Fuzzy Logic Systems

Recap

Fuzzy Set
A fuzzy set is a set whose elements have degrees of membership of that set and an element of that set often has its membership represented by a real number value between 0 and 1.

Degree of Membership(DOM) of a fuzzy set.  E.g. The DOM of the fuzzy set Clever  might be 0.6 and at the same time the DOM of the fuzzy set Average might be 0.2.  The range of membership usually goes from 0 to 1, with 1 meaning full membership and is equivalent to a Boolean TRUE value, and 0 meaning no membership and is equivalent to Boolean logic value FALSE.

Fuzzy Linguistic Variable (FLV) is the composition of one or more fuzzy sets to represent a concept or domain in a qualitative way. E.g. IQ is a FLV whose component fuzzy sets are Dumb, Clever and Average.  This can be written as 
IQ = {Dumb,Average,Clever}
Note: the literature often uses the term FLV inconsistently, sometimes a text might refer to a FLV as a fuzzy set as in Dumb in the example above.

Membership function.  This describes graphically or mathematically the mapping of the FLV to a particular fuzzy set.  Each fuzzy set has its own membership function and every membership function is evaluated.  For example,  if IQ = 115 then a membership function might map this value to a DOM of 0.75 of the Clever fuzzy set and to a DOM of 0.25 for the Average fuzzy set. Such functions can be drawn as graphs or represented as mathematical functions.  The following functions describe the membership functions for the Clever and Average fuzzy sets described in this paragraph.
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Application of Fuzzy Expert systems

There are four stages in developing a fuzzy expert system

1. Fuzzification

This  involves the choice of variables, both fuzzy input and output variables and the defuzzified output variable(s); the definition of membership functions for the input variables and the description of fuzzy rules. The membership functions defined on the input variables are applied to their actual values to determine the degree of truth for each rule premise. If a rule's premise has a non-zero degree of truth, that is if the rule applies at all, then the rule is said to fire. All rules are applied. 

Example:  An AI bot needs to determine her desire to steal treasure. She assesses the  security level to be 12.5 (based upon her own skill and experience) and, in her mind  the treasure value is 7. These are the “crisp” inputs to the fuzzy expert system. She uses the following rules based on her considerable experience as a thief to compute the desire to steal.
Rule 2
IF 	security is medium
AND 	treasure value is large
THEN 	desire is medium

Rule 1
IF 	security is high
OR 	treasure value is low
THEN 	desire is low

Rule 3
IF 	security is poor
[bookmark: _GoBack]THEN 	desire is high

The membership functions for each fuzzy set map the input variables (fuzzy linguistic variables) to a degree of Membership.  Let these be for Security:

[image: ][image: ]    



  



And for Treasure Value





     	                   


The DOM of the Desire fuzzy sub-sets is given by the following membership functions:


















           

The next stage is inference.

2Inference 

2.1 Computing truth value for each rule
The truth-value for the premise of each rule is computed and the conclusion applied
to each part of the rule. This results in one fuzzy subset assigned to each output variable for each rule. 

Example (continued)

Rule 1
IF 	security is high
OR 	treasure value is low
THEN 	desire is low






Rule 2
IF 	security is medium
AND 	treasure value is large
THEN 	desire is medium






Rule 3
IF 	security is poor
THEN 	desire is high








2.2 Calculate rules’ inferred conclusions

MIN and PRODUCT are two inference methods. In MIN inferencing the output membership function is clipped off at a height corresponding to the computed degree of truth of a rule's premise. This corresponds to the traditional interpretation of the fuzzy logic's AND operation. In PRODUCT inferencing the output membership function is scaled by the premise's computed degree of truth.

Example (continued)

The computed degree of truth the (DOM value) for each fuzzy subset has been computed to be:



We’ll use MIN inferencing.  This means we clip each fuzzy subset of the LFV Desire (i.e. High, Medium and Low) such that they have maximum values of 0.5, 0.4 and 0.2 respectively. In graphical terms it looks like this:
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3. Composition

All the fuzzy subsets assigned to each output variable are combined together to form a single fuzzy subset for each output variable. MAX and SUM are two composition
rules. In MAX composition, the combined fuzzy subset is constructed by taking the pointwise maximum over all the fuzzy subsets assigned to the output variable by the inference rule. In the SUM composition, the combined output fuzzy subset is constructed by taking the pointwise sum over all the fuzzy subsets assigned to the output variable by their inference rule. (Note that this can result in truth values greater than 1).



Example (continued)

We will use the MAX composition method. The fuzzy subsets are combined as shown to produce a single fuzzy subset or manifold.



















                                                                                                   Combined manifold.












4. Defuzzification

The fuzzy subset produced by the composition stage needs to be converted  to a single number or a crisp value. Two popular defuzzification techniques are the CENTROID and MAXIMUM techniques. The use of CENTROID technique relies on using the centre of gravity of the membership function to calculate the crisp value of the output variable. In the MAXIMUM techniques, and there are a number of them, broadly speaking,one of the variable values at which the fuzzy subset has its maximum truth value is used to compute the crisp value.

4.1 The Mean of Maximum (MOM)

This defuzzification method calculates the average of those output values which have the highest degrees of membership (sometimes people refer to the highest degrees of confidence).

Example (continued)

The set with the highest DOM values is High Desire with a DOM value of 0.5 for all x values between (0.5*0.2 + 0.6 = 0.7) and 1.0.  The average of the x values is the average of all x’s between 0.7 and 1.0 which is 0.85.   Therefore our final “crisp” output value for desire is 0.85.

The problem with this method is that it does not take into account subsets with lower maximum values and it can therefore lead to a skewed or biased result.

4.2 The Centroid or Centre of Gravity (CoG) Method.

This yields more accurate results that better reflects the part played by all fuzzy subsets in the system.  The outputted crisp value is determined by finding the centre of gravity of the combined fuzzy manifold mentioned earlier and taking its x value (imagine the centre of gravity as a point referenced by a pair of (x,y) co-ordinates – we will be determining this x co-ordinate value).  We use the standard formula for centre of gravity.  It is an integral but we represent it here using discrete summations.





where s is the x value at each sample point and DOM(s) is the degree of membership in the combined output fuzzy manifold for that value.  The more sample points taken the more accurate the result but usually 10 to 20 samples will suffice.  So let’s do it using 10 samples.

Example (continued)
	Value
	Low Desire
	Medium Desire
	High Desire
	Sum

	0.10
	0.2
	0
	0
	0.2

	0.20
	0.2
	0
	0
	0.2

	0.30
	0.2
	0.4
	0
	0.4

	0.40
	0
	0.4
	0
	0.4

	0.50
	0
	0.4
	0
	0.4

	0.60
	0
	0.4
	0
	0.4

	0.70
	0
	0.4
	0.5
	0.5

	0.80
	0
	0
	0.5
	0.5

	0.90
	0
	0
	0.5
	0.5

	1.00
	0
	0
	0.5
	0.5


			                                       

Now plug these results into the equation to get:


= (0.1 + 0.2)*0.2 + (0.3+0.4+0.5+0.6)*0.4 + (0.7 + 0.8 + 0.9 + 1.0) *0.5

				2*0.2  + 4*0.4 +0.9 + 4*0.5 

=    ;  CoG = 

CoG = 0.62

  
Crisp output Value for Desire is   =  0.62
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