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[bookmark: _Toc778751638]Introduction
This document will be covering two parts of an assignment, the first part will discuss numerical integrations, both their advantages and disadvantages and how they are used in gaming. The second part will cover a simulation of a spring powered model dragster, using Euler’s method and another method, then comparing them.


[bookmark: _Toc1222489275]Part 1
I’ll be covering two different numerical integrations, mainly being the “Midpoint Rule” and “Simpson’s Rule”, with their advantages and disadvantages. Each rule approximates the area underneath a curve on a graph [1]. I’ll also be covering some numerical integrations used in gaming.
[bookmark: _Toc1259067390]Midpoint Rule
A graph overview of the Midpoint Rule:
[image: ][1]
The Midpoint Rule creates rectangles that originate from the midpoint of two x values, like x=2 and x=3 [2][3].
Some advantages to using the Midpoint rule is the fact it is easy to use and gives good enough approximation of the area under the curve [3], it may not be obvious enough, but it also tends to be more accurate than some other methods, like the “Trapezium Rule”, as it is more consistent and tends to balance out the over-estimations with its underestimations.
A key disadvantage to using this rule is when the graph has multiple rapid changes in the curve [3], as it can in most cases, under-estimate or over-estimate a fair amount [2].

[bookmark: _Toc114699242]Simpson’s Rule
A graph overview of the Simpson’s Rule:
[image: ][1]
The Simpson’s Rule is a combination of the Trapezium Rule and the Midpoint Rule, whilst narrowing the error of both of those methods, by using a quadratic to assist in finding a more accurate area under the curve [2][3].
Advantages to using this rule is simple, it is far more accurate than other methods and gives a much better approximation of the area [2][3], with less error (which should be noted).
Some disadvantages to using this method can be that its harder to use than others and that it requires an even number of sectioned areas under the curve for it properly work, as you are forming multiple quadratics to find the area of curve that could be cubic or more complex [2][3].

[bookmark: _Toc1350548479]Numerical Integration in Gaming
There are multiple methods used in gaming that all tend to fall into these categories:
· First Order [4]
· Second Order [4]
· Higher Order [4]
All these methods can be used to simulate a model dragster, in some ways easier and some ways harder than the others. The higher order you tend to go, the more complex but more accurate the method is. A very common first order integrator is Explicit Euler’s (or just Euler’s method) [4], the velocity and position is found as such:
[image: ][4]
[image: ][4]
(‘dt’ stands for ‘time step’)
Using and implementing Euler’s is simple and straightforward in coding and helps you understand some key concepts of numerical integrators, but there is a downside to it, it is not that accurate, and the more time steps you do, the error value will continue to increase, no matter what time step you use, there will always be some form of error. Decreasing the time step (from 0.1 to 0.01) will only make the program run for longer which is not very ideal [4].
As for second order integration, you have Verlet, which is the more popular and more commonly used in the gaming industry [4]. The way it calculates position and velocity is as such:
[image: ][4]
[image: ][4]
Even though this is more accurate than Euler and more commonly used, it still has some downsides, one of them being that it doesn’t handle drastic velocity changes well, for example, a car driving around a racetrack, velocity changes constantly and there is a chance that the car might crash and set it to 0 [4]. Another downside is that this method assumes the time step is constant, and therefore this method can only approximate [4]. It still shines in some ways, as this method is mostly used to simulate objects, such as cloth or particles, such as smoke [4].


[bookmark: _Toc960113434]Part 2
In this part, I will be discussing and comparing Euler and Verlet numerical integrations when it comes to simulating a spring powered model dragster car.
[bookmark: _Toc1110846252]Euler Integration
I will first cover Euler integration, here are the results I have achieved:
[image: ]Graphed using Excel.
And here is the code used to achieve these results:
[image: ]Coded using C++ in Visual Studio.
As we can see in the graph, the acceleration is high initially and then slowly decelerates until a certain point where it is naturally decelerating. Once Acceleration is in the negatives, only then does the velocity change and start to decrease until it stops. The distance travelled is high but does reach its peak at the very end.
Even though Euler as discussed earlier isn’t very accurate, it does model the behaviour of a dragster well, even though there are some accuracy errors that are bound to happen over time, the graph does show a natural deceleration of the car.
[bookmark: _Toc1013280605]Verlet Integration
Now I will cover Verlet integration, which the results look like so:
[image: ][image: ]Graphed using Excel.
Here is the code used, with assistance of source [5] and source [4]:
[image: ]Coded using C++ in Visual Studio and with assistance of sources [4][5].
As we can see in the graph, it does not do well. The car makes no distance and decelerates very fast, and it does not look natural in any way, as all of this happens within 0.2 seconds.
Verlet is supposed to be accurate but fails to simulate a dragster car in a natural way, as the velocity is too low, and the distance travelled is far below what it should be, as the distance should at the very least, 3-4 times the velocity (depends on how long you observe the information)
[bookmark: _Toc864455936]Comparison
To compare both methods, Euler is much better at simulating a dragster car than Verlet, which is surprising as Verlet is supposed to be the more accurate of the two but is not when it comes to simulating a dragster car. From this, I can infer that Verlet is more suited for cloth and particle simulations [4] or objects that travel at a constant acceleration [5] and Euler can be used on calculations that Verlet may be unable to properly calculate, like this dragster car simulation.. 
There might be some issues with the code for Verlet integration, but I am unaware of them or just inexperienced to fix it. 
Excel sheet can be accessed through this link: https://uowtsd-my.sharepoint.com/:x:/g/personal/2204569_student_uwtsd_ac_uk/EcV41OXJdl5Iu-gcpsgRDfUB1C4X_teFy3ebLQW638SNMw?e=wkFzw5 (link will expire on “Nov 13, 2025”)




[bookmark: _Toc2038464159]References:

[1] LibreTexts, “2.5: Numerical Integration - Midpoint, Trapezoid, Simpson's rule”, LibreTexts Mathematics, N/A. [Online] Available: https://math.libretexts.org/Courses/Mount_Royal_University/MATH_2200%3A_Calculus_for_Scientists_II/2%3A_Techniques_of_Integration/2.5%3A_Numerical_Integration_-_Midpoint%2C_Trapezoid%2C_Simpson's_rule [Accessed: 13 Nov 2023]

[2] Ohio University Faculty, “Lecture 22: Integration: Midpoint and Simpson's Rules”, Introduction to Numerical Methods and Matlab Programming for Engineers, Last modified: 4 Aug 2023. [Online] Available: http://www.ohiouniversityfaculty.com/youngt/IntNumMeth/lecture22.pdf [Accessed: 13 Nov 2023]

[3] The Chalk Face, “Numerical Integration”, 2016. [Online] Available: https://www.thechalkface.net/resources/Numerical_Integration.pdf [Accessed: 13 Nov 2023]

[4] Word Press, “Numerical Integration in Games Development”, 22 Jan 2015. [Online] Available: https://jdickinsongames.wordpress.com/2015/01/22/numerical-integration-in-games-development-2/ [Accessed: 13 Nov 2023]

[5] Algorithm Archive, “Verlet Integration”, N/A. [Online] Available: https://www.algorithm-archive.org/contents/verlet_integration/verlet_integration.html [Accessed: 14 Nov 2023]
image2.png
Px)

Xp

Xp

X5

x¥

Xo

Xy

Xy

X3

Xy

x¥




image4.png
.1 = Position, + (Velocity, * dt)
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Xnew = 2 * Xcur - Xiast + Accel * pow(TimeStep, 2); /Position Verlet
Vnew += Accel * TimeStep;

Ft=1.2" (16 - Xeun); /Tractrion force

if (Keur > 0) { /iSets traction force to 0 if condition is met

Ft=0;

1

Fd = (CRes * mass * ga) + (0.5 " CDrag * P * area * pow(Vnew, 2)); /Drag force
if (Vnow <= 0) { ISets drag force to 0 if condition is met

Fa=0;

1

Accel = (Ft - Fd) / mass; /Acceleration calculation
PrIntE("%.4N1%.411%.41%.41tt%.40n", Vnew, Xnew, TimeStep, TimeElapsed, Accel); /Prints out results
IUpdstes the postions.

Miast = Xeur;

Xeur = Xnew;

TimeElapsed = TimeElapsed + TimeStep;
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Dragster over time
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Velocityp, = Velocity, + (Acceleration, * dt)
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(Positiony, - Positionn.1)/dt
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Positionn.q = 2*Position,- Positiony.1+ Acceleration*dt?
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Vnew = Veur + TimeStep * Accel; /Euler's velocity equation
Xnew = Xcur + TimeStep * Veur; /Euler's position equation
Ft=1.2" (16 - Xeun); /Tractrion force

if (Keur > 6) { /iSets traction force to 0 if condition is met

Ft=0;

1
Fd = (CRes * mass * ga) + (0.5 * CDrag * P * area * pow(Veur, 2)); /Drag force.

if (Veur <= 0) { /Sets drag force to 0 if condition is met

Fa=0;

1

Accel = (Ft - Fd) / mass; /Acceleration calculation

PrIntE("%.4N1%.411%.41%.41tt%.40n", Vnew, Xnew, TimeStep, TimeElapsed, Accel); /Prints out results
IlUpdates the postion and velocity

Veur = Vnew;

Xeur = Xnew;

TimeElapsed = TimeElapsed + TimeStep;





