[image: ][image: ]












Transient Thermal Diffusion model




Emanuele Di Crosta
P151088

DATE
24/01/2020
COURSE
Beng Motorcycle Engineering


6


Contents 

1	Introduction	1
2	Constitutive equation	1
3	Methodology to discretize the constitutive equation	2
4	Initial and boundary condition	4
5	Script analysis	6
5.1	Basic case	6
5.2	Assignment	9
6	Results’ analysis	11
7	Limitations	14
8	Further improvements	15
9	Conclusion	15
10	References	16
11	Appendix	17
11.1	Base case	17
11.2	Assignment	18

Figure 1 Grid spacing system	2
Figure 2 Assignment case	5
Figure 3 base case	7
Figure 4 Matrix P at t=0	8
Figure 5 Sub-zero-matrix	9
Figure 6 Matrix P at t=0	10
Figure 7 Sub-matrix	11

Table 1 Exponential influence	12
Table 2 grid spacing influence over the overall time	13


[bookmark: _Toc30796819]Introduction
[bookmark: _GoBack]
The following report will analyse the theory behind heat transfer calculation using the finite difference equation. 
Two Matlab scripts will be implemented to solve the time dependent constitutive equation. A first script will be used over a basic case to understand the influence of the various parameters involved and then implement it for the assignment case. 
The first script is also generated to be used as reference for correctness to then validate the assignment script.
[bookmark: _Toc30796820]Constitutive equation
The mathematical equation around the calculation of the temperature distribution within a solid plate is described by the thermal diffusion equation (Croft & Lilley, 1977):

Where:
· T is temperature, t is time, α is the thermal diffusivity and x and y the system coordinates.
The above equation is a differential equation where on the left-hand side there are two second order derivatives and on the right side a first order derivative, and it can be solved throughout Taylor series expansion (Smith, 2004).
This method allows to rewrite the differential equation as a sum of algebraic equations, called the Maclaurin series (Thomas, 1995), numerically approximating the first and second derivatives to polynomials.
It will not be discussed in this report the mathematical process but, it should be known that, the approximation process is done by a sequential addition of terms to the polynomial equation, so to make it closely similar to the starting function.
The region of interest of the thermal study is represented by a uniform grid, which spacing is , and each point is so defined by two coordinates (x and y) if a two-dimension case is considered. 
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[bookmark: _Toc30794259]Figure 1 Grid spacing system
The analyzed case in this report will look at a two-dimensional plate and the second order derivates of equation (1) represents the temperature of the interested node according to its location in the space.
[bookmark: _Toc30796821]Methodology to discretize the constitutive equation
The finite difference method therefore uses Taylor series to simplify the thermal differential equation into linear ones (Croft & Lilley, 1977). To do so, three difference approximations can be applied either for the first or second derivatives, so to relate the value of a function at a point  to a value of another function but at the point ; these approximation differences are the forward, the central and the backwards ones.
For the first order derivatives these equations are expressed as follows:



For the second order derivatives, the combination of the Taylor series for forward approximation and the Taylor series for the backwards approximation, had given the central difference approximation as:

Where  represents the interested location and h the grid spacing.
As the name implies, these are three methods that gives an approximation of the thermal diffusion equation (1) and each one has a different gradient of accuracy according to a specific parameter: h.
Therefore, as the formulae highlights, the forward and the backwards approximation are more accurate as h gets smaller in a linear fashion: this kind of approximation is called of order  (Thomas, 1995). On the other hand, the central difference approximation method has a higher accuracy due to the different denominator which brings the approximation order to  (Croft & Lilley, 1977), giving better results than the other two. 
For assignment’s purpose, the approximation of the second order derivatives of the thermal diffusion equation (1) was conducted by using the central difference method, while for the first derivatives the forward difference one. 
Both second derivatives terms of the thermal diffusion equation (1) represent the variation of temperature according to the axis considered, achieving from :
;			
Where P is the point of interest within the plate, N, S, E and W the cardinal locations (north, south, east and west) in respect to the point P and the temperatures (T) values are at t=0, initial condition.
On the other hand, the first derivative of equation (1) was developed around the forward difference approximation method and it represents the variation of the temperature of a point P at different time steps, resulting:

Where  is the temperature of a point P in the future and  the temperature of the same point P but in the present (t=0). 
Therefore, the final equation to calculate the temperature in each point of the plate is:

By rearranging for :

Where  is the Fourier number, a dimensionless value:
 
[bookmark: _Toc30796822]Initial and boundary condition 
The equation (1) can be trusted only at one condition, the so-called stability criterion (Croft & Lilley, 1977). This criterion can have different boundaries values according to the dimension in space (1D, 2D or 3D) of the problem analyzed:
;
;
;
The boundary conditions used for the two scripts were not the same. In fact, for the first script, the plate should’ve had one fifty degrees heat source on one side and should’ve linearly decrease to zero, representing a cold source on the other side of the plate. 
The second case instead, had imposed sixty degrees heating source at the center of one side of the plate and, with the shape of a Bell curve, reach ten degrees on both sides.
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[bookmark: _Toc30794260]Figure 2 Assignment case
The Bell curve is represented by:

Where the numerator of the exponential, , uses the location of the point of interest and the location of the peak temperature; A is the amplitude which is the peak temperature value (60);  is the standard deviation and is an important value because it dictates the width of the decreasing temperature wave, i.e. how smooth the curve is. In fact, the bigger the value the smoother the gaussian curve will be.
It is a calculated value, found by rearranging formula (2) and understanding that it is known at least one node temperature: the top corner node which is at 10 degrees.
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The base case was built to understand if the implementation of the constitutive equation, to calculate the temperature of the nodes in the plate, was running correctly. 
The base case, as already seen, is intended to analyse an aluminium plate that has a heating device on one side and thermal equilibrium is reached when each imaginary column within the plate had reached the same temperature, which will linearly decrease getting closer to the cold side.
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[bookmark: _Toc30794261]Figure 3 base case

The aluminium plate has the following properties:
	Conductivity (k)
	143 W/mC

	Density (ρ)
	2.8x10³ kg/m³

	Specific heat ( c)
	795 J/kgC



The first step was to calculate the thermal diffusivity following:

To simplify as possible this basic case, the length and width values of the plate were both fixed to one meter, as for the grid spacing value h fixed to ten percent of the length. The time steps increment ( are user defined to analyse of the Fourier number:

From the plate’s dimensions was generated a first matrix which number of columns and rows was used to identify the nodes of the matrix and not the cells; for this reason, the lengths values were divided by the grid spacing plus one (lines 20 and 21 of the script).
From these two values it was generated a null matrix (P), throughout the zeros(a,b) function -where a and b are the number of rows and column respectively; the creation of this matrix is linked to the solving principles used by Matlab: it is best to substitute already existing values in an already defined matrix instead of creating the same matrix cell by cell according to the scenario (Sizemore & Mueller, 2015). 
Defining the maximum and minimum boundary temperatures, Tmax and Tmin, throughout a for loop a first matrix was created, holding these values in the first and last column (line 26). With a second for loop, it was generated the first row, i.e. boundary condition, with the linear decreasing pattern generated by relating the number of empty cells to the maximum starting temperature:
for j=2:nColmn-1
    P(1,j)= P(1,j-1)-(Tmax/(nColmn-1));			(line 36)
end

The for loop in fact, uses the second column as starting point and allocates in this position (first row, second column) a lower temperature value that uses as reference the highest temperature of the boundary condition. For simplicity, the bottom row, i.e. other boundary, was created as a copy of the top row (line 38). The initial matrix (P) at t=0 is now generated. 
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[bookmark: _Toc30794262]Figure 4 Matrix P at t=0
According to the constitutive equation (1), which allows the future(t+) node’s thermal prediction by using as reference the values in matrix P at t=0, was necessary create a second matrix Q, equal to P, to allocate the calculated values. 
It was used a while loop to count the time steps (t=t+Dt) and to flip the two matrices in different time steps between each-others. Still within the while loop, throughout a for loop the governing equation was implemented, allocating the calculated Q(i,j) temperatures values in what it can be defined a zero sub-matrix of P. 
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[bookmark: _Toc30794263]Figure 5 Sub-zero-matrix
A new variable, Tdiff, was created to calculate the temperatures difference between the two matrices in the two different time steps; another counter b is used to minimise the computational power to plot the change in temperature by allowing the representation only every ten cycles (if b==10) (line53). 
The plot is generated by the function contourf(X) and slowed down by pause(1/t), where the t value was arbitrary chosen, the bigger the slower.
It was then created a new variable MaxTdiff that uses the max(a) function to calculate the maximum temperature difference between the two matrices, P and Q, that will be used to tell the calculator when thermal equilibrium is reached. For the purpose, a range of values between 1e-2 and 1e-7 where tested (further discussion later on). An if statement is in control of the break of the while loop by switching the counter f; furthermore, it must be highlighted that if the maximum temperature difference is more than the establish value, the else condition switches the two matrices, i.e. the Q matrix in the time step t+dt (future) becomes the reference matrix P.
When thermal equilibrium is reached the final matrix Q is displayed as for the total time (t) that the plate takes to reach it, in the form of days-hours-minutes-seconds.
[bookmark: _Toc30796825]Assignment 
The code is intended to calculate the temperature distribution along a plate which has boundary condition only along the top edge and is perfectly insulated along the remaining sides. Therefore, the top edge is the only side with a heating source in the form of a Gaussian distribution with amplitude of sixty degrees and a minimum temperature of ten degrees.
As for the basic case, the plate properties (e.g. conductivity, density etc) are the same but this time the user is asked to define the plate dimensions and the grid spacing. To make sure the grid spacing complies with the inputted dimension the code uses the function rem(a,b) to check if the ratio between the side length and the grid spacing has reminders. Therefore, a while loop is responsible to keep asking the user to use valid h values till the conditions  and  are met and the calculator variable r from 1 becomes 0 and breaks the loop.
The user is then asked to input the time steps, that will be used to calculate the dimensionless Fourier number; differently from the basic case, throughout a while loop it is checked if the stability criterion is met, (2D case), if not is asked to input a different time step value. As per each while loop, a calculator variable is used to break the loop when the logical operation is reached. 
Differently from the basic case, the boundary conditions on the north side of the plate imposes a Gaussian distribution in the form of a smooth Bell curve: to do so, the lower and higher temperatures and the standard deviation where relatively set and calculated. Throughout a for loop it was implemented the Gaussian distribution equation to create the top plate boundary condition
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[bookmark: _Toc30794264]Figure 6 Matrix P at t=0
The main difference with the basic case script lies in the set of equations used to calculate the temperature. While the basic case allows the constitutive equation to be implemented in a sub-matrix, thanks to the boundary conditions, the assignment case cannot as well.
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[bookmark: _Toc30794265]Figure 7 Sub-matrix
In fact, despite when the calculations are within the sub-matrix red in figure 7 which temperature variations can be calculated through the constitutional equation, there are five locations within the overall matrix that have a fundamental impact over the implementation: the two bottom corners and the three sides, figure 7 green and blue sections. In fact, when the node lies in these positions, the equation would be missing one or two cardinal nodes, e.g. when at the bottom corner the south and the east/west points are missing or when along the external sides the east/west/south are. For this reason, within the same loop used for the base case, six if statements were necessary to identify these cases allowing the implementation of the basic equation and the use of a different one to calculate the temperature variation. By analysing these scenarios, it was possible to rearrange the central difference approximation equation and understand that, when the node lies in those five critical points the missing node temperature can be substituted, thanks to the Dirichlet boundary condition rule, with the specular node temperature. For instance, when on the east side, the missing east node value can be substituted by the west one, same procedure is applied when in the corner in which two nodes temperature are missing. 
As for the basic case, the plotting of the temperature variation was arbitrary decided to be done every fifty-iteration due to the limitation of CPU power. 






[bookmark: _Toc30796826]Results’ analysis 
A fundamental parameter around which the simulation is dependant is the exponential value used to define thermal equilibrium. 
Thermal equilibrium occurs when two objects do not exchange energy (OpenStax, 2020) so for a numerical point of view is when all temperatures are the same value. On the other hand, from a sensorial point of view, the definition of thermal equilibrium is more arbitrary: in fact, the coder interrogated him-self over what is the limit in which it is possible to feel temperature difference. For this reason, the basic code was used to identify which exponential value would’ve best represented a thermal equilibrium.
	Exponential values
	RESULTING MATRIX
	Thermal equilibrium time (DD-HH-MM-SS)

	
	[image: ]
	00-00:30:34
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	00-01:01:02
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	00-02:02:00

	
	[image: ]
	00-03:02:56


[bookmark: _Toc30796843]Table 1 Exponential influence
It must be highlighted that the showed matrices are missing the first and last columns due to the fact that are not affected by this parameter.
Form the table is possible to understand that the lowest exponent value tested, does not fulfil what it can be considered a thermal equilibrium: in fact, the central elements of the plate have around four degrees Celsius difference from their boundary temperature reference values, i.e. first or last row. On the other hand, the other exponential values highlight smaller temperature difference which in all cases can be considered thermal equilibrium numerically and empirically. For this reason, it was decided that  represents a good compromise between all cases.
Furthermore, the last column of table 1 highlights how this value influences the overall time to reach thermal equilibrium, even though the plate dimension, grid spacing and time steps are kept constant. In fact, excluding the first row in table 1, in which temperatures within the plate have already a big difference with the boundary ones, the other three rows highlight the important impact of the decimals over the overall time e.g. a difference needs three hours to reach thermal equilibrium whilst  only one hour and the overall result from a perceptive point of view is the same.
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[bookmark: _Toc30796844]Table 2 grid spacing influence over the overall time

The above table was built around both cases, the base and the assignment, to highlight the influence of two parameters over the overall time taken to reach thermal equilibrium: dt and h. The analysis of the influence of both was conducted by varying one parameter at the time and fixing the dimensions of the plate, in this case one-by-one meter. 
Particular is how different time steps influences the overall time taken to reach thermal equilibrium, besides this value only represents every how many seconds it is checked the temperature variation within the plate. The table also highlights how, even with different grid spacing values h, the overall time is directly proportional, i.e. the bigger the dt the longer the process. At the same time, the last two columns show that the difference with higher time increments tends to reduce the bigger the dt value.
Furthermore, the grid spacing influence is more noticeable during the computational moment: in fact, while displaying the change in temperature till thermal equilibrium, the smaller the value the smoother the curves in the graph, for sure related to a major number of points used to trace lines.
Additionally, the last column highlights how similar the percentage difference are between them if considering the same dt over different h values, e.g. h=0.05, dt=2 reaches thermal equilibrium after one hour and fifty-four seconds that is only eight second faster than a plate that has a bigger grid spacing (e.g. h=0.1).
It was also found a lower limit case of h values where the code or the machine performance wasn’t able to accomplish the thermal study in an acceptable time or finish the study at all i.e. h=0.25.
[bookmark: _Toc30796827]Limitations
The explicit form method is a simple approach because allows the calculation of the temperature at a specific point, knowing the temperatures at the previous time steps. However, this method has a big limitation: for calculations done over a long period of time the Fourier number  used has several elements that creates issues. 
In fact,  and h are fixed values and  has a maximum size that should not be exceeded, due to the stability criterion ; this leads to small time steps values always in relation to the grid spacing. For bigger time steps problems, the backwards difference approximation should be used.
A big limitation is related to ECU power. In fact, for precise and more accurate plots, i.e. smaller grid spacing values, as table 2 highlights, some computation never ended or had given error messages.






[bookmark: _Toc30796828]Further improvements 
The limitations of the explicit methods can be overcome by the implicit method.

This method is more stable than the explicit, due to the fact that the temperature per each point needs not only the temperature in the previous time step but also the temperature at future ones ; however, this method benefits by the fact that there is no size in the time steps chosen for the stability criterion.
Therefore, the adoption of both methods in a combined one would reduce the limitation of both methods if used on their own. On the other hand, this method has is limitation for the computational aspect, more power is required.
The given case had already defined the boundary conditions but the code could be validated with empirical experiments and therefore, according to the equipment, ask the user to choose the boundary conditions temperatures and plate properties and analyse how precise the time prediction for thermal equilibrium is
Other analysis over the time taken to reach thermal equilibrium can be done by analyzing the influence of different plate’s dimension.
[bookmark: _Toc30796829]Conclusion 
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clc
clear all
close all
k=143;
rho=2.8*10.^3;
c=795;
alpha= k/(rho*c);
%x=input('input dimension along the x-axis in meters ');
x=1;
%y=input('input dimension along the y-axis in meters ');
y=1;
Dt=input('input value for time steps in seconds ');
%Dt=2;
%h=input('input grid spacing h value ');
h=0.1;
%make sure grid spacing complies wt dimension of plate
ele=input('input the number of decimal places which the thermal equilibrium should reach ');
fo=(alpha*Dt)/(h.^2);%fo is the Fourier number, dimensionless
% 0<fo<=1/4 no need to check 
nRows=(y/h)+1;
nColmn=(x/h)+1;
%boundCond
Tmax=50;
Tmin=0;
P=zeros(nRows, nColmn);
for i=1:nColmn %to generate just the extrema temperatures 50 & 0 
    P(:,1)=Tmax;
    for j=nRows
        P(:,nRows)=Tmin;
    end
end
P;
% [nRows,nColmn]=size(P);
% Tincrements=Tmax/(nColmn-1);
for j=2:nColmn-1
    P(1,j)= P(1,j-1)-(Tmax/(nColmn-1));
end
P(nRows,:)=P(1,:); %to make the last line equal to the first one
P %matrix at t=0
Q=P;
f=0;
t=0;
b=0;
while f==0
    t=t+Dt;
    P=Q;
    for j=2:nRows-1
        for i=2:nColmn-1
            Q(i,j)=fo*(P(i,j+1)+P(i,j-1)+P(i-1,j)+P(i+1,j)-((4-(1 /fo))*P(i,j)));
        end
    end
    Tdiff=Q-P;
    b=b+1;
    if b==10
        contourf(Q)  
        pause(1/100000000)
        title('Transient thermal diffusion model')
        xlabel('x')
        ylabel('y')
        xticks([1:nColmn])
        xticklabels([P(1,:)])
        yticks([])
        hold on
        b=0;
    end
    MaxTdiff = max(Tdiff,[],'all');
    if MaxTdiff <= 1*10^(-ele) %0.0000001 starting value and optimal %1e-3 bottom limit,-5,-7; -2too small
        f=1;
    else
        P=Q;
    end
end
Q
fprintf('the time taken to reach thermal equilibrium is %d seconds \n', t)%how to calculate time taken
disp ('which in the format of DAYS-HOURS-MINUTES-SECONDS corresponds to: ')
disp (datestr(t/24/3600, 'DD-HH:MM:SS'))

[bookmark: _Toc30796833]Assignment 
clc
clear all
close all
k=143;%conductivity
rho=2.8*10.^3; %density
c=795;%specific heat
alpha= k/(rho*c);
 x=input('input x dimension of the plate in meters ');
% x=1;
y=input('input y dimension of the plate in meters ');
% y=1;
h=input('input grid spacing in meters ');
% h=0.25;
Dt=input('input value for time steps in seconds ');
%Dt=2;
% ele=input('input thermal equilibrium difference value ');
ele=3;
xsc= rem(x,h); %checks if the division has reminders
ysc= rem(y,h);
r=1;
while r==1
    if xsc==0 && ysc ==0 %make sure grid spacing complies wt dimension of plate
        r=0;
    else
        h=input('input a VALID grid spacing in meters ');
        xsc= rem(x,h);
        ysc= rem(y,h);
    end
end
fo=(alpha*Dt)/(h.^2); %fo is the Fourier number, dimensionless
q=1;
while q==1
    if 0<fo && fo<=1/4 %stability criterion 
        q=0;
    else
        Dt=input('input another time steps value in seconds, smaller than before ')
        fo=(alpha*Dt)/(h.^2);
    end
end
nRows=round((y/h)+1);
nColmn=round((x/h)+1);
%boundary Conditions 
Tmax=60;
Tmin=10;
% halfColumn=(nColmn+1)/2;
sigma=sqrt (-(0-x/2)^2/(2*(log(Tmin)-log(Tmax)))); %using distances
% sigma=sqrt (-(1-halfColumn)^2/(2*(log(Tmin)-log(Tmax)))); using locations
P=zeros(nRows,nColmn);
for j=1:nColmn
    P(1,j)= Tmax*exp((-((j*h-h)-x/2)^2)/(2*sigma^2)); %using distances
%     P(1,j)= Tmax*exp((-(j-halfColumn)^2)/(2*sigma^2)); using locations
end
[nRows,nColmn]=size(P);
P
Q=P;
f=0;
t=0;
b=0;
while f==0
    t=t+Dt;
    P=Q;
    for i=2:nRows
        for j=1:nColmn
            if j==1 && i<nRows
                Q(i,j)=fo*(P(i,j+1)+P(i,j+1)+P(i-1,j)+P(i+1,j)-((4-(1 /fo))*P(i,j))); % East x2
            end
            if j==nColmn && i<nRows
                Q(i,j)=fo*(P(i,j-1)+P(i,j-1)+P(i-1,j)+P(i+1,j)-((4-(1 /fo))*P(i,j))); % West x2
            end
            if i==nRows && j~=1 && j~=nColmn
                Q(i,j)=fo*(P(i,j+1)+P(i,j-1)+P(i-1,j)+P(i-1,j)-((4-(1 /fo))*P(i,j))); %North x2
            end 
            if j==1 && i==nRows
                Q(i,j)=fo*(P(i,j+1)+P(i,j+1)+P(i-1,j)+P(i-1,j)-((4-(1 /fo))*P(i,j))); %SW corner: North x2 and East x2
            end 
            if j==nColmn && i==nRows
                Q(i,j)=fo*(P(i,j-1)+P(i,j-1)+P(i-1,j)+P(i-1,j)-((4-(1 /fo))*P(i,j))); %SE corner: West x2 and North x2
            end
            if j>1 && j<nColmn && i<nRows
                Q(i,j)=fo*(P(i,j+1)+P(i,j-1)+P(i-1,j)+P(i+1,j)-((4-(1 /fo))*P(i,j)));
            end                               
        end
    end
    Tdiff=Q-P;
    b=b+1;
    if b==50
        contourf(Q) %imagesc(Q)
        view(180,90);
        pause(1/100000000)
        xlabel('x')
        ylabel('y')
        xticks([1:nColmn])
        xticklabels([P(1,:)])
        yticks([])
        ax=gca;
        ax.XAxisLocation = 'top';
        title({'Transient thermal diffusion model','',''})
%         set(tit,'position',get(tit,'position')-[0 1.4 0])
        hold on
        b=0;
    end
    MaxTdiff = max(Tdiff,[],'all');
    if MaxTdiff <= 1*10^(-ele) %e starting value and optimal %1e-3,-4,-5 too small
        f=1;
    else
        P=Q;
    end
end
Q
fprintf('the time taken to reach thermal equilibrium is %d seconds \n', t)%how to calculate time taken
disp ('which in the format of DAYS-HOURS-MINUTES-SECONDS corresponds to: ')
disp (datestr(t/24/3600, 'DD-HH:MM:SS'))
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If there is an internal heat source Q in the problem under consideration, the thermal diffusion
equation (17) becomes
ar
VT +Q=poc. o (18)
o
We consider the region of interest covered by a uniform grid, as shown in the following figure, where
the grid spacing is h = Ax = Ay = Az.
N (North)
s (south)
E (East)
W (West)
1 (in)
0 (out)
X
Figure Typical point P with itssix neighbours
in 230 region with uniform grd spacing
The basic idea behind the finite difference technique is the substitution of the derivatives in the above
differential equation by forward, backward and central differences according to Taylor series
expansion. This transforms the differential equation into a set of algebraic equations solvable
1
according to the initial and boundary conditions. Several methods can be implemented depending on
the stability, convergence, accuracy and speed required. They will be briefly described in this section.
A detailed analysis of the finite difference approximation is given by Croft and Lilley in the text book
"Heat Transfer Calculation Using Finite Difference Equations".
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