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Abstract
In this paper, a seven-degree-of-freedom dynamic model of a racing car is constructed using MATLAB/Simulink software to simulate the interactions between the body, suspension and tyres, and investigate the effects of the parameter configurations of the suspension system on the handling and smoothness of the racing car. The paper starts from a one-degree-of-freedom model and gradually derives to a seven-degree-of-freedom model. The model was tested with tyre road excitation and body acceleration excitation, which provided a comprehensive evaluation of the model and verified its validity. Then the effect of front and rear suspension spring stiffness on body roll stiffness is explored, and then the model is optimised by adding a high and low damping rate switching module, which is shown in the simulation experiments to significantly reduce the up and down displacements of the body, but at the same time increase the body roll angle.
Introduction
In this paper, a seven-degree-of-freedom model of formula racing car, spring-mass-damping model, is created. By simulating the interaction between mass, damping and spring elements, SMD model provides a strong theoretical support for the optimization and design of the suspension system of formula racing cars [1-3]. In addition, this paper also considers the influence of suspension parameter configuration on the dynamic response characteristics of the vehicle, and through simulation experiments, further understands how the suspension system synthesizes the overall dynamic behavior of the vehicle, which provides certain theoretical support for the design and improvement of the suspension of the racing car.
Model construction
1DOF
Establish a one-degree-of-freedom model, the first vertical force analysis, the vehicle as a whole, the vehicle is connected to the ground through the spring and damping, assuming that the racing car force points are in the centre of mass, the force acting on the racing car mainly includes gravity, spring force and damping force, the force diagram is shown in the Figure 1.
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Figure 1 One degree of freedom model force diagram
Applying Newton's second law of motion to it, the differential equations of the system are obtained:

where  denotes the mass,  expresses the damping coefficient,  denotes the spring stiffness, , and z denote the acceleration, velocity and vertical displacement of the vehicle, and and  denote the velocity and displacement of the road excitation, respectively.
2DOF
In building the two-degree-of-freedom model, we analysed the vertical motions of the tyre and the body separately, and actually constructed a quarter body-tire model. Compared with the one-degree-of-freedom model, this model can more realistically simulate the response of the vehicle under road excitation. The system is subjected to force analysis, and the forces acting on the vehicle body mainly include the spring force and damping force between the body and tyre. The forces acting on the tyres mainly include the spring force and damping force between the body and the tyres, and the elastic force and damping force between the tyres and the ground, and the force diagram is shown in the Figure 2.
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Figure 2 Force diagram for two-degree-of-freedom model
The differential equations of this system can be obtained by applying Newton's second law of motion to each of them:


where  denotes the suspended mass,  denotes the unsuspended mass,  denotes the spring stiffness,  denotes the tyre stiffness,  denotes the suspension damping coefficient,  denotes the tyre damping coefficient, , and  denote the acceleration, velocity, and displacement of the bodywork, respectively, , and  denote the tyre acceleration, velocity and displacement, and and  denote the velocity and displacement of the road excitation. These two equations are coupled with each other and take into account the interaction between tyre, body and road surface.
4DOF
In building the four-degree-of-freedom model, we increase the number of tyres to two, and simultaneously analyse the up and down bouncing of the front and rear wheels, the vertical motion of the body and the pitching motion of the body, i.e., the semi-vehicle model. This model can simulate the dynamic behaviour of the vehicle under different road excitation conditions more realistically compared to the two-degree-of-freedom model. For the tyre runout, we adopt a similar approach to the two-degree-of-freedom model, in which the body-tyre-ground are all considered to be connected through springs and dampers [4]. The pitching motion of the body is then modelled through the torque balance of the body. The force analysis is similar to the two-degree-of-freedom model and the force diagram is shown in Figure 3.
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Figure 3 Four-degree-of-freedom model force diagram
The differential equations for this system can be obtained by applying Newton's second law of motion and the law of angular momentum to it respectively:




where  denotes the suspension mass,  denotes the front wheel mass,  denotes the rear wheel mass,  denotes the front suspension spring stiffness,  denotes the rear suspension spring stiffness,  denotes the front tyre spring stiffness,  denotes the rear tyre spring stiffness,  denotes the front suspension damping factor,  denotes the rear suspension damping factor,  denotes the front tyre damping factor, and  denotes the rear tyre damping coefficient, , and  denote the body acceleration, velocity and displacement, respectively, , and  denote the front tyre acceleration, velocity and displacement, and ,  and  denote the rear tyre acceleration, velocity and displacement,  denotes the body's moment of inertia in the direction of the x-axis, ,  and θ denote the angular velocity and angle of the body's pitch angle, and  denote the road-excited velocities and displacements of the front wheels, and  denote the the velocity and displacement of the pavement excitation of the rear wheel, and  and  denote the distance to the centre of mass for the front and rear wheels, respectively.
7DOF
In building the seven-degree-of-freedom model, we increase the number of tyres to four, and consider the vertical, lateral and pitching motions of the body at the same time. The force analysis is similar to the four-degree-of-freedom model, and the force diagram is shown in Figure 4.
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Figure 4 Seven degree of freedom model force diagram
The differential equations of the system can be obtained by applying Newton's second law to the vertical motion of the four wheels and the body, and by applying torque equilibrium to the sideways tilting motion of the body around the x-axis and the pitching motion around the y-axis:
[image: ]
where m represents the body mass,  represents the left front wheel mass,  represents the right front wheel mass,  represents the left rear wheel mass,  represents the right rear wheel mass,  represents the left front suspension spring stiffness,  represents the right front suspension spring stiffness,  represents the left rear suspension spring stiffness,  represents the right rear suspension spring stiffness,  represents the left front tyre spring stiffness,  denotes right front tyre spring stiffness,  denotes left rear tyre spring stiffness,  denotes right rear tyre spring stiffness,  denotes left front suspension damping factor,  denotes right front suspension damping factor,  denotes left rear suspension damping factor,  denotes right rear suspension damping factor,  represents the damping coefficient of the left front tire,  represents the damping coefficient of the right front tire,  represents the damping coefficient of the left rear tire,  represents the damping coefficient of the right rear tire, , and z represent the acceleration, speed and displacement of the body respectively, .  and  represent the acceleration, velocity and displacement of the left front tire, ,  and  represent the acceleration, velocity and displacement of the right front tire, ,  and  represent the acceleration, velocity and displacement of the left rear tire. ,  and  represent the acceleration, speed and displacement of the right rear tire,  represents the moment of inertia of the car body around the X-axis direction,  represents the moment of inertia of the car body around the Y-axis direction, ,  and θ represent the angular acceleration, angular velocity and Angle of the car body pitch Angle, ,  and φ represent the angular acceleration, angular velocity and Angle of the vehicle's roll Angle. and  represent the speed and displacement of road excitation on the left front wheel,  and  represent the speed and displacement of road excitation on the right front wheel, and  ̇ and  represent the speed and displacement of road excitation on the left rear wheel. and  represent the speed and displacement of the road excitation of the right rear wheel, a and b represent the distance from the center of mass of the front and rear wheels, respectively,  and  represent half of the front wheel base, and  and  represent half of the rear wheel base. The model was solved by Simulink, and the model was shown in Figure 5.
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Figure 5 Seven degrees of freedom dynamic effect model diagram
Simulation
After the seven-degree-of-freedom vehicle dynamics model is built using Simulink module, a new script is created in MATLAB to configure the specific parameters of the race car and import them into the work area. The parameters used in this paper are shown in the Table 1. Then, the response of the system is tested by road excitation and lateral acceleration excitation.
Table 1 Vehicle Parameters Tabl[image: ]
Road excitation test
The Signal builder module was added to Simulink to give the tire road excitation, and the signal strength was set to 0.05 and the time was set to 5s. The signal is directly connected with the front wheel road displacement excitation in the seven-degree-of-freedom model, and then connected with the front wheel road velocity excitation after derivation of the signal. Running the model, the curve of the time change of body displacement and pitch Angle is shown in Figure 6 and 8. The data in the published literature are shown in Figure 7,9.
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Figure 6 Body displacement curve with time
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Figure 7 Curve of vehicle displacement with time in literature [5]
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Figure 8 Pitch Angle curve with time
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Figure 9 Pitch Angle curve with time in literature


As shown in the figure, after the model received the excitation signal, the curve immediately fluctuated sharply. Due to the excitation of the road surface, the spring and damper in the model began to work, and the spring tried to make the body return to the equilibrium position in the process of compression and rebound, while the damper consumes the kinetic energy of the system in the process of the body jumping up and down, reducing the amplitude and frequency of vibration. In this process, the spring and the damper interact to jointly inhibit the body jumping caused by the road excitation, and after a short period of time, the body gradually returns to a stable state. This shows that the model can effectively absorb the shock through the suspension system and reduce the body vibration after being stimulated by the road surface. Compared with the data in the existing literature, it is found that the two are basically the same, so the accuracy of the model under road excitation is high.
Lane change verification
Firstly, the lateral acceleration value (m/s2) in the Lane Change condition of Set up1 in Motec was imported into the MATLAB work area, and then a time vector was established to make it correspond to the imported lateral acceleration value one by one. Then, a Signal builder module was re-established in Simulink, taking time as the horizontal coordinate and lateral acceleration as the vertical coordinate, as the input of the lateral acceleration of the model body, as shown in Figure 12. Continue to keep the road excitation at zero. By running this model, the overlaid diagram of vehicle side inclination in Motec and the overlaid diagram of vehicle side inclination calculated in Simulink over time is obtained, as shown in Figure 13.
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Figure 12 Lateral acceleration excitation diagram
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Figure 13 Comparison of car body roll Angle data


As can be seen from the figure, there is a significant correlation between simulation data and Motec data on the whole, and the waveforms of the two groups of data are the same in most of the time. The comparison results indicate that the seven-degree-of-freedom suspension system model established in this paper can better predict the dynamic response of the vehicle. However, there is a significant difference in amplitude between the two sets of data, which I guess may be caused by the inconsistency between tire stiffness and damping coefficient in the model and the actual vehicle parameters, because tire parameters have a direct impact on the side inclination of the body, but the relevant data is not given in the question.
Spring stiffness and roll
After the correlation of the suspension model is tested, the impact of roll stiffness on the response of the suspension system is explored below. In this paper, roll stiffness is changed by changing the stiffness of the suspension spring. First, the spring stiffness of the front suspension was changed to 14000N/m and the spring stiffness of the rear suspension was changed to 20000N/m in the suspension system model. Then, the Lane Change working condition parameter of Set up1 in Motec was imported into the MATLAB working area, which was used as the side acceleration excitation of the car body, the model was run, and the data of the change of the car body displacement and side inclination over time was recorded. The above operations were repeated for three simulation experiments. The spring stiffness and experimental setting parameters were shown in Table 2. The acceleration excitation input is shown in Figure 14, and the simulation results are shown in Figure 15 and 16.
Table 2 Springs Investigation Table
	Springs Investigation
	Setup 1
	Setup 2
	Setup 3

	Front Spring Rate (N/mm) Ksf
	14
	18
	23

	Rear Spring Rate (N/mm) Ksr
	20
	16
	12
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Figure 14 Acceleration excitation input diagram
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Figure 15 Comparison of dynamic response of body displacement under different suspension stiffness Settings
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Figure 16 Comparison of dynamic response of body roll stiffness under different suspension stiffness Settings


As can be seen from Figure 15, compared with the amplitude of the three Settings, Set up1 has the largest amplitude, Set up2 has the second largest amplitude, and Set up3 has the smallest amplitude. This may be due to the parameter configuration of soft front and hard rear spring stiffness, which causes the weight of the body to shift forward when the body is stimulated by lateral acceleration, and the torque received by the body increases because the front wheel base is larger than the rear wheel base, resulting in a large body displacement. In the Set up3, the hard front and soft rear parameters help to reduce the vertical displacement of the body.
As can be seen from Figure 16, in general, Set up3 has the largest amplitude, followed by Set up2, and Set up1 has the smallest amplitude. The results show that under the configuration condition that the front spring stiffness is small and the rear spring stiffness is large, it is beneficial to reduce the side deflection Angle of the body.
Influence of variable damping coefficient on vehicle body response
In the suspension system of modern racing cars, in order to improve the performance of racing cars, variable damping technology based on the change of suspension expansion speed is often adopted [6]. Therefore, on the basis of the original model, the damping coefficient judgment module is added in this paper, so that the model can not only automatically switch the damping coefficient when the suspension spring is stretched and compressed, but also automatically match the appropriate damping coefficient according to the difference between the body runout speed and the wheel runout speed, so as to reduce the body displacement and optimize the performance of the car.
MATLAB Function module is added in Simulink. With body speed, displacement, wheel speed and displacement as inputs, when the absolute value of body speed and wheel speed is greater than 0.01, the damping coefficient is switched to Fast Bump. When the absolute value of the body speed and the wheel speed is less than or equal to 0.01, the difference between the body displacement and the tire displacement is determined. If the difference is greater than 0, the damping coefficient is taken as the Slow Rebound value; otherwise, the Slow Bump value is taken. When the model is run under the excitation of Set up1, the body displacement and side inclination of the original model and the variable damping module are shown in Figure 17,18.
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Figure 17 Displacement diagram of the original model and the body with variable damping module
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Figure 18 The original model and the body side Angle diagram with variable damping module


As can be seen from Figure 17, after the variable damping coefficient module is added, the displacement of the vehicle body decreases significantly within the range of 1-3.5 seconds, indicating that the module can effectively reduce the influence on the displacement of the vehicle body under complex road surface or abrupt excitation. In the time after 0-1 seconds and 3.5 seconds, because the difference between the body speed and the tire speed did not exceed the 0.01 threshold, the body displacement of the two sets of data was not much different.
As can be seen from Figure 18, the shape of the two curves is roughly the same, but there are big differences in amplitude. In the range of 1-3.5 seconds, the side Angle of the variable damping coefficient model is larger than that of the original model due to the function of the variable damping coefficient module.
Limitations of the model
In terms of model design, first of all, this paper uses a simplified model of seven degrees of freedom to test the dynamic response of the vehicle, ignoring the impact of the vehicle's yaw motion on the response. Secondly, because the specific parameters related to pitch center are not given in the problem, we cannot evaluate the dynamic response of the body when the longitudinal acceleration is used as the excitation. Finally, this paper only regards the tire as a simple parallel element with constant spring stiffness and damping coefficient, and does not model the tire. However, the tire stiffness and damping coefficient vary greatly under different loads, speeds, road conditions and temperatures [7]. In terms of practical application and theoretical calculation, the multi-body interaction is not taken into account in this model. That is, the dynamic relationship between the various components of the vehicle and the interaction of forces. Because these effects are ignored, the accuracy of the model may be affected.
Conclusion
In this paper, a seven-degree-of-freedom model of a formula racing car is built and its validity is tested and analyzed. This paper uses the model to explore the influence of suspension system parameter configuration on vehicle transient effect, and the simulation results show that suspension system configuration has an important impact on ride comfort and comfort. However, there are still many aspects that need to be improved and optimized in this study. For example, tire modeling can more accurately simulate the dynamic effects of racing cars, without considering the influence of yaw motion on suspension system and multi-body interaction.
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