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H(s) 

QUESTION 1  
 

(a) A resistance temperature detector (RTD) has a first order response to a step change in its 
ambient temperature. The following information is given about the probe and the liquid into 
which it is placed. 
 

θL(t) = temperature of the liquid at time t (oC) 
θR(t) = temperature of the RTD at time t (oC) 
M = mass of the RTD (in Kg) 
Cp = specific heat capacity of the RTD (J/Kg oC) 
U = overall heat transfer coefficient (W/m2/ oC) 
A = surface area of the probe (m2) 

 

Given the following differential equation for the transfer of heat to the probe:  

  UA ( θL(t) - θR(t) ) = M Cp  dθR(t) 
        dt 
 
(i) Use the Laplace transform method to find the transfer function of the probe H(s).    

[8 marks] 
(ii) Use inverse Laplace transform to find the time dependent equation for the probe 

temperature for a step response when, having been kept in ice, the probe is 
plunged into a liquid at a temperature θL at time t = 0. 

[7 marks] 
(iii) Sketch and describe the shape of the dynamic response curve of the probe 

temperature θR(t). 
[4 marks] 

(iv) A particular RTD has:  M = 0.1Kg ,   Cp = 3250 J/Kg oC,   U = 783.13 W/m2/ oC,    
A = 0.05m2 and θL = 75 oC, calculate the temperature of the RTD at t = 25 seconds. 

[3 marks] 
 

(b) Figure Q1 shows a block diagram of a heating system that uses the above RTD in its 
feedback loop.  
(i) Find the overall transfer function of the system and show the system is overdamped. 

[8 marks] 
(ii) Using the final value theorem, determine the steady output temperature for a step 

input of 75. 
[4 marks] 

 
 

   

  

 

Figure Q1 

Total for this question is 34 marks 
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+ - 

QUESTION 2 

(a) Figure Q2.1 shows a control system involving a motor with both position and velocity 
feedback. Determine the damping factor with and without the velocity feedback. Hence 
explain the effects of velocity feedback on the output of the system in response to a unit 
step input. 

 [18 marks] 
 

  
 
 

  
 

 
 
 
 

  
 
 

Figure Q2.1 

(b) Using a simple sketch, explain how the relative stability of a control system can be 
determined from magnitude and phase Bode plots using GAIN MARGIN and PHASE MARGIN. 

[11 marks] 
(c) Using the method explained in part (b), determine the stability of the system from its Bode 

plot shown in figure Q2.2. 
 [5 marks] 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure Q2.2 

Total for this question is 34 marks 
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QUESTION 3 

 
The block diagram of a proposed control system is shown in figure Q3.1,  
 

(a) From the root locus diagram shown in figure Q3.2, determine (i) the open-loop transfer 
function G(s), (ii) the natural frequency and (iii) damping factor. 

[12 marks] 
 

(b) Determine the closed-loop transfer function in terms of K1 and the value of K1 for critical 
damping. 

[8 marks] 
 

(c) For K1 = 3.92, calculate (i) the oscillation frequency, (ii) pole locations and (iii) percentage overshoot 
to a step input.  

[12 marks] 
 

(d) Explain why this system should be stable for all values of K1. 
[2 marks] 

 
 
 
 
 
 
 
 
 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

Total for this question is 34 marks  

+ - 
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Figure Q3.1 

 

Figure Q3.2 
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QUESTION 4 
 

(a) Define the following terms for a transducer using the data from table Q4 as an example: 
(i) FSD 
(ii) Static sensitivity 
(iii) Non-linearity error 
(iv) Hysteresis error 

[11 marks] 
 

(b) Table Q4 (on the next page) shows data for the calibration check of a pressure transducer with 
readings taken in Bar and Volts. Using the table and graph paper on the next page, fill in the empty 
columns and plot the calibration curve for rising and falling pressures. Determine the maximum non-
linearity error and the maximum hysteresis error as percentages of the FSD, and identify them on 
the graph. Don’t forget to detach the table and the graph, and insert into your answer booklet. 
 

[23 marks] 

 

 

Total for this question is 34 marks  
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Table Q4 

 

Graph for calibration results for QUESTION 4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

THIS PAGE MUST BE DETACHED FROM THE QUESTION PAPER AND INSERTED 
INTO YOUR ANSWER BOOKLET IT YOU ATTEMPT QUESTION 4. 

Measured 
Pressure 

(Bar) 

Output voltage (Volts) Linear 
Value 
(Volts) 

Non-linearity error 
(Volts) 

Hysteresis 
Error 

(Volts) rising falling rising falling 
0 0 0     

0.5 0.96 1.03     
1.0 1.89 2.12     

1.5 2.81 3.17     

2.0 3.77 4.28     

2.5 4.68 5.33     

3.0 5.61 6.25     

3.5 6.73 7.16     
4.0 7.88 8.10     

4.5 8.94 9.05     

5.0 10.0 10.0     
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LAPLACE TRANSFORM SHEET 
 

Time function  y(t) Laplace Transform Y(s) 

1 
1
𝑠𝑠

 

k 
𝑘𝑘
𝑠𝑠

 

k t 
𝑘𝑘
𝑠𝑠2

 

eat 1
𝑠𝑠 − 𝑎𝑎

 

e-at 
1

𝑠𝑠 + 𝑎𝑎
 

1 - e-at  
𝑎𝑎

𝑠𝑠(𝑠𝑠 + 𝑎𝑎)
 

𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑

 𝑠𝑠𝑠𝑠(𝑠𝑠) − 𝑦𝑦(0) 

𝑑𝑑2𝑦𝑦(𝑡𝑡)
𝑑𝑑𝑡𝑡2

 𝑠𝑠2𝑌𝑌(𝑠𝑠) − 𝑠𝑠 𝑦𝑦(0) −  
𝑑𝑑𝑑𝑑(0)
𝑑𝑑𝑑𝑑

 

sin(𝜔𝜔𝜔𝜔) 
𝜔𝜔

𝑠𝑠2 + 𝜔𝜔2 

cos(𝜔𝜔𝜔𝜔) 
𝑠𝑠

𝑠𝑠2 + 𝜔𝜔2 

 
Final Value Theorem 
 

y(∞) = lim
𝑡𝑡→∞

{𝑦𝑦(𝑡𝑡)}  = lim
𝑠𝑠→0

{𝑠𝑠 𝑌𝑌(𝑠𝑠)}   
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QUESTION 1 

From  

 

 

 

 

    

 

 

 

 

[2 marks] 

 

[2 marks] 

 

[1 mark] 

 

[1 mark] 

 
[1 mark] 

 

[1 mark] 

 

[1 mark] 

 

[1 mark] 

 

[1 mark] 

 

Q1 (a) (ii) 

 

Q1 (a) (i) 
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   τ = 0.1 x 3250 / (783.13 x 0.05)  =  8.3 seconds 

  At t = 25 seconds, with θL = 75 oC,  

θR = 75 ( 1 - e-25/8.3) = 71.31 oC 

  

The time constant in seconds is  

[1 mark] 

 

[1 mark] 

 

[1 mark] 

 

[1 mark] 

 

[3 marks] 

 

Q1 (a) (iii) 

 

Q1 (a) (iv) 

 

[3 marks] 

 

[1 mark] 
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Q1 (b) (i) 

 

[5 marks] 

 

[3 marks] 
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Total marks for question 1 = 34 

  

[1 mark] 

 

[3 marks] 
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QUESTION 2  

(a)  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

[3 marks] 

 

[1 mark] 

 

[3 marks] 

 

[3 marks] 

 7 
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(b)  The diagram below shows gain and phase plots. 

 

 

 

 

 

 

 

 

 

 

 

[3 marks] 

 

[3 marks] 

 

[2 marks] 

 

[5 marks] 

7s 

7 
7 1.16 

7s ) 

7s ) 
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From the Bode Magnitude diagram (gain plot), the gain in dB is measured at the point where the 
Bode Phase diagram reaches -180 degrees. For stability, the gain at this point must be less than 0dB. 
The GAIN MARGIN (GM) will be the absolute value of this gain in dB and is an indicator of how close 
the system is to instability. Typically, a GM > 10dB gives stability. 

 
From the Bode Phase diagram, the phase in degrees is measured at the point where the Bode 
Magnitude reaches 0dB. For stability, the phase at this point must not be -180 degrees. The PHASE 
MARGIN will be the absolute value of the difference between the measured phase angle and -180 
degrees and is also an indicator of how close the system is to instability. Typically, a PM of 45 
degrees gives stability. 

 
 
(c)  From figure Q2.2,  

 

At 2.71 rad/s, Gain Margin = 4.23dB when phase = -180 degrees  

 

At 3.49 rad/s, Phase Margin = 180 - 168 = 12 degrees. 

 

 

This system will be unstable since GM < 10dB and PM < 45 degrees. 

 
 

 
 
 
 

Total for this question is 34 marks 
 
  

[3 marks] 

[3 marks] 

[2 marks] 

[2 marks] 

[1 mark] 
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QUESTION 3 
 
 

(a) (i) 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

(a) (ii) 
 
 
 
 
 
 

(a) (iii)  

  

[2 marks] 

 

[1 mark] 

 

[5 marks] 

 

[1 mark] 

 

[2 marks] 

 

[1 mark] 
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QUESTION 3 continued 

(b) 

 

 

  

[1 mark] 

[1 marks] 

[1 mark] 

[3 marks] 

[1 mark] 

[1 mark] 
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QUESTION 3 continued 

(c) (i)  

 

 

 

 

 

 

 

 

 

 

 

 

 

(c) (ii) 

 

 

 

 

 

 

 

 

 

 

 

  

[1 mark] 

[1 mark] 

[1 mark] 

[2 marks] 

[1 mark] 

[1 mark] 
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(c) (iii) 

 

 

 

 

 

 

(d)  From the root locus diagram, poles lie in the left hand plane for all values of gain. 

 

 

Total for this question is 34 marks 
 

  

[3 marks] 

[2 marks] 

[2 marks] 
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QUESTION 4 
 

(a) (i) FSD is the full scale deflection or maximum output of a transducer. In this case FSD = 10Volts 
 
(ii) This is defined as  
 

Static sensitivity = output range of a transducer 
        input range of transducer 
 
In this case = 10 volts / 5 Bar = 2 Volts/Bar 
 

(iii)  This is defined as the difference between the linear value and the actual value.  
 
For example, at 1.5 Bar, the linear value should be 1.5 x 2 = 3V but the actual rising value = 2.81V. 
The non-linearity error = 2.81 – 3 = -0.19V 
 
(iv) This is defined as the difference between the rising and falling output voltages.  
 
For example, at 1.5 Bar, the rising voltage = 2.81V but the falling voltage = 3.17.  
The hysteresis error  = 3.17 - 2.81 = 0.36V 
 

 
 
(b) 
 

 
  Measureand 

Pressure (Bar) 

Output voltage 
(Volts) 

Linear 
Value 

Non-linearity error 
(Volts) Hysteresis Error 

(Volts) 
rising falling (Volts) rising falling 

0.00 0.00 0.00 0.00 0.00 0.00 0.00 

0.50 0.96 1.03 1.00 -0.04 0.03 0.07 

1.00 1.89 2.12 2.00 -0.11 0.12 0.23 

1.50 2.81 3.17 3.00 -0.19 0.17 0.36 

2.00 3.77 4.28 4.00 -0.23 0.28 0.51 

2.50 4.68 5.33 5.00 -0.32 0.33 0.65 

3.00 5.61 6.25 6.00 -0.39 0.25 0.64 

3.50 6.73 7.16 7.00 -0.27 0.16 0.43 

4.00 7.88 8.10 8.00 -0.12 0.10 0.22 

4.50 8.94 9.05 9.00 -0.06 0.05 0.11 

5.00 10.00 10.00 10.00 0.00 0.00 0.00 

[3 marks] 

[2 marks] 

[3 marks] 

[3 marks] 

[10 marks] 
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The maximum linearity is 0.39 volt, as a percentage FSD = 0.39/10 * 100 = 0.039% 

The maximum hysteresis error is 0.65 volts, as a percentage FSD = 0.65/10 * 100 = 0.065% 

Max hysteresis error 

Max non-linearity error 

[3 marks] 

[10 marks] 
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