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Abstract
Accurate modelling of heat diffusion is essential across various engineering and applied science fields, influencing the optimisation of thermal management systems and material processing techniques. This study focuses on developing and evaluating a two-dimensional heat diffusion model using the Explicit Finite Difference Method (EFDM). The numerical model is implemented in MATLAB and validated against an analytical solution to ensure reliability. A detailed sensitivity analysis assesses the influence of key numerical parameters, including grid spacing, time step size, and convergence criteria tolerance, on solution accuracy and computational efficiency. The results indicate that while EFDM is computationally accessible, its stability is constrained by the Courant-Friedrichs-Lewy (CFL) condition, which imposes strict timestep limits. The study highlights numerical errors impacting solution accuracy, such as truncation and round-off errors. Furthermore, limitations regarding structured grids and fixed boundary conditions restrict the model’s applicability to complex geometries. Future work should explore implicit and hybrid numerical methods to enhance stability, efficiency, and adaptability for broader engineering applications.













Table of Contents
1. Introduction	1
2. The governing equation of the problem	3
2.1 The heat equation	3
2.2 Mathematical Definition for 2D Geometry	3
2.2.1 Thermal diffusivity	4
3. Explicit finite form of the constitutive equation	5
3.1 Taylor Series General Formula	5
3.2 Forward Difference Approximation	5
3.3 Backward Difference Approximation	5
3.4 Central Difference Approximation	6
3.4.1 First derivative:	6
3.4.2 Second derivative:	6
3.5 Discretisation of the Spatial Domain	7
3.6 Discretisation of the Temporal Domain	8
3.7 Derivation of the explicit finite form of the heat equation.	8
3.8 Definition of the stability criterion.	9
4. The initial boundary conditions and analytical solution	10
4.1 Initial Boundary Conditions	10
4.2 Constant Boundary Conditions	11
4.2.1 Dirichlet Boundary Conditions	11
4.2.2 Neumann Boundary Conditions	11
4.3 Analytical Solution	12
5. Illustrative descriptions of MATLAB code.	13
5.1 Initialising the workspace and defining material properties	13
5.2 Setting plate dimensions on the X and Y axes	13
5.3 Setting grid spacing value (h)	13
5.4 Calculating and initialising matrix Parameters	14
5.5 Application of Dirichlet boundary conditions and Calculation of time step	14
5.6 Initialisation of T2 matrix key parameters definition of the convergence criteria tolerance	15
5.7 Calculation of the maximum temperature difference by applying the modified heat equation	15
5.8 Displaying numerical results, iterations counter, and time to equilibrium	16
5.10 Calculation of difference between TA and T2 Generation of heat map figures	17
6. Code Validation	18
7. Sensitivity analysis of code	22
7.1 Parameters of the sensitivity analysis	22
7.2 Analysis of the influence of grid spacing on thermal equilibrium time	22
7.3 Analysis of the influence of time step spacing on thermal equilibrium time	23
7.4 Analysis of the influence of convergence criteria tolerance on Thermal equilibrium time	24
8. Limitations of Model	25
8.1 Numerical Limitations	25
8.2 Coding Limitations	25
9. Suggestions for future developments and improvements	26
9.1 Suggestions for future work	26
9.2 Suggestions for improvements	26
10. Conclusions	27
11. References	28
12. Appendix	32
Appendix 1 - MATLAB code for reference.	32













Figures list
Figure 1- Representative free body diagram of plate spatial domain. Adapted from Source-(Pantakar, 1980)	7
Figure 2-CFL stability criterion.	9
Figure 3-Initial and Boundary conditions schematic diagram.	10
Figure 4- Initial boundary conditions criterion.	10
Figure 5- Dirichlet boundary conditions criterion.	11
Figure 6-Neumann boundary conditions criterion.	11
Figure 7- Screenshot of MATLAB code line 1-8.	13
Figure 8- Screenshot of MATLAB code line 9-17	13
Figure 9- Screenshot of MATLAB code line 18-24	14
Figure 10-Screenshot of MATLAB code line 25-29	14
Figure 11-Screenshot of MATLAB code line 30-45	14
Figure 12-Screenshot of MATLAB code line 46-54	15
Figure 13-Screenshot of MATLAB code line 55-80	15
Figure 14-Screenshot of MATLAB code line 81-98	16
Figure 15-Screenshot of MATLAB code line 99-115	16
Figure 16-Screenshot of MATLAB code line 116-157	17
Figure 17-Numerical solution matrix data and heat map.	19
Figure 18-Analytical solution matrix data and heat map.	20
Figure 19-Absolute temperature differences between T2 and TA matrixes data and heat map.	21
Figure 20-Grid spacing analysis graph	22
Figure 21- Time step analysis graph	23
Figure 22- Convergence criteria analysis graph	24







Equation list
Equation 1- The Heat Equation (2D).	3
Equation 2- Thermal diffusivity equation.	4
Equation 3- Taylor series general equation.	5
Equation 4- Forward difference approximation.	5
Equation 5-Backward difference approximation.	5
Equation 6- First derivative central difference approximation.	6
Equation 7-Second derivative central difference approximation.	6
Equation 8- Approximate second derivatives by central difference approximation in the direction of 	7
Equation 9- Approximate second derivatives by central difference approximation in the direction of .	7
Equation 10-Approximate first derivative by forward difference approximation.	8
Equation 11-EFDM form of the heat equation.	8
Equation 12- Fourier’s number equation.	8
Equation 13- A modified discretised form of the heat equation to set Neumann conditions on the East plate boundary	11
Equation 14-Modified discretised form of the heat equation to set Neumann conditions on the West plate boundary.	11
Equation 15-Analytical temperature solution at thermal equilibrium to which the numerical result is tested.	12

Table list
Table 1-Grid spacing analysis parameters	23
Table 2- Time step analysis parameters.	23
Table 3-Convergence criteria tolerance parameters.	24

[bookmark: _Toc188705175]1. Introduction
The ability to accurately model heat diffusion is fundamental to numerous engineering and applied science fields (Pop and Ingham, 2001), influencing the design and optimisation of thermal management systems (Norton et al., 2013) (Agyeman et al., 2023) and material processing methods (Gunasegaram and Steinbach, 2021). Among the various approaches for numerically simulating heat transfer, the Explicit Finite Difference Method (EFDM) is a widely used and accessible technique favoured for its conceptual simplicity and direct implementation (Miltat and Donahue, 2007).
This report aims to describe the development and evaluation of a two-dimensional heat diffusion model based on the EFDM. Its central objective is to establish a computational method to accurately approximate solutions to the 2D heat equation under different operational parameters. A key component of this work is verifying the numerical model by comparison with an analytical solution to assess whether the proposed methodology is reliable. Additionally, this report includes an analysis of critical modelling parameters to determine their effects on solution accuracy and stability.
The report is organised into nine distinct sections:
1. The Governing Equation of the Problem: This section introduces the heat equation in two dimensions, outlines its derivation, and highlights the physical significance of each parameter in the absence of internal heat sources.
2. The Explicit Form of the Constitutive Equation: This section explores the discretisation approach using Taylor series expansions and details the derivation of the EFDM scheme.
3. Initial and Boundary Conditions: These define the problem setup and identify the analytical solution used for model validation.
4. Illustrative examples of MATLAB code: This section presents key elements of the computational code and explains their functions for reproducibility and future modifications.
5. Code validation: Compares the numerical results with the analytical solution, assessing the model’s accuracy and reliability.
6. Sensitivity Analysis of the code: Investigates the impact of critical numerical parameters (Grid spacing, time step and Convergence Criteria tolerance) on the solution quality, focussing on spatial and temporal discretisation.
7. Limitations of the model: This section identifies the constraints inherent to the EFDM and suggests avenues for refining the model and broadening its applicability.
8. Future developments and possible improvements: Explores alternatives to EFDM and suggests improvements for future work.
9. Conclusion: This section summarises the main findings, discusses their implications, and suggests potential future research and development directions.















[bookmark: _Toc188705176]2. The governing equation of the problem
[bookmark: _Toc188705177]2.1 The heat equation
The heat equation derived by Joseph Fourier in the early 19th century- is a fundamental partial differential equation (PDE) (Narasimhan, 1999). Its development provided an integral framework for studying heat transfer in solids, and it is widely used within engineering and physics applications for simulating thermal conduction through matter- a process governed by Fourier’s law of heat conduction. Fourier’s law establishes that the heat flux is proportional to the temperature gradient, and this principle forms the foundation of the heat equation (Wang and Wang, 2022). The equation simulates the heat flow within a material, although it is not purely theoretical. It is crucial for predicting how temperature evolves in time and space. It has extensive practical applications in engineering, such as designing and analysing thermal systems and simulating cooling or heating patterns in industrial automation processes (Pandey et al., 2023).
[bookmark: _Toc188705178]2.2 Mathematical Definition for 2D Geometry 
The heat equation for a two-dimensional spatial domain (without any internal heat source) is expressed as (Incropera et al., 2013):


[bookmark: _Toc188697699]Equation 1- The heat equation (2D).
Where:
 T(x, y): Temperature at position x & y
: time 
α: Thermal diffusivity of the material.
: Rate of change of temperature with respect to time.
 and : Second PDEs of temperature with respect to spatial coordinates x and y, representing heat diffusion in these directions.


[bookmark: _Toc188705179]2.2.1 Thermal diffusivity
The thermal diffusivity equation is expressed as (Incropera et al., 2013):


[bookmark: _Toc188697700]Equation 2- Thermal diffusivity equation. 
Where:
k: Thermal conductivity (W/m·K).
ρ: Density of the material (kg/m³).
cₚ: Specific heat capacity (J/kg·K).

















[bookmark: _Toc188705180]3. Explicit finite form of the constitutive equation
The Taylor series expansion is used to discretise the heat equation by replacing the first and second derivatives with difference approximations derived from the Taylor Series. Since many PDEs do not have analytical solutions, numerical methods replace continuous derivatives with discrete approximations at specific grid points. These grid-based approximations allow the numerical scheme to compute approximate solutions iteratively, satisfying the given initial and boundary conditions.
[bookmark: _Toc188705181]3.1 Taylor Series General Formula
Taylor series approximate functions as a polynomial such as (Croft et al., 1977):
 
[bookmark: _Toc188697701]Equation 3-Taylor series general equation. 
Where  is the location of interest around which the polynomial is generated (Croft et al., 1977).
[bookmark: _Toc188705182]3.2 Forward Difference Approximation
From the Talor Series expressed in Eq. 2, the forward difference approximation (FDA) to the first derivative can be derived as (Croft et al., 1977):

[bookmark: _Toc188697702]Equation 4-Forward difference approximation.
Where O(h) is the truncation error of order h, therefore, h must be particularly small for the error to be negligible and the approximation sufficiently accurate (Chapra, 2012).
[bookmark: _Toc188705183]3.3 Backward Difference Approximation
Similarly, from Taylor Series Eq. 3, the backward difference approximation (BDA) can be generated as (Chapra, 2012):

[bookmark: _Toc188697703]Equation 5-Backward difference approximation.

Where the truncation error is of the same order as the FDA in section 3.2.
[bookmark: _Toc188705184]3.4 Central Difference Approximation 
[bookmark: _Toc188705185]3.4.1 First derivative:
The forward and backward approximations can be combined to get a more accurate approximation to the first derivative. The Central difference approximation (CDA) is given by (Chapra, 2012):


[bookmark: _Toc188697704]Equation 6-First derivative central difference approximation. 

Where is the truncation error of the order  which is an error that is less sensitive to the h value (Iserles, 2012).
[bookmark: _Toc188705186]3.4.2 Second derivative:
The second derivative is formed by essentially applying the CDA again to the first derivative approximation shown in Eq.6 (Chapra, 2012) :

[bookmark: _Toc188697705]Equation 7-Second derivative central difference approximation. 
Where the truncation error is of the same order as the CDA first derivative in section 3.4.1.









[bookmark: _Toc188705187]3.5 Discretisation of the spatial domain
The spatial domain is divided into a uniform grid of discrete points to calculate the heat propagation across the plate, as shown in Fig. 1. Each grid point is separated by the distance  where   N
E
S
W
Y
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P
h
h
h
h











[bookmark: _Toc188699499]Figure 1- Representative free body diagram of plate spatial domain. Adapted from Source-(Pantakar, 1980)
P= A typical point of interest on the grid with its four cardinal neighbouring points identified as:
N= North
S= South
E= East
W= West
Using this notation, the CDA to the second derivative can be expressed as:

[bookmark: _Toc188697706]Equation 8- Approximate second derivatives by central difference approximation in the direction of  

[bookmark: _Toc188697707]Equation 9- Approximate second derivatives by central difference approximation in the direction of .
Where:
 The temperature at the North of the location point P at the current time t.
 The temperature at the South of the location point P at the current time t.
 The temperature at the East of the location point P at the current time t.
 The temperature at the West of the location point P at the current time t.
[bookmark: _Toc188705188]3.6 Discretisation of the temporal domain
Time is continuous, although, for this simulated activity, the temporal domain must be discretised by dividing time into discrete steps shown as . 
The EFDM uses the forward difference approximation to discretise .

[bookmark: _Toc188697708]Equation 10-Approximate first derivative by forward difference approximation. 
Where:
 = This represents the temperature at the location point (P) at the current time. 
 = The temperature at the same location point (P) at the succeeding timestep. 
[bookmark: _Toc188705189]3.7 Derivation of the explicit finite form of the heat equation.
To derive the discretised explicit finite difference form of the heat equation, the FDA is used to discretise  and the CDA to discretise the second derivative.
Thus, the EFDM form of the heat equation is given by (Croft et al., 1977):

[bookmark: _Toc188697709] Equation 11-EFDM form of the heat equation. 
Where the Fourier Number  is (Croft et al., 1977):

[bookmark: _Toc188697710]Equation 12- Fourier’s number equation. 
[bookmark: _Toc188705190]3.8 Definition of the stability criterion.
While using the Explicit Finite Difference Equation, The Courant-Friedrichs-Lewy (CFL) stability criterion (Iserles, 2012) applies, which applies a constraint on the time step and spatial grid spacing. This is the main disadvantage of this model, as once  and  are quantified, a maximum time step can be selected.
This criterion is shown (in 2D) as(Hensen and Nakhi, 1994):

[bookmark: _Toc188699500]Figure 2-CFL stability criterion. 















[bookmark: _Toc188705191]4. The Initial Conditions, Boundary Conditions and analytical solution
The geometry to be considered in this case is a rectangular plate of width 𝑋𝑑𝑖𝑚 and height 𝑌𝑑𝑖𝑚, which need to be set by the code user, depending on the dimensions of the plate. Boundary conditions specify how the system interacts with its surrounding environment, defining whether heat is held constant, insulated or flowing freely (Aliabadi, 2002). The boundary conditions facilitated in this case are shown in Fig.3.
Aluminium Plate
Initial Domain Condition:
T= 




  


 


 


 


 














[bookmark: _Toc188699501]Figure 3-Initial and Boundary conditions schematic diagram. 
[bookmark: _Toc188705192]4.1 Initial Boundary Conditions
The initial domain condition is:

[bookmark: _Toc188699502]Figure 4- Initial boundary conditions criterion.
This ensures that the entire plate initialises at a uniform temperature of 0°C. This temperature will be applied to all grid points at the start of the simulation.




[bookmark: _Toc188705193]4.2 Constant Boundary Conditions 
[bookmark: _Toc188705194]4.2.1 Dirichlet Boundary Conditions 
Fixed temperature for the north and south edges of the plate:
 

 
[bookmark: _Toc188699503]Figure 5- Dirichlet Boundary Conditions criterion.
The Dirichlet boundary conditions dictate the maximum and minimum temperature within the plate by setting fixed values for the north and south edges of the plate. The temperature of the South boundary is set to  .The North boundary is held at . 
[bookmark: _Toc188705195]4.2.2 Neumann Boundary Conditions 
Insulated Edges for the East and West edges of the plate:
  
                                         
 
[bookmark: _Toc188699504]Figure 6-Neumann Boundary Conditions criterion.
These conditions enforce zero heat flux through the east and west boundaries. The temperature gradient at these boundaries is zero, meaning these edges are fully thermally insulated (Venkateshan and Swaminathan, 2014). To facilitate these conditions, Eq. 11 is modified, shown as:
East Boundary

[bookmark: _Toc188697711]Equation 13- Modified discretised form of the heat equation to set Neumann conditions on the East plate boundary
West Boundary

[bookmark: _Toc188697712]Equation 14-Modified discretised form of the heat equation to set Neumann conditions on the West plate boundary.
[bookmark: _Toc188705196]4.3 Analytical solution
The rationale for implementing such boundary conditions is that for such a cartesian geometry and simple boundary condition, an analytical solution can be derived against which the code will be tested (Chang and Ma, 2001).
 
[bookmark: _Toc188697713]Equation 15-Analytical temperature solution at thermal equilibrium to which the numerical result is tested. 

















[bookmark: _Toc188705197]5. Illustrative descriptions of MATLAB code.
An illustrative synopsis of the completed MATLAB code is displayed between 5.1 and 5.10, expounding the code’s function at key intervals for reproducibility and future modifications. 
[bookmark: _Toc188705198]5.1 Initialising the workspace and defining material properties
The MATLAB code in Fig. 7 initialises the workspace by clearing previous commands, variables, and figures. It then defines the thermal properties of aluminium by assigning values to key material parameters. Using these values, the code calculates the thermal diffusivity (alpha) as seen in Eq. 2. 
[image: A white background with black text
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[bookmark: _Toc188699505]Figure 7-Screenshot of MATLAB code line 1-8.
[bookmark: _Toc188705199]5.2 Setting plate dimensions on the X and Y axes 
The code in Fig. 8 prompts the User to input a plate’s x and y dimensions. It then verifies that both values are positive. Suppose the User enters a non-positive value (zero or negative) for either dimension. In that case, the code enters a while loop that displays an error message and repeatedly requests valid inputs until both dimensions are positive. This ensures that the plate dimensions are always valid before proceeding with further calculations or operations.
[image: A close-up of a text
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[bookmark: _Toc188699506]Figure 8-Screenshot of MATLAB code line 9-17.
[bookmark: _Toc188705200]5.3 Setting grid spacing value (h)
The code in Fig. 9 prompts the User to input a grid spacing value (h) in metres and ensures it meets specific validity criteria. The while loop checks if h is a valid input by ensuring it evenly divides both the xd (x-dimension) and yd (y-dimension) of the grid, is positive, and does not exceed the smallest grid dimension (min (xd, yd)). An error message is displayed if the input is invalid, and the User is prompted to enter a new value until a valid grid spacing is provided.
[image: A close-up of a code
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[bookmark: _Toc188699507]Figure 9-Screenshot of MATLAB code line 18-24.
[bookmark: _Toc188705201]5.4 Calculating and initialising matrix parameters
The code in Fig.10 calculates the dimensions of a matrix based on the values of yd, xd, and h. It first determines the number of rows (row) and columns (column). The resulting values define the size of a matrix T, which is then initialised as a zero matrix with dimensions (row, column).
[image: A computer code with text
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[bookmark: _Toc188699508]Figure 10-Screenshot of MATLAB code line 25-29.
[bookmark: _Toc188705202]5.5 Application of Dirichlet Boundary Conditions and calculation of time step  
In Fig.11, Dirichlet boundary conditions are applied, as shown in Fig.5.The User inputs the temperature for the north boundary (T0), which is assigned to the top row of the temperature matrix T. In contrast, the south boundary is set to -T0. The code calculates the maximum allowable time step (maximum dt) in seconds, based on the CFL criterion, as shown in Fig.2. The User is prompted to enter a time step value (dt), which is used to compute the Fourier number (Fo) as shown in Eq.12. If the dt is invalid the User alerted to the maximum allowable dt and to re-enter a valid time.
[image: A screenshot of a computer code
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[bookmark: _Toc188699509]Figure 11-Screenshot of MATLAB code line 30-45.
[bookmark: _Toc188705203]5.6 Initialisation of T2 matrix key parameters definition of the convergence criteria tolerance
Fig.12 shows that the Matrix T2 is set equal to T to store an initial or previous state of temperature values. The convergence criterion (CCMax T change) will determine when the iterative process has stabilised. The variable maximum temperature difference (MD) is initialised to a value greater than the convergence criterion to ensure the loop runs at least once. An iteration counter (iterations counter) is set to zero to track the number of iterations. Finally, a time variable is initialised to zero to track the elapsed time during the process.
[bookmark: _Toc188699510]Figure 12-Screenshot of MATLAB code line 46-54[image: A white background with green text

Description automatically generated].
[bookmark: _Toc188705204]5.7 Calculation of the maximum temperature difference by applying the modified heat equation 
Fig. 13 shows that the simulation iterates until the maximum temperature difference between successive temperature fields is below the convergence criteria, indicating equilibrium. For loops iterate over the grid points (excluding boundary rows) to compute the new temperature (T2) each time step, the code updates temperatures using EFDM, applying Neumann boundary conditions at the west and east edges by replacing out-of-domain neighbours with mirrored values as shown in Eq.13 and 14. Interior nodes use the standard explicit equation. The final time is recorded once the temperature difference criterion is met (time to equilibrium). 
[image: A white background with text
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[bookmark: _Toc188699511]Figure 13-Screenshot of MATLAB code line 55-80.
[bookmark: _Toc188705205]5.8 Displaying numerical results, iterations counter, and time to equilibrium
[image: A screenshot of a computer

Description automatically generated]In Fig.14, the results of the Thermal equilibrium simulation are displayed. The temperature matrix (T2) is printed in the command window, showing the numerical solution. Then, it outputs the number of iterations required for the simulation to reach equilibrium. The script also reports the total time taken to achieve equilibrium, formatting the output based on the duration. If the time is under a minute, seconds are displayed; if under an hour, minutes are displayed; if under a day, it is shown in hours; and if it exceeds 24 hours, it is displayed in days. This is to facilitate a user-friendly representation of the simulation’s completion time.

[bookmark: _Toc188699512]Figure 14-Screenshot of MATLAB code line 81-98.5.9 Analytical solution calculation and display of results 
[image: A computer screen shot of a number

Description automatically generated with medium confidence]In Fig.15, the code calculates the analytical solution; it initialises the Matrix (TA) with dimensions (row, column) to store temperature values. The nested loops iterate over each grid point, computing the temperature based on the analytical solution shown in Eq.15. The final temperature value at each point is computed using the given formula, including boundary conditions and a summation term. Once the temperature distribution is calculated, the Matrix TA is flipped vertically to align with the Matrix (T2) and displayed in the command window. This ensures that the solution correctly corresponds to the expected orientation of the numerical results.
[bookmark: _Toc188699513]
Figure 15-Screenshot of MATLAB code line 99-115.
[bookmark: _Toc188705206]5.10 Calculation of difference between TA and T2 Generation of heat map figures 
In Fig.16, the code generates three heat map figures to visualise the temperature distribution from the calculated matrixes over a defined 2D grid. It first creates coordinate arrays XC and YC using a step size h to represent the spatial domain. A filled contour plot is generated for the T2 and TA matrixes, while a final matrix displays the absolute results between TA and T2. A colour bar is added to indicate temperature values, and the colour axis range is set symmetrically between -T0 and T0 while it is set as the maximum and minimum values of TA-T2. Labels for both axes and a title are included to describe the plot. Additionally, the axes are set to equal scaling, and the Y-axis direction is reversed to align with the expected visualisation format.
[image: A screenshot of a computer program
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[bookmark: _Toc188699514]
Figure 16-Screenshot of MATLAB code line 116-157.






[bookmark: _Toc188705207]6. Code Validation
Three heatmap figures were generated using MATLAB to display the temperature flow through the plate: the numerical results(T2), the analytical results (TA), and finally, the absolute differences between TA & T2, which are displayed at thermal equilibrium. It could be argued that there are no observable differences in Fig. 17 and 18, which suggests that the numerical and analytical solutions concur. Although, despite the close agreement, some distinctions exist between the numerical and analytical approaches, as shown in Fig. 19. The analytical solution provides exact theoretical values (Ardourel and Jebeile, 2017). In contrast, the numerical method introduces slight errors due to discretisation and truncation inherent in EFDM (Chapra, 2012; Iserles, 2012). Based on the difference matrix, the error analysis reveals that the most significant deviations occur in the intermediate regions, particularly at ±30°C, with a maximum error of 0.0174°C. The most negligible errors, shown as 0.0107°C, appear in the central regions of the plate. In comparison, no deviation is observed at the boundary conditions (50°C and -50°C), as these are explicitly enforced in the numerical and analytical models.
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[bookmark: _Toc188699515]Figure 17-Numerical solution matrix data and heat map.
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[bookmark: _Toc188699516]Figure 18-Analytical solution matrix data and heat map.
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[bookmark: _Toc188699517]Figure 19-Absolute temperature differences between T2 and TA matrixes data and heat map.









[bookmark: _Toc188705208]7. Sensitivity analysis of code
[bookmark: _Toc188705209]7.1 Parameters of the sensitivity analysis
A sensitivity analysis evaluated the influence of grid spacing, time step size, and numerical tolerance on thermal equilibrium time (data and parameters shown in Tab.1,2 and 3). Plate dimensions parameters were set as 12x12 metres on the X & Y axes and 50°C at the North boundary of the plate.
[bookmark: _Toc188705210]7.2 Analysis of the influence of grid spacing on thermal equilibrium time
As shown in Fig. 19, the grid spacing significantly affects the numerical resolution of the simulation. The data reveals that the time required to reach thermal equilibrium converges to an optimum solution as the grid spacing decreases. This trend suggests that finer grids increase the accuracy. This is directly linked to the truncation error defined in Eq.8 and 9 (Chapra, 2012) (Incropera et al., 2013). However, while a smaller grid spacing improves accuracy by decreasing the truncation error, it also increases computational performance due to the higher number of nodal points (Abouelatta et al., 2020). Additionally, as can be observed, diminishing returns occur below a 0.5m spacing, indicating that reducing grid size beyond this threshold does not yield proportionally significant improvements to the equilibrium time. Moreover, larger grid spacing values may lead to excessive numerical smoothing (Sun, 2009), potentially causing the loss of finer heat propagation details. 


[bookmark: _Toc188699518]Figure 20-Grid spacing analysis graph.
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[bookmark: _Toc188705270]Table 1-Grid spacing analysis parameters
[bookmark: _Toc188705211]7.3 Analysis of the influence of time step spacing on thermal equilibrium time
The effect of the time step on the simulation’s convergence rate and stability is indicated in Fig. 20. As defined in Eq. 10, as the time step decreases, the truncation error correspondingly diminishes, yielding a more accurate approximation. However, decreasing the time step will increase the number of iterations to reach thermal equilibrium, influencing round-off errors (Chapra, 2012; Liu et al., 2021). Therefore, selecting an optimal time step is essential to balance the effects of these errors to ensure accuracy and computational efficiency (Li et al., 2017).

[bookmark: _Toc188699519][image: A screenshot of a computer

Description automatically generated]Figure 21- Time step analysis graph.

[bookmark: _Toc188705271]Table 2- Time step analysis parameters.
[bookmark: _Toc188705212]7.4 Analysis of the influence of convergence criteria tolerance on thermal equilibrium time
The tolerance defines the stopping criteria for iterative solvers in numerical simulations. The data in Fig.22 shows that stricter tolerances increase the time required to reach an optimal solution. This behaviour is expected because lower tolerance values require the solution to meet stricter convergence criteria, increasing the number of iterations required. While this enhances accuracy, it also leads to substantial computational costs (Ande et al., 2022). Hence, an optimal tolerance level should be selected (Li et al., 2015), as excessively low tolerances exponentially increase the time it takes to converge to an optimum solution (as observed below a tolerance of 0.01).


[bookmark: _Toc188699520][image: A screenshot of a computer

Description automatically generated]Figure 22- Convergence criteria analysis graph.

[bookmark: _Toc188705272]Table 3-Convergence criteria tolerance parameters.




[bookmark: _Toc188705213]8. Limitations of model
The simulation model faces two categories of limitations: numerical and coding-induced. 
[bookmark: _Toc188705214]8.1 Numerical limitations
Numerically, finite precision in computation leads to round-off errors (Chapra, 2012), while neglecting higher-order terms when deriving the forward, backward and central difference equations using the Taylor series causes truncation errors (Iserles, 2012). These errors can either occur over single iterations (local errors) or accumulate over multiple iterations (global errors), reducing the model’s accuracy (Boldo et al., 2017). Moreover, the reliance on structured grids restricts the method’s applicability to complex geometries, and the CFL criterion imposes strict timestep limits to maintain stability (Iserles, 2012). 
[bookmark: _Toc188705215]8.2 Coding limitations
From a coding perspective, the model defines thermal equilibrium using a simple minimum temperature-difference criterion, which may not fully capture gradual or localised changes and may not necessarily provide the best representation of the physics involved.












[bookmark: _Toc188705216]9. Suggestions for future developments and improvements
[bookmark: _Toc188705217]9.1 Suggestions for future work
Future work on this numerical model should prioritise improving stability, handling complex geometries, and enhancing thermal equilibrium modelling. First, the reliance on the EFDM imposes strict timestep constraints due to the CFL conditional stability (Iserles, 2012). Alternatives, such as Alternating Direction Implicit (ADI) schemes (Halif and Rusli, 2019) and implicit methods (e.g., Crank–Nicolson), permit more significant time steps that are unconditionally stable (Adak, 2020) ( Al-taai and Ali, 2020).
Second, expanding beyond EFDM is vital for simulating complex geometries. The Finite Element Method (FEM) provides flexibility for irregular domains (Baccouch, 2021) (Gao et al., 2023), the Finite Volume Method (FVM) excels in conservation law applications (Eymard et al., 2000), and the Boundary Element Method (BEM) can be computationally efficient due to the need to only to discretise their boundary domain (Brebbia and Dominguez, 1992) (Aliabadi, 2002). Mesh-free methods (Li and Zhang, 2020) and hybrid approaches (FEM–FVM, FDM–FEM) (Lee and Hwang, 1996) (Cakay and Selim, 2024) present further potential for efficiency and adaptability.
[bookmark: _Toc188705218]9.2 Suggestions for improvements
Improvements to the thermal equilibrium criterion are recommended, such as applying a time-weighted temperature average over successive time steps to assess the temperature gradient (Li, 2015). Artificial Intelligence algorithms could also be utilised to model steady-state problems with more dynamic heat flux conditions (Gawronska et al., 2023) (Deepak et al., 2024). In combination with these two points, experimental validation may also be applied; this would benefit the model by providing physical data that could be used to either support or negate the results of the simulation, allowing for more accurate modelling in future numerical analysis (Sobieski, 2010) (Yang et al., 2014).






[bookmark: _Toc188705219]10. Conclusions
The report has presented the development, implementation, and validation of a computational model for solving the two-dimensional heat equation using EFDM. The numerical results closely match the analytical solution, confirming the model’s accuracy and reliability. The sensitivity analysis demonstrated the crucial impact of spatial and temporal discretisation on solution stability and computational performance. Despite its effectiveness, the EFDM approach exhibits limitations, particularly in stability constraints due to the CFL condition (Iserles, 2012) and increased computational costs, a higher order of accuracy (Li et al., 2017). 
To enhance the model’s robustness, future research should explore alternative numerical methods such as implicit schemes (e.g., Crank-Nicholson)(Adak, 2020) or hybrid approaches to improve stability and efficiency (Lee and Hwang, 1996). Expanding the model to accommodate complex geometries through Finite Element or Finite Volume Methods (Baccouch, 2021) (Gao et al., 2023) could further enhance its applicability. Additionally, incorporating experimental validation (Sobieski, 2010) (Yang et al., 2014) and machine learning techniques could refine numerical approximations, making the model more adaptable to dynamic thermal conditions (Gawronska et al., 2023) (Deepak et al., 2024). These advancements would extend the computational framework’s usability in engineering simulations and scientific research.
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[bookmark: _Toc188705222]Appendix 1 - MATLAB code for reference.
clc % clears the command window
clear % clear the workspace
close all %closes all figure windows
%defines the material properties of aluminium
k=143;% W/(m·K)
p=2.8*10^3;% kg/m³
c=795; % J/(kg·K)
alpha= k/(p*c);% Thermal diffusivity
%User to input X & Y dimensions of plate
xd=input ('User to input dimension of plate in the X axis (m): ');
yd=input ('User to input dimension of plate in the Y axis (m): ');
%Prevents user from selecting invalid X & Y dimensions
while xd <= 0 || yd <= 0
    fprintf('Your plate dimensions are not valid, your X and Y dimensions must be positive values.\n');
    xd = input('User to input a positive dimension for the X axis (m): ');
    yd = input('User to input a positive dimension for the Y axis (m): ');
end
% User to input h value
h=input('User to input the grid spacing (m):');
%Prevents user from selecting invalid grid spacing dimensions
while mod(xd,h) ~= 0 ||mod(yd,h)~= 0 || h<0  || h>=min(xd,yd)
    fprintf('Your grid spacing is not a valid input, ensure it divides into both X & Y dimensions\n');
    h=input('User to input a valid grid spacing (m):');
end
% Calculate the dimensions of Matrix
row= (yd/h)+1;
column= (xd/h)+1;
% initialise the matrix
T = zeros(row, column);
% Apply Dirichlet boundary conditions
T0=input ('Enter the temperature value for north boundary(°C): '); % North boundary
T(1,:)=T0; % North boundary
T(end,:)=-T0; % South boundary
% Calculate the maximum allowable time step
maximum_dt = 0.25 * (h^2) / alpha;
% User to input time step value
dt = input ('Enter the time step value here (seconds): ');
Fo = (alpha * dt) / (h^2);
%Prevents user from selecting an invalid Fouriers number
while Fo <= 0 || Fo > 0.25
    fprintf('The time step entered is not valid!\n')
    fprintf('Ensure dt is less than or equal to %.2f\n', maximum_dt)
    dt = input('Enter time step value here (seconds): ');
    Fo = (alpha * dt) / (h^2); % Recalculate Fo
end
% Initialise T2 matrix
T2=T;
%Set Convergence Criteria
CCMax_T_change=0.01;
% Initialise Maximum Temperature Difference & add a counter to track the number of iterations
MD=CCMax_T_change+1;
iterations_counter = 0;
% Initialise timer
time=0;
%Calculation of TD
while  MD > CCMax_T_change
       iterations_counter = iterations_counter + 1; %When the maximum temperature is greater than the convergence criteria increment the counter
       time=time+dt;
    %Calculation of T2
    for r=2:row-1
        for c=1:column
            if c==1
                %West boundary: Zero flux means we use T(r,c+1) in place of T(r,c-1)
                T2(r,c)=Fo*(T(r-1,c)+T(r+1,c)+T(r,c+1)+T(r,c+1)-(4-1/Fo)*T(r,c));
            elseif c==column
                % East boundary: Zero flux means we use T(r,c-1) in place of T(r,c+1)
                T2(r,c)=Fo*(T(r-1,c)+T(r+1,c)+T(r,c-1)+T(r,c-1)-(4-1/Fo)*T(r,c));
            else
                % Calculation of interior nodes
                T2(r,c)=Fo*(T(r-1,c)+T(r+1,c)+T(r,c+1)+T(r,c-1)-(4-1/Fo)*T(r,c));
            end
        end
    end
    % Calculate maximum temperature difference
    TD=abs(T2-T);
    MD=max(TD,[],'all');
    % Update the matrix for the next iteration
    T=T2;
    time_to_equilibrium=time;
end
% Display the final temperature matrix in the console
disp('Matrix showing the numerical Solution (T2) at Thermal Equilibrium:');
disp(T2);
% print how many iterations it takes for equilibrium
fprintf('The simulation for T2 completed after %d iterations.\n', iterations_counter);
% Display the time taken to reach thermal equilibrium
if time_to_equilibrium < 60  % Displays in seconds if time to thermal equilibrium takes under a minute
    fprintf('Time taken to reach thermal equilibrium: %.2f seconds.\n', time_to_equilibrium);
elseif time_to_equilibrium < 3600 % Displays in minutes if time to thermal equilibrium takes under an hour
    time_in_minutes = time_to_equilibrium / 60;
    fprintf('Time taken to reach thermal equilibrium: %.2f minutes.\n', time_in_minutes);
elseif time_to_equilibrium < 86400  % Displays in hours if time to thermal equilibrium takes under a 24 hours
    time_in_hours = time_to_equilibrium / 3600;
    fprintf('Time taken to reach thermal equilibrium: %.2f hours.\n', time_in_hours);
else %Displays in days if time to thermal equilibrium takes 24 hours or longer
    time_in_days = time_to_equilibrium / 86400;
    fprintf('Time taken to reach thermal equilibrium: %.2f days.\n', time_in_days);
end
% Analytical solution
TA=zeros(row,column);
for r=1:row
    for c=1:column
        x=h*(c-1);
        y=h*(r-1);
        s=0;
        for k=1:100
            s=s+(1/(100*k*pi)^2*(1-(-1)^k)*sin(k*pi*y/yd)/sinh(k*pi*xd/yd)*(cosh(k*pi*x/yd)-cosh(k*pi*(x-xd)/yd)));
            TA(r,c)= -T0+ 2*T0/yd * y + s;
        end
    end
end
%Displays TA in the command window and flips the analytical solutions matrix to correlate with T2 matrix
disp('Matrix showing the analytical Solution (TA) at Thermal Equilibrium:');
TA=flip(TA);
disp(TA);
% Generate grid for plotting
XC = 0:h:xd; % x-coordinates
YC = 0:h:yd; % y-coordinates
% Create a heat map of T2
figure; % Open a new figure(1)
contourf(XC, YC, T2, 100, 'LineStyle', 'none'); % 100 contour levels, no lines
colorbar; % Add a colourbar for reference
colormap("jet");%alter colour scheme
clim([-T0, T0]);%sets colour bar axis range between -T0 & T0
xlabel('X dimension (m)'); % Label for X-axis
ylabel('Y dimension (m)'); % Label for Y-axis
title('Numerical Temperature Map at Thermal Equilibrium'); % Title for the plot
axis equal; % Equal scaling for X and Y
set(gca, 'YDir', 'reverse');% Flip the Y-axis
% Create a heat map of TA
figure; % Open a new figure(2)
contourf(XC, YC, TA, 100, 'LineStyle', 'none'); % 100 contour levels, no lines
colorbar; % Add a colourbar for reference
colormap("jet");%alter colour scheme
clim([-T0, T0]);%sets colour bar axis range between -T0 & T0
xlabel('X dimension (m)'); % Label for X-axis
ylabel('Y dimension (m)'); % Label for Y-axis
title('Analytical Temperature Map at Thermal Equilibrium'); % Title for the plot
axis equal; % Equal scaling for X and Y
set(gca, 'YDir', 'reverse');% Flip the Y-axis
% Calculate the difference
Temp_Difference = abs(TA - T2);
disp('Matrix showing the temperature difference between Analytical(TA) & and numerical(T2)solutions at Thermal Equilibrium:');
disp(Temp_Difference);
%Create a heat map of the difference between TA & T2
min_value = min(Temp_Difference, [], 'all');% Calculate the minimum temperature difference between TA&T2
max_value = max(Temp_Difference, [], 'all'); % Calculates the maximum temperature difference between TA&T2
figure; % Open a new figure(3)
contourf(XC, YC, Temp_Difference, 100, 'LineStyle', 'none'); % 100 contour levels, no lines
colorbar; % Add a colourbar for reference
clim([min_value, max_value]); % Changes the colour bar limits to change dependent on results
colormap("jet");%alter colour scheme
xlabel('X dimension (m)'); % Label for X-axis
ylabel('Y dimension (m)'); % Label for Y-axis
title('Temperature Map showing the temperature difference between T2 & TA'); % Title for the plot
axis equal; % Equal scaling for X and Y
set(gca, 'YDir', 'reverse');% Flip the Y-axis
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clc % clears the command window
Clear % clear the workspace
Close all %closes all figure windows
Kdefines the material properties of aluminiun
K-1435% W/ (n-K)
2.8410°3;% kg/m®
795 % 2/ (kg-1)
alphae k/(p*c);% Thermal diffusivity





image6.png
XUser to input X & Y dimensions of plate
xd=input (‘User to input dimension of plate in the X axis (m.
yd=input (‘User to input dimension of plate in the Y axis (m.
%Prevents user from selecting invalid X & Y dimensions
while xd <= 0 || yd <= @
Fprintf('Your plate dimensions are not valid, your X and Y dimensions must be positive values.\n');
xd = input(‘User to input a positive dimension for the X axis (m): ');

yd = input('User to input a positive dimension for the Y axis (m): ');
end

s
s
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% User to input h value

nput(*User to input the grid spacing (m):');

%Prevents user from selecting invalid grid spacing dimensions

while mod(xd,h) ~= @ ||mod(yd,h)~= @ || h<@ || h>=min(xd,yd) o
Fprintf('Your grid spacing is not a valid input, ensure it divides into both X & Y dimensions\n');
heinput(*User to input a valid grid spacing (m):');

end
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% User to input h value
nput('User to input the grid spacing

%Prevents user from selecting invalid grid spacing dimensions
<@ || h>=min(xd,yd)
valid input, ensure it divides into both X & Y dimensions\n');

while mod(xd,h) ~= @ |[mod(yd,h)~=© ||
Fprintf('Your grid spacing is not a
heinput(*User to input a valid grid

end

% Calculate the dimensions of Matrix

row= (yd/h)+1;

column= (xd/h)+1;

% initialise the matrix

T = zeros(row, column);

m

)5

spacing (m):');
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% Apply Dirichlet boundary conditions

b

nput (*Enter the temperature value for north boundary(°C)

T(1,:)=T8; % North boundary
T(end,
% Calculate the maximum allowsble time step
maximun_dt = 8.25 * (n%2) / alpha

% User to input time step value

dt = input (*Enter the time step value here (seconds): *

To; % South boundary

Fo = (alpha * dt) / (1°2);
%Prevents user from selecting an invalid Fouriers number

uhile Fo

end

@ || Fo>e.25

fprintf('The tine step entered is not validiin')
fprintf("Ensure ot is less than or equal to %.2f\n’', maximum_ot)

at
fo

input('Enter time step value here (seconds):
(alpha * 6t) / (n"2); % Recalculate Fo|

BH

% North boundary
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% Initialise T2 matrix
T2-T;

%Set Convergence Criteria

CCMax_T_change=0.01;

% Initialise Maximum Temperature Difference & add a counter to track the number of iterations
MD=CCMax_T_change+1;
iterations_counter =

% Initialise timer
‘time:
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%Calculation of TD
while MD > CCHax_T_change

end

iterations_counter = iterations_counter + 1; ¥When the maximum temperature is greater than the convergence criteria increment the counter
‘time=tinetdt;

XCalculation of T2

for r=2:row-1

for olumn
if c==1
Hest boundary: Zero flux means we use T(r,c+1) in place of T(r,c-1)
T2(r, €)=F0% (T(r-1,€)4T(r+1, ) 4T(r, c+1)+T(r, c+1) - (4-1/F0) *T(r, )5
elseif Lumn
% East boundary: Zero flux means we use T(r,c-1) in place of T(r,c+1)
T2(r, €)=F0% (T(r-1,€)4T(r+1, ) 4T(r, c-1)+T(r,c-1) - (4-1/F0) *T(r, )5
else
% Calculation of interior nodes
T2(r, €)=F0% (T(r-1,€)4T(r+1, ) 4T(r, c+1)+T(r,c-1) - (4-1/F0) *T(r, )5
end
end

end
% Calculate maximum temperature difference
TD=abs(T2-T);

MD=max(TD,[],"all’);

% Update the matrix for the next iteration
23
‘time_to_equilibrium
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% Display the final temperature matrix in the console

disp(Matrix showing the numerical Solution (T2) at Thermal Equilibrium:’);

disp(T2);

% print how many iterations it takes for equilibrium

fprintf('The simulation for T2 completed after %d iterations.\n', iterations_counter);

% Display the time taken to reach thermal equilibrium

if time_to_equilibrium < 60 % Displays in seconds if time to thermal equilibrium takes under a minute
Fprintf('Tine taken to reach thermal equilibrium: ¥.2f seconds.\n', time_to_equilibrium);

elseif time_to_equilibrium < 3600 % Displays in minutes if time to thermal equilibrium takes under an hour
‘time_in_minutes = time_to_equilibrium / 60;
Fprintf('Tine taken to reach thermal equilibrium: ¥.2f minutes.\n', time_in_minutes);

elseif time_to_equilibrium < 56400 % Displays in hours if time to thermal equilibrium takes under a 24 hours
‘time_in_hours = time_to_equilibriun / 3600;
Fprintf('Time taken to reach thermal equilibrium: %.2f hours.\n', time_in_hours);

else Wisplays in days if time to thermal equilibrium takes 24 hours or longer
‘time_in_days = time_to_equilibriun / 86400;
Fprintf('Time taken to reach thermal equilibrium: ¥.2f days.\n', time_in_days);

end





image13.png
99
100
101
102
103
104
105
106
107
108
109
110
m
12
113
114
115

% Analytical solution
Taszeros (rou, column);
For r=irou
For c=1:colum
eh®(e-1)3
yeh*(e-1);
s=0;
For ke1:100
S=5+(1/(100°Kk°p1) 2% (1-(-1) k) *sin (K*pi=y /yd) /sinh (k*pi*xd/ yd)* (cosh(K*pi*x/yd) ~cosh(kpi* (x-xd) /yd)))
TA(r, )= Tor 2%To/yd =y + 53

end
end

end

%Displays TA in the command window and flips the analytical solutions matrix to correlate with T2 matrix

disp(Matrix showing the analytical Solution (TA) at Thermal Equilibrium:’);

TA=FLip(TA);

disp(TA):
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#Displays TA in the command window and flips the analytical solutions matrix to correlate with T2 matrix

aisp(‘Matrix showing the snalytical Solution (TA) at Thermal Equilibrium:’)s
Taflip(TA);

isp(TA);

% Generate grid for plotting

xc @3 % x-coorginates

/d; % y-coordinates

% Create a heat map of T2

#igure; % Open a new Figure(2)

contourf(XC, YC, T2, 168, LineStyle’, ‘none'); % 168 contour levels, no lines
colorbar; % Add 3 colourbar for reference

colornap("jet");%alter colour scheme

clin([-Te, To]);%sets colour bar axis range between -T0 & To

xlabel('X dinension (m)'); % Label for X-axis

ylabel("Y dinension (m)'); % Label for Y-axis

title(Numerical Temperature Map at Thermsl Equilibriun’); % Title for the plot
axis equal; % Equal scaling for X and ¥

set(gca, YDir', ‘reverse’);% Flip the Y-axis

% Create a heat map of TA

#igure; % Open a new Figure(2)

contour£(XC, YC, TA, 188, °LineStyle’, ‘none'); % 168 contour levels, no lines
colorbar; % Add 3 colourbar for reference

colornap("jet");%alter colour scheme

clin([-Te, To]);%sets colour bar axis range between -T0 & To

xlabel('X dinension (m)'); % Label for X-axis

ylabel("'Y dinension (m)'); % Label for Y-axis

title(*Analytical Temperature Map at Thermel Equilibriun’); % Title for the plot
axis equal; % Equal scaling for X and ¥

set(gca, YDir', ‘reverse’);% Flip the Y-axis

% Calculate the difference

Temp_Difference = abs(TA - T2);

disp("Hatrix snowing the temperature difference between Analytical(TA) & ang numerical(T2)solutions at Thermal Equilibrium:

Gisp(Temp_Difference);
Create o heat map of the difference betueen TA & T2

min_value = min(Temp Difference, [1, 'a11');% Calculate the minimum temperature difference between TAST2
max_value = max(Temp Difference, [1, '11'); ¥ Calculates the maximum tempersture difference betueen TAST2

#igure; % Open a new Figure(3)

contour£(XC, YC, Temp_Difference, 100, ‘Linestyle’, ‘none’); % 189 contour levels, no lines

colorbar; % Add 3 colourbar for reference

clin([min_value, max_value]); ¥ Changes the colour bar limits to change dependent on results

colornap("jet") %alter colour scheme
xlabel('X dinension (m)'); % Label for X-axis
ylabel("Y dinension (m)'); % Label for Y-axis

‘title('Temperature Map snowing the temperature gifference between T2 & TA'); % Title for the plot

axis equal; % Equal scaling for X and ¥
set(gca, 'YDir', 'reverse');% Flip the Y-axis
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Matrix showing the numerical Solution (T2) at Thermal Equilibrium:
50.0000 50.0000 50.0000 50.0000 50.0000 50.0000  50.0000
20.9826  29.9826 29.9826 29.9826 29.9526 29.9826  29.9826
9.9892  9.9892  9.9892  9.9892  9.9892  9.9892  9.9892
-0.9892 -9.9892 -9.9892 -9.9892 -9.9892 -9.9892 -9.9892
-20.9826 -29.9826 -29.9826 -29.9826 -29.9526 -29.9826 -29.9826
-50.0000 -50.0000 -50.0000 -50.0000 -50.0000 -50.0000 -50.0000

The simulation for T2 completed after 19 iterations.
Time taken to reach thermal equilibrium: 19.06 hours.
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The simulation for T2 completed after 19 iterations.

Time taken to reach thermal equilibrium: 19.00 hours.
Matrix showing the analytical Solution (TA) at Thermal Equilibrium:
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Temperature Map showing the temperature difference between T2 & TA
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Matrix showing the temperature difference between Analytical(TA) & and numerical(T2)solutions at Thermal Equilibrius
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Grid Spacingh | Time Step (fixed) Tolerance (fixed) ‘Thermal Equilibrium Time (seconds) ‘Thermal Equilibrium Time (hours) | Thermal Equilibrium Time (days)

4 150) 0.001[282600 78.5| 3270833333

3| 150) 0.001[278700 77.41666667| 3.225694444]

2| 150) 0.001[255150 70.875] 2953125
15 150) 0.001[258600 7183333333 2.993055556|
1.2] 150) 0.001[253200 70.33333333) 2.930555556|
1] 150) 0.001[254700 70.75| 2.947916667|
0.75) 150) 0.001[253350 70375] 2.932291667|
04| 150) 0.001[252600 70.16666667] 2.923611111]
05 150) 0.001[252300 70.08333333] 2.920138889|
04| 150) 0.001[251700 69.91666667| 2.913194444]
03 150) 0.001[251850 69.95833333| 2.914930556|
0.25] 150) 0.001[251700 69.91666667| 2.913194444]
0.2 150] 0.001[251700 69.91666667 | 2.913194444]
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Grid Spacing h (fixed) Time Step Tolerance (fixed) ‘Thermal Equilibrium Time(seconds) | Thermal Equilibrium Time (hours) | Thermal Equilibrium Time (days)
0.75) 2000] 0.0001[528000 146.6666667| 6111111111
0.75) 1500] 0.0001[513000 142.5 5.9375]
0.75) 1000] 00001292000 136.6666667| 5.694444444]
0.75) 800] 00001488000 1333333333 5.555555556|
0.75) 600] 0.0001[263800 1288333333 5.368055556|
0.75) 400] 00001241200 122.5555556| 5.106481481]
0.75) 200] 00001262000 111.6666667| 4.652777778|
0.75) 100| 0.0001[362400 100.6666667| 4.194444444)
0.75) 50| 0.0001[322600 89.61111111 3.73379629%|
0.75) 25| 0.0001[282775 78.54861111 3.27285879%|
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Grid Spacing h (fixed) Time Step (fixed) Tolerance ‘Thermal Equilibrium Time (hours) | Thermal Equilibrium Time (days)
1] 500] 057500 15.97222222| 0665509259
1] 500] 0.01[191000 53.05555556| 221064814
1] 500] 0.001[324000 50| 375
1] 500] 00001457500 127.0833333| 5295138889
1] 500] 0.00001 590500 164.0277778| 6.834490741]
1] 500] 0.000001[723500 2009722222 8.373842593)





