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ABSTRACT

Research Findings: The aim of this study was to investigate U.S. preschool
teachers’ math teaching knowledge in a specific content domain: counting
and numbers. One hundred in-service and pre-service teachers participated
in the study; they completed a questionnaire that is composed of learning
scenarios and scenario-based math teaching questions. A mixed qualitative
and quantitative method was applied in analyzing the data. Results show
that the majority of U.S. preschool teachers failed to identify the concept of
count-out that is embedded in a math game, the one-to-one correspon-
dence error was the most identified counting error comparing to the other
errors such as the cardinality principle error, and the knowledge of content
and teaching appears to be more satisfactory than specialized content
knowledge or knowledge of content and students. Practice or Policy: The
study serves to fill some gap in addressing a pressing need in the field that is
to identify and measure the unique body of preschool teachers’ math teach-
ing knowledge. The study also justifies that preschool teachers need inten-
sive training such as a coursework that wholly focuses on math teaching in
order for their math teaching knowledge to be more refined and teaching to
be more knowledge-informed.

Early math skills have great predictive power for later school success and socioeconomic status in
adulthood (Burchinal et al., 2000; Duncan et al., 2007; NICHD Early Child Care Research Network,
2005; Peisner-Feinberg et al., 2001; Reynolds et al., 2002; Ritchie & Bates, 2013); early math interven-
tion can also generate long-run impact for the underlying learning process (Watts et al., 2014). In the
United States, increasingly more 4-year olds and in some states (e.g., NY, IL) 3-year olds are served in
government-supported education programs, which presents both opportunities and challenges: how
to optimize young children’s exposure to math to empower them for future success? It is only natural
that we turn to their teachers for some answers (Kagan et al., 2008).

Teachers” knowledge matters (e.g., Dickinson, 2011; Shulman, 1986, 1987). Research shows that
pedagogical content knowledge (PCK) is a central piece of teachers’ knowledge and directly associates
with effective teaching and student achievement (Ball et al., 2008; Hill et al., 2004; Ma, 1999; McCray &
Chen, 2012; Shulman, 1986, 1987). However, studies on teachers’ math PCK have been mostly
conducted with elementary or secondary education teachers (e.g., Ball et al., 2008; Hill et al., 2005,
2004; Ma, 1999; Rockoft et al., 2008; Rowan et al., 1997); there are only a few studies conducted with
preschool teachers (Lee, 2017; McCray & Chen, 2012; Platas, 2014). McCray and Chen (2012) is
a study that was conducted with U.S. preschool teachers and focused on their PCK: they took into
account the distinctive educational context of early childhood education and designed play-based
scenarios for PCK interview. A positive relation between preschool teachers’ PCK and children’s math
learning outcomes was found in this study. One important limitation of the study, however, is that the
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instrument measured preschool teachers’ PCK in a holistic manner, which deviates from the rationale
behind PCK that emphasizes content-specific teaching knowledge. For example, in order to respond to
questions such as “Where do you see any math in this play?” or “What part of the children’s play has
math in it?” the participants only needed to identify the basic mathematics categories — number sense,
pattern, measurement, shape, spatial relationships, and classification, etc.; they were not required to go
any deeper within each content area. Deeply acknowledging the content-specific characteristic of PCK,
the author undertook the study to investigate U.S. preschool teachers’ teaching knowledge in a specific
domain - counting and numbers.

The present study responds to the current trend of promoting early math learning for young
children (Ginsburg Lee & Boyd, 2008; National Association for the Education of Young Children and
National Council of Teachers of Mathematics [NAEYC & NCTM], 2010) and promoting early math
teaching to be more systematic and research-based (e.g., Baroody, 2004; Clements & Sarama, 2004;
Fuson, 2004; Sarama & Clements, 2009). Sarama and Clements’ learning trajectories (Sarama &
Clements, 2009) illustrated refined developmental sequences in the major content areas such as verbal
and object counting, quantity comparing and ordering, geometric shape, measurement of length, etc.
Ideally, preschool teachers should have correspondingly refined teaching knowledge. Previous studies
(Li, Chi, DeBey, & Baroody, 2015 ; Li, Liu, DeBey, McFadden, & Pan, 2016) showed that U.S. preschool
teachers’ math teaching knowledge was not as refined. For example, when reporting learning goals,
U.S. preschool teachers reported general and vague goals (Li et al., 2015), and their lessons were found
to lack specific focuses (Li et al., 2016). Those results however need to be further validated because
math teaching knowledge was not directly investigated (Li et al., 2015, 2016).

The focus of the present study is preschool teachers’ math teaching knowledge; a reveal of such
knowledge can help better prepare preschool teachers in teaching mathematics to young children.

Note that, preschool teachers in this paper refer to teachers who teach preschool, pre-kindergarten,
or kindergarten; “the author” in this paper refers to the author of the present study.

Theoretical Background and Literature Review

According to Shulman (1986), teachers’ knowledge contains three domains: content knowledge,
pedagogical content knowledge (PCK), and curricular knowledge. PCK was identified as the central
piece of teachers’” knowledge that “goes beyond knowledge of subject matter per se to the dimension of
subject matter knowledge for teaching.” Ball et al. (2008) further developed Shulman’s PCK concept
(Shulman, 1986, 1987) and identified two discernable subdomains (1) knowledge of content and
students (KCS) that “combines knowing about students and knowing about mathematics” (p. 401),
and (2) knowledge of content and teaching (KCT) that “combines knowing about teaching and
knowing about mathematics” (p. 401). Moreover, Ball et al. (2008) identified another subdomain of
Shulman’s content knowledge (Shulman, 1986), namely specialized content knowledge (SCK), which is
a type of mathematical knowledge that is “not typically needed for purposes other than teaching” (p.
400), for example, knowledge of the different subtraction models (“change-take-away” and “compar-
ison”) or knowledge of the subskills that are involved in object counting (number sequence, one-to-
one correspondence, keeping track). The three domains of knowledge-SCK, KCS, and KCT compose
the construct of math teaching knowledge in this present study.

In the following section, the author reviewed relevant studies that informed the design of the
present study.

Studies of Preschool Teachers’ Math PCK and the Present Study

Two studies have been undertaken explicitly investigating preschool teachers’ math PCK-McCray and
Chen (2012) and Lee (2017). Specifically, McCray and Chen (2012) measured preschool teachers’ PCK
from two aspects: the ability to identify embedded math concepts in play scenarios and the ability to
formulate questions for promoting those concepts. Related with this work, Lee (2017) defined PCK for
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preschool teachers as consisting of three aspects: noticing children’s mathematical thinking (that
occurs during free play or other situations), interpreting the nature of mathematical situations, and
enhancing children’s mathematical thinking in those situations. Both studies referenced Ball et al.
(2008) PCK framework, but both substantially re-conceptualized the framework. Specifically, one, in
contrast to Ball et al. (2008) focus on explicit math tasks, McCray and Chen (2012) and Lee (2017) used
implicit math tasks that take the form of children’s free play. Two, while Ball et al. (2008) contended
that PCK involves teachers examining a concept deeply and unpacking it, McCray and Chen (2012)
and Lee (2017) contended that preschool school teachers’ PCK involves noticing all the relevant math
concepts in a particular situation. Three, children’s development and common misconceptions with
particular concepts were not explicitly addressed in those two studies as in Ball et al. (2008).

Different from McCray and Chen (2012) and Lee (2017), the author adopted a more direct
application of Ball and et al. PCK (Ball et al., 2008) for a few important reasons. First, math
lessons that take place in large or small groups are one of the major learning forms for young
children (National Association for the Education of Young Children [NAEYC], 2009). Preschool
teachers’ PCK should include explicit math teaching context in addition to free play (e.g., Frye
et al., 2013; NAEYC & NCTM, 2010). Second, teaching math to young children is somewhat of
similar nature to teaching elementary grades—Ginsburg and Amit (2008) showed that teaching
math to young children “entails all the processes involved in teaching mathematics to older
children, including profound knowledge of the subject matter, pedagogical content knowledge,
lecturing, introduction of symbolism, and connecting everyday experience to abstract ideas” (p.
274). Third, the Common Core movement (Council of Chief State School Officers, 2010)
advocated that math teaching including that in early years should focus on fewer concepts but
deeper learning. A more direct approach of applying Ball et al. (2008) in defining preschool
teachers’ math teaching knowledge resonates with this call and can potentially guide early math
teaching to a more refined level.

Choosing the Specific Content for Measuring Math Teaching Knowledge

According to Ball et al. (2008), PCK is content specific. Therefore, the author’s first task was to
determine a specific content area. Early childhood math encompasses a range of contents including
pre-number skills (e.g., matching, sorting, or sequencing), number and operations, geometry, mea-
surement, and pattern and algebra, etc. Able to focus on only one content area the author chose
number and operations, with two considerations: one, the Common Core standards (Council of Chief
State School Officers, 2010) recommended number concepts as the primary focus for early years; two,
there is plenty of research in this content area.

According to the research literature (e.g., Jordan et al., 2007; Purpura, 2010), early number
concepts contain three major domains: numbering, which entails determining the total number
of items in a collection or using a cardinal term to create a collection of a specified number;
numerical relations, which involves knowledge of how two or more sets of numbers are related
to each other and the association between the numbers on the mental number line; and
arithmetic reasoning, which is a child’s ability to understand changes in quantity and obtain
new quantities from the change in the size of set. Correspondingly, the author designed an
instrument with three sections: counting and numbers (corresponds to numbering [Purpura,
2010], but only focuses on counting and number recognition), numerical relation, and arithmetic
reasoning. Note that, due to the limit on paper length, reported in this paper is only Scenario 1
Counting and Numbers. The other two scenario sets will be reported in another separate paper
should it be published.
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Children’s Number Development and Defining Preschool Teachers’ Math Teaching Knowledge

The next task was to define what makes up the SCK, KCS, and KCT in counting and numbers,
which cannot be possibly done without referencing studies in children’s number development
(e.g., Baroody, 1992; Baroody & Coslick, 1998; Sarama & Clements, 2009; Gelman et al., 1978;
Wynn, 1992).

Start with SCK

According to Ball et al. (2008), SCK “involves an uncanny kind of unpacking of mathematics that is not
needed - or even desirable - in settings other than teaching” (p. 400). In early childhood math, take
counting as an example, any typically developed adults can count, but some knowledge about counting
is uniquely needed only by preschool teachers. Studies on children’s number development (e.g., Gelman
et al., 1978; Wynn, 1992) indicate that object counting involves three subskills: reciting correct number
sequence, applying one-to-one correspondence, and keeping track. Apparently, not every adult is aware
of those subskills, but knowledge of those subskills is needed by an effective preschool teacher to
diagnose a child’s counting difficulty. Another example, number recognition involves different forms:
a point-to-n task requires that a child associate a number word/numeral with a quantity; a how-many
task requires that the child not only make the word-quantity association but also speak out the correct
word; a give-n task further requires that the child create the set (Wynn, 1992). Any adult may ask the
how-many question to informally assess a child’s number knowledge, but an effective preschool teacher
needs the knowledge of the other two tasks to either use the point-to-n task when a child has difficulty
in responding with words or to use the give-n task to move the child to a higher level.

Therefore, by the definition (Ball et al., 2008), SCK in counting and numbers should entail unpacked
and therefore differentiated knowledge such as distinguishing oral counting, object counting, and
counting out (set production), relational knowledge regarding how different concepts are sequentially
related (see a list of SCK knowledge points in Appendix A). In the questionnaire for this present study,
participants were asked to identify the key concept that is embedded in a math game as the measure of
SCK. It is inferred that if a teacher can identify the targeted concept using specific terms instead of
general terms, for example, “counting out” instead of “counting,” the teacher has a differentiated
knowledge, a knowledge that involves “unpacking mathematics” (Ball et al., 2008, p. 400).

Move on to KCS

When explaining knowledge of content and students, Ball et al. (2008) stated that central to the teaching
tasks “is knowledge of common student concepts and misconceptions about particular mathematical
content” (p. 401). Certainly, KCS should include knowledge of children’s common errors and misconcep-
tions with particular concepts, for example, the common error with toddlers that one number word is
associated with multiple quantities. In the questionnaire, the participants were asked to identify a child’s
counting errors as the index for KCS. The author chose to use knowledge of children’s common errors as
the measure for two reasons: one, diagnosing students’ errors has been widely used in PCK assessments
(e.g., Ball et al, 2008; Hill et al, 2004; Ma, 1999), and two, children’s common errors in number
development are well documented by the research literature (e.g., Clements & Sarama, 2009; Wynn, 1992).

Lastly for KCT

In the present study, KCT is measured from the angle of whether a teacher can propose appropriate
tasks/strategies to help a child with specific errors. Teachers constantly encounter children’s errors;
effective teachers need to accurately diagnose the errors, come up with a curing prescription, and move
students forward from their errors (Ball et al., 2008). The tasks/strategies that a teacher proposes for
helping with a child’s errors can reflect the teacher’s knowledge across content, child, and teaching. In
addition, Sarama and Clements (2009) contended that teachers should be able to identify a specific
goal and design instructional tasks to suit children’s developmental needs. In the questionnaire,
participants were asked to choose/propose tasks/strategies that can help with a child correcting his
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counting errors. This angle of measuring KCT is consistent with the logics of both theories (Ball et al.,
2008; Sarama & Clements, 2009).

The Design of the Questionnaire for Math Teaching Knowledge

With the SCK, KCS, and KCT being defined in counting and numbers, the author moved on to the
final task: how to measure them.

PCK research literature provided two important guidelines (Ball et al., 2008; Hill et al., 2004;
Ma, 1999; McCray & Chen, 2012). One, Math teaching questions should be situated in math
teaching scenarios. This guideline reflects Ball et al.’s (2008) practice-based approach to categor-
izing teachers’ knowledge — what teachers need to know to carry out a specific math teaching
task. Hill et al. (2004) illustrated examples of using teaching scenarios to embed questions that
measure teachers’ content knowledge and knowledge of students and content. Besides the
theoretical justification, the use of teaching scenarios has its practical advantage that scenarios
can situate participants in a teaching position and elicit their responses from the teaching
perspective. Accordingly, all the math teaching questions in the present study are scenario-
based. Two, for early childhood math, the scenarios should reflect the unique learning context
for young children (McCray & Chen, 2014; Lee, 2017). Free play has been viewed as the typical
learning context for young children (Bredekamp, 1987; Bredekamp & Copple, 1997) and used as
the scenario for PCK interview (McCray & Chen, 2014; Lee, 2017). But the author thought that
the teaching scenario needs to be explicitly math focused in order for math teaching knowledge to
be gauged in a specific manner and at a deep level. The author used math games instead because
math games target at specific concepts as well as present typical learning context for young
children.

There is another important characteristic of the questionnaire in the present study: two sets of
questions were designed following each teaching scenario. Set I presents short answer questions that
participants need to answer with their own words; Set II presents multi-choice questions measuring
the same concepts as in Set I but participants only need to choose the correct answer. The purpose of
this design was to assure response reliability: consistency between participants’ responses to the two
sets of questions can reveal how reliable their responses are. Moreover, the design served another
purpose: it helps reveal preschool teachers’ math teaching vocabulary.

Research Questions

In contrast with using free play and gauging preschool teachers’ math PCK in a holistic manner (Lee,
2017; McCray & Chen, 2012), the present study used explicit math tasks and investigated preschool
teachers’ math teaching knowledge in a specific content area — counting and numbers. Three research
questions were outlined for the present study:

(1) To what extent can preschool teachers identify specific math concepts that are embedded in
a math game (the SCK question)?

(2) To what extent can preschool teachers diagnose children’s cardinality principle error, one-to-
one correspondence error, and counting-out error (the KCS question)?

(3) What do preschool teachers propose to help a child with his or her cardinality principle error,
one-to-one correspondence error, and counting-out error (the KCT question)?

(4) How do in-service and pre-service teachers differ in those three domains?
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Method
Participants

About 150 participants were recruited, of whom 100 completed the study. The participants were
recruited from graduate and undergraduate early childhood teacher preparation programs (at the
author’s department) as well as from preschools in campus vicinity. Among the participants, 29 were
head teachers and 18 were teaching assistants, who altogether made up the in-service group; the other
53, who either were graduate students but had no formal teaching experience (e.g., paraprofessional or
substitute teacher) or were undergraduates, made up the pre-service group. The participant pool
represents a diverse population along ethnicity (28% White, 35% Black, 11% Hispanic, 17% Asian, &
9% other) and age (57% 21-30, 17% 31-40, 20% 41-50, & 4% 51+). There is no significant difference
between the two groups along ethnicity (x> = 10.094, df = 6, p >.05) or age (2 = 4.879, df = 7, p > .05).

Procedure

The author handed out the questionnaire to the participants in their classes or their school sites, or the
participants picked up the questionnaire from a designated mailbox that was outside the author’s
office. The participants completed the questionnaire either during the author’s visit (64 participants)
or completed it at other time and returned it to the mailbox within 3 weeks (36 participants). The
participants completed the Scenario 1 set and then were instructed-by an instruction page in the
questionnaire-to complete either the Scenario 2 set (for teachers of Pre-K or younger) or the Scenario
3 set (for teachers of Kindergarten or higher grades), or if they wished, completed both sets.
Altogether, it took about 30 min for the participants to complete the questionnaire. The participants
received no compensation for completing the questionnaire.

For all the participants who were graduate or undergraduate students, they either had not
taken any math pedagogy course or were currently enrolled in a math pedagogy course. For the
latter, participants completed the questionnaire before early math topics were covered (i.e.,
taking the questionnaire in the first 3 weeks of class before any specific concepts were taught).

Instrument

The questionnaire is composed of three scenarios. Each scenario depicts a math game that is
played by a teacher and a group of children. Following each scenario are two sets of questions:
Set I short answer questions that participants write responses; Set II multi-choice questions that
participants choose the correct response/s. Below is an excerpt of Scenario 1:

Ms. Levy is playing a card game with two 4-year-olds, Ben and Alice, in their Pre-K classroom. Ben and Alice take
turns to draw a card with a numeral of 1-10, and then put that number of plastic bears from a bin onto a plate.

Ben draws a card with the numeral 5. He grabbed 6 bears saying “five,” and then put the 6 bears onto his plate.
Ms. Levy asks Ben to count the bears on his plate.

Ben uses his index finger pointing to each bear and counts, “one, two, three, four, five, six, seven.” Ben says “six,
seven” when he counts the last bear.

Ms. Levy says, “Ben, let’s count again together.” Ms. Levy points to each bear and counts together with Ben, “One,
two, three, four, and five, and then Six. Six. So, Ben, how many bears did you put on the plate?”

Ben says, “one, two, three, four, five, six.”
This scenario is used to embed the SCK, KCS, and KCT questions. Specifically, participants’ SCK is

measured by their ability to identify the key concept that is embedded in the game-count out/set
production: produces a set by a number word or written numeral. KCS is measured by participants’
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ability to identify Ben’s errors; specifically, Ben made three errors: count-out error — grabbed six
instead of five items, one-to-one correspondence error — said “six, seven” for the last bear, and
cardinality principle error - said “one, two, three, four, five, six” instead of “six” when responding
Ms. Levy’s how-many question, which means that he cannot use the last count word to tell the cardinal
value of the whole set. Lastly, KCT is measured by participants’ ability to propose tasks that help with
Ben’s errors. The full scenario can be obtained by contacting the author; selective scenario questions
are presented in Appendix B.

Validity and Reliability

Content validity indicates the degree to which an instrument measures what it is intended to measure,
and whether the instrument elicits accurate information (Cox, 1996). To establish validity for the
questionnaire in the present study, several measures were undertaken during each writing phase. First,
for initial writing, (a) key knowledge points were established (see Appendix A) based on the author’s
review of relevant literature such as Common Core state standards (Council of Chief State School
Officers, 2010), math pedagogy textbooks (e.g., Van De Walle et al., 2017), and research literature (e.g.,
Sarama & Clements, 2009), (b) a matrix was created in order to ensure the distribution of questions
across key knowledge points, teaching knowledge domains, and the Common Core State standards
(see Table 1). Second, during the refinement phase, (a) the director and teachers from the college lab
preschool evaluated its content validity and readability by reviewing the scenarios/questions, and
commenting on how the questionnaire content pertains to classroom practice, (b) a pre-k teacher was
hired as the research assistant to edit the questionnaire to further improve the readability of the
teaching scenarios as well as the questions; and (c) three 5-point Likert questions were included at the
end of the questionnaire to measure its general validity (see the questions and statistics in Appendix
C). Third, the questionnaire was piloted with two classes and altogether 38 students (including both
in- and pre-service teachers) in order to evaluate whether the question items were adequately sensitive
to generate sufficient response variability.

Reliability refers to the consistency of a research study or measuring test. For the present study, the
author used an important strategy to ensure the internal reliability of the questionnaire—the extent to
which the measure is consistent within itself. Specifically, for each scenario, two sets of questions were
used to measure the same set of concepts. The similar data patterns obtained from the two sets
provided solid evidence for the internal reliability (see details in Results).

Data Analysis

Two research assistants (RAs) were hired for data entry and coding.
For the data obtained from Set I (the short answer questions), the author used a mixed methods
approach: qualitative analysis was applied to identify response categories, and quantitative analysis

Table 1. Matrix of targeted concepts, math teaching knowledge domains, and the common core standards.

Question Targeted concepts Knowledge domain Common core code
1-1-1 (Set 1) Counting-out SCK PK-CC 4

1-1-2 Cardinality error; one-to-one error; counting out KCS PK-CC 3a, 3b, 4
1-1-3 More-than; number composition (not reported) KCS PK-CC 5

1-1-4 One-to-one correspondence; cardinality; counting out KCT PK-CC5

1-2-1 (Set 1I) Counting-out SCK PK-CC 4

1-2-2 one-to-one error KCS PK-CC 3a

1-2-3 Cardinality error KCS PK-CC 3a

1-2-4 Counting-out SCK PK-CC 4

1-2-5 More than; number composition (not reported) KCS PK-CC 5

1-2-6 One-to-one correspondence; cardinality; counting out KCT PK-CC5

SCK - Specialized Content Knowledge; KCS — Knowledge of Content and Student; KCT — Knowledge of Content and Teaching (Ball
et al., 2008).
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was applied to calculate frequencies of the response categories or compare proportions between the
response categories. The procedure of qualitative analysis for each question varied (see details for each
question below), but all questions entailed the RAs coding the data by categories and tallying the
frequency for each category. The inter-rater reliability for the three research questions is 82%, 90%,
78%, respectively, and 83% on average. The discrepancies were resolved by the author reexamining the
data and discussing them with the RAs. For the quantitative analysis, a z-test comparing one
proportion (https://www.medcalc.org/calc/test_one_proportion.php) was used to compare two pro-
portions from the same sampling (all participants)-the z-test was used to directly compare
a proportion to a null hypothesis and another proportion to the same null hypothesis, and thus
indirectly compare the two proportions. A z-score test (https://www.socscistatistics.com/tests/ztest/
default2.aspx) was used to compare two proportions from two different samplings, in the present
study, pre-service versus in-service participants.

For the data obtained from Set II (the multi-choice questions), quantitative analysis was used.
Specifically, the same z-test and z-score test were used to compare proportions. Chi-square test was
not used because the multi choices in the questionnaire are not mutually exclusive — participants could
choose more than one options.

Results

Presented below are the analysis and results for each research question.

Can Preschool Teachers Identify the Embedded Math Concepts in a Specific Manner?

Question 1 (Q1) asks “For the card game in Scenario 1, what mathematical skills are involved? Please
list up to 3 math skills.” This question is intended to investigate whether participants can identify the
key concept that is embedded in the depicted math game - count out by a given numeral.

Set | (Short Answer): Analysis and Results

A review of the Q1 data indicates that the participants’ responses diverged substantially. Based on this
review, the author expanded the data analysis from using pre-fixed categories examining whether and
how the participants’ responses matched with the count-out concept to also including open search for
emergent themes.

For the open search, response categories were identified from the data and defined based on
occurring frequencies. Specifically, the author reviewed a subset of the data (15 cases) and identified
five most frequent responses; each of the two RAs reviewed another subset of the data (15 cases) and
also identified five most frequent responses. The author then finalized five response categories by
comparing the top five frequent responses among the three coders. Lastly, by the five response
categories, the RAs coded each participant’s response and tallied the frequency for each response
category across the participants. Any responses that were not matching with the five categories were
documented verbatim in the “other column.” The RASs’ inter-rater reliability for this question is 82%,

Table 2. The top five skills reported by the partici-
pants for set | “what math skills are involved?”.

Response categories Frequency
Counting 65
One-to-one correspondence 54
Cardinality 33
Addition/subtraction 31
Number recognition 22

A participant may list 1-3 or more skills.


https://www.medcalc.org/calc/test_one_proportion.php
https://www.socscistatistics.com/tests/ztest/default2.aspx
https://www.socscistatistics.com/tests/ztest/default2.aspx
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and the discrepancies were settled by the author reexamining the discrepant cases and discussing them
with the RAs.

The open-search analysis shows that participants reported as many as 24 math skills. The top five
most reported ones in order are “counting,” “one-to-one correspondence,” “cardinality,” “addition/
subtraction,” and “number recognition” (see frequency for each category in Table 2). “Counting out”
or “set production” was not among the top five and reported by nine participants (9% of the
participants) only, which is not significantly higher than a null hypothesis of 10% by the z-test
comparing one proportion (z = 0.33, p > .05). In comparison, 22% of the participants reported
“number recognition,” which is significantly higher than the null hypothesis of 10% (z = 4.0, p < .01).

Regarding the analysis by the pre-fixed categories, four categories were used: explicit level involves
participants literally using the term “counting out,” “set production,” or “producing a small number of
items;” implicit level involves participants stating that the game involved identifying a number and
producing the corresponding amount but without using those explicit terms as in the explicit level;
generic level involves participants reporting counting or sub-counting skills but with no indication of
how the counting in this game (counting out) is different from counting objects to tell how many;
unfocused involves participants reporting irrelevant skills (e.g., addition/subtraction) or general skills
(e.g., problem-solving or algebraic thinking). The author and one RA conducted this analysis; the
inter-rater reliability is 80%. Discrepancies were resolved by the author reexamining the cases and
discussing them with the RA.

The analysis with the pre-fixed categories was conducted only with the 47 in-service participants,
who presumably should have a higher level of teaching knowledge than the pre-service group.
Examples and frequencies for each of the four levels are presented in Table 3. We can see that 43%
of the participants (including the explicit level and implicit level) identified the count-out concept that
is embedded in the game, but 57% of the participants could not recognize that the depicted game
involved counting-out objects to make sets.

Set Il (Multi-choice): Analysis and Results

For the corresponding multi-choice question, “Which math concepts/skills are required in order to
play the card game depicted in Scenario 1?” four options (and the definitions) are provided (see more
details in Appendix B): A. cardinality principle, B. number recognition (telling how-many items are in
a set), C. set production (producing a set by a given number), and D. number composition. The correct
response should be C set production. As can be seen from Figure 1, C (by C only or together with other
options) was the second least choice, chosen by 46% of the participants, which is not significantly

Table 3. The four pre-fixed categories for in-service participants: frequency and examples.

Levels Explicit level Implicit level Generic level Unfocused
Frequency 3 (6%) 17 (37%) 10 (21%) 17 (36%)
Examples #17: Number recognition;  #6: Counting and #11: counting; #15: sequence of numbers;

producing small number

cardinality, number

cardinality; 1:1

counting & number

of items; counting using recognition, making correspondence recognition, addition/
1:1 correspondence connections between #57: oral subtraction/concept of more
#78: Cardinality numbers and quantities counting; object or less than
principle, number #9: 1:1 correspondence; counting; #38: addition; subtraction;
recognition, counting up by ones; cardinality counting forward
set production concrete number modeling principle #93: critical thinking;
#89: Set matching; set #73: rote counting; #66: 1:1 procedural fluency;
production 1:1 correspondence; correspondence; memorization

representation of a number cardinality

principle,

counting forward
#90: counting
skills from 1-10;
1:1
correspondence
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Specialized Content Knowledge in Counting and Numbers
(multi-choice section)

80 +

68
70 - 66

60 -
50 A 46

40 -~
30
20 +
10

10

]

Cardinality Number Set production Number
Rrcognition composition

Figure 1. Frequencies of participants’ response choices for the question of what math skills are involved in the math game. Counting
out/set production is the targeted concept. Frequency of each category is how-many times each category was chosen by itself or
together with other categories. Note that, a participant may choose more than one categories.

different than a null hypothesis of 50% by the z-test comparing one proportion: z= 0.8, p > .05. In
comparison, the most chosen answer was B number recognition (by B only or together with other
options), by 68% of the participants, which is significantly higher than the null hypothesis of 50% by
the same z-test: z= 3.6, p < .001. The z-score test shows no significant difference between pre-service
and in-service participants in choosing set production as the answer (53% vs. 40%), z = 1.24, p > .05; the
same test shows no significant difference between the two groups in choosing number recognition,
z=0.88, p > .05.

The results of both Set I and Set II show that about 40% of the participants could identify the key
math concept in a specific manner, that is they could identify that count-out/set production is involved
in the depicted math game; for the rest of the participants, they could not recognize that the game is
a count-out game that is different from counting objects to tell how many.

Can Preschool Teachers Diagnose a Child’s Counting Errors?

In Set I, Question 2 asks “Ben had some difficulties when playing this card game. Please list up to three
errors that you noticed.” Note that, Ben made three counting errors in the scenario — one-to-one
correspondence error, cardinality principle error, and counting-out error.

Set | (Short Answer): Analysis and Results

The three errors were used as the pre-fixed categories to analyze the data. The author also adopted the
participants’ wordings in defining the categories: 1) one-to-one correspondence error: no reporting
“one-to-one correspondence,” or “say two numbers for the same bear;” 2) cardinality error: no
reporting of “cardinality,” or no “using the last number to say the value;” and 3) keeping track
error: “no stop putting out bears,” or “keep counting.” The two RAs conducted the analysis, and the
inter-rater reliability is 90%.

The analysis shows that only two participants—one in-service participant, one pre-service partici-
pant-identified all the three errors. Twenty-five participants—5 [11%] in-service participants, 17 [32%]
pre-service participants — did not identify any of the three errors; the proportions between these two
groups are significantly different by the z-score test comparing two proportions: z = 2.58, p < .05.

Regarding the one-to-one correspondence error, 61% of the participants identified the error (29
[61%] in-service participants; 32 [60%] pre-service participants): 33 of them explicitly used the term
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Table 4. The list of other terms participants used describing Ben'’s counting errors.

Error Terms/phrases describing the error
One-to-one correspondence error “could not keep track”
“counting too fast”
“sequence counting”
Cardinality principle error “started counting from beginning the 2nd time”
“identify how many [error]”
“identify quantity [error]”
“recall [error]”
“identifying numbers [error]”
Counting-out error “2nd time put too little bears”
“ended with smaller number”
“place 4 instead of 5" “incorrect total”
“words to quantity [error]”
Other “guessing”
“subitizing”
“add/subtract”
“part of whole”
“counting/value of 5"
“representation”
“needs to pay attention”
“miscounting”

“one-to-one correspondence,” and 28 of them identified the error but could not name it-they used
other terms instead describing the error (see Table 4).

For the cardinality principle error, 27% of the participants (13 [28%] in-service participants; 14
[26%] pre-service participants) identified the error: 12 of them explicitly used the term “cardinality,”
and 15 identified the error but could not name it (Table 4).

Lastly, for the counting-out error, only 9% of the participants (five [11%] in-service participants;
four [7%] pre-service participants) identified the error — one explicitly used the term “set production,”
and the other eight participants identified the error but used other terms describing the error (Table 4).

Participants’ responses that were considered as incorrect were also examined. One interesting
finding is that about 10 participants attributed subjective reasons to Ben’s errors, for example,
attention reason such as “not understanding he only needed 5 bears,” “not paying attention,” lack of
patience such as “did not take his time to count,” or memory reason such as “difficulty remembering
the last number he count.”

Set Il (Multi-choice): Analysis and Results
In Set I, the three errors are asked in three separate questions (see Appendix B), and for each question,
four options (and the definitions) are provided.

Regarding the one-to-one correspondence error, the four options are: A. counting sequence,
B. one-to-one correspondence (cannot assign one and only one number to an object), C. keeping
track (cannot make sure that each item is counted only once), and D. cardinality principle. The correct
response is B. Result shows that B (as a single option) was chosen the most and was chosen by 59% of
the participants, and an additional 22% chose B with another choice (e.g., keeping track error); 10% of
the participants chose C. The z-score test shows no significant difference between the pre-service and
in-service groups in choosing B as the single correct answer (55% vs. 64%): z = 0.71, p > .05.

Regarding the cardinality principle error, the four options are: A. one-to-one correspondence,
B. keeping track, C. cardinality, and D. no difficulty is observed. The correct response is C. The result
shows that 52% of the participants chose C as the single answer, which is significantly higher than
a null hypothesis of 40% by the z-test comparing one proportion (z = 2.45, p < .05). The second most
choice was “no difficulty is observed” and was reported by 20% of the participants, which is
significantly less than the null hypothesis of 40% by the same z-test (z = 4.08, p < .01). No significant
difference was found between in-service and pre-service participants in choosing cardinality as the
single answer by the same z-score test (43% vs.61%), z = 1.83, p > .05.
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Regarding the counting-out error, the four options are: A. numeral reading, B. number recognition,
C. set production, and D. set matching. The correct response is C. Result shows that 50% of the
participants chose C as the single answer, which is significantly more than a null hypothesis of 30% by
the z-test comparing one proportion (z = 4.36, p < .01). The second most choice is number recognition
chosen by 31% of the participants, which is not significantly more than the null hypothesis of 30% by
the same z-test (z = 0.22, p > .05). Again, no significant difference was found between in-service and
pre-service participants by the same z-score test (47% vs. 53%), z = .60, p> .05.

In sum, results from Set I and II are generally consistent. Specifically, the one-to-one correspon-
dence error was more identified than the cardinality principle error even though significant difference
is only found in Set I (short answer)-61% vs. 27%: 61% is significantly higher than a null hypothesis of
25% by the z-test (z= 8.3, p < .01), while 27% is not significantly higher than the null hypothesis of 25%
(z= 0.46, p > .05). The cardinality principle error, in turn, was significantly more identified than the
counting-out error even though the difference is also only found in Set I-27% vs. 9%: 27% is
significantly higher than a null hypothesis of 10% by the z-test (z= 5.6, p < .01), while 9% is not
significantly higher than the null hypothesis of 10% (z= 0.33, 5.6, p > .05).

How Do Preschool Teachers Attempt to Help with the Child’s Errors?

In Set I, Question 3 asks “How would you help Ben in order for him to play the Card game more
successfully?” Note that, it is not specified in Question 3 which errors to help because identifying Ben’s
errors was what the participants needed to answer for Question 2.

Set | (Short Answer): Analysis and Results

For this question, a preliminary review showed that the participants’ responses were substantially
divergent; a lot of information would be lost if grouping participants’ responses only into a few
categories. Therefore, the analysis was approached by listing as many response categories as needed,
and merging the categories only if the responses are highly similar (e.g., “lower the numbers to 1-4”
and “start off with lower numbers”). Each RA made a list of response categories: RA1 ended up with 28
categories and RA2 with 27. The author compared their categories, combined some of them, and
ended up with 16 categories as listed in Table 5. The two RAs then coded each participant’s response
by the 16 categories independently. The RAs’ inter-rater reliability is 78%; discrepancies were resolved
by the author examining the cases and discussing the discrepancies with the RAs.

Table 5. Participants’ proposed teaching strategies for helping Ben.

Targeted error (added by the researcher) Strategies # of participants
One-to-one correspondence error Touch and count 5(3;2)°
Techer model/count with Ben 12 (6;6)
Practicing 1:1 (e.g., using ten-frame) 8 (5;3)
Using objects with number numbers writing on them 4 (3;1)
Practice counting with fingers/manipulatives 5(2;3)
Counting-out error Take out one at a time and count aloud 8(2;6)
Give one spot to each bear 2(2; 0)
Matching bears with dots/fingers/other objects first 9(5;4)
Comparing target quantity with other quantity 2 (2,0)
Cardinality principle error Understand number representation, subitize 6 (1;5)
Model number and quantity 7 (4;3)
Understand cardinality principle 5(1;4)
Overall Lower the numbers for the game 17 (8;9)
Use cards with both numeral and quantity 5(0; 5)
Know more or less 3(2;1)
Count forward 2(1;1)
Other 1
Total 122

A participant may propose more than 1 strategy. The participants did not specify which error/s their strategies targeted at.
3(3;2) “3" refers to the number of in-service participants, and “2” refers to the number of pre-service participants.
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As Table 5 shows, the participants proposed a variety of teaching strategies. For the one-to-one
correspondence error, the most proposed strategy is “teacher model/count with Ben.” For the count-
ing-out error, the most proposed strategies are: “take out one at a time while count aloud,” and
“matching bears with dots/fingers/other object first.” For the cardinality principle error, there was no
most proposed strategy. One notable strategy is that a teacher should help Ben understand the number
and its associated quantity, and another strategy is that the teacher should help Ben understand the
cardinality principle. Lastly, for the game per se, the most proposed strategy is that the teacher should
use smaller numbers (e.g., 1-5). In general, most of the proposed strategies are practical and helpful.

Note that, some participants proposed strategies that are not explicitly helpful, for example, trying
different number combinations of five or six, using number line, or knowing more or less.

Set Il (Multi-choice): Analysis and Results

In Set II, six options are provided for the multi-choice question: A. Counting forward, B. Using small
sets to reinforce correct enumeration, C. Understanding more than/less than, D. Knowing that
a number is composed of small numbers, E. Understanding of the cardinality principle, F. Using
flash cards to recognize number patterns. The choice of both B and E is considered the best answer.
A is not considered correct because Ben did not demonstrate difficulty in reciting the counting
sequence; C or D is not directly relevant for counting, counting out, or cardinality, and therefore is
not considered correct; F is considered relevant but not the best choice.

The analysis shows that the participants made a variety of choices (Figure 2), which mirrors their
divergent responses in Set I. Specifically, 29% chose both B and E, which is the correct answer and the
most chosen one. Even though some choices such as AE can be considered acceptable, the other choices
such as AC, AF, C, CD, D, or DF (altogether 8%) are not relevant, for example, understanding more
than/less than (C) would not help Ben with any of his errors neither would know that a number is
composed of small numbers (D). The z-score test shows no significant difference between the pre-service
and in-service groups in choosing both B and E as the correct answer (28% vs.30%): z = 0.16, p > .05.

Results from Set I and Set II are mostly consistent in that participants’ responses were substantially
divergent, and that only a small portion of participants proposed strategies that are not explicitly helpful.

Knowledge of Content and Teaching in Counting and Numbers
(multi-choice section)

Figure 2. Frequencies of participants’ response choices for the question of what areas should the teacher focus on to help Ben. Note.
(@) counting forward; (b) using small sets; (c) understanding more than/less than; (d) number composition; (e) understanding
cardinality; (f) recognize number patterns. B and E together make the best response.
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How Do In-service and Pre-service Teachers Differ in Those Three Domains of Math Teaching
Knowledge?

At both the expressive level (Set I, short answer section) and the receptive level (Set II, the multi-choice
section), the in-service participants appeared to perform better than the pre-service participants — almost all
the data are higher in favor of the in-service participants, but only one difference is significant-more in-
service participants were able to identify all the three counting errors than the pre-service participants (Q2).

Discussion

The participants tended to either over-generalize the depicted math game as a counting game or
narrowly focused on a counting subskill such as one-to-one correspondence; they appeared to lack the
knowledge to recognize the essential nature of the game - counting out/producing a set by a given
numeral. It is not technically wrong to view the counting-out game as a counting game or as involving
one-to-one correspondence or cardinality, but there is a difference between counting out and object
counting - the former entails producing a set, but the latter entails enumerating the set only. Is it
reasonable to require that preschool teachers have the knowledge to discern this difference? The
answer might be yes. SCK states that teachers should develop a unique body of subject knowledge that
goes beyond what other adults typically know (Ball et al., 2008). Take the depicted game as an example,
any adult probably can tell that it is a counting game, but preschool teachers should go beyond that
recognition and discern that it is a counting-out game that entails something harder than counting
objects. Lack of this knowledge may result in teachers’ insensitivity to children’s errors. As evidenced
in the study, the counting-out error was identified only by 9% of the participants.

Another informative finding is that the cardinality principle error was much less identified than the
one-to-one correspondence error. The percentage of participants who correctly identified the cardin-
ality principle error was 27%; when choices were provided, the percentage increased to 52%, but there
were still 20% of the participants reporting “no difficulty is observed.” The reason may be that,
compared with the one-to-one correspondence error that bears obvious physical violation, cardinality
principle error demands trained sensitivity—for many adults the error does not indicate anything but
that the child chose to count again.

The third interesting finding is that, compared with responses in SCK and KCS, participants’
responses in KCT seem to be more satisfactory. For example, even though only nine participants
identified the counting-out error (KCS), 21 participants proposed strategies that are helpful for
correcting the counting-out error (KCT).

This third finding seems to make sense if we think about the sources of learning for preschool
teachers: they can informally learn KCT - memories of how they were taught or observations of how
other teachers taught; in comparison, SCK (e.g., the knowledge of cardinality principle) or KCS (e.g.,
the knowledge of child’s number development) can be learned almost solely from formal learning -
courses that are offered by the teacher preparation or professional development programs. This
finding, however, does not indicate that KCT is independent of SCK or KCS. Without systematic
and refined knowledge in SCK and KCS, teaching will less likely to hit the target. As evidenced in the
present study, only 29% of the participants made the correct choice for helping Ben with his errors.
Therefore, this third finding instead indicates that there is a great need to elevate preschool teachers’
KCT to be more knowledge informed.

Lastly, the study reveals an important finding that U.S. preschool teachers lack consistent and
precise math teaching vocabulary. One piece of evidence comes from the participants’ description of
Ben’s errors. As Table 4 shows, many participants lacked the right terms describing his error/s even
though they identified the error/s (e.g., “words to quantity [error]” for counting-out error). Another
piece of evidence comes from the participants’ responses to Q1 (what math skills are involved?). Note
that, Q1 does not ask for opinion nor does it invite open interpretation-—it is a straightforward task
analysis question, but the participants reported as many as 24 different skills. We, however, must
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acknowledge that, for the present study, 53% of the participants were pre-service teachers, and many
of them had not taken any math pedagogy course; even for those in-service teachers, it is not clear
whether they had taken any math pedagogy course before. Therefore, this finding should not be
surprising but does indicate an education need for early childhood teachers.

Significance and Implications

This study serves to address a pressing need in the field: briefly speaking, the need to identify and
measure the unique body of preschool teachers’ math teaching knowledge. Across the U.S., the
requirement of math teaching knowledge for preschool teachers varies widely from state to state.
For example, according to the author’s online search, among the 10 largest states by population
(https://www.moving.com/tips/the-10-largest-states-by-population/), seven states (e.g., NY, CA)
require that ECE teacher candidates pass a license test that has a math section; among the seven states
that have the math section, some states (e.g., PA) have only math pedagogy for the section, while the
other states (GA, NY) have both math and math pedagogy. This wide variation reflects the lack of
consensus regarding what constitutes the math teaching knowledge for preschool teachers and
whether that knowledge matters.

The present study fills some gaps in addressing that need. Specifically, the author defined the
unique body of preschool teachers’ math knowledge in counting and numbers by the structure of
SCK, KCS, and KCT, and measured such knowledge by scenario-based questions. Important
findings regarding preschool teachers’ math teaching knowledge are obtained, for example, the
majority of preschool teachers were not familiar with the count-out concept that is a differentiated
concept from object counting, only a few preschool teachers identified all the three common
counting errors, and preschool teachers’ vocabulary in counting and number was substantially
divergent.

Findings of the present study provide important reference for policymakers, for example, the study
shows that some basic teaching knowledge such as identifying the cardinality principle error is lacking
in many of the participants, which justifies the need to include those concepts in teacher licensure test.
In addition, the study justifies that preschool teachers need intensive training in math teaching: their
SCK or KCS needs to be differentiated, and KCT needs to be more knowledge-informed.
A coursework that wholly focuses on math teaching rather than a combined course on math, science,
and technology is instrumentally needed.

To further the research in this line, studies that focus on improving the present instrument,
measuring its validity and reliability, or designing new instruments in other content areas such as
geometry are greatly needed. With a reliable instrument for preschool teachers’ math teaching
knowledge, we can investigate the factors that affect this knowledge as well as the factors that this
knowledge affects, and we can also measure the growth of preschool teachers’ math teaching
knowledge.

Limitation

The present study reveals important findings regarding preschool teachers’ math teaching knowledge,
but limitations also apply. First, even though the sample size is adequately large to obtain quantitative
data, it is not enormous to draw conclusions with inferential statistics. Second, most in-service
teachers in the present study were not certified and many were preschool (3-year olds) teachers, and
therefore, may not represent the general ECE teacher workforces. However, because we took careful
measures to ensure the validity and reliability of the instrument, the study should have adequate
generalizability for the teacher population that resembles this study that includes in-service teachers
who seek certification.


https://www.moving.com/tips/the-10-largest-states-by-population/

16 & XL

Disclosure Statement

No potential conflict of interest was reported by the author(s).

References

Ball, D., Thames, M. H., & Phelps, G. (2008). Content knowledge for teaching: What makes it special? Journal of Teacher
Education, 59(5), 389-407. https://doi.org/10.1177/0022487108324554

Baroody, A. J. (1992). The development of preschoolers’ counting skills and principles. In J. Bideaud, C. Meljac, &
J. Fischer (Eds.), Pathways to number: Children’s developing numerical abilities (pp. 99-126). Erlbaum.

Baroody, A. J. (2004). A perspective on school mathematics reform: Standards-based school mathematics curricula:
What are they? What do students learn? [Book review]. American Journal of Psychology, 117(3), 443-478. https://doi.
org/10.2307/4149010

Baroody, A. ., Lai, M.-L., & Mix, K. S. (2006). The development of young children’s number and operation sense and its
implications for early childhood education. In O. Saracho & B. Spodek (Eds.), Handbook of research on the education
of young children (pp. 187-221). Lawrence Erlbaum Associates.

Baroody, A. J., & Coslick, R. T. (1998). Fostering children’s mathematical power: An investigative approach to K-8
mathematics instruction. Routledge.

Bredekamp, S. (Ed.). (1987). Developmentally appropriate practice in early childhood programs serving children from birth
through age 8 (expanded ed.). National Association for the Education of Young Children.

Bredekamp, S., & Copple, C. (1997). Developmentally appropriate practice in early childhood programs serving children
from birth through age 8 (Revised ed.). National Association for the Education of Young Children.

Burchinal, M. R., Roberts, J. E., Riggins, Jr., R., Zeisel, S. A., Neebe, E., & Bryant, D. (2000). Relating quality of
center-based child care to early cognitive and language development longitudinally. Child Development, 71(2),
339-357. https://doi.org/10.1111/1467-8624.00149

Clements, D. H., & Sarama, J. (2004). Learning trajectories in mathematics education. Mathematical Thinking and
Learning, 6(2), 81-89. https://doi.org/10.1207/s15327833mtl0602_1

Clements, D. H., & Sarama, J. (2014). Learning and teaching early math: The learning trajectories approach. Routledge.

Council of Chief State School Officers. (2010). Common Core State Standards for Mathematics. National Governors
Association Center for Best Practices.

Cox, J. (1996). Your opinion, please! How to build the best questionnaire in the field of education. Corwin.

Dickinson, D. K. (2011). Teachers’ language practices and academic outcomes of preschool children. Science, 333(6045),
964-967. https://doi.org/10.1126/science.1204526

Duncan, G., Dowsett, J., Claessens, C. J., Magnuson, A., Huston, K., C., A, Pagani, L. S., Feinstein, L., Engel, M., Brooks-
Gunn, J., Sexton, H., Duckworth, K., & Japel, C. (2007). School readiness and later achievement. Developmental
Psychology, 43(6), 1428-1446. https://doi.org/10.1037/0012-1649.43.6.1428

Frye, Frye, D., Baroody, A. J., Burchinal, M., Carver, S. M., Jordan, N. C., & McDowell, . (2013). Teaching math to young
children [NCEE 2014-4005]. U.S. Department of Education.

Fuson, K. C. (2004). Pre-K to Grade 2 goals and standards: Achieving 21st century mastery for all. In D. Clements,
J. Sarama, & A. M. DiBiase (Eds.), Engaging young children in mathematics: Standards for early childhood mathematics
education (pp. 105-148). Erlbaum.

Gelman, R., Gallistel, L., & R., C. (1978). The child’s understanding of number. Harvard Univ. Press.

Ginsburg, H. P., & Amit, M. (2008). What is teaching mathematics to young children? A theoretical perspective and case
study. Journal of Applied Developmental Psychology, 29(4), 274-285. https://doi.org/10.1016/j.appdev.2008.04.008
Ginsburg, H. P,, Lee, J. S., & Boyd, J. S. (2008). Mathematics Education for Young Children: What It is and How to
Promote It. Social Policy Report—Giving Child and Youth Development Knowledge Away, 22(1),1-24. doi:10.1002/

50p2.2008.22.issue-1

Hill, H. C,, Rowan, B., & Ball, D. L. (2005). Effects of teachers’ mathematical knowledge for teaching on student
achievement. American Educational Research Journal, 42(2), 371-406. https://doi.org/10.3102/00028312042002371

Hill, H. C,, Schilling, S. G., & Ball, D. L. (2004). Developing measures of teachers’ mathematics knowledge for teaching.
The Elementary School Journal, 105(1), 11-30. https://doi.org/10.1086/428763

Jordan, N. C,, Kaplan, D., Locuniak, M. N., & Ramineni, C. (2007). Predicting first-grade math achievement from
developmental number sense trajectories. Learning Disabilities Research & Practice, 22(1), 36-46. https://doi.org/10.
1111/j.1540-5826.2007.00229.x

Kagan, S. L., Kauretz, K., & Tarrant, K. (2008). The early care and education teaching workforce at the fulcrum: An agenda
for reform. Teachers College Press.

Lee, J. E. (2017). Preschool teachers’ pedagogical content knowledge in mathematics. International Journal of Early
Childhood, 49(4), 229-243. https://doi.org/10.1007/s13158-017-0189-1

Li, X,, Chi, L. P, DeBey, M., & Baroody, A. J. (2015). A Study of Early Childhood Mathematics Teaching in the United
States and China. Early Education and Development, 26(3), 450-478. doi: 10.1080/10409289.2015.994464


https://doi.org/10.1177/0022487108324554
https://doi.org/10.2307/4149010
https://doi.org/10.2307/4149010
https://doi.org/10.1111/1467-8624.00149
https://doi.org/10.1207/s15327833mtl0602_1
https://doi.org/10.1126/science.1204526
https://doi.org/10.1037/0012-1649.43.6.1428
https://doi.org/10.1016/j.appdev.2008.04.008
https://doi.org/10.1002/sop2.2008.22.issue-1
https://doi.org/10.1002/sop2.2008.22.issue-1
https://doi.org/10.3102/00028312042002371
https://doi.org/10.1086/428763
https://doi.org/10.1111/j.1540-5826.2007.00229.x
https://doi.org/10.1111/j.1540-5826.2007.00229.x
https://doi.org/10.1007/s13158-017-0189-1
https://doi.org/10.1080/10409289.2015.994464

EARLY EDUCATION & DEVELOPMENT . 17

Li, X,, Liu, S., DeBey, M., McFadden, K., & Pan, Y. -J.. (2016). Investigating Chinese preschool teachers’ beliefs in
mathematics teaching from a cross-cultural perspective. Early Years: An international research journal, 38, 86-101.
doi:10.1080/09575146.2016.1228615 1

Ma, L. (1999). Knowing and teaching elementary mathematics. Lawrence Erlbaum Associates.

McCray, J. S., & Chen, J.-Q. (2012). Pedagogical content knowledge for preschool mathematics: Construct validity of
a new teacher interview. Journal of Research in Childhood Education, 26(3), 291-307. https://doi.org/10.1080/
02568543.2012.685123

National Association for the Education of Young Children. (2009). Developmentally appropriate practice in early
childhood programs serving children from birth through age 8: A position statement of the National Association for
the Education of Young Children. Washington, DC: National Association for the Education of Young Children. http://
www.naeyc.org/files/naeyc/file/positions/position%20statement%20Web.pd

National Association for the Education of Young Children and National Council of Teachers of Mathematics.
(2010). Early childhood mathematics: Promoting good beginnings: A joint position statement of the National
Association for the Education of Young Children (NAEYC) and the National Council for Teachers of
Mathematics (NCTM). Washington, DC: National Association for the Education of Young
Children. Retrieved May 4, 2015, from http://www.naeyc.org/about/positions/psmath.asp

NICHD Early Child Care Research Network. (2005). Early child care and children’s development in the primary grades:
Follow-up results from the NICHD Study of Early Child Care. American Educational Research Journal, 42(3),
537-570. https://doi.org/10.3102/00028312042003537

Peisner-Feinberg, E., Burchinal, M., Clifford, R., Culkin, M., Howes, C., Kagan, S., & Yazejian, N. (2001). The relation of
preschool child-care quality to children’s cognitive and social developmental trajectories through second grade. Child
Development, 72(5), 1534-1553. https://doi.org/10.1111/1467-8624.00364

Platas, L. (2014). Knowledge of mathematical development survey: Testing the validity and reliability of the survey and
interpreting its results. Dialog, 17(1). ttps://doi.org/10.1177/1476718X14523746

Purpura, D. J. (2010). Informal number-related mathematics skills: An examination of the structure of and relations
between these skills in preschool. [Unpublished Dissertation], Florida State University Libraries, Tallahassee, Florida.

Reynolds, A. J., Temple, J. A., Robertson, D. L., & Mann, E. A. (2002). Age 21 cost-benefit analysis of the Title
I Chicago Child-Parent Centers. Institute for Research on Poverty.

Ritchie, S. J., & Bates, T. C. (2013). Enduring links from childhood mathematics and reading achievement to
adult socioeconomic status. Psychological Science, 24(7), 1301-1308. https://doi.org/10.1177/
0956797612466268

Rockoff, J. E., Jacob, B. A., Kane, T. J., & Staiger, D. O. (2008). Can you recognize an effective teacher when you recruit
one? NBER Working Paper 14485. Cambridge, MA: National Bureau of Economic Research.

Rowan, B., Chiang, F. S., & Miller, R. J. (1997). Using research on employees’ performance to study the effects of
teachers on students’ achievement. Sociology of Education, 70(4), 256-284. https://doi.org/10.2307/2673267
Sarama, J., & Clements, D. (2009). Early childhood mathematics education research: Learning trajectories for young

children. Routledge.

Shulman, L. S. (1986). Those who understand: Knowledge growth in teaching. Educational Researcher, 15(2), 4-14.
https://doi.org/10.3102/0013189X015002004

Shulman, L. S. (1987). Knowledge and teaching: Foundations of the new reform. Harvard Educational Review, 57
(1), 1-22. https://doi.org/10.17763/haer.57.1.j463w79r56455411

Van de Walle, J. A, Lovin, L. H., Karp, K. H., & Bay Williams, J. M. (2017). Teaching student-centered mathematics:
Developmentally appropriate instruction for grades Pre- K-2 (Vol. 1, 3rd ed.). Pearson Education, Inc.

Van Hiele, P. M.; Structure and Insight. (1986). A theory of mathematics education. Academic press Inc.

Van Hiele, P. M. (1999). Developing geometric thinking through activities that begin with play. Teaching Children
Mathematics, 5, 310-316.

Watts, T. W., Duncan, G. J,, Siegler, R. S., & Davis-Kean, P. E. (2014). What’s past is prologue: Relations between early
mathematics knowledge and high school achievement. Educational Researcher, 43(7), 352-360. https://doi.org/10.
3102/0013189X14553660

Wynn, K. (1992). Children’s acquisition of the number words and the counting system. Cognitive Psychology, 24(2), 220
+51. https://doi.org/10.1016/0010-0285(92)90008-P


https://doi.org/10.1080/09575146.2016.1228615
https://doi.org/10.1080/02568543.2012.685123
https://doi.org/10.1080/02568543.2012.685123
http://www.naeyc.org/files/naeyc/file/positions/position%20statement%20Web.pd
http://www.naeyc.org/files/naeyc/file/positions/position%20statement%20Web.pd
http://www.naeyc.org/about/positions/psmath.asp
https://doi.org/10.3102/00028312042003537
https://doi.org/10.1111/1467-8624.00364
https://doi.org/10.1177/0956797612466268
https://doi.org/10.1177/0956797612466268
https://doi.org/10.2307/2673267
https://doi.org/10.3102/0013189X015002004
https://doi.org/10.17763/haer.57.1.j463w79r56455411
https://doi.org/10.3102/0013189X14553660
https://doi.org/10.3102/0013189X14553660
https://doi.org/10.1016/0010-0285(92)90008-P

18 (&) X.L

Appendices

Appendix A. Key math teaching knowledge points in counting and numbers

Specialized Content Knowledge

Knowledge of Content & Student

Knowledge of Content & Teaching

Oral

a. To
promote
oral

Object

b. Help
a child
overcome

Number
recognition

counting

counting, 1) lead a child to count
consistently to a higher number, or
2) engage the child in more
advanced counting forms such as
counting backward, counting on
from a random number, or 3)skip
counting by 2, 5, or 10

counting

enumeration errors: using small sets,
counting slowly, marking what was
counted, or identifying the other
people’s counting error;

¢. Help a child observe/understand
cardinality principle: using small sets,
emphasize the last number word;

d. Advance a child’s enumeration by
using large sets, discussing counting
strategies, or using irregular
arrangements, etc.

e. Number recognition involves
various forms: recognize a set with

a number word or numeral (e.g.,
point to the card with 3 cars);

Label a set with a number word or
numeral (e.g., how many cars do you
see?);

Produce a set by a number word or
numeral (e.g., please give me 3 cars);

a. Oral counting involves various
forms: counting forward, counting
backward, counting on from random
number, and skip counting;

b. Counting-on is more challenging
than counting forward

¢. Object counting entails three skills:
recite number sequence, one-to-one
correspondence, and keeping track;
d. Cardinality principle: the last
number word in counting represents
the value of the set

e. Know that a child may use the
same number word labeling different
sets (e.g., “five” to a set of 5, 6, or 8
items);

f. Know that producing a set is more
difficult than labeling the set

a. [dentify the levels of a child’s oral
counting: consistently count up to n;
counting backwards from n; counting
on from n; skip counting by 2, 5, or 10;
b. Identify a child’s oral counting
error/s (e.g., skip a counting word)

c. Identify a child’s object counting
error/s: one-to-one correspondence
error, keeping track error, or

a combination of multiple errors;
d. Identify signs of lack of
understanding the cardinality
principle (e.g., a child counts a set
again to respond to “how many”)

d. Use different tasks to promote
number recognition: point to n task,
how many task, or give me n task

Appendix A is based on Baroody et al. (2006), Clements and Sarama (2014), and Sarama and Clements (2009).

Appendix B. Selected questions from scenario 1

Set I: Short Answer Questions from Scenario 1 Ms. Levy and the Card Game

1. For the card game depicted in Scenario 1, what mathematical skills are required/involved? Please list 1-3 math

skills.

2. Ben had some difficulties when playing this card game. Please list 1-3 difficulties/errors that you noticed.
3. How would you help Ben in order for him to play the Card game more successfully?

Set II: Multi-choice Questions for Scenario 1 Ms. Levy and the Card Game

Please circle the choice/choices that best applies/apply.
1. Which math concepts/skills are required in order to play the card game depicted in Scenario 1?
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a. Cardinality principle — knowing that the last number represents the value of the whole set
b. Number recognition - telling how-many items are in a set

c. Set production - producing a set by a given number

d. Number composition — a number is composed of two or more smaller numbers

3.In Scenario 1, Ms. Levy pointed to each bear and counted together with Ben, “One, two, three, and then four, and then
five, and then Six. Six. So, Ben, how-many bears did you put on the card?”
Ben said, “1, 2, 3, 4, 5,6.”

What is Ben’s difficulty in this scenario?

a. One-to-one correspondence — cannot assign one and only one number to an object

b. Keeping track — cannot make sure that each item is counted only once

c. Cardinality principle — cannot use the last number word to tell the value of the whole

set
d. No difficulty is observed

6. Which areas should Ms. Levy focus on to help Ben? Check 2 items that best apply.

a. Counting forward

b. Using small sets to reinforce correct enumeration

¢. Understanding more than/less than

d. Knowing that a number is composed of small numbers
e. Understanding of the cardinality principle

f. Using flash cards to recognize number patterns

Appendix C. General validity questions and participants’ rating for the questionnaire

1. On average, how do the scenarios depicted in the questionnaire read as natural scenarios occurring in a prek-1st grade
classroom?
1 2 3 4 5
(not natural) (natural)

Participants’ rate: n = 82, mean = 4.57, standard deviation = 0.61

2. Are the questions relevant to math teaching for young children (2-8-year olds)?
1 2 3 4 5
(not relevant) (relevant)

Participants’ rate: n = 83, mean = 4.65, standard deviation = 0.65

3. How do you think the questions that are asked in the questionnaire will be helpful for math teaching in your class?
1 2 3 4 5
(not helpful) (helpful)

Participants’ rate: n = 83, mean = 4.59, standard deviation = 0.63


https://www.researchgate.net/publication/342684897
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