different pairs of spikes in two

gauge records confirm the likelihood of such difficulty by sometimes

giving quite different indications of the bubble positions. Examination

of such data makes reasonable the proposition that these spikes may
have their origin in the observed irregularities of the bubble surface

when near its minimum size. The computed source of sound may thus

differ in position from the actual center b}^ distances of the order of the

minimum bubble radius. Both these inherent difficulties and errors in

establishing the geometrj^ of the experiment limit the accuracy and

reproducibihty of sound ranging data, and these limitations should be

kept in mind when considering the results. A further hmitation, com-
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mon to all migration measurements, is the instability of the bubble

motion near the minimum. This is particularly evident near surfaces

to which the motion is sensitive, and small uncertainties in position,

such as waves on the sea surface or bottom irregularities introduce,

can well have a large effect.

Willis and Willis (123) have examined by sound ranging methods the

migration of bubbles from 1 and 5 pound charges of blasting gelatin

fired near the surface and bottom in 66 and 150 feet of water. The ob-

served effect of the free surface is found to agree fairly well with theory

both as to the rest position of no displacement and as to amount of

migration at greater depths. Near the bottom, however, the upward
migrations, although somewhat less than predicted for gravity rise only,

show no systematic attraction toward the bottom except for charges

fired actually on the bottom. This absence of predicted attraction for a

perfectly rigid surface is in agreement with the results of period obser-

vations. Indicated downward migration of the bubble for charges fired

on the bottom, which Willis and Willis believe not entirely attributable

to errors, supports the hypothesis of a crater into which the bubble is

attracted.

The Willis' measurements for one pound charges show much the

same phenomena near the upper rest position, but the observed migra-

tions near the bottom are in better agreement with the predicted sur-

face effect. Data obtained at Woods Hole (2) for TNT, tetryl, and

other charges of various weights up to one-half pound fired in twenty-

three feet of water agree in showing the existence of both upper (free

surface) and lower (bottom) rest positions. The migrations during the

first pulsation were found to be comparable with, although smaller

than, the predicted rise under gravity. The results for 0.55 pound
tetryl charges are plotted in Fig. 8.9. The curve is calculated from

Kennard's analysis based on Taylor's theory as corrected for the free

surface, and the curve near the bottom is the bottom correction obtained

from Shiffman and Friedman's analysis. The latter is seen to fit the

points near the sea bed quite well. Experimental points for the migra-

tion at the end of the second oscillation are also plotted in Fig. 8.9.

These are roughly twice as great as at the end of the first oscillation,

but very much less than would be predicted by extending the spherical

bubble theory to the second cycle. It is interesting to note that there

is little or no migration for the second cycle if there is none at the end of

the first; a bubble which is initially balanced thus remains so for a con-

siderable time.

The conclusions which can be drawn from the period and migration

data so far discussed are that upward migrations are somewhat smaller

than calculated values for a spherical bubble rising under gravity, that
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the surface repulsion observed is in rather good agreement with theory,

and that for charges of 1 pound or less the predicted attraction of the

bottom is fairly well confirmed. The data of the Willis' for migrations

and periods of 5 pound charges and period data for 300 pound TNT
charges fail to indicate more than a fraction of the predicted bottom

effect, and migration results for 300 pound charges fired in 100 feet of

water are consistent with this conclusion. These results (105) are less

accurate than the values for small charges, owing to errors of ranging

and ambiguity of ranging reference marks on the pulses, but the ob-



352 MOTION OF THE GAS SPHERE

This same sort of error may make the bubble appear too high when near

the bottom. Even so, the absence of a rest position over the sea bot-

tom of these tests seems indicated, and this result is consistent with

bubble period and pressure measurements (the latter are discussed in

section 9.6).



9. Secondary Pressure Waves

Theoretical calculations of the pressures in water following emission

of the primary shock wave have been without exception based on the

incompressive approximation, in which it is assumed that changes in

density of the water with pressure can be neglected. While this as-

sumption leads to a fairly accurate description of the main features of

gas sphere motion, particularly of the maximum radius and the period

of pulsation, it becomes an increasingly poor approximation as the

bubble contracts to its minimum size with increasing velocities of flow

and higher pressures. This part of the motion is, however, the one

which is of interest as far as pressures are concerned, for the secondary

pressure waves, often referred to as ''bubble pulses," are emitted while

the bubble is at or near its states of-maximum contraction.

The weakness of noncompressive theory in describing secondary

pressure waves will become evident in the discussion of this chapter.

However, it may be remarked here that it is exemplified by the require-

ments of such theory that changes in pressure at any point be propa-

gated instantaneously to all parts of the fluid rather than with the

finite sound velocity observed. Differences in pressure in this approx-

imation are associated with changes in flow velocity, and can be a

reasonable approximation to the true pressures only for steady or slowly

changing flow.

A better approach to the analysis of these pressures is that of sup-

plementing the noncompressive theory with a wave theory, and con-

siderations of this kind are necessary to estimate the energy radiated

near the bubble minimum in the wave of compression. A detailed

examination involves great mathematical difficulty, if done at all

rigorously. If, on the other hand, the simpler procedure were adopted

of attempting to keep the two types of approximation reasonably dis-

tinct, serious physical problems would arise in suitably patching to-

gether basically incompatible solutions. Moreover, the investigations

of Herring and of Penney and Price, described in section 8.7, bring out

the more fundamental difficulty that the motion in the critical region of

minimum size is dynamically unstable. It is therefore reasonable to

expect that turbulent flow with dissipation of energy in the formation of

eddies will set in, and this conclusion is supported by comparison of the

total energy loss at the minimum with that radiated as a compression

wave (see section 9.4). The much more complicated problem then

presented has, understandably, not been attempted except in very

rough approximation.

353
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When these difficulties are considered it should be no surprise that

the theoretical results for bubble pressures are qualitatively useful

rather than quantitatively reliable. A heavier burden is therefore

placed on experimental investigations in evaluating the phenomena and

it is unfortunate that the theoretical difficulties have their counterpart

in serious experimental problems of measurement and analysis. These

problems, which arise largely from the relatively small magnitude and

long duration of the secondary pulse, are too numerous and technical

to be adequately summarized here (see section 9.5). In spite of both

types of difficulty, theoretical and experimental, a fairly satisfactory

picture has been developed which makes it possible to predict at least

roughly what will happen in most circumstances of interest.

9.1. The Generalized Form of Bernoulli's Equation

The pressure P at any point in an incompressible fluid of density po

without viscosity is most conveniently found from the generalized form

of Bernoulli's equation derived in section 8.4, which is

(9.1) -= -W + ^ -a + Fit)
Po Ot

In this equation, u is the particle velocity at the point, (p the velocity

potential, 12 the potential of external force on unit volume of the fluid,

and F(t) is an arbitrary function of time. The physical significance of

F{t) lies in the fact that the distribution of flow in an incompressible

fluid is unaffected by changes in time of absolute pressure at all points

in its interior. These would be produced, for example, by variations of

atmospheric pressure at the free surface, which are propagated instan-

taneously to all points in this approximation. In the applications we
shall make, such changes need not be considered, and the function F{t)

is therefore a constant, the value of which is specified if the pressure

and velocity are known at some point at any time. It is, for example,

determined by the hydrostatic pressure existing initially before the

motion of the gas sphere and surrounding flow is initiated. The term

d<p/dt, which would be zero for steady flow, gives the effect of velocity

changes.

The Bernoulli equation (9.1) bears a close relation to the principle

of conservation of energy for any element of the fluid, and in its more
elementary forms is usually derived by energy considerations from the

work done by pressure differences and external forces in increasing

kinetic energy of flow. In the problems to which we shall apply the

equation it is necessary to include the conditions at boundaries of the

fluid. This is most easily accomplished by use of the velocity potential

which is calculated by standard methods of potential theory, as has been
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done in Chapter 8 for the problems of interest here. In applying these

results to the evaluation of Eq. (9.1), one condition must be respected:

that the differentiation d(p/dt be performed for a point fixed in space.

The velocity potentials obtained in Chapter 8 are, however, expressed

for convenience in coordinates moving with the velocity U of the center

of the sphere, and a point fixed in space therefore has a velocity —Um
this system. The desired derivative dq)/dt is then

dip

dt \dt Jm \dxjt

where {d(p/dt),n is for fixed positions in the moving coordinates and

where x is in the direction of U (positive upward in the cases to be

considered). By definition of the velocity potential, u^ = (grad (pY

and Eq. (9.1) becomes

(9 .2) - = - i(grad ipy + (^) -u(^) - 12 + constant
Po \dt Jm \dX/t

9.2. The Pressure Distribution for Gravity Alone

If boundary surfaces are assumed sufficiently far away from the gas

sphere to have a negligible effect, the velocity potential (p for a hollow

sphere of variable radius a is given by (Eq. (8.21))

r at r^

where U is the upward velocity of the center and the coordinates r, 9

are measured from this center and the axis x drawn upward as positive.

The derivative {d(p/dx)t in Eq, (9.2) is given by

M ^cos^f^V-^f-^
\dxjt \drj r \ddj

The potential 12 for gravity is 12 = —gz, where, as in section 8.5, z is the

distance below the level of zero pressure. Substitution in Eq. (9.2)

then yields Taylor's result (107)

:

(9-3) '~ = a^ + -dtY^)Po

+ -— a —- + 5t/—
I
cos

2r2V dt dt)
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+ ~ t/2(cos20 - i sin2^)

[2 r^\dt ) r^ dt 2 r^ ' 'J

The pressure distribution in the surrounding water is determined by
Eq. (9.3) if the kinematic history of the bubble is known, i.e., its radius

and displacement as a function of time, and the solutions obtained in

Chapter 8 can therefore be used directly to find the pressure. It is to

be noted that r and d are moving coordinates and calculations of the

pressure at a point fixed in space and different times must strictly be

found using different values of these variables in order to allow for the

motion of the center of the sphere. The complicated dependence of

pressure on the angle from the vertical is, of course, the result of the

vertical displacement which leads to radial asymmetry of flow and corre-

sponding pressure variations near and on the surface of the sphere.

The indicated variation of pressure over the surface (r = a) is of course

not real, and results from the artificial constraint of the bubble to spher-

ical form (see section 8.5). These effects are most pronounced near the

surface of the sphere and become larger for more rapid migration. If

this upward motion is neglected by setting ^ = in Eq. (9.3), one ob-

tains

Po rdt\ dtj 2r'\dtJ

The first term on the right of Eq. (9.4) represents the hj^drostatic

pressure Po at the depth z, and the last term is important onty at points

near the bubble surface by virtue of the factor {a/ry. Hence except

for points close to the charge, the variations of pressure are determined

primarily by the term (1/r) d/dt {0} da/dt). This term is also the domi-

nant one at sufficiently great distances when the velocity U cannot be

neglected, as the terms involving [/ in Eq. (9.3) all vary as the second

or higher powers of 1/r.

A. The pressure in early stages of expansion. In the initial stages of

expansion, the vertical momentum of the gas sphere is small, and its

radial velocity da/dt is large. The approximate relation Eq. (9.4) ob-

tained for f/ = may therefore be used, and the last term is unimpor-

tant except near the bubble surface. If the additional approximation

is made of neglecting the internal energy, the analysis of section 8.5

gives the result

(9.5)
^' = —J , ^' = 2V^a'5/2
dt' V27ra''''' 5
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for the initial rate of expansion. In this equation, a' and t' are the

dimensionless variables introduced by Taylor and related to the radius

a and time ^ by a = La' and t = 'Vl/q t', where L = (Y/pogy'"^ and Y
is the total energy. Substituting, Eq. (9.4) becomes

(9.6) P - Po = LKg/2Ty" - T a'"
rat

1 /a \3/5 /-4/5

)0)i/^ \27ry r(1250)

As in the acoustic approximation for compression Avaves, the pressure

at a given time varies inversely as the distance r in this approximation

and decreases slowly with time. The time dependence is the same as

that predicted by the complete pressure formula of the Kirkwood-

Bethe theory for the shock wave and initial motion of the gas sphere

(see section 3.8).

It is of interest to compute the pressure obtained in this noncom-

pressive theory and compare it with the observed pressure-time vari-

ation after the initial shock front. If Eq. (9.6) is expressed in English

units it becomes

/-4/5

(9.7) (P - Po) (lb./in.2) = 1.74-10-3Li2/^^—
r

L and r being in feet. The scaling factor L = 0.47 F^^^ if Y is in calories

and it is seen that the initial pressures are independent of depth. Using

the example given by Taylor (107) of the pressure 14 feet from a 4.66

pound TNT charge gives

(9.8) (P - Po) (lb./in.2) = 0.39^- 4/5

where t is time after detonation.

A basic difficulty in comparing this result with the measured

pressure-time curve lies in the fact that noncompressive theory assumes

an instantaneous propagation of pressure to all points in the fluid. Ac-

tually a time of 2.8 msec, is required for the pressure wave to reach a

radius of 14 feet, and the noncompressive approximation is an inadequate

description of pressures changing significantly in this interval. A crude

accounting for the wave propagation is to assume that the pressure is still

given by Eq. (9.8) but occurs a time R/co later, where R is the distance

from the source. If this is done, the upper dashed curve of Fig. 9.1 is

obtained, measured shock wave pressures being indicated by the circled
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points and solid line. If the calculated pressure is plotted without cor-

rection for the propagation time, the lower dashed curve is obtained.

The pressures which would exist if the initially exponential decay

continued are indicated by the dotted line on the semilogarithmic plot

in Fig. 9.1. It is evident that the noncompressive result is qualitatively

of the form necessary to account for the shock wave tail, and the am-
biguity of the calculation is suggested by the difference of the two

3000

1000

CD

liJ

q:
3 300

(/)

LU
(T
Q.

100

30

\



SECONDARY PRESSURE WAVES 369

culties of a more inclusive single solution. The analysis does, however,

illustrate the relative parts played by shock pressure and "kinetic"

pressure of the outward flow.

B. Afterflow energy. If the vertical motion of the bubble is neg-

lected, Eq. (9.4) for the excess pressure P — Po becomes

^•='i("=f)-i©'(f)'

The second term is simply — Ju^ from the equation of continuity for

noncompressive flow

dr

~dt r2 \dt

)

This term, which decreases rapidly with distance, represents the

Bernoulli pressure —ipoU^ for flow velocity u.

The outward flow has associated with it kinetic energy, and is often

referred to as the kinetic wave to distinguish it from the shock wave of

compressional energy. The energy of the noncompressive flow is often

described as afterflow energy, and as the "schubenergie" in German
research. The relation of this energy to the pressure as given by Eq.

(9.9) is made evident by calculating the work done by pressure P on a

spherical shell of radius r. This is given by

, Tf = 47r
I

r'^Pudt

Substitution for P in terms of particle velocity u and distance r gives

W = 4:Trpo
I

-T-^'^ - -^*' r^'^^dt + iirPo
I

r^udt

By rearrangement and use of the relation u dt = dr, we obtain

W = 47rp,
I
(^ uhMr + urHu\ + 47rPo f

= 27rp. r di^li^r') + 47rP, r d
(^0

Hr
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The first term is easily shown to be simply the increase in kinetic energy

of the fluid exterior to the surface of radius r (see, for example, section

8.2), and the second term is the increase in potential energy from work
done against hydrostatic pressure. The total afterflow energy of the

noncompressive flow thus goes, as of course it must, into mechanical

energy of the water.

The kinetic energy of unit volume of water is given by ^poU^ =
\po{a/ry-{da/dty, and thus falls off inversely as the fourth power of dis-

tance from the origin. The maximum value at a given point occurs

when d/dt (a^ da/dt) = 0, and from Eq. (9.4)

The pressure at this time is therefore less than hydrostatic, and the

maximum value of the kinetic energy of outward flow occurs when the

bubble is expanded beyond its equilibrium radius. The negative gauge

pressure would of course be measured only by a device offering no op-

position to the outward (or inward) flow.

The total kinetic energy in the water when at a maximum repre-

sents a great part of the energy remaining after emission of the shock

wave, as the gas pressure in the products is less than hydrostatic and

the work done against gravity in expansion to the radius at this time is

of the order of thirty per cent of the total. This energy is concentrated

in a region near the gas sphere, and the large values of energy density

in this region have led many writers to assign great importance to it as

a factor in damage from near contact explosions. This viewpoint,

however, is certainly erroneous, insofar as it implies the existence of a

"kinetic wave" as separate and distinct from the pressure wave. As
Kennard (57) has emphasized, the effect of underwater explosions on

targets is determined by the pressure field; the pressure is physically

inseparable from motion of the water and must include any effects of

this motion. This does not mean, of course, that the pressure on a sur-

face is the same as that in free water, because the water and target to-

gether constitute a single dynamical system, each part of which affects

the other.

The significance to be attached to afterflow velocity and afterflow

energy in a spherical pressure wave can perhaps be made more clear by
the simple example suggested by Kennard of an infinite, plane, rigid

plate in the field of an explosion. A spherical wave striking this plate

must be modified in such a way that the resultant normal velocity of the

water in contact witli the plate, including the afterflow velocity, is zero.

This condition is, however, exactly satisfied for acoustic waves by a

reflected spherical wave of the same intensity, proceeding as if it origi-

nated at the same distance behind the plate as the source of the original
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wave. The component of velocity normal to the plate in the wave, in-

cluding the afterflow velocity, is exactly equal and opposite to that in

the incident wave, and as for plane waves the excess pressure at the

plate is doubled by reflection. Similar considerations must hold for

more complicated structures and finite amplitude waves, the effect of a

spherical or any other wave being determined by the resulting pressure.

Fig. 9.2 Variation of the radius a and pressure function o? — during the
at

bubble pulsation.

This does not imply that the later portions of a pressure wave can be

disregarded; their effect is determined by the magnitude of the pressure

and the dynamical properties of the structure.

C. The pressure in later phases of the motion. As the gas sphere ex-

pands, the pressure falls off more and more gradually, reaching a mini-

mum value at times near the instant of maximum expansion. At this

time, the pressure at points in the vicinity of the bubble is less than

hydrostatic, corresponding physically to the limit of radial oscillation

in which the gas pressure has fallen below the equilibrium hj^drostatic

value. Mathematically, the minimum pressure, except in the im-

mediate vicinity of the bubble surface, is determined by the minimum
value of d/dt {aHa/dt). The nature of variation of this function is

shown qualitatively by Fig. 9.2. The radial velocity da/dt decreases

continuously from its initial positive value to a large negative value at
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the instant of greatest contraction and the function o?da/dt has a

rounded sawtooth outhne as indicated. Over most of the cycle its

slope, and hence the pressure difference (gauge pressure) is negative,

and only near the times of maximum contraction is the slope positive

and the pressure greater than hj^drostatic. The pressure builds up

very rapidly, however, and the pressure variation is thus in the nature

of relatively large, but short-lived, excess pressures near the time of

maximum contraction between much longer intervals of negative gauge

pressures.

The pulses of positive pressure are naturally of primary interest,

and it is evident that their character must be determined by the internal

energy and pressure inside the gas sphere. The pressure in the gas is,

however, considerably^ modified by the translational velocity of the

sphere and energy associated with it. As a result, the secondary pres-

sure pulses vary greatly in magnitude and duration for different veloci-

ties of migration at the times of their emission. A further effect of

migration is the displacement of the bubble during the cycle between

the short intervals of appreciable pressure, which displaces the effective

origin of these pulses vertically from the original location of the charge.

Thus, if gravity alone is considered, the secondary pulses always ap-

pear to be emitted from a point closer to the surface than the origin of

the shock wave, the magnitude of the displacement being greater for

larger charges. If there are boundaries sufficiently near to modify the

flow appreciably, both the total displacement before the compression

sets in and the extent to which it is developed are materially affected.

The secondary pulses from explosions and their effectiveness at any

point in producing damage must therefore be evaluated not only in

terms of the charge and distance from it, but also in terms of the depth

of water, proximity of boundary surfaces, and the orientation relative

to the charge of the point at which the pulse is of interest.

D. The optimum "peak pressure} From the analysis of the function

d/dt (a^ da/dt), it is reasonable to expect that the peak value of pressure

due to this term occurs when the bubble has contracted to its minimum,

for in this case there is no kinetic energy of radial flow. It is also reason-

able to expect that the peak pressure will be maximized when the bubble

has no vertical motion, as in this case all the energy is concentrated in

compression of the gas products. Anticipating these results, proved in

section 9.3, the optimum peak pressure Pmax at a point r is, from Eq.

(9.4),

rdt\ dt Ja^a

1 The analysis here and in section 9.3 follows closely the work of Shiffman and

Friedman (102).
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where a is the minunum radius of the gas sphere at the time for which

da/dt = 0. At this time, the pressure on the surface of the sphere must
equal the gas pressure P{d), and hence

(9.10) Pn.ax - Po = "" P(a)
r

if Po is neglected in comparison with P{a) . At the time of the minimum,
the excess pressure in the water thus falls off inversely as the distance r

from the value P{a) on the gas sphere.

In order to compute the value of Pmax in a given case, it is necessary

to evaluate P{a) and a for the explosive products. This is conveniently

done by noting that when a = a, all of the available energy Y is in the

form of internal energy E{a) of compression of the gas. For product

gases obeying the law PaV^ = k, where V is the volume per gram of

explosive and Pa is in dynes/cm.^, we therefore have

E{a) = Y = -^^ = -^^[&0.5y^a'']7-1 7-lL 3 J

if a is the minimum radius in feet. Solving for Pa and substituting in

Eq. (9.10) gives

(9.11) ^--^-i^3(T-l)5--

The value of d~^ can also be determined from the condition E{a)/Y
= 1. The expression for E{a)/Y in terms of a has been worked out in

section 8.9, and substitution of the value of a obtained by setting

E(a)/Y = 1 gives

As written, this equation is expressed in the units of P(a) (dynes/cm.^),

r is the fraction of the detonation energy Q expressed in cal./gm. of ex-

plosive, W is the charge weight in pounds, and r is in feet. Converting

the equation to express pressure in the more generally employed units

of lb./in.2 gives

(9.12) Pn.ax - Po= 2.26-10-6/c('4.19-10VQ^^^^ ^iV +^(:;3T)

r
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Substituting the parameters usually employed for TNT (7 = 1.25,

k = 7.83 X 109, rQ = 440) gives

Wl/3
(9.13) Pmax-P. = 2590 -'^^

For comparison with this result, the peak shock wave pressure Pm
is experimentally found to be given by (see section 7.4)

(Wl/3\1.13

^)

At the same distance r, the maximum pressure in the first secondary

pulse is thus less than 20 per cent of the shock wave peak pressure if

the latter exceeds 1,000 Ib./in.^, and later pulses are much weaker, ow-

ing to energy losses in successive contractions. One might therefore be

inclined to dismiss the effects of secondary pulses as of little importance,

particularly when it is considered that the most favorable case for

generation of high pressures has been computed. This conclusion is,

however, not justified, because the duration of the bubble pressure pulse

is much greater and the impulse, or time integral of pressure, is com-

parable to the impulse of the shock wave. Both the magnitude and

duration of impulsive pressures need to be considered in most situations,

and the large impulse of the first secondary wave, plus the possibility

of its originating nearer a target than the primary shock wave, may
make it comparable in effect to the shock wave. The later pulses are so

much weaker that it is doubtful if they are ever of great importance in

causing damage, although their magnitude and time of occurrence are

of considerable interest in analysis of energy losses (see, for example,

section 9.4).

9.3. Pressures During the Contraction Phase

The preceding discussion has shown that the interesting times, in

which appreciable pressures are developed, occur when the bubble radius

a is small. With this condition, the general energy equation (8.23) for

incompressible motion can be simplified by neglecting the potential

energy of buoyancy of the cavity in comparison with the total energy.

We therefore have, using the dimensionless form of the equation of mo-
tion introduced by Shiffman and Friedman (102),

<•"' -m^im + A;*a*-3/4 = 1
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where k* = 0.0607 Zo"^ for TNT, Zo being the hydrostatic depth. The
buoyancy of the bubble should, for consistency, be neglected also in Eq.

(8.25) for the translational momentum, which therefore becomes

(9.15) fJ>(T?l =

The bracketed term represents the vertical momentum acquired during

the expanded phase of the motion, which thus remains essentially con-

stant near the minimum radius, when the buoyant force of the gas is

small. (See section 8.5 for a more detailed discussion.)

In order to determine the pressure, it is necessary to evaluate the

quantity d/dt* (a*^ da'^/dt*) , which may be written

dt*\ dt* J dt*^ ydf'J

It is convenient, in solving the energy equation (9.14) for da'^/dt*, to

eliminate the velocity dh*/dt* by introducing the constant of vertical

momentum s = 3^ a*^ db*/dt*. Solving Eq. (9.14) for da*/dt* then

gives

(9.17)
(d^y = (±)^^^.i _,*,*- 15/4

Substitution in Eq. (9.16) for da^'/dt'' and dV/dt'"'' (obtained by dif-

ferentiation) gives for the dominant term in pressure at a point r

(9.18)

C*2 r L2a*3 2a*s 8a*'^/\

2PoL* I d ( ^^ da*\ _ L*3 a* r 1 , S.s^ k*

where L* and C* are the scaling factors for length and time defined by
Eq. (8.51).

A. The peak pressure. The condition on the radius a for the peak
value of pressure is easily shown from this equation to be that a* have
its minimum value. The derivative dP/da* is given by

3r dP
2L*Po da""

from which, using Eq. (9.17),

37-

\_a*^ 2 a*6 32*a*i5/4j

2L*P.

dp_^ _ r/^Y . ?!! .
21 fe*

"I
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The negative value of the derivative requires that P decrease with in-

creasing a*, and the peak pressure therefore occurs for the smallest value

of bubble radius a* which is attained.

The peak pressure realized under any conditions can be determined

from Eq. (9.18) from the minimum value of radius a and the transla-

tional momentum s at this time. The factors influencing its value be-

come more evident if its pressure is expressed in terms of the radial

velocity da/dt and vertical velocity U at the time of minimum radius.

Substitution in Eq. (9.18) from Eq. (9.17) gives

r [_2 \dt* ) 4: \dt*) 8a*i^/4j

and restoring dimensional variables (see section 8.9) gives

(9.19) P-P. = ^[ip„
(IJ

+ i pM^ + kV-y'j

The first two terms in this equation represent the kinetic energies asso-

ciated with radial and translational motion of the bubble, and thus

contribute what might be called hydrodynamic pressures resulting from

these two types of flow. The last term is simply the internal pressure

Pa in the gas sphere of specific volume V.

The dynamic pressure terms in Eq. (9.19) decrease for smaller values

of the minimum radius, da/dt being zero at the minimum, and the term

resulting from compression of the gaseous products increases. The
optimum value of pressure therefore depends on the relative importance

of gas pressure and dynamic pressure from translation. The principle

of stabilization, as formulated by Friedman and Shiffman, is simply the

statement that the optimum value of peak pressure in the surrounding

water is obtained for very nearly the conditions which maximize the gas

pressure. These occur for initial conditions such that the gas sphere

has no vertical velocity at the time of greatest contraction and the

radius at this time has its smallest value.

At the time of peak pressure, the radial velocity da*/dt* is zero and

it is convenient in establishing the principle of stabilization to express

the peak pressure Pm in terms of the momentum factor s which is pro-

portional to the vertical velocity U* of the bubble center. Setting

da*/dt* = in Eq. (9.17) gives

(9.20) ^~ = -—

It is convenient to express this relation in terms of the fraction E{d) of

the total energy Y which is in the form of internal energy of the gas at
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the minimum. Denoting this fraction by e, we have e = E{a)/Y
= ka*-^'\ and Eq. (9.20) becomes

'-^ -m
and e is therefore a function only of s for a given explosive material.

Expressing Eq. (9.18) in terms of e gives

(9.22) P„ - P„ = i
(1^,) e-"(4 - 3.-)

and the pressure is therefore also determined in terms of s by Eq.

(9.21). Differentiation of Eq. (9.22) shows that Pm is maximized for

e = 32/33, corresponding to 97 per cent of the total energy returned to

the gas. The corresponding value of s is then, by Eq. (9.21),

s = 0.151 k*'^. The quantity k* is, however, so small that the maxi-

mum is obtained for all practical purposes at s = 0, corresponding to

the stabilized position of zero velocity of the gas sphere at the time of

minimum size.

It is sometimes convenient to express the peak pressure Pm in terms

of the minimum radius a*, with the result that

(9.23) Pm- Po = -PoL* ^

r aT*2

3A^

4

The optimum peak pressure Pmax derived more directly in section 9.2 is

readily obtained from this equation, for when da*/dt* and db*/dt* are

zero, a* = /b*^/^ very nearly, and hence

P _ P - ^^ d^ _ S^ Y a^
t max -to . ' —

. . '

4 r 47r 4 r

which is Eq. (9.11) for the case y = 5/4 if a is expressed in cm.

The underlying reason for the result that optimum peak pressure

occurs when the bubble is stationary lies in the fact that only for this

condition is all of the originally available energy of the gas products re-

turned to them. If the bubble is in motion, however, part of the total

energy remains in the surrounding w^ater as kinetic energy of flow and is

not returned. The pressure of the gas proves to be the more important

factor in determining the peak pressure in the water and the latter is

therefore largest when the flow of water is very nearly stopped.

The variation of the peak pressure factor e^'^/ {4:— ?>e) in Eq. (9.22)

with vertical velocity is such that the pressure has a rather flat maxi-
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mum near the stabilized position, but is considerably smaller than the

optimum value for sufficiently large values of s. The pressure is, from

Eq. (9.21), an even function of s, and the curve for negative values of s

is therefore the reflection of the one for positive s. The value of s for

given initial conditions of charge weight and depth must be obtained by

integration of the equation of motion for vertical momentum. Inte-

grations of this kind have been carried out in special cases by Shiffman

and Friedman for the more general problem where the effects of the sur-

face and bottom are included, and their result, given in section 8.10, is

compared with experiment in section 9.5. Approximate calculations

for various charge weights and depths, neglecting surface effects, are

given in graphical form in Road Research Laboratory reports (93).

The effect of vertical velocity in decreasing the maximum peak pres-

sure has been illustrated by Taylor (107) in a calculation for 4.65 pounds

of TNT fired 20 feet below the surface. If the vertical motion is neg-

lected, the calculated internal pressure in the gas sphere has a maximum
value of 8,300 Ib./in.^ Because of the vertical momentum and energy

acquired, however, the minimum radius actually calculated is 3.3 times

that obtained assuming no migration and the internal pressure of the

gas is reduced, by a factor (3.3)^^^^, to about 1 per cent of its optimum
value. The peak pressure will not be reduced by as large a factor be-

cause of the vertical flow velocity, on which the pressure also depends.

Other factors must also be kept in mind. The first is that, although

the peak pressure is considerably decreased, the duration is longer and

the time integral of pressure, or impulse, is not affected to nearly the

same extent (see part B). The second factor is the repulsion of the

bubble by the free surface which, although insufficient in this case to

prevent net migration, would reduce it somewhat and hence partially

neutralize the effect of gravity. The calculation should not, therefore,

be taken literally as demonstrating that pressures in the water are re-

duced by factors of a hundred in representative cases,^ but rather as an

illustration that the peak pressure may be appreciably modified by

vertical migration. The actual motion of the gas sphere in cases en-

countered in practice is nearly always appreciably modified by the

proximity of either the surface or bottom, if not other boundaries.

Further discussion of pressure variations with the migration is therefore

deferred to section 9.6, where these factors are considered.

B. The impulse. It has been remarked in various places that the

peak value of a transient pressure is not the only criterion for comparison

of different conditions, nor is it even necessarily a significant one. If the

duration of the wave under consideration is very much longer than other

2 Statements of tliis kind must be properly interpreted, as they refer to values at

equal distances from the source at the time the pressure is developed. This position

will, if there is migration, not be the initial position of the charge.
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times of interest (for example, time of deformation and damage of a

structure), then the wave is effectively a hydrostatic pressure and its

maximum value is of primary interest. If the opposite situation of a

relatively short duration applies, then the peak value loses this predomi-

nant importance and the duration becomes equally significant. It is

therefore necessary to consider the form of the secondary pulse in greater

detail.

The discussion in part (A) of this section shows that the excess pres-

sure, primarily determined at points not too near the bubble by

d/dt {a? da/dt), is negative and small over most of the cycle of pulsation.

The duration of positive pressure, which occurs during the contraction,

is conveniently estimated by determining the radius a^ for which

d/dt {a^ da/dt) = and the pressure is hydrostatic (except for the

Bernoulli term). The condition is equivalent to requiring that

(a^ da/dty be maximized, and this quantity is conveniently obtained

from the equation of motion as expressed in terms of vertical momentum
s by Eq. (9.17). Setting the derivative d/da^ (a*^ da^/dt*Y equal to

zero gives

If the migration and internal energy are neglected by setting s and k^

equal to zero, the solution is a* = {}/iy'^ = 0.63, corresponding to 63

per cent of the maximum radius. If values k* = 0.2, s = 0.06, corre-

sponding to TNT and a large vertical momentum, are used, the value

of a* is 0.61. This shows that the point in the oscillation at which the

pressure exceeds hydrostatic is insensitive to the vertical motion, as

would be expected from the fact that the bubble is comparatively large

at these times in the first cycle, and has not acquired appreciable

velocity of translation.

The fact that the value of a* for zero excess pressure occurs at times

in the pulsation which are insensitive to any later migration implies that

these times are approximately constant fractions of the period of oscil-

lation. This fraction would be nearly constant under any conditions if

the effect of migration is primarily to change the scales of length and

time proportionately. Examination of numerical solutions show that

this assumption leads to reasonably accurate results, and from such

solutions the interval between minima and the nearest time of hydro-

static pressure is found to be approximately eleven per cent of the

period.

A rough measure of the second pulse duration can be taken to be the

time during which the pressure exceeds hydrostatic, which is thus

twenty-two per cent of the period if the second cycle of pulsation is as-
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sumed to be of the same amplitude and duration as the first. This as-

sumption, which ignores any acoustic radiation or energy loss in tur-

bulence near the minimum, is evidently not a very good one. The

duration as defined, however, is useful as a qualitative indication of the

extent of times of interest rather than as an accurately measurable

quantity of quantitative value, and a more precise estimate is hardly

warranted. The calculations so far considered thus show that the peak

pressure is fairly sensitive to the migration, but that the duration of

positive gauge pressure depends primarily only on the period and is

proportional to it. The pressures to be expected at other times are not

indicated and must therefore be considered in more detail.

Explicit calculation of the pressure-tune curve can of course be made

by numerical evaluation of the quantity d/dt (a^ da/dt) from computed

values of a and t. This tedious and rather inaccurate process would

have to be repeated for each case of interest, and does not therefore

readily give a general view of what to expect under different conditions.

A simpler approach, at the expense of less information, can be made by

considering the positive impulse I, or time integral of excess pressure,

for the interval of positive pressure. From its definition, this is given

by

'<,_,.,..?fi|-.l(..,|!)''

where the limits can be taken to correspond to the values of the inte-

grated function when P = Po. If the motion is assumed symmetrical

about the minimum, the impulse is twice the value for the limits

P = -Pmax, P = Po' For the first limit the bubble radius is a minimum
and da^/df" = 0. Hence we have

J ^ 4.PoL*C'' ir ^,dan

and expressing the bracketed quantity in terms of a* and vertical

momentum s gives

J ^ ^PoL'^C*

The radius a* corresponding to P = Po was found to be approxi-

mately 0.61, and for this large a radius, the term in s^ is negligible and

can be set equal to zero. The term k*/a*^y depends on the equation of

state for the products, but the impulse will not be seriously in error for
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most conditions if the values k* = 0.2, 7 = 5/4 used for TNT are in-

serted. With these substitutions, we obtain / = 0.73PoL*C*/r, and
substituting values of L* and C* (from section 8.9) gives

P W2/3
(9.24) 7 = 0.47(rQ)^-/3-^-^^

where the energy rQ is in cal./gm., W is charge weight in pounds, and
r and Zo are in feet. The impulse is then expressed in the same units as

Po times seconds. If Po is chosen to be in Ib./in.^, Po = 0.446 Zo for Zo

in feet and the impulse in lb. sec. /in. ^ is

W2/3
(9.25) I = 0.21(rQ)2%,-i/6.lL—

r

STATIONARY

TIME

Fig. 9.3 Effect of bubble motion on form of the bubble pulse.

This equation shows that the impulse varies with charge weight and
distance in the manner predicted for acoustic waves, as is to be expected,

and also decreases slowly for increasing depth from the factor Zo~^'^. As
already noted, the total positive impulse obtained here depends only

very sHghtly on migration, because the radius for which the pressure is

hydrostatic is large and but Uttle affected by migration. This fact,

plus the fact that the peak pressure decreases considerably if the bubble

has appreciable vertical velocity in its minimum, shows that the shape

of the pressure-time curve in the region of the maximum must also de-

pend considerably on the vertical velocity, in such a way as to keep

constant the total area between the curve and the hydrostatic pressure

Po. Thus, if the bubble acquires appreciable vertical momentum the

curve must be broader and lower near the maximum than if the bubble

remains stationary, as sketched in Fig. 9.3.

A simple method has been used in a Road Research I.aboratory



372 SECONDARY PRESSURE WAVES

report (93) for illustrating the change in the bubble pressure pulse shape.

This consists in computing a shape factor, defined as the ratio of the

positive impulse to the area under a triangle of height equal to the peak

pressure and base equal to the duration of positive pressure:

Shape factor =
{Pm - Po) -duration 0.22T(P^ - Po)

where T is the period of pulsation. A number of calculated values of

these quantities for different weights and depths of TNT charges are

given in Table 9.1, some of these values being taken from the Road
Research Laboratory report already mentioned. These values have

been computed neglecting the effect of the free surface and assuming

infinite depth of water, in order to illustrate the effect of migration which

decreases with increasing depth approximately as Zo~^^^. They are not

therefore directly applicable to most situations actually encountered.

The increase in peak pressure and decrease in shape factor with greater

depth, corresponding to a sharper pulse, and the slowly changing im-

pulse are evident from the entries, which also show the orders of magni-

tude of these quantities for various conditions.

It is of interest to compare the computed impulse from Eq. (9.25)

with values of impulse for shock waves. Assuming rQ = 440 cal./gm.

for TNT at a depth do of 40 feet gives

W2/3
/(lb. sec./in.2) = 6.0 -^^^—

r

Shock wave similarity curves for TNT give for the impulse, integrated

to five times the time constant,

wo. 63

7(5^) (lb. sec/in.^) = 1.3-^

The total positive impulse from the secondary pulse at a depth of 40

feet is thus of the order of four times the value 1(56) for the shock wave.

This by no means implies that the secondary bubble pulse is four times

as effective as the shock wave, even if impulse is the proper criterion for

effectiveness in the circumstances of interest. In the first place, it is to

be remembered that the secondary impulse calculation includes all pres-

sures greater than hydrostatic. Much of this impulse comes from long

intervals of low, slowly changing pressure, and hence ordinarily is both

unimportant and difficult to observe.

On the other hand, the shock wave impulse quoted is an under-

estimate because the pressure-time curve is integrated to a relatively
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II
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very short time after the initial peak. At this time, the pressure is

both fairly large and slowly decreasing, and if the integration were ex-

tended to the time of h3^drostatic pressure a considerable increase in

impulse would result. This increase must in fact be an appreciable

fraction of one-half the secondary impulse computed above, for the

reason that the slowly decreasing pressures in the tail of the shock wave

are due largely to noncompressive flow and hence are to be computed

in the same way as the secondary pressures. The proper conclusion

from the impulse calculations is therefore that the secondary pulse has

an impulse comparable to the shock wave because of its long duration,

but is inferior to the shock wave in both peak pressure and energy flux.

The question of energy radiated acousticafly in the secondary pulse is

of interest in this connection and is considered in the next section.

The variation of pressure with time during the phase of the motion

when the bubble is large and the pressure less than hydrostatic presents

no unusual features. It is evident from the slow variation of the func-

tion a^ da/dt at these times that the pressure differences are small and

smoothly varying. It is interesting, however, that the negative im-

pulse is large, owing to the long time interval for which P < Po. In

fact, this negative impulse must equal the positive impulse when the

pressure exceeds hydrostatic because the integral y* (P — Po) di depends

only on the difference in the values of (a^ da/dt) at the two limits of

integration. If these are corresponding points in successive cycles, the

difference is zero, requiring that positive and negative areas during the

cycle be equal. This negative impulse or suction phase is comparatively

feeble, as the pressure difference never is greater than hydrostatic. The

fact that the total impulse is so large illustrates further the danger of

taking large values of impulse at face value without examining the pres-

sures and durations in detail.

9.4. Energy Losses in the Pulsations

The discussion of fluid motion and pressures during motion of the

gas sphere have so far been based on noncompressive theory. The ex-

plosive energy left after emission of the shock wave is thus assumed to

exist entirely as potential and kinetic energy of flow of the water plus

internal energy of the gaseous products. In this approximation, no

mechanism has been provided for energy loss during the pulsations, the

only change possible being reversible redistribution of the total energy

between the gas and the surroimding water. The energ}^ losses actu-

ally occurring in the course of the motion cannot therefore be estimated

without taking into account, to some degree of approximation, mech-

anisms by wliicli energy can be dissipated: the compressibility of the

water, by which energy is radiated as a wave and ultimately dissipated
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in heat as the wave passes to infinite distance, and turbulent flow

around the bubble.

A. Energy loss hy radiation. Herring (46) has shown that, if verti-

cal motion and internal energ}^ of the gas sphere are neglected, an inte-

gral of the equation of motion can be obtained which takes account of

compressibility of the water to a first approximation. This expression,

the derivation of which is outlined in section 8.7, is

(9.26) 2irpoa^ (y\ - 47r r [Pa - Po\aHt = — f ^ aHa
dm dm

where a-m is the maximum radius of the bubble. Pa is the pressure on the

gas sphere of radius a, and Co is the velocity of sound. In deriving this

result, a number of approximations have been made. In particular

terms of order (1/co) (da/dt) have been dropped, which requires strictly

that the flow velocities everywhere be much less than the velocity of

sound.

The terms on the left side of Eq. (9.26) represent the kinetic energy

of the gas as the radius contracts from a^ to a. Except for a constant,

this side is thus the conservative energy of noncompressive motion, and

changes in its value determined by the right hand side, which is always

negative, must represent energy radiated by compression of the water.

An exact solution of Eq. (9.26) would require a second equation deter-

mining P{a) in terms of radius a. If, however, it is assumed that the

difference from noncompressive motion is not great, the solution already

obtained for a{t) in this approximation may be used to evaluate the

right hand side and thus obtain a rough estimate of the energy loss. It

is evident from the preceding section that this term can only be signifi-

cant while the bubble is near its minimum size, and the major contri-

bution to the integral can come only at these times. This conclusion

is readily verified exphcitly by substituting expressions for dPa/dt

= dPa/da -da/dt, and a{t), but this analysis is omitted here and only the

approximation to a{t) suitable for small a will be considered.

The gas pressure P{a) for an adiabatic equation of the form

Pa-a^y = constant is conveniently written as Paa^^ = Pd-a^'^, where Pa

is the maximum pressure corresponding to the minimum radius a, and

hence dP/dt = {
— 3y/a) Pa {a/a)-^y~^ {da/dt). Near the minimum, the

buoyancy of the gas sphere is negligible and the energy equation is

2Trpoa^ (da/dty -\- E{a) = Y, and hence

dt \2xp, \ Y
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We have, however, that

E(a) = 47r Pa'

3 7-:
and

E{a)

since ^(a) = Y, there being no kinetic energy when a = a. Sub-

stituting in the right side of Eq. (9.26) gives

AF = Energy radiated

Co \2Trpo/ a J L \«/ J\«/

The Hmits on the integral should strictly be from the first maximum
radius am to the next maximum to get the total energy radiated. In the

noncompressive theory a is symmetrical about the minimum radius a

and we can therefore take tmce the integral from am to a. The inte-

grand is large only near a = a and the limit am can be replaced by

a = CO without appreciable error. Letting a/d = x then gives

Co " V^irpoJ /:
[1 - X-2(7-l)]l/23-l/2-37f/:r

which can be evaluated in terms of gamma functions to give the frac-

tional energy loss

(9.27)
AY
Y

2V6
p_iii

Capo
1/2

where the relation Y = (47r/3)P^aV7 ~ 1 has been used.

This expression should also represent the energy flux through any

sphere drawn around the bubble, and Herring's result, Eq. (9.27), has

independently been derived by Willis (121) in this way. Willis cal-

culates the energy flux using the acoustic expression relating excess pres-

sure and particle velocity u = (P — Po)/poCo, which gives for the energy

flux across a sphere of radius r

/
AF = iiriMP - Po)dr ^5 C (P - p^ydi

PoCo J

Willis' approximation in evaluating the integral is that the pressure P
''6 given by the noncompressive tlieory; substitution of P — Po = (po/r)isg
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d/dt {a^da/dt) and elimination of t by using da = (da/di) dt then leads to

a result equivalent to Eq. (9.27).^

According to Eq. (9.27), the fractional energy radiated in the second-

ary pulse varies as the square root of the maximum gas pressure, and is

therefore largest when the bubble attains its smallest minimum volume

without vertical motion. If the value 7 = 1.25 is used, the expression

becomes

Taylor's calculation that at the first minimum P^ = 8300 Ib./in.^ for

TNT if there is no migration gives AF = 0.31 F, which is a significant

fraction of the total energy. As the pressure P^ varies as or^y, a mini-

mum radius 3 times its smallest value, as computed in the example of

section 8.5, gives AF/F = 0.03. Hence only 3 per cent of the bubble

energy is calculated to be lost in the acoustic pressure pulse in this ex-

ample.

Measurements of periods of successive oscillations of the gas bubble

give a direct measure of the total fractional energy loss in successive

contractions, as shown in section 8.3. The most extensive data of this

kind show that for 200 pound charges of a mixed explosive fired at

depths from 60 to 800 feet about % of the energy F of the first pulsation

is lost in the first contraction, this figure showing little systematic

variation with depth when the effect of the free surface on the period is

taken into account. Comparable figures are obtained for other explo-

sives and charge weights, and the figure of 30 per cent for acoustic

radiation accounts for less than half of the total energy loss during the

first contraction. In addition, it should be remembered that this cal-

culated figure is the result of rather crude approximations, and experi-

mental values obtained by integration of observed pressure-time curves

give smaller values (see section 9.6).

B. Energy loss by turbulence. A detailed accounting for the balance

of the energy loss in terms of dissipation in turbulent flow would be a

difficult task which has not so far been attempted. It is clear that these

losses will be largest near the minimum, particularly while the bubble is

in its extreme stage of instability while contracting, and the form is dis-

torted from its originally spherical shape. The energy loss by thermal

conduction for the short times and small temperature gradients is readily

shown to be negligible, even in the gas sphere, if there is no turbulence.

The remaining mechanism of viscosity is a perfectly reasonable one, and

there appears no reason to doubt that it, together with acoustic radi-

3 The mathematical equivalence of the two approaches is readily demonstrated

by transformation of Eq. (9.26)

.
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ation, is capable of accounting for the dissipation indicated by period

measurements.

One result which is roughly accounted for by theory is the fact that

the total energy loss near the first minimum changes very little regard-

less of migration, although the acoustic energy loss is greatty decreased

if the bubble has appreciable upward velocity. Under these conditions,

the bubble is considerably larger and photographs of such bubbles show

a flattening of the after surface (which may often be concave). A tur-

bulent wake is also formed as a result of water breaking away from the

bubble surface, so to speak, and forming eddies in which energy is dissi-

pated by work done against viscosity.

The hydrod^^namic drag due to viscosity must, if the bubble moves

upward with a constant velocity U, be equal to the buoyant force of the

hollow, and can be expressed in terms of a drag coefficient Cd defined by

Buoyant force = pogV = Cd[iPoU^A]

where A is the projected area of the bubble normal to the direction of

motion and V its volume. Taylor and Davies (110) have measured

velocities of air bubbles released under liquids and found values of Cd

of the order 1.0 sec.~^ which had rather large scatter, for volumes

ranging from 1.5 to 30 cm.^ The time rate of energy dissipation in such

motion must he U X buoyant force, and hence is given by

Rate of dissipation = ^poACdU^

Taylor and Davies were able to show that the loss so obtained was of

the same order as values calculated from a theory of distortion of a

bubble in an assumed turbulent field of viscous flow.

The magnitude of energy losses from turbulence in upward bubble

motion has been estimated by the above equation for the Road Research

Laboratory measurements (95) of the bubble from a one ounce charge

detonated three feet below the surface. The rate of dissipation in-

creases as the cube of the velocity and hence is appreciable only near

the minimum radius, more than eighty per cent of the loss occurring in

the last millisecond of the eighty msec, period. The total loss up to the

first minimum for the estimated velocity at this time amounted to only

four per cent of the total bubble energy. The velocity during the short

time near the minimum is difficult to determine accurately, too low a

value being probable, and the drag coefficient might well be larger for

the irregular explosion bubble than for the air bubbles measured by
Taylor and Davies. It is therefore not unreasonable to suppose that

the energy losses in vertical motion can be explained, at least semi-

empirically, in this way. (It should be noted that, in the case con-
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sidered, the kinetic energy of vertical flow at the minimum was esti-

mated to be about six per cent of the total.)

We have already, in section 8.7, discussed the instability of the

spherical bubble form assumed in the approximate theories which have

led to fairly complete estimates of the motion. The theories of such

departures apply strictly only to small perturbations, but do at least

make reasonable the observed flattening of the bubble as it contracts.

This flattening implies an increase of hydrodynamic inertia to trans-

lation, and is thus consistent with the small observed upward velocity

of the bubble as compared with calculated results for a spherical form.

The energy considerations, however, seem definitely to rule out the

possibility of accounting for the decreased migration by this mech-

anism alone. The observed migrations during the second contraction

are comparable to those during the first, which suggests that the vertical

motion is very nearly stopped at the end of the first contraction, the

bubble starting its second expansion practically from rest. The only

accounting for the energy losses therefore seems to be in turbulence

near the bubble of the general type described. If this is true, at-

tempts to refine the noncompressive theory w^ithout including effects of

this kind are pointless. It should fmother be no surprise to find the ob-

served bubble pressures in poor agreement with calculations based on a

spherical bubble in an inviscid fluid if the predicted velocities of trans-

lation near the minimum are large.

9.5. Problems in Measurement of Secondary Pulses

Measurements of pressure in the secondary, or bubble, pulses from

underwater explosions present a number of difficulties, both in measure-

ment and in proper evaluation of the experimental data. Unless these

problems are understood, conclusions as to the significance of experi-

mental results are apt to be inaccurate, if not misleading. It is there-

fore important to consider the various factors involved in the measure-

ments before examining the specific results in detail.

A. Experimental errors. The nature of the experimental problems

can be brought out by comparing the form of the pressure-time curve

for the secondary pulse with that for the shock wave. The bubble

pressures are very much smaller than the peak shock wave pressure,

have a relatively slow initial rate of rise rather than a discontinuous

shock front, and have an appreciable fraction of their peak value for

much longer times than the shock wave. Time and pressure scales in

which the complete bubble pulse is reproduced to a reasonable scale

thus represent the shock wave as a very high and narrow spike, as

sketched in Fig. 9.4.

The principal difficulties in piezoelectric gauge recording of bubble

pressures are spurious gauge noise, cable signal, microphonic response
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of amplifiers, and need for high sensitivity and good low frequency re-

sponse. It has been found that placing gauges too close to the expand-

ing gas sphere gave rise to spurious random noise on the records, pre-

sumably as a result of disturbance of the gauge and associated gear by

the shock wave and later outward flow of water. Satisfactory working

distances depend on the size of charge ; a rough estimate from experience

is that the gauge should be at least 2 maximum bubble radii from the

charge, 60 feet from a 300 pound charge having been found satisfactor3^

A gauge system which is to measure bubble pressures must also

withstand the force of the shock wave, as it can hardly be inserted in

place during the time between the two events. This obvious fact

presents a number of difficulties and limitations. Tourmaline piezo-

P =0

Fig. 9.4 Pressure-time curve for shock wave and bubble pulse from 300

pounds of TNT fired at a depth of 50 feet.

electric gauges, which are the simplest and most rugged, are compara-

tively insensitive, and their use introduces the further complication of

cable signal. This phenomenon, discussed in section 5.8, is particularly

disturbing in bubble pulse measurements. This is because the large

stresses, induced by the shock wave as well as by the pulse of interest,

develop this spurious charge which cannot leak away rapidly, owing to

the necessity for good low frequency response of the electrical sj^stem if

the long duration pulses are to be faithfulty recorded.

The preceding shock wave also occasions difficulties with electrical

recording equipment in large charge work, as it often must strike the

recording site before the desired gauge signal occurs. Unless the ampli-

fiers used are especially protected against microphonics, the recording

system introduces serious distortion and may even become inoperative.

This is a particularly difficult problem because of the need for amplifiers

of high sensitivity and, by ordinary standards, superlative low-frequency

response (see sections 5.8, 5.9).

Perhaps less sophisticated, but equally serious, problems arise in

assuring known, satisfactory, and reproducible experimental conditions.
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These difficulties are particularly evident in large charge work, which

must usually be conducted under conditions somewhat less than per-

fect, and lead to errors in determining relative positions of gauge, charge,

and water boundaries. The total depth of water, character of the bot-

tom, and migration of the bubble are some of the factors not ideally

determined, and the consequence is scatter of the data.

B. Problems and errors of analysis. The analysis of pressure-time

records is complicated by a number of factors, the most important of

which are choice of a reference axis for pressure and correction for the

reflected pressures from the surface and bottom. The experimental

results for pressure and derived quantities (energy flux and impulse)

must be measured with respect to some chosen pressure level. For com-

parison with theory, this value is best taken as hydrostatic pressure

(zero gauge pressure). An accurate determination of this level in

records such as the one reproduced in Plate X is simple for the shock

wave, but difficult for the bubble pulse because of its smooth, gradual

rise from values less than hydrostatic while the bubble is large. A true

baseline is thus not accurately defined except for times preceding the

shock wave, and judgment must be used in drawing a reference line.

The resulting errors are not large for calculation of peak pressure, but

may seriously affect values of impulse and energy flux density (propor-

tional to f{P — Po)dt and f{P — PoYdt respectively), owing to the

long intervals of small excess pressure which contribute large areas.

Errors of this kind in the investigations summarized in section 9.6

introduced scatter of the order of five per cent in peak pressure and ten

per cent in impulse and energy.

The second problem in analysis of the recorded pressure-time curves

is that the pressure existing at a given point almost always is the super-

position of the ''direct" wave and reflected waves from the surface and

bottom. In acoustic theory, the pressure wave striking a free surface

is geometrically reflected as a wave of equal magnitude but negative

pressure. The resultant absolute pressure at other points is then the

algebraic sum of the pressure in this diverging reflected wave and the

pressure existing as a result of the wave travelling in a straight line

from the charge. It is readily calculated by simple superposition tak-

ing into account the later time of arrival and increased attenuation in

the reflected wave. The simple picture may be inaccurate if the abso-

lute pressure at any point becomes negative and cavitation sets in. The
bottom reflection occurs as a wave of positive pressure with somewhat

less initial amplitude than the direct wave, owing to the bottom not

being perfectly rigid, acoustically speaking. In addition, there may be

a ground wave, corresponding to signals transmitted through the sea

bed and re-emitted into the water (see section 7.8). The proper amount
of correction is thus not simply determined.

The observed pressures in actual situations are thus those of a com-
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posite wave formed by the direct wave and its reflections, as sketched in

Fig. 9.5 for a gauge and charge position nearer the bottom than the sur-

face. If comparison with theory is to be made simpl}^, the direct wave
profile is to be preferred, although the composite wave corresponds to

the actual state of affairs for the particular positions of the point of ob-

servation and boundary surfaces. The durations of bubble pressures

are so long that the difference between the two profiles is appreciable in

many interesting or necessary situations, and some means of correction

for reflections is necessary in order to compare with theory.

SURR\CE^>^^

Fig. 9.5 Effect of surface and bottom reflections on observed bubble pulse

pressures.

Rather rough corrections can be made using point-by-point calcu-

lations, starting at the first rise in pressure and adding positive or nega-

tive contributions at later times determined by the path differences.

The errors in this procedure are evidently emulative, but are usually not

serious up to the maximum. At later times, the errors rapidly become

worse if any boundary is close, and if cavitation occurs near the surface

no correction is possible. An expedient sometimes adopted is to meas-

ure to the peak and multiply impulse and energy flux density values by
two, which is roughly equivalent to theoretical assumptions. The cor-

rection process and estimation of the peak time introduce random errors

of the order of ten to fifteen per cent, being smaller for peak pressure.

The errors in analysis and interpretation are in addition to experi-

mental errors arising from cable signal and incorrect distances. The
magnitude of errors from all known causes is of the order five to ten per

cent for peak pressure, ten to thirty per cent for impulse and energy,

being greater for large charge measurements and the ''direct" wave,

corrected parameters. These errors would occur to some extent in

measurements even if the phenomenon itself were perfectly reproducible.

This, however, is not the case, as the discussion of part C makes clear.

C. Lack of reproducibility of pressures. Although measurements of
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bubble migrations and secondary pulse pressures are subject to some
scatter because of the various errors enumerated, there is considerable

evidence from these and other measurements that several aspects of the

phenomena are not very reproducible under presumably identical con-

ditions. For example, bubble pulse pressure-time curves on successive

shots often show distinct qualitative differences in their general outline

and occasionally exhibit one or more sharp narrow "spikes" of fairly

large amplitude superimposed on the profile. This latter feature is

plausibly explained by the hypothesis of collapse of local pockets of gas

or other distortions formed on the contracting surface. This explana-

tion is consistent with the observation that the spikes and other ir-

regularities are more frequently observed for the hydrodynamically less

stable condition of rapid vertical motion near the minimum. It is also

in accord with the result that indicated positions of the sources of dif-

ferent spikes on a given record obtained by sound ranging measure-

ments often disagree, sometimes by amounts comparable with the mini-

mum radius of the bubble.

Comparison of pressure and migration results show that the scatter

is generally much greater in measurements near the surface or bottom.

As mentioned in section 8.11, these variations are not surprising in view

of the sensitiveness of motion near the minimum to the exact condi-

tions, such as surface waves and irregularities of the bottom. Wilhs

and Ackroyd (122) have commented on evidence of lack of reproducibil-

ity of secondary pressures, particularly when the charge is fired on or

near the bottom, weak and irregular pressures being observed. The
conclusion that the motion during the short interval near the time of

minimum radius is most critically affected by shght differences in ex-

perimental conditions is easily understood from the hydrodynamics of

the motion. It is also supported by the fact that period and maximum
radius measurements, which are quite insensitive to changes in this time,

show very much less scatter. Period measurements, for example, are

rather easily reproduced to plus or minus one per cent, and the chief

uncertainty is selection of the time of minimum radius on the pressure-

time record.

It is reasonable to conclude that the extreme precautions which are

necessary to achieve much greater precision in experimental methods
would be for many purposes unwarranted, owing to variations likely to

be inherent in the phenomenon under many conditions and the rather

approximate nature of theories so far developed.

9.6. Experimental Measurements of Secondary Pulse Pressures

A. Stnall charge results. It is to be expected that experimental

pressure-time curves for bubble pulses will be in better agreement with

theoretical predictions in the case of small charges. This is because the
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migrational velocities due to gravity are smaller, assuming that the sur-

face pressure above the charge is atmospheric and not scaled to corre-

spond to large charge conditions. Small charge data therefore provide

the most favorable test of simple theory, and are experimentally much
easier to obtain with some precision. Investigations of this kind are

therefore considered first, although generally speaking these conditions

are of less practical interest, and investigations with larger charges are

taken up later.

(1). Shallow 1 ounce charges. The pressure-time curves for 1 ounce

charges of Polar Ammon Gelignite at depths from 1.5 to 6 feet have

been measured by the Road Research Laboratory (96). In the first

series of measurements reported, gauges were mounted above, and at

the same depth as the charge at distances from 1.5 to 2.5 feet. At a

depth of 6 feet, the migration during the first pulsation was found to be

about 10 inches upward, as compared with the theoretical estimate from

Taylor's theory of 11 inches. The observed pressure pulse for this

condition of relatively small migration was found to be in good agree-

ment with one calculated from the approximate formula P — Po

= (po/r) d/dt (a^ da/dt) for the same weight of TNT, as shown in Fig.

9.6, which is reproduced from the RRL report. (These two explosives

are nearly equivalent, weight for weight, in calorific value.) This pres-

sure was measured at the side of the charge; measurements above it

indicated higher values, both because of the closer proximity of the

bubble as a result of migration and because at very close distances flow

pressures must be considered. Interestingly, the peak pressure at a

fixed point above the charge was found to be higher in the second pulse

than in the first, which further indicates the effect of bubble migration

and the need for considering its influence in explosion damage.

For a charge depth of three feet, no migration effects were observed,

indicating the repulsion of the free surface, and the peak pressures in

the first pulse were some thirty per cent higher than at six feet, as is to

be expected for a motionless sphere at the time of maximum contraction.

In a second report, measurements were made at several depths which

indicated a maximum peak pressure at about three and one-half feet,

being smaller on either side of this value, while the impulse increased

somewhat with increasing depth. These results were for a gauge two

feet from the charge and at the same depth. Gauges mounted above

and below the charge showed somewhat different variations explainable

in terms of migration and surface reflections.

(2). Charges up to 3^ pound in 24 feet of water. An extensive pro-

gram of measurements, carried out at Woods Hole in cooperation with

the Taylor Model Basin (2), has provided data on secondary bubble

pulse pressures from charges of tetryl (25, 50, 120, 300 gm.), cast TNT
(250 gm. plus 44 gm. tetryl booster), and other explosives which were
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fired at various depths in 24 feet of water. Only a few of the results,

which were not completely analyzed at the time of writing, are given

here.

The peak pressure and positive impulse for 50 gm. tetryl charges are

plotted in Fig. 9.7. The peak pressures show a pronounced maximum
near the upper rest position (measured experimentally as described in

section 8.11 and indicated by the vertical line). The calculated theo-

retical value for the first pulse of 430 Ib./in.^ at this depth and gauge

distance of 3 feet (from Eq. 9.12) is comparable with the experimental

300
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position of about 800 Ib./in.^ is in reasonably good agreement with the

value 600 Ib./in.^ from Eq. 9.12. The measured value of 400 Ib./in.^

at the lower rest position is somewhat less than the computed value of

600 lb./in.2, indicating that assumption of a rigid boundary overesti-

mates the effect of the bottom even on this small scale. The comparison

of impulse with theory shows an unexpected rise at greater depths, but

it should be pointed out that no correction of experimental data for the

added pressures from bottom reflections was made (surface corrections

were applied when possible).

600

10 15

DEPTH (ft)

Fig. 9.7 Peak pressure and positive impulse 3 feet from 0.055 pound loose

tetryl charges fired in 24 feet of water.

The most surprising feature of the peak pressure and, to a lesser

extent, impulse curves is the sharp maximum for a depth slightly less

than that of the upper rest position. The observed pulse in this narrow

region is of very large amplitude and relatively short duration and the

optimum peak pressure is more than double the level at greater depths.

Reproductions of experimental pressure-time curves for 280 gm. cast

charges in Plate X show the difference between this pulse at 4.3 foot

depth with a normal pulse at 8 foot depth. The reality of this pulse

has been confirmed for several sizes and weights of small charges and
for 300 pound TNT charges, but its occurrence is extremely sensitive

to charge depth and is realized experimentally with some diflficulty.

The existence of this ''anomalous pulse" is not predicted by any of the
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theories which have been considered and the reason for its occurrence

is somewhat of a puzzle.

It is probably significant that the anomalous pulse occurs for depths

such that the calculated maximum radius of the bubble is very nearly

equal to the depth of the charge below the surface. Kirkwood has

suggested that at the stage of maximum expansion the bubble sucks in

air from the atmosphere above ; further reaction of the gaseous products

then evolves energy which is available for the later motion. Photo-

Fig. 9.8 Peak pressure and positive impulse 4 feet from 0.55 pound TNT
charges fired in 24 feet of water.

graphs of the bubble under these conditions show a funnel shaped region

between the top of the bubble and the water surface, which may indi-

cate air venting into the interior of the bubble, but conclusive proof of

the true reason for the phenomenon has not been found. The critical

nature of the effect makes its practical significance somewhat dubious.

B. Large charge results. The experimental difficulties in making
bubble pulse measurements under controlled conditions present a seri-

ous problem in large charge measurement, as discussed in section 9.5.

As a result, only meager data have been collected in comparison with

small charge results, although a number of scattered observations have
accumulated as a by-product of other tests on service weapons.* The

^ A number of references to such work will be found in the report by Slichter,

Schneider, and Cole (103).



388 SECONDARY PRESSURE WAVES

only reasonably comprehensive set of results at the time of writing is

from a series of measurements performed at Woods Hole. In these

tests, 300 pound TNT charges were fired at various depths in approxi-

mately 100 feet of water (the period and migration data from these

tests are given in section 8.11). The results (103) give, within rather

large limits of error, a good indication of the effects to be expected for

large charges and so will be described in some detail.

In these tests, three tourmaline gauges were positioned at depths of

twenty, fifty, and eighty feet below the surface. The experimentally
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measured peak pressures, corrected to a gauge distance of sixty feet

assuming a distance variation as 1/r, are plotted in Fig. 9.9. The

values plotted include the effects of surface and bottom reflections,

which account in large part for the large pressures near the bottom.

When corrections are made for these reflections, this effect largely dis-
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for a charge depth close to twent}^ feet, and its peak value was of the

order three to five times that for the level at greater depths. The exact

magnitude of the optimum pulse is uncertain for two reasons. First,

its occurrence is so critical to depth that it is not very reproducible, and
second, the observed pulse is diminished considerably by surface re-
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least forty per cent of the calculated total energy of the first bubble

pulsation.

The measured impulse is plotted against charge depth for the three

gauge positions in Fig. 9.10, and shows only the increases with depth to

be expected from the inclusion of surface and bottom reflections. When
corrections are made for these, the points of Fig. 9.11 are obtained,

which indicates values of the order of one-half the theoretical curve

(fromEq. (9.25)).

The experimental results do not provide any support for the pre-

dicted increase in effectiveness of the bubble pulse as a result of stabili-

zation of the bubble against migration. The failure to realize this state



10. Surface and Other Effects

10.1. Phenomena above the Water Surface

The most obvious and spectacular features of underwater explosions

are the disturbances of the water surface above the charge. Several

distinct phenomena are observed which change in magnitude and ap-

pearance with depth, but are most prominent for charges fired near the

surface.^ The first effect of the explosion to arrive at the surface is the

underwater shock wave (assuming that the initial products of explosion

are completely under the surface). The shock wave arrival at dif-

ferent points is visible as a rapidly expanding ring of apparently dark-

ened water, often called the ''slick." This ring owes its contrast against

the background to the fact that ripples or small waves are calmed by
the reflected shock wave pressure and a layer of cavitated, bubbly water

is formed.

The slick can be seen on a reasonably calm surface out to large dis-

tances compared with the size of the charge, even if the charge is quite

deep. Its speed depends on its position and the depth of the charge,

but is always greater than the speed of the shock wave, because at any

point the shock wave velocity is the projection of the slick velocity in

the direction of propagation of the shock wave (see section 10.3). The
slick is thus lost to view in a few hundredths of a second, if visible at all,

and can be resolved only by high speed photographs.

Following the slick is the growth of the spray dome, a whitish mound
of broken Avater thrown up by the reflection of the shock wave at the

surface. The initial velocity is proportional to the pressure in the

incident wave and hence is largest directly over the explosion. The
extent to w^hich a visible upward motion can be seen around this point

is determined by the pressure and the effect of cavitation, and for suffi-

ciently deep charges the dome is not visible at all. The water thrown

up near the center of the explosion rises more rapidly, and continues to

rise for a longer time than the water further away, and as a result the

dome grows steeper sided as it rises. The time during which the rise

continues and the maximum height, reached when the opposing forces

of gravity and air resistance have reduced the velocity to zero, depend

on the initial pressure and velocity, which in turn depend on the weight

of charge and its depth below the surface. The analj^sis in more detail

^ A number of writers have discussed surface phenomena from various points of

view. A complete list of references bearing on the subject is not attempted here,

but two reports by Kennard (54, 56) may be m(>ntioned here and others are cited in

section 10.2. The qualitative introductory discussion of this section is based largely

on photographic records obtained at Woods Hole, especially the results reported by
Slichter, Schneider, and Cole (103).

392
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is taken up in section 10.2. An interesting observation is the occur-

rence of later domes caused by secondary or bubble pulses, if the charge

is fired at sufficient depth for the gas bubble to contract one or more

times before venting. These secondary domes are much smaller and

less regular than the shock wave dome, because of the smaller pressure

and their superposition on earlier disturbances, which obscure them.

For shallow charges, the products of explosion retain their identity

in the gas bubble until this bubble reaches the surface and venting oc-

curs. The size and state of motion of the bubble at this time both

change greatly with the initial depth, and as a consequence the effects

of venting also vary markedly with depth. The result of venting of the

bubble gives rise to plumes of spray mixed with explosion products, two

distinct types of plume being formed under different conditions:

(1). A relatively narrow vertical plume of variable height and

velocity, depending on the charge depth.

(2). Radial plumes projected outward in ah directions through the

spray dome, the number and development of which depend on the

depth of the charge. These plumes, if present, appear at the same

time as or later than the vertical plume.

The differences in plume formation with depth are clearly shown in

the sequence photographs in Plate XI for 300-pound TNT charges fired

at depths of 18, 26, 40, and 65 feet. These photographs are reproduced

for the same intervals of time after firing, but the distance scale is not

the same for the different sequences. The first phenomenon of the

spray dome appears at all depths, its height and duration decreasing

with depth as is to be expected. At a charge depth of 18 feet, the gas

bubble for this size of charge reaches the surface before its contraction

begins and has a small upward velocity of migration. The venting

therefore is nearly radial and the radial plumes of Plate XI result. At

a depth of about 26 feet, however, the bubble reaches the surface when

smallest and moving upward most rapidly, and almost all the water

above it is thrown up vertically to form the narrow high plume of Plate

XL
At greater depths the vertical plume becomes increasingly less de-

veloped and the radial plumes reappear. This change in plume forma-

tion is simply understood as a result of the fact that venting of the

bubble occurs at progressively later stages of its second oscillation; the

vertical motion becoming smaller and the bubble motion more nearly

radial as its size increases. This development reaches its maximum at

a depth of about 40 feet, where the plumes are nearly all radial, as shown

in Plate XL At greater depths the vertical plume reappears and

reaches maximum development at a depth of 65 feet, corresponding to

venting at the second contraction of the bubble with maximum upward
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velocity. This plume (Plate XI) is similar to the one at 26 foot depth,

but smaller because of the energy lost in the first contraction.

The relation between the time of appearance and initial upward

velocity of the vertical plume is shown in Fig. 10.1 In this figure,

estimated time at which the plume leaves the position of the surface

before the explosion, and its estimated relative velocity at this time,

are plotted against depth. Also plotted are the times, from bubble

pulse period measurements, at which the bubble reaches or would reach

minimum size at each depth. The intersection of these curves with the

plume-time curve is seen to correspond closely with the maximum up-
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be estimated from the bubble migration or, conversely, used to infer the

migration.

The results so far discussed are evidently rather incomplete from

several points of view. A more thorough analysis should include con-

sideration of the lateral extent of dome formation, the internal structure

of the dome, and the effect of charge depth. The phenomenon in its

entirety is a fairly elaborate one, as yet imperfectly understood. Some
of the factors involved are considered in section 10.2, but much of the

existing evidence has had to be omitted from the present discussion for

reasons of space and unavailability of the reports.

The venting of the gas bubble and other disturbances also lead to

the development of surface waves, as distinct from waves of compres-

sion. These have been the subject of some study and are found to be

insignificant for all but extremely large charges. For 1,800 pounds of

TNT fired at optimum depth, the crest to trough height is of the order

of 5 inches 500 feet from the charge and falls off rapidly with increasing

distance.

10.2. Dome Formation

A. Initial formation of the spray dome. The particle velocity at a

free surface can be thought of as the resultant velocity due to the inci-

dent shock wave and the reflected tension wave. The particle veloci-

ties in these waves have equal and opposite horizontal components,

which therefore cancel, and equal upward components of magnitude

P cos b/poCo, where 5 is the angle with the vertical of a line from the

charge to the point on the surface. The resultant velocity Uz of a par-

ticle at the surface is therefore

f.f..., 2Pcos5
(10.1) Uz =

PoCo

a result which of course is also obtained from the acoustic formula of

section 2.2.

If the incident wave is exponential, the pressure P falls rapidly from

its peak value Pm and it would appear from Eq. (10.1) that u^ would

decrease correspondingly and give rise to very small displacements.

However, the head of the rarefaction wave reflected into the water falls

progressively behind the direct wave at increasing depths. The re-

sultant pressure just behind the rarefaction front thus decreases below

the hydrostatic pressure Po and soon becomes a negative pressure, or

tension. Water can, however, withstand only a limited tension, and at

some value {Pb) of resultant pressure, cavitation bubbles form which

prevent the pressure from decreasing further. The depth at which

cavitation first forms corresponds to the time t' at which the incident



396 SURFACE AND OTHER EFFECTS

pressure has fallen from its peak value P^ by an amount {Po + Pb) and

hence P = P,n - {Po + Pb) = Pme-"''. If P^ is large, t'/d is small and

expanding the exponential gives t' = (Po + Pb)S/Pm. If Pb is only a

few atmospheres and Pm is large, f is a small fraction of the time constant,

and the depth A is only a small fraction of the length of the incident

wave.

If the pressure is assumed to vary with distance as R~", where R is

the distance from the real source at a depth d, an approximate calcu-

lation setting the resultant pressure excess at a depth d equal to

— (Po + Pb) gives the result obtained by Pekeris (82) that

^^_(Po + Pb)Rcod

(^-^^^1)2P„d

This is obtained by expanding the difference and ratio of the paths of

the two waves to point A in series and using only the first terms. The
distance A comes out to be very small if small values of Pb, of not more
than a few atmospheres, are assumed. For example taking Pb = 3Po,

Pm = 2250 lb./in.2, d = 50 feet (corresponding to 300 pounds of TNT
50 feet deep) gives A = .02 feet. On this picture then, a thin layer of

water will become detached and rise with virtually the peak velocity of

the surface.

The initial velocity predicted by Eq. (10.1) should, if the foregoing

analysis is correct, agree with experimental values if the measured peak

pressure Pm is used. This comparison is simply made for the velocit}^

and pressure at a point directly above the charge. A series of measure-

ments of this kind made by Pekeris from motion picture records for

large charges fired at 40 foot depth agreed with calculated values to

within 7 per cent in the average. In another experiment, streak pic-

tures of the rise of the dome above 5.1 and 5.5 pound cast TNT charges

fired at a depth of 4 feet gave initial velocities of 216 and 230 ft./sec,

the values computed from gauge measurements of P,„ being 220 and

228 ft. /sec. It should be mentioned, however, that anomalously high

apparent initial velocities have been observed on motion picture records

of large charges, the cause for which is not known.

As has been noted by Pekeris, several approximations are involved

in the use of Eq. (10.1) to relate peak pressure and initial particle

velocity at the upper surface of the dome. The first use is the fact that,

as written, Eq. (10.1) refers to acoustic waves of infinitesimal ampli-

tude travelling with the acoustic velocity c<,. For finite amplitude

shock waves, the Rankine-Hugoniot conditions at the shock front

should be used, which from Eq. (2.28) gives E(i. (10.1) if Co is replaced

by the shock front velocity U which is a known function of pressure.
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This correction has been made in obtaining the small charge velocities

quoted in the preceding paragraph, the difference being eight per cent

in this case. A second small error is in the fact that the use of an image

source of equal' strength to represent the surface reflection is not exactly

correct, because the resulting particle velocity u^ has associated with it

a Bernoulli pressure — {i)poUz'^. The necessary correction to com-

pensate this tension is evidently of order (l/poCoU) (^PouJ^) = Uz/2co,

which is ordinarily negligible.

The influence of cavitation so far considered is only a part of the

entire stor3^ Although it has been sometimes assumed that tensions

amounting to as much as 600 Ib./in.^ are necessary before cavitations

can form, this estimate appears from a variety of evidence to be much
too high (see section 10.4), at least for water in the open sea. If cavi-

tation occurs as close as one inch from a free surface in a typical case, it

is not unreasonable to think that the upper surface of the dome breaks

up into a spray rather than as a solid mass of water, particularly if this

surface is not absolutely smooth.

What happens underneath the surface spray is a more complicated

question, which has been discussed by Kennard (56) in detail. Kennard

has shown that when cavitation is once estabhshed the isobaric surface

of pressure (Pb) at which it first forms must either spread with a velocity

exceeding that of sound, or not advance at all if the pressure gradient

and particle motion do not permit this rapid an advance. Initial^, the

cavitation below the free surface must therefore spread rapidly down-

ward in the water, and at a depth where the negative pressure Pb can

no longer, so to speak, keep up with itself, the cavitated region ends.

A mass of cavitated water at negative pressure (not necessarily as large

as Pb in magnitude, its value depending on whether the bubbles formed

contain air or saturated water vapor only) and upward velocity is there-

fore realized. The vertical extent of this region is uncertain, because

of the lack of precise knowledge as to the proper value of Pb, but it seems

clear that it must be only a fraction of the charge depth.^ This water

will therefore rise upward behind the surface of the spray dome and

then fall back. Estimates of the details of the motion can only be made
by rather tedious calculations from the position and magnitude of the

direct and reflected pressure waves for specific values of Pb, and in

addition the problem remains as to what extent the cavitated region is

broken up and the pressure in its interior increased to atmospheric.

These and related questions will be found taken up in detail in Ken-

nard's report.

B. Developjnent of the dome. The initial velocity of the upper sur-

2 It should be pointed out, however, that measurements of pressure at a depth of

600 feet from a charge at the same depth have shown a surface cutoff in the tail of

the shock wave; the pressure at this time could not be determined with any accuracy.
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face of the dome as a function of distance r along the surface from the

point above the charge is easily obtained from Eq. (10.1) if the peak

pressure Pm is known as a function of distance R from the charge d feet

deep. Assuming a power law Pm = Pm(d) {d/RY where a '^ 1.15,

gives

(10,2) .,0 . ?£=WY, + liV-f'

u{r) ^ A , A
u{o) \ dy

2

The outline of the dome is thus a smooth curve, the center of which

rises most rapidly, the contour at other points depending on the ratio

r/d. Measurements of the dome shape therefore permit a calculation

of the depth of explosion d ii sl scale for r is known. This and related

deductions have formed the basis of a number of methods for determin-

ing depths of underwater explosions. The first of these, proposed by

Shaw (101), consisted in determining the distance r' for which the rise

of the dome is one-half its central value. Shaw assumed the value

a = 1 for peak pressure variation with distance, which from Eq. (10.2)

gives r' = d, the depth of explosion. This result is modified slightly for

a > 1, but the method can still be applied. Shaw's method has the

disadvantage that a distance scale is needed, and there are practical

difficulties in accurate measurement of small initial heights, to which

the method strictly should be applied. Pekeris has for this reason out-

lined a procedure (82) based on extrapolating more accurate values at

later times, and has also analyzed a method in which the initial velocity

of the dome center is obtained by extrapolation of the measured velocity-

time curve. A critical study of these and other methods has been made
by Halverson and co-workers, which is discussed in section 10.3.

The initial upward velocity of the dome of course decreases as it

rises, because of gravity, air resistance and differences in pressure be-

tween the upper surface and interior of the dome. If gravit}^ alone

acted, the deceleration would be 32 ft. /sec. 2, but Pekeris has found an

average deceleration for domes above depth charges of about 85 ft./sec,

nearly 3 times this value. This increased deceleration could be at-

tributed either to drag resistance of drops of spray, or to the effect of

pressure excess on an unbroken surface. As Pekeris points out, the

observed deceleration is a strong argument against the existence of an

unbroken surface of the dome, as the deceleration of a sheet of thickness

z feet with pressure difference of one atmosphere (14.7 Ib./in.^) would be

14.7 X 32/0.433 z = (1100/z) ft./sec. The layer would on this basis

have to be at least 10 feet thick to give the observed deceleration. It

must therefore be concluded, both from calculation and from the ob-
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served appearance, that the upper surface at least is spray, and the

deceleration must be attributed to the drag of the drops of spray.

10.3. Determination of Depths of Explosion

A. Dome analysis. The methods of Shaw and Pekeris mentioned in

section 10.2 have been extensively applied to measurement of depths of

explosions. Critical comparisons have shown that measurements based

on the first few frames of motion picture records are very unreliable, but

that extrapolation of velocities to zero time gave results with scatter of

the order of five per cent. Further tests with charges at a variety of

known depths gave calculated peak pressure-distance curves agreeing

with piezoelectric gauge measurements to within six per cent. An
anomaly was found in that the apparent measured velocities from the

first few frames were significantly higher than extrapolation of the

smooth curves for later times. The reason for this discrepancy, not ob-

served in small charge trials (see section 6.3), is not known.

Other methods of an empirical nature have been developed by

Halverson (43). The first of these is simply measurement of the dome
height at an arbitrary fixed time and use of calibrated curves made with

charges of the same weight at known depths. A second method elimi-

nates the need for either time or a distance scale by employing the ratio

of the dome height to its width at the time the first plume from the gas

bubble breaks through. As in the first method, calibration curves are

obtained by measurements with charges of the same weight at known
depths, and it is found that for a given charge this ratio varies with

depth to the — 3/2 power. The reason for using ''plume time" as the

time of measurement is to provide a simple criterion as to time of meas-

urement which gives a calibration sensitive to depth. Simple as it is,

the method gives remarkably reproducible values, the only compli-

cation being the necessity for empirical calibration.

B. Shock wave spread. Although the modified dome analysis

methods are simple to use, their application becomes difficult or im-

possible at great charge depths, because of the smallness of the disturb-

ance. Another method based on surface measurements is determination

of the rate of spread of the shock wave across the surface, which is often

visible at considerable depths. The distance r the front travels across

the surface from the point above the charge is given by

(10.3) r'' = {d + cty - d'' = 2dct + cH^

The velocity dr/dt along the surface is thus

dr d , ct

dt r r
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and is therefore always greater than the shock wave velocity c. Vari-

ous methods of applying this result, such as plotting r'^/t or r dr/dt

against t, can be used from which a distance scale can be inferred and d

determined, or if a distance scale is known, d can be found by fitting

Eq. (10.3) to the observed (r, t) curve. None of these procedures is

SOURCE

CO
Fig. 10.2 Vortical gauge array for sound ranging of underwater explosions.

sufficiently accurate to recommend it if other methods are available,

and they require high speed motion pictures, preferably taken from

overhead. Perhaps the most valuable result of investigations of such

methods is their identification of the slick as a product of the shock

wave.

C. Sound ranging. A powerful method of determining explosion

depths is by sound ranging, which depends on measurements of dif-

ferences in arrival times of the shock wave at three or more gauges in

known positions. The method has many possible variations; one of the

simplest which illustrates the basic principle is illustrated in Fig. 10.2.

Gauges at known separations on a vertical line as at A and B pick up
the shock wave at intervals depending on the paths from the charge.
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The observed time, and hence path, difference for any pair requires that

the source He on a hyperboloid of revokition around the gauge Une, the

intersection with the plane of Fig. 10.2 being a hyperbola as shown.

Another pair gives a second hyperboloid intersecting the first in a circle

around the line, and the depth and perpendicular distance from the

gauge line are therefore determined. Not all of the gauges need be real

ones if surface or bottom reflections of the shock wave recorded by any

gauge are used, for these correspond to virtual image gauges at points

such as A^ above the surface, from which hyperbolas of constant path

difference are also obtained, as shown by the dashed curve for the gauge

pair AA^
It is evident that a vertical array of gauges is only one of many pos-

sible arrangements. It is usually the simplest and most accurate for

depth measurement, because known vertical distances are more readily

established, but tides and current may even so cause displacements

from the vertical. Surface image gauges are free from this error, but

become inaccurate if there are appreciable waves (bottom image gauges

are usually unreliable). The vertical array is obviously indifferent to

the horizontal direction of the explosion, and must be supplemented by
gauges off the line if this quantity is to be determined. Despite these

limitations, the vertical sound ranging system is a proven one, and has

been successfully used to measure explosions at depths from 25 to 800

feet.

D. Bubble period measurement. The discussion of Chapter 8 shows

that, for a given charge, the period of oscillation of the gas bubble is a

simple function of depth. The measurement of this period by the dif-

ference in arrival times of shock wave and bubble pulses at a gauge

therefore provides a method of depth determination, which has been

found to give results of high accuracy when properly used. If the

charge is sufficiently far from boundary surfaces, the period T is given

by

(10.4) T = KW"^/{d + 33)^/6

where X is a constant characteristic of the explosive, W is the charge

weight, and d the depth in feet. Although the constant K is known
quite accurately for a number of explosives, it is desirable for good pre-

cision to determine it empirically for the charge of interest under the

conditions of measurement. This is particularly true if effects of

boundary surfaces modify Eq. (10.4) appreciably (see section 8.10).

As an example of such calibrations, the data of Fig. 10.3 for period

versus depth were obtained by firing four 200-pound charges suspended

at depths up to 800 feet in 3,000 feet of water. The plot of period versus

depth is fitted within experimental error by a function of the form of

Eq. (10.4), as shown by the straight line. Points are also plotted in
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Fig. 10.3 which were obtained by a vertical sound ranging system com-

prising five gauges at 200-foot intervals to a depth of 815 feet, and

illustrate the order of agreement found.

As compared to a sound ranging method, bubble period measure-

ments offer the advantage that very much simpler equipment and gear
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fications. Clearly, the pressures developed by an explosion both affect

and are affected by structures or targets in its neighborhood, and the

motions of the water and structure must be treated together as a single

dynamical problem. Even approximate treatments of simplified prac-

tical cases involve a large number of complications and variations, and
any attempt to present a reasonably complete picture of what is known,

and needs to be known, about such cases would require a volume at

least the size of the present one. Rather than ignore the subject en-

tirely, however, this and the next section are devoted to consideration

of greatly simplified and idealized situations. It is not to be presumed
that these correspond to actual problems, the intent being rather to

illustrate more simply some of the factors involved in more complicated

cases.

A. Analysis of an infinite free plate. A simple example, which we
consider first, is that of an infinite free plate acted upon by the shock

wave from an explosion. ^ By free is meant that there is no constraint

to motion of the plate except that offered by its own inertia, and the

actual occurrence of transmissions and internal reflection of elastic waves
in the plate mil be neglected, the plate being assumed to move bodily

or not at all. (This effectively amounts to assuming an infinite velocity

of the elastic or plastic waves in the plate.) If this plate is initially

stationary, a plane pressure wave striking it will give the plate an initial

. velocity because of its finite mass for unit area of its surface. A reflected

wave of pressure will at the same time be transmitted back in the water,

w^hich must be of such magnitude that the resultant particle velocity

of the water in contact with the plate is equal to the velocity of the

plate.

Let the plate have a mass m per unit area and velocity u, and assume
the incident pressure Pi to be a plane acoustic wave. If P2 is the pres-

sure in the reflected wave, Newton's second law for the motion of the

plate requires that

(10.5) ^,^ = p^^p^ (^ = 0)
at

if distance x is measured from the plate into the water. The bound-
ary conditions at the plate are

u = ui + U2 {x = 0)

= (x = 0, ^ = 0)

3 The motion of a free plate under various conditions has been considered by
several writers, notably G. I. Taylor (108), E. H. Kennard (57), and Emily Wilson
(see Reference (31)).
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if Ui and U2 are the particle velocities in the incident and reflected waves.

For plane waves, Ui = Pi/poCo, U2 = —Pi/poCo, and hence we have

(10.6) u = ^'~ ^'
(x = 0)

PoCo

= {x = 0,t = 0)

The incident and reflected plane waves must be of the form Pi{t + x/co)

and Poit — x/co), and a specified function Pi determines the values of

P2 and u from Eqs. (10.5) and (10.6). Assuming an exponential wave
Pi = P7/ze~(^ + -^/^°)/^ and solving for P2{x = 0) and u on the boundary sur-

face (assumed not to move appreciably) by standard methods gives

(10.7) u = ^^^"^
^ [e-^^/^ - e-V^] {t > 0)

m{l -
/3)

P2{x = 0) = j^ [(1 + ^)e-^/o - 2^e-^^/o] {t > 0)

where ^ = poCoQjm.

The displacement s of the plate in the direction of the incident wave
obtained by integrating Eq. (10.7) is

^ _2P^^ri
m{\ - ^) L/3

(1 - e-^</^) - (1 - e-'/^)

and the final displacement for ^ = 00 is therefore

2P^^2 2PmB
(10.8)

W/3 poCo

The final displacement is thus proportional to the impulse P^B of the

incident wave, and is in fact just twice the particle displacement of

the water by this wave. This result is true regardless of the mass of

the plate, because the motion in this case is limited only by the inertia

of the plate. If the plate is subject to other constraints, as it must be in

nearly any practical case, their effect must restrict the motion, and only

for a structure of relatively slow response compared to the duration of

the incident wave will the impulse be the controlling factor. A further

restriction is the fact that the analysis leading to Eq. (10.8) requires in

most cases that the water in front of and in contact with the plate with-

stand large negative pressures (tensions).

The reflected pressure P2 at points in the water ahead of the plate

must be a function of {i — x/co), and from Eq. (10.7) the resultant pres-

sure P in the water is therefore
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(10.9) P = P, + P, = p^re-0 +|>+ i-±|6-O-0/«

2/3

1-^ e-Hi- t >

The quantity ^, which expresses the effect of the plate on the pressure

in the water, is zero for an infinitely thick plate (m —> oo ) and infinite

for a plate of zero mass (i.e., a free surface), and Eq. (10.9) for pressure

Fig. 10.4 Contours of equal pressure in front of accelerated free plates for

two different relative inertias.

P is easily seen to reduce to the results of section 2.8 in these cases. In

intermediate cases, the solution must be carried out explicitly.

It is evident, however, that for sufficiently large jS, P will become
negative at points in the fluid and may acquire large negative values

for a sufficiently light plate or long duration of the incident wave. This

corresponds to a rarefaction wave reflected from the accelerated surface

of the plate, and the water in front of the plate may therefore be called

upon to withstand large tensions. If, instead, the water cavitates, the

subsequent motion of the plate will be modified.

The pressure field in any particular case can conveniently be illus-

trated by plotting isobars (contour lines of equal pressure) as a function

of position and time. This is done in Fig. 10.4a^ for the case ^ = 4.0,

•* The data for these plots are taken from Reference (31).
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corresponding to a relatively large inertia and slow response of the plate

in comparison with the duration of the incident wave. Reduced units

of length and time in terms of the time constants of the incident wave

are used, and contours are drawn for various values of P/Pm, given by

Eq. (10.9). The diagonal lines t/d = —x/cod and t/d = x/cod then

represent the fronts of the incident and reflected waves. It is seen that

the excess pressure at the plate decreases rapidly, becoming zero for

t = OAQd and reaching a maximum negative value of about — 0.2P^.

In this case (/3 = 4), negative pressures first occur at points in the

water. The contours for larger /3, corresponding to a lighter plate, are

compressed downward toward the line for the reflected front, as shown

in Fig. 10.4b for the case (3 = 83. Comparison with Fig. 10.4a shows

that the least pressure at the plate becomes increasingly larger. For

example, the value P = — O.OSP^ is just reached at the plate for /3 = 83

and the value P = —O.lOPm is first realized at x = O.O4co0.

The results in this simple problem are of interest because they

illustrate some of the factors to be considered in motion of the water

near a target. For one thing, the region in which cavitation occurs in

front of such a plate can be used to estimate the necessary tension to

produce it. Experiments of this kind (31) have been performed using

a thin (.020 inch) sheet of cellulose acetate 6 inches in diameter backed

by air and photographing the water in front of the plate after reflection

of a shock wave. The photograph reproduced in Plate XII shows

cavitation bubbles extending from a point within }4 inch of the plate

nearly to the front of the reflected wave (approximately at B in the

photograph)

.

The mass of the plate used in the experiment corresponds to /3 = 83

in the preceding analysis, and the pressure yg inch from the plate never

becomes less than — O.IP^ from Fig. 10.4b (x/Cod = 0.04 in this case).

The peak pressure at the experimental distance of 24 inches from a 10

gram loose tetryl charge is approximately 900 Ib./in.^ The hydrostatic

pressure was 18 Ib./in.^ and a tension of 70 Ib./in.^ is therefore indicated

as an upper limit on the tension sustained bj^ the open sea water of this

experiment before cavitation occurred.

A similar experiment with a weaker incident wave gave an even

smaller upper bound of 40 Ib./in.^ for the tension. These results are of

course only approximate because of the simplifying assumptions of the

analysis from which they were obtained, namely that the plate was of

infinite extent and rigidity and that the incident wave was plane.

These experiments and others of a similar nature do, however, show

quite conclusively that the necessary tension for cavitation, in open sea

water at least, can hardly exceed a few atmospheres and is probably

much less. This being the case, it is usually a good approximation to

assume that cavitation begins practically at the surface of a free plate
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when the excess pressure first reaches zero. If this is true, the time dc

Sit which cavitation begins can be obtained by setting P = in Eq.

(10.7) with the result

(10.10)
-'(j^O

B. Effect of cavitation on displacement. The occurrence of cavitation

in front of a target makes the analysis of part (A) cease to apply after a

time ^c, for after this time the water in front of the plate is at a constant

pressure very nearly zero. Under these circumstances the plate will be
subjected to a very small loading by the pressure behind the plate, and
its velocity at this time, which can be calculated from Eq. (10.7), will

only very slowly be reduced to zero.

No structure can in actual fact be considered as infinite without

constraint or support. To be more reahstic, the simple model of a free

plate must therefore be modified to include the resistance of the struc-

ture to deformation and also include diffraction of the incident pressure

wave resulting from the finite extent of the targets. These more elab-

orate considerations are briefly discussed in the next section. The re-

sults so far considered, although of only very Hmited apphcation in

practical problems, do illustrate simply the importance of cavitation as

a determining factor in underwater explosion damage. The time at

which cavitation may be expected to set in is conveniently estimated in

many cases by Eq. (10.10), which serves as a convenient although rough
criterion in more complex problems than the simple case for which it

was derived.

10.5. Plastic Deformation and Diffraction Effects

The analysis of the preceding section concerns the simplest possible

type of structure or target, the only complication introduced being the

inertia of a plate assumed to undergo no deformation by action of ap-

plied pressure. Although the analysis of this simple case does illustrate

the significant role which cavitation may play in determining explosion

damage, it does not bring out other factors which are equally significant

in more reahstic cases. The nature and effects of some of the more im-

portant of these factors are illustrated in the relatively simple case of a

thin circular diaphragm supported at its circumference. The large

amount of experimental and theoretical work which has been done on
this problem gives a rather clear picture of the important phenomena
which may be expected to take place in other problems also, and the

circular diaphragm is thus of interest in a general understanding of ex-

plosion damage.

The problems encountered in analyzing the motion of a diaphragm
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or plate may be broadly grouped under determination of the elastic or

plastic resistance to deformation, and analysis of the disturbances in the

pressure field resulting from the finite area of the structure. Each of

these affects and is affected by the other and the two must therefore be

considered together in obtaining solutions for the motion, but we shall

begin by first considering the resistance of the structure.

A. Plastic deformation. The elastic properties of a material such

as steel are characterized by the relation of applied forces to the charges

in shape which they produce. If a plate clamped at its edges undergoes

an increase in area by load applied on one face, standard methods of the

theory of elasticity can be applied to formulate the differential equa-

tions of its motion in terms of its elastic moduli and inertia, and the ap-

plied load. The cases of most interest, however, are those in which the

material is stressed beyond its elastic limit and a permanent defor-

mation results, which may become so large that the plate thins to the

point of rupturing. The plastic state, considered in its full generality,

is complicated and incompletely understood, particularly under the

conditions of dynamic loading of interest here. Fortunately, a simple

first approximation to the true situation can be made which is illumi-

nating and reasonably accurate. In this approximation, it is assumed

that a definite elastic limit exists, below which Hooke's law applies and

above which the plate acts like a membrane under a constant tension

determined by the yield stress under tension at the elastic limit.

The nature of this plastic region depends on the material, but steel

and copper can withstand very large strains before finally rupturing.

The assumption that a definite value of the yield stress ao exists and is

further independent of the rates of strain is an idealization. It is well

established that, at the large strain rates of interest in explosion dam-

age, (To is much greater than for statically applied loads, but this value

does not increase rapidly for large strain rates. It is reasonable to as-

sume a figure for ao which is independent of this rate and somewhat

greater than the static value, and such an assumption is common to

virtually all the theoretical treatments.

With the assumption that the plastic deformation can be described

by a tangential stress equal to the yield stress, the behavior of a plate

becomes the same as that of a film under tension of magnitude aoh for

unit length of a cut in the plate, h being its thickness. The deformation

of the plate into a curved profile therefore develops a normal stress com-

ponent an for unit area of the plate as shown in Fig. 10.5a. The mag-

nitude of o-„ can be calculated in the same way as for a fihn with surface

tension, with the result

2aoh

r
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if the radius of curvature r is assumed independent of the direction of a

tangent Hne to the surface. The normal stress thus increases with the

curvature. If a circular diaphragm of radius a is assumed to be de-

formed into a spherical profile, as shown in Fig. 10.5b, the radius of

curvature is for small central deflection Zc given by a^/22c, and the nor-

mal stress becomes

(10.11)
4:(roh

Zc

(0) STRESSES IN (b) SPHERICAL

AN ELEMENT DEFORMATION

Fig. 10.5 Tangential and normal stress for a plate in "plastic tension."

The plate is therefore in equilibrium with an outward normal pressure

equal to an- If this pressure is released the plate will not, however, re-

turn to its original undeformed profile, but will acquire a permanent set

less than the plastic deformation by the amount of elastic recovery from

the stress cr„. The initial displacement of the plate will also of course

be in the domain of elastic strain, but since the cases of interest involve

large plastic displacements, the elastic effects can be neglected in an

approximate treatment.

The permanent plastic deformation is the result of plastic work Wp
done by the applied forces, and if the increase in area as a result of

tension doh is AA this work is given by

Wp = (To/iAA
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For spherical deformation as in Fig. 10.5b the increase A^ for a small

deflection Zc is given by AA = wzj^ and the plastic work is

Wp = iraohzc^

The energy absorbed by the plate thus varies as the square of its central

displacement.

An analysis based on the idealization of a uniform plastic tension is

clearly very approximate, and neglects such effects as anisotropic

stresses, resistance of the plate to local bending, and tangential propa-

gation of plastic effects under dynamic loading.^ The stress and energy

relations do, however, provide a rough description of the plastic resist-

ance to deformation, and together with a formulation of the pressure in

the adjacent water permit at least a crude analysis of the resulting

motion.

B. Diffraction effects at a target. The pressure in the water at a

deformable surface must differ from that in the incident wave in such a

way that the normal component of particle velocity is the same as the

corresponding velocity of the plate. If the incident pressure is a plane

wave and the target is an infinite one, all parts of which undergo the

same motion, this requirement is satisfied in the linear (acoustic) ap-

proximation by superimposing reflected plane waves. If, however, the

target is of finite extent, the pressure and velocity must vary over its

face in such a way as to be compatible with the velocity and stress in

the plate. The latter must be different, for example, at the center and

at the supported edge of a plate, and some system of waves other than

plane waves of infinite extent must be necessary. The mathematical

analysis of such cases, originally due to Kirchhoff, is described by the

physical concept of diffracted spherical waves originating at points on

the boundary, which combined with the incident wave satisfy the

boundary conditions and hydrodynamical equations. A linear super-

position of this kind is only possible if the hydrodynamical equations are

linear, and the analysis to be described therefore applies exactly only to

waves of acoustic intensity. The presentation given here is adapted

from Kirkwood's discussion.^

In the linear approximation, wave propagation in the water is char-

acterized by the velocity potential <^, from which the excess pressure

and particle velocity are obtained by

u = - grad (p, P - Po = Po-~
ot

^ A discussion of such effects in circular diaphragms is given by Hudson (48).
^ Reference (61), see also the more general discussion by Lamb (65), pp. 49Sff.
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If we consider an infinite boundary surface A in the water the velocity

at any point of which is given by u{t', t), where r' is the vector displace-

ment from a suitable origin, it can be shown that the velocity potential

at any point r on the surface is given by the diffraction integral

(10.12) .(r, ^ - -
ff^

^ |,_,.|" ^ ''^'

where ^^n(^^ is the component of velocity normal to the surface at r'

and directed away from the water. This equation can be interpreted

as giving the effect, at a point r, of spherical waves emitted from points

t' over the surface. Each such diffracted wave, w^hich travels with a

velocity Co in the water, requires a time \r—r'\/co to reach the point r from

r', since the absolute value |r— r'l is the distance between the points.

The effect at r and time t is thus associated with the velocity Un Sit i'

for an earlier, retarded time t = t — \t— t'\/co. The diffraction integral

thus bears a close relation to Huyghens' principle for light waves, by
which perturbing effects of boundaries are represented by diffracted

spherical waves, and is derived by similar mathematical methods.

The value for the present purpose of the velocity potential formu-

lation is the fact that it permits calculation of the pressure at any point

on the surface A. In order to do this, it is convenient first to express

the perturbed potential (p in terms of the unperturbed value (po which

would exist if the boundary A had no effect and the normal component
of velocity were the value Uon in the unperturbed incident wave. The
value of (Po is then given by

(10.13) ^„(r, i) = -1-jf "^^^^ dA'

In the linear approximation, velocity potentials are additive, and tak-

ing the difference of Eqs. (10.12) and (10.13) gives

<p(r, t) = (Pair, t) ---
\

'^ V ,1
^ ' ^ dAo

^-^ J J ^ k - r'l

The pressure at any point on A is given by P = p^ d<p/dt, and if Pi is

the pressure in the incident wave, we have

(10.14)

P(r, = PKr. i) - l ^^^^ [I
«„(r', t) - | uUr', t)\ iA'

the subscript r indicating evaluation at time t = t — \t — r'\/co.
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If we consider the pressure on a diaphragm or plate of finite extent,

it is evident that the pressure at any point is modified by the pressure

at other points on the plate and external to it after the times required

for hydrodynamic signals to arrive from these points. The method of

support and boundary external to the plate must therefore be con-

sidered. If the plate is assumed set in a rigid structure, or baffle, of

infinite extent, the velocity Un must be zero at all points external to the

plate. The integral over Uon then represents the reflected pressure on

an infinite surface and Eq. (10.14) becomes

(10.15) P(r, = 2P.(r. i) - ^jj^^^ (^»)^
..4'

where the integral is extended over the area ^o of the plate. This

equation represents the doubling of pressure which would occur if the

surface were perfectly rigid, less the effect of motion of the surface in

the direction of the incident wave.

If no baffle at all is assumed and boundaries behind the plate are

ignored, we have Un = Uon external to the area Ao and po duon/dt =
— grad Pi, giving

(10.16) ^(r.O = ^.(M)+|^JJ^^-^(|^)^^A'

If the incident wave varies slowly enough with distance from the sur-

face, the second integral can be neglected. In this limit, the difference

between presence and absence of a baffle is that in the latter case the

pressure Pi, rather than the doubled pressure 2Pi, is modified by the

rarefaction or damping term from motion of the surface. The effect of

diffraction from the unbaffled periphery of the surface is thus to reduce

and ultimately destroy the doubling of pressure resulting from a rigid

surface. The effect of an imperfectly rigid baffle or boundary can be

taken into account by suitable assumptions as to the velocity distri-

bution on such boundaries, as has been done by Kirkwood (61), and

Kennard (57).

C. The pressure at the center of a circular plate. Only the simple

case of a circular plate of radius a in an infinite rigid baffle will be con-

sidered further here, and a further simplifying assumption will be made
that the plate deflection is always paraboloidal. This assumption im-

plicitly requires a suitable constraint by which this profile is artificially
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maintained, as a more exact solution obviously determines what the

profile must be. This question has been examined by Kirkwood, who
finds that the initial phases of deformation are more nearly conical in

form, and a change in shape occurs with time of deformation and time

variation of incident pressure, as is also found experimentally. The
paraboloid form is, however, fairly typical, and we assume for sim-

plicity that the deflection z{r, t) is given by

z{r,t) = Zc{t) (1 - rVa2) ^ >

= ^ <

where the central deflection zjt) depends only on time and the edge is

fixed {z{a, t) = 0). Substituting this expression for z in Eq. (10.15)

gives for the pressure at the center of the plate

P(0=2P.(0-W2.)j"(f)^(l-5)..
o

since Un{r, t) = dz/dt. Changing the variable of integration to

T = t — r/co and integration by parts gives finally Kirkwood's result

that

(10.17)

where the diffraction time dd = a/co is the time for a wave to be propa-

gated from the edge of the plate to its center. The pressure for other

points on the plate can of course be similarly evaluated, but involves

greater mathematical complications which is unnecessary for the present

purpose.

The significance of Eq. (10.17) for the pressure at the center of a

plate is more clearly brought out by considering the limiting cases to

which it reduces under special conditions. In the initial phases of the

motion for which t < dd, we have zdt — dd) = and the integral is

small because Zc{t) = for r < 0. The pressure is then very nearly

(10.18) Pit) = 2P,{t) - PoCo^
at ,

This, however, is simply the pressure in front of an infinite plate moving

with velocity dzc/dt, the term 2Pi(t) representing doubling of pressure
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at a fixed surface and the term poCo dzc/dt the rarefaction resulting from

its motion. As time increases this pressure is modified by the arrival of

diffracted waves from adjoining points on the plate and baffle, these

being represented by the last two terms of Eq. (10.17), which act to

reduce the pressure gradient.

,A second limiting case is that in which the acceleration of the plate

changes slowly enough that the propagation time can be neglected.

This corresponds to evaluating d%/dt^ in the integral preceding Eq.

(10.17) at the same time r for all points, as if the motion and pressure

at all points were the same as in noncompressive flow. In this limit,

Eq. (10.17) becomes

(10.19) Pit) =2P,(0-^S
3 dt^

The second term on the right has the form of an inertial reaction of the

accelerated flow near the plate, which in the equation of motion for

plate and water becomes equivalent to an added mass (2poa/3) per unit

area (at the center of the plate) . The load on the plate thus approaches

a doubling of pressure less the inertia of noncompressive flow. This

transition is a simple example of what Kennard has called the reduction

principle, by which "the action of a wave tends continually to change

into or reduce to the type of action that is characteristic of incompres-

sible liquid." Considerations of this kind are often useful in simpli-

fied analysis of the pressure distribution, but it is important to observe

that this limiting behavior is brought about by compressive equalization

of pressure differences and the limiting case results only if the time for

this to occur can be neglected. The noncompressive approximation

has been treated by Butterworth (15), and by Kennard (57) in a com-

prehensive discussion of the effects of pressure waves on diaphragms.

10.6. Motion of a Circular Plate

A. The equation of motion for a plate under plastic tension. If a de-

forming plate is assumed to have geometrically similar profiles at all

times, only the equation of motion for an element of the plate need be

solved, as this solution determines the rest of the profile. As an illus-

tration, consider the assumed parabolic deformation of a circular plate,

subject to a pressure P{t) at its center, negligible restraint by the

medium behind it, and a stress (Jn{t) normal to the surface as a result of

its deformation. If m is the mass of unit area of the plate, the equation

of motion for lyiit area at the center of the plate is
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where for an infinite baffle P{t) is given by Eq. (10.17). If the plastic

deformation is approximated by membrane tension, the value of o-n

is approximately (iaoh/a^)Zc from Eq. (10.11) (this result is strictly for

small spherical deformations, but the difference in profile for small values

of Zc/a is negligible) . Substitution in the equation of motion gives

(10.20) m^' + ^2. = 2P,(0

— poCo f+l-" -e,) -^ (zMdt\

The deformation of a plate actually involves thinning, as it is ap-

proximately true that the density p remains unchanged in plastic flow,

and hence neither m nor h is strictly constant. If this thinning is neg-

lected, Eq. (10.20) is a linear integro-differential difference equation

which is most readily solved for known Px{t) by use of Laplace trans-

form theory. Kirkwood (61) has obtained the solution for the case of

an exponential incident wave of the form Pi(0 = P^e~'/^, and has also

outlined a procedure by which empirical pressure-time curves can be

used for Piif), if the incompressive approximation of Eq. (10.19) for

P\{t) is used. The solution for Zc{t) so obtained can apply only up to

the time tm of maximum deflection for which dzc/dt = 0. The final

solution using the more exact expression for the diffracted wave given

by Kirkwood is rather complicated. The physical nature of the solu-

tions can, however, be seen by considering the solutions obtained in the

limiting cases of no diffraction effect at the center, and of noncompres-

sive action.

For times less than dd the last two terms on the right of Eq. (10.20)

can to a first approximation be neglected. The inertial term for suf-

ficiently thin plates is relatively small, and if it is dropped, the equation

of motion for an exponential wave P(t) = Pme~^^^ is

dzc
,

4:aoh 2Pm ,,^

at poCoa^ PoCo

The solution of this equation is

Zc = ^^— [e ^'^ — e ^/^pj, where 6^ = -—

—

PoCo 6 — dp 4(7o/i

The characteristic time dp is the time for the plate to deflect to a fraction

1 — 1/e = 0.63 of its final set in response to a step pressure, and is

called the plastic time by Kirkwood. The final deflection Zc{tm) for

which dZc/dt = is given by

Zcitm) = —— e-^/0^ , where tm = -—^ log
( ^ )

PoCo O — Up \Up/
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The maximum deflection zdtm) thus is proportional to the impulse

PmO of the incident wave, but unless the plastic time is large only a

fraction of the impulse is utilized. If dp is much smaller than the time

constant 6, the deflection approaches a limiting value Zc{tm) = ^P^Op/poCo

as tm becomes large compared to dp, and the deformation is proportional

to the peak pressure Pm- The time Op for a diaphragm 10 inches in

diameter and 0.1 inch thick with a yield stress of 60,000 Ib./in.^ is 600

/xsec. For small charges with 6 less than 100 )usec. (less than 5 pounds

of explosive), the deformation would thus be determined by impulse.

For charges of the order of 300 pounds or more, with 6 of the same order

of magnitude as dp, only the earlier portions of the pressure-time curve

would be effective. These considerations give an indication of the

changes in effect of the incident wave. They are, however, often in-

applicable, as they neglect diffraction effects, which are important for

large charges, and the possible development of cavitation, which makes

the solution invalid in many practical cases.

The effect of diffracted waves is simply illustrated in the non-

compressive approximation, for which the equation of motion is

-t/d

The solution of this equation is

Zc{t) = ~ " ^ [cOo^C"'/^ + sin Cx)ot — OOod COS OJot]

PoCo 1 + {(^od)"

where coo^ = 4:aoh/ma"(l + 2poa/3m) and dp is the plastic time previously

defined. The quantity coo has the characteristics of an angular fre-

quency of motion of the plastic diaphragm loaded by the moving water

near its surface. The time tm for maximum deformation (for which

dzc/dt = 0) is given by the transcendental equation

Q-t,n/e = cos ix)ot„i + o)od sin o)ot,n

and the deflection Zc{f,n) is then

2P,nd
Zc(tm) = — OOodp sin O^otm

PoCo

This maximum deformation is for the case of an infinite rigid boundary

external to the plate. If there is no baffle, the pressure doubling from

reflection is reduced by diffraction, and in the noncompressive approxi-

mation the deformation is very nearly half as great.

If the natural period 2Tr/coo of the structure is large compared with d,

tm is nearly 34 of this period or 7r/2wo, and the deformation is propor-
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tional to tlie impulse Pmd of the incident wave. If coo is large, one has

sin (VoUn = l/cood giving the result that Zc{tm) — 2Pmdp/poCo. This is just

the expression found by neglect of diffraction in the corresponding limit

of short plastic times and, as before, the deformation is determined by

peak pressure, as of course it must be. It is interesting to note that the

equation of motion and its solution are very similar to those for the

ball-crusher gauge (see section 5.1).

The results of the noncompressive approximation have been extended

by Kirkwood to include bafRes of finite rather than infinite extent.

These results have been found to describe the deformations of small

steel diaphragms in the diaphragm gauge described in section 5.3 with

considerable accuracy, both as to magnitude of central deformation, and

its variation with charge weight and distance. The observed values

average some fifteen per cent lower than the calculated ones, but this

difference is partly removed by the use of experimental pressure-time

curves rather than the actually employed values from the Kirkwood-

Bethe shock wave theory.^ When this is considered, the agreement

obtained is perhaps fortuitously good, considering the many approxi-

mations necessary in the theory. It is to be emphasized that the theory

cannot always be applied this successfully, particularly if cavitation

occurs.

Kirkwood and Richardson have made a number of investigations

aimed at removing some of the arbitrary and approximate features of

the simple theory which has been presented here, such as the parabolic

constraint, the neglect of tangential plastic waves, and other ideali-

zations of the plastic state. For an account of these results, reference

should be made to the original reports (61).

B. The effect of cavitation on deformation. The analysis of diaphragm

motion which has been given assumes that the resultant pressure on the

surface is at all times given by superposition of the incident and dif-

fracted waves. In many cases, however, this resultant pressure wdll

become negative because of the deformation, which would require that

the water withstand tension if the analysis is to continue to apply.

Except under laboratory conditions water cannot withstand appreciable

tensions, as discussed in section 10.4, and when cavitation takes place

the results already discussed and others similarly obtained must fail.

Some criterion as to whether cavitation actually occurs is thus obvi-

ously desirable. An essential factor in considering cavitation is the

fact that the circumstances which lead to cavitation in front of an

infinite plate are modified by the equalizing effect of diffraction from

the edge of a finite plate. For example, the decrease in pressure by

acceleration at the center of the plate will be counteracted by the ar-

rival of diffracted waves w^hich act to equalize the pressure with the

^ The calculations are summarized in a report by Fye and Eldridge (39)

.
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values at points external to the plate. If the plate is circular with

radius a, the equalizing effect from the edge of the plate can occur only

after a time 6d = a/co after arrival of the incident wave at the edge.

Kirkwood (62) has proposed as a criterion for the formation of cavi-

tation that the diffraction time must exceed the cavitation time at the

center of the plate. This cavitation time depends of course on the

motion of this part of the plate, but an approximation to the initial

motion is obtained by assuming the center to act as an element of an

infinite free plate of mass m per unit area (see section 10.5, part C).

If cavitation occurs when the resultant pressure on this element first

becomes zero, the time after arrival of an exponential pressure wave is

the Taylor cavitation time dc obtained in section 10.4, which is

(10.21) e, = -^log,/3, where ^ = £?£f?

jS — 1 m

Kirkwood 's criterion may therefore be expressed for a circular plate by
the proposition that if dd exceeds dc cavitation will occur. Correspond-

ing estimates for other types of target and incident pressure wave can

be formulated in a similar way by suitable estimate of diffraction time

from the dimensions of the structure and its response to pressure.

Although the simple criterion of comparing the diffraction and free

plate cavitation times is admittedly rough, its usefulness and approxi-

mate validity has been well established experimentally for small circu-

lar plates. A number of experiments have been performed, for example,

in which photographs were taken of the water in front of diaphragms

after arrival of a shock wave from a 50 gm. tetryl charge. Varying

cavitation and diffraction times were obtained by changing the radius

and thickness of the diaphragms. In all except borderline cases, cavi-

tation was found only when the time for arrival of a diffraction wave at

the center exceeded the cavitation time computed from Eq. (10.21).

In the case illustrated in Plate Xllb, a steel diaphragm gauge plate

of 3.3 inch diameter, 0.084 inches thick, was struck by an exponential

wave of time constant 55 /jLsec. In this case the diffraction time

dd = a/Co = 29^tsec. was somewhat greater than the cavitation time of

21 jusec, and the predicted cavitation near the center was observed, as

shown in Plate Xllb.

It has also been found that positions of the cavitation ])oundary

calculated by similar methods are in good agreement with observed

values, and the simple cavitation criteria thus furnish a quite reliable

guide for analysis. The cavitation time is smaller for thin plates and
short durations of the incident wave, and the diffraction time increases

with the lateral dimensions. Cavitation therefore occurs for relatively

thin plates, or short durations of shock wave pressure. Many struc-
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tures of interest have a sufficiently small ratio of thickness to distance

between regions of support that cavitation will occur for shock waves,

and consideration of cavitation effects is therefore important.

If cavitation forms in front of a plate, the water ceases to exert a

significant load. If the cavitation persists, the plate is effectively de-

tached from the water after the time 6^ and is brought to rest only by

its resistance to plastic deformation. The plastic work done on the

plate should then be very nearly the whole of the kinetic energy ac-

quired before cavitation occurred, as none of this energy is returned to

the water. If the cavitation time is short, a first approximation to the

kinetic energy acquired can be obtained by assuming that the plate acts

as a free plate without significant resistance. The velocity of a free

plate at time dc for an exponential wave Pmer^^^ is readily shown from

Eq. (10.7) of section 10.4 to be

(dz\ 2Pm ^T^
,{- = ^ ^ wher

\at/0^ PoCo

e =
m̂

The total kinetic energy for a plate of radius a is then

(10.22) KB = i-irahn (^\ = ?^^ Tra^ ^^^

and is thus proportional to the shock wave energy density Pm'^d/2poC„, a

fraction of which is absorbed. If the plate is assumed to act as a mem-
brane under tension aoh, the plastic work done for a central deflection Zc

is given by TvaohZc^ from section 10.5. The final deflection Zcitm) is ob-

tained when the plastic work is equal to the kinetic energy acquired,

and is proportional to the square root of shock wave energy. The value

of Zcitm) from Eq. (10.22) is

_ Prna
I

OnCn \

2m ^y'
12(10.23) z,{Q = ^^J—I

^'-^ = 2. -^ /3i-^ aE'i
PoCo ^ (Toll > (Tofl

where E is the shock wave energy density for the assumed acoustic

plane wave.

This result is evidently rather crude, as it neglects diffraction effects

or the possibility that, in later stages of the motion, the plate may be

reloaded by disappearance of cavitation as the plate decelerates. It is

therefore not surprising that deformations calculated from Eq. (10.23)

come out to be considerably smaller than observed values. As an ex-

ample, experiments made by Goranson (41) may be cited, in which steel

diaphragms 21 inches in diameter and 0.11 inches thick were deformed

by the pressure wave from 1 pound TNT charges. The central de-

pressions computed from Eq. (10.23) w^ere of the order of half the ob-
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served values. These varied from 1.2 inqhes at 6 feet to 4.2 inches at

2.5 feet, indicating that the plates must actually have absorbed 4 times

as much energy from the shock wave as is accounted for by the kinetic

energy at the time of cavitation. Goranson showed in fact that the

energy absorbed was very nearly equal to the total available shock wave

energy, by a calculation of plastic work similar to the one outlined here.

This approximate equality suggests the existence of some mechanism

by which the kinetic energy of cavitated water in front of the plate can

be delivered to the plate and increase the deformation by doing further

plastic work on it.

A mechanism for providing this reloading has been suggested and

examined by Kirkwood (62). The physical basis of the theory lies in

the fact that, as the diaphragm decelerates, the pressure in front of it

increases in a manner calculable from its equation of motion. When
this pressure becomes larger than the cavitation pressure, the cavitation

is destroyed and a reflected wave of compression moves back into the

cavitated regions. The water between the plate and the front of recom-

pression is moving with the plate in the noncompressive approximation,

and the kinetic energy of both this layer and the plate is ultimately

dissipated as plastic work. If the reloading wave is idealized to be a

plane wave front, moving into the cavitated water with forward velocity

at essentially zero pressure, its velocity and hence the thickness of the

reloading layer of water can be computed from the pressure behind the

front and the Rankine-Hugoniot condition at the front.

Kirkwood's application of these considerations gives the result that

the deformation predicted by Eq. (10.23) should be increased by a fac-

tor (1 -f- ^/^y^, his equation being

Zc{tm)
poCo y aoli \ 4/

This result, when applied to the 21 inch diaphragms for which jS = 6.7,

gives central deflections in much better agreement with experiment for

an assumed yield stress (To = 45,000 Ib./in.^, but still somewhat smaller.

Kirkwood has suggested that the secondar}^ bubble pulse ma}'- account

for the increased damage. If this is to be true, the peak pressure P„/

in the secondary pulse must be greater than the normal stress corre-

sponding to the final shock wave deflection Zr{tm), as otherwise the later

displacement will be elastic without permanent set. The necessary

pressure is therefore given by PJ = {^doh/a^) z,{Un), which for this case

gives the result that PJ must be greater than 6 per cent of the shock

wave peak pressure. Secondary pressures of at least this magnitude

would be expected in this case, and the explanation is thus a tenable one.

An actual calculation of the supplementary damage would of course
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necessitate developing a theory appropriate to the bubble pulse pressure-

time curve.

The calculations outlined above for circumstances when cavitation

occurs are clearly idealized, as they take no account of differences in

character of the loading at different points on the diaphragm and further

involve approximations in analysis of the spreading of the reloading

wave. More refined analytical treatments would evidently be difficult

to carry out. The significant result in the idealized case is the relation

of damage to absorption of energy from the incident wave if cavitation

occurs, and it is not unreasonable to expect that at least qualitatively

similar results would be obtained from such treatment.

The analytical treatments for damage to circular diaphragms which

have been given here are based largely on theories developed by Kirkwood

and by Kirkwood and Richardson.^ A comprehensive discussion of

damage to circular diaphragms and plates, which treats similar prob-

lems in more detail than has been possible here, has been given by

Kennard (57). The reports of these workers should be consulted for

more complete analytical developments. A number of experimental

investigations under varying conditions have been carried out at several

laboratories. Among these may be mentioned experiments on 10 inch

plates by Hudson (48) at the Taylor Model Basin, on 21 inch plates

(Goranson (41)), and Modugno gauges (see section 5.3), and on 3.3

inch diameter diaphragm gauges by Fye and Eldridge at Woods Hole

(39). Another important series of investigations has been carried out

by the British Admiralty Department of Naval Construction and by

the Road Research Laboratory, employing box models with rectangular

air-backed steel plates having areas of several square feet.^ The dis-

cussion of these and other larger scale damage trials is beyond the scope

of the present development, which has for its purpose only an indication

of the factors which must be involved in an understanding and evalu-

ation of such experimental work.

10.7. General Considerations in Underwater Explosion Damage

The discussion of the last three sections shows that damage from

underwater explosions involves a number of factors, which depend both

on the pressure waves and the nature of the structure. As a result, no

single answer could be given to the question as to what characteristic of

underwater explosions is decisive in causing damage, even if our knowl-

edge of the subject were complete. Enough of the phenomena are

sufficiently well understood, however, that some useful generahzations

can be stated. Most of these conclusions can be understood in terms of,

8 Reports of these calculations are given in References (61) and (62)

.

^ The work along these lines is presented in a series of reports too long to be

listed here; many of them have been listed as Undex Reports (115).
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and to a large extent are drawn from, analyses of idealized cases such as

the ones treated in the preceding sections. It is to be remembered that

any simple conclusions must lose in precision with their extension to

other than the simple cases for which they strictly apply. Even so,

these qualitative conclusions can at least serve to suggest the relative

importance of the various phenomena in the water for specific cases of

explosion damage.

A. Relative importance of shock wave and later pressures. A first

question is of course whether the shock wave, bubble pulse, or pressures

at other times are of major importance. The more important high ex-

plosives are remarkably similar in that roughly half of the available

chemical energy is radiated in the primary shock wave. Although a

third or more of this energy may be lost as heat within distances of sig-

nificance for damage, the fact remains that the shock wave constitutes

the largest single source of available energy throughout the surround-

ing water. Under many conditions, the shock wave is of decisive im-

portance and in no case should its effect be dismissed as negligible with-

out good reason.

As compared with the shock wave, secondary pressure pulses from

gas sphere contractions are of much greater duration, but the total

energy radiated is much smaller, being certainly of the order of one-

third or less of the radiated shock wave energy. At the same distances

from their effective source, the maximum pressures in the secondary

pulses are a small fraction of that in the shock wave. The bubble pulse

may well be responsible for supplementary damage, however, particu-

larly if migration of the bubble places it close to the target when the

pulse is emitted. Examples of greatly increased damage as a result of

this migration are well established by both direct and indirect evidence.

Because of the long duration of these pulses, if they are not seriously

attenuated by possible loss of energy to the free surface of the water,

their effect in many cases is more nearly that of static pressure and can

be gauged by the peak pressure. The magnitude of this pressure and

the possible importance of the bubble pulse are strongly affected by the

position and state of motion of the gas sphere, and both the explosive

and its position relative to the target must be considered. It is reason-

able to conclude, however, that the bubble pulse is of major or decisive

importance only if the geometry of the charge, target, and nearby sur-

faces is particularly favorable.

A frequently recurring question in underwater explosion damage is

that of the importance of the essentially noncompressive outward flow

of water following emission of the shock wave. Most of the remaining

energy appears as kinetic energy of outward flowing water at a later

stage of expansion of the explosion products. This fact has presumably

been the reason leading a number of writers to ascribe major significance
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to this kinetic or afterflow energy of the "kinetic wave" as a factor in

damage, particularly close to the charge. This conclusion is surely both

misleading and erroneous, if there is implied the existence of effects not

determined by the associated pressures (see section 9.2). There is,

however, the perfectly valid possibility that, in the region of high pres-

sures close to the charge, pressures following the initial peak value of

the shock wave are large enough to be effective for much longer times

than at greater distances. This fact, and the fact that a greater frac-

tion of the radiated shock wave energy is available for mechanical work

in near-contact explosions, must be considered in analysis of any data or

arguments presumed to establish the importance of afterflow energy,

"kinetic waves," or "schubenergie."

B. Dependence of damage on nature of applied pressure. In idealized

examples of a circular plate undergoing plastic deformation, it is found

that the damage resulting from pressure waves depends very much on

the relative dimensions and characteristic times of the plate and the

pressure wave. Similar differences must be expected for other struc-

tures, and the property or properties of the pressure wave which are of

importance more generally can be qualitatively inferred from these re-

sults. Characteristic times which must be significant are: the duration

of the incident pressure (e.g., time constant of an exponentially decaying

wave), the natural response times or frequencies of the structure (e.g.,

the plastic time of a circular plate) , and the diffraction times, determined

by dimensions of the structure, required for equalizing diffracted pres-

sure waves to be propagated over the structure.

If the duration of the pressure wave is much shorter than other

times, the effect of pressure is essentially that of a local impulsive blow

on all parts of the structure, which then moves in a manner determined

by the impulse of the wave. This impulse varies for a given explosive

roughly as W^'-^/R, where W is the charge weight and R the distance.

This state of affairs can be realized only for relatively large structures

with slow response, and will not be realized unless the structure is suffi-

ciently rigid to prevent cavitation in the time interval before rarefaction

pressures can be equalized by diffraction waves. Some criterion as to

occurrence of cavitation must therefore be applied to determine whether

analysis based on superposition of pressures, which asymptotically in-

volves the impulse of the wave, can be applied.

In the extreme that the duration of the wave is much longer than the

response time or diffraction time, the wave will act much more like an

applied static pressure. In the case of a shock wave, the initial peak

pressure will come to be the controlling factor, as will the peak value of

bubble pulse pressure (although its rate of rise may also be significant).

The peak shock wave pressure varies with charge weight and distance

roughly as |fo-38/^i.i4 f^^. j-^nges of interest, whereas slightly smaller
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exponents are probably appropriate for bubble pulse pressures. The
dependence of damage on peak pressure or impulse in limiting cases,

with so to speak a fractional utilization of impulse in intermediate cases,

is well illustrated by Modugno or diaphragm gauge plates, which for

small charges undergo deformations determined by impulse, and for

charges of several hundred pounds respond much more nearly to the

initial shock wave peak pressure. The dynamical properties of the

gauge and its surroundings must of course also be considered. For ex-

ample, increased rigidity of surrounding or supporting structures has

the effect of increasing the equalizing diffraction pressures, and hence

leads to increased deformations.

If cavitation occurs in the water adjacent to the structure, a some-

what different state of affairs occurs in which a large amount of energy

can be trapped as kinetic energy of the structure and cavitated water,

and later expended in plastic work of deformation. The resultant

deformation may then be roughly in proportion to the square root of

incident shock wave energy, and hence vary with charge weight and

distance roughly as ]V^^^/R. Experimental evidence in some cases in-

dicates approximate equality of this energy with plastic work of defor-

mation. It is important, however, to observe that the total energy

absorbed by a plate of finite area may considerably exceed the incident

shock wave energy over the same area, the excess coming from other

parts of the wave by the agency of diffraction.

The various empirical laws as to variation of pressure wave pa-

rameters with weight and distance are frequently helpful in analysis of

damage, but these laws should not be taken too literally. Observed

variations of damage may be determined in part by one parameter more

than another, but a considerably different weight-distance law for

damage may, and often does, result from the dynamical properties of

the structure. Furthermore, the differences in the characteristic laws

are not always clear cut. A weight exponent corresponding to defor-

mation varying as W^-"^^ may perfectly well be the result of peak pressure

proportional to W^-^^, or square root of energy varying as TF° -^ An-

other consideration is the fact that shock waves near a charge are propa-

gated with considerable energy losses by dissipation, and conclusions

valid at greater distances should not be extrapolated to near-contact

explosions without careful analysis or supporting data.
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APPROXIMATIONS IN THE PROPAGATION THEORY
OF KIRKWOOD AND BETHE

An exact estimate of the errors involved in any approximate propagation theory

for shock waves requires either an exact theory for comparison or appropriate experi-

mental data. The former does not exist and the latter are treated in some detail in

Chapters 4 and 7. It is of interest, however, to form some theoretical estimates of

the nature of the errors in Kirkwood and Bethe's theory, as outlined in Chapter 2

and developed more fully in Chapter 4. This analysis is conveniently made in a

somewhat indirect manner in terms of the Riemann function Q = ^(a — u). For

acoustic pressures the hydrodynamical equations for the velocity potential func-

tion $ reduce to the wave equation

The enthalpy and particle velocities are obtained by the relations

/ A ON * 1 a*

r dt

which are also valid in the general case if <J>/r satisfies Eq. (2.23) of the text.

The solution of the wave equation (A.l) for an outgoing wave is evidently

* = *0-^)
and the first of Eqs. (A.2) may be written

* , O
u = ~+~

r2 Co

The kinetic enthalpy il and enthalpy co differ only by the term u'^/2 which in the

acoustic approximation is negligible. The Riemann a and the enthalpy oj are de-

fined as

(A.3) a =
J po P J O P

We can therefore write, c being independent of p in the acoustic case,

The function Q therefore becomes

an approximation also valid for incompressive flow (c -^ <»).
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The basic approximation of the Kirkwood-Bethe theory can be considered to be

the assumption that the function r(co + a'^/2) is propagated with velocity c -\- <t

behind the shock front. This is readily shown to be equivalent to the assumption

that the difference Q = \{(t — u) \^ given by

(A.4) ^(''') = "2^-?/
1 C' 9 '(.= - u^)

^,

where the integration over t is performed at constant r and to is the time of arrival of

the shock wave at r.

The propagation of r(co + 0-^/2) with velocity c + o- if Q is given by Eq. (A.4)

can be shown as follows. Substitution from Eq. (A.2) in Q = ^(o- — w) gives

O - - - 1-4- i-—

and equating this relation to Eq. (A.4) gives

•' d

^+l? + ^/.^^'^^^-"^^'^

Differentiating with respect to i, we have

(A.5) ,_ + _--_ + I _,(,._„>) =0

In order to express this equation in terms of r(co + 0-^/2) we note that

du/ dt = cda/dt, and hence

dr dt ' dr 2

the last step following from Eq. (A.2). Substituting in Eq. (A.5) gives

[i^Thi^^^-^O-^

which is the equation for propagation of r{co + (t^/2) with velocity c + a.

The question of importance with regard to this result is, of course, what error is

incurred by the approximation that the difference ^(a — u) is given by Eq. (A.4).

In the acoustic approximation, for which we have shown that (o- — u)/2 is given by
— ^/2r2, the error inQ is measured by the integral in Eq. (A.4) , which is readily shown to

be at least of order l/r^. The error in Q is therefore small for increasingly large r.

Kirkwood has estimated the value of Q from Eq. (A.4) on the basis of the Kirkwood-

Bethe theory and obtains values of the same order as those computed by Penney by

direct integration of the Riemann equations (2.17). This is hardly conclusive evi-

dence in favor of the approximation, as both calculations are approximate, but does

furnish some support for it. More exact theoretical estimates of the error in the

enthalpy have not been made and would, as mentioned at the outset, imply an exact

solution of the propagation equations.
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Nautical Almanac Office, 298

Naval Ordnance Laboratory, 148

Naval Research Laboratory, 173

Newmark, P., 213
Newton's laws, 15-16

noncompressive, equations of motion,

285-287; expansion of bubble, 272-

276; pressures, 354-364; translation of
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