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Introduction 

This report will assess and calculate the temperature distribution within an aluminium plate through time. Investigating the heat transfer through a 2D aluminium plate  will be calculated using the Explicit Finite Difference Method (EFDM). The calculations will be done basing the aluminium plate as a grid structure starting from a point of interest. This report will explore the heat transfer equation, and the EFDM equation. This EFDM equation will be compared to the steady state analytical solution of the temperature at thermal equilibrium. 

Aim and Objectives

The aim is taking the standard heat equation which has several derivatives and using the EFDM equation to find heat transfer across a plate vs a analytical solution.  
Methodology 

With the use of Matlab a computer program, a code will be written which will feature user inputs, to show heat distribution through an aluminium plate. this report will be broken down into several different parts - 
Investigating the heat equation 
Investigating EFDM 
Initial boundary conditions 
Details of the code involved 
Validation of the model
Sensitivity analysis
Limitations of the numerical model 
Suggested improvements 
Conclusion 



















Governing Equation

A governing equation is a representation of mathematical language engineers use to describe and predict how system behave. They translate fundamentals laws into a format engineers can use for analysis (Cope,2025)
The governing equation for this report is the heat equation. The process of heart conduction described by a partial differential equation was first created by Jean Baptiste Joseph Fourier and was presented in 1807 (Narasimhan, 1999). 
This parabolic partial differential equation may be written as 

Figure 1 Partial differential equation (Narasimhan,1999).
K = Thermal conductivity 
T = temperature
C = specific heat capacity 
t = time 
∇ = Laplace operator 
The Laplace operator is a second-order differential operator used across mathematical physics and engineering. It quantifies the rate at which the value of the function changes from its nearby points, helpful in understanding structures and patterns (‘Laplace Operator’,2025).
Heat conduction can come in different forms and for this report it will be for a 2-dimensional plate. T(x, y, t) for transient problem (Han,2012), x and y plate, t being time. To determine the temperature profile, initial condition and boundary conditions should be given, material thermal conductivity k, density, specific heat, and diffusivity α =k/ρC (Han,2012). Assumptions is that it has perfect insulation and no internal heat source. The heat equation is important for understanding heat transfer in engineering and physics applications, heat exchanger, thermal insulation and semiconductors (Lee, 2025). 







Finite Difference Method

A Taylor series is a function as an infinite sum of terms, calculated from the values of its derivatives at a single point. It is used to approximate complex functions with an infinite sum of terms derived from the function's derivatives at a single point. Each successive term in the Taylor series expansion has a larger exponent or a higher degree term than the previous term. The Taylor series has a range of applications, in the engineering sector it can be used for 
Numerical analysis – used to approximate functions and solve differential equations via polynomial approximations. 
Signal Processing: Helps in signal approximation and filtering, reducing computational complexity.
Control Systems: Linearizes nonlinear systems, simplifying controller design and analysis (‘Geeksforgeeks’,2025).
According to (Wilson,2025) The Taylor series has an infinite number of terms but when approximating these functions with a finite number of terms a truncation error is created. This error is stated as the difference between the analytical derivative of a function and its derivative obtained by numerical approximation. The truncation error in the current iteration usually determines the step size estimation and a tolerance is used to control the size of the truncation error. The global truncation error is the sum of all local truncation errors in all iterations, assuming a perfect knowledge of the true solution in the initial time step. Having estimated the truncation error of the integration in the next iteration, a decision can be made as to whether to accept or reject the step size. Forward difference are useful in solving ordinary differential equations by single step predictor corrector methods. Backward differences are useful for approximating the derivatives if data in the future are not yet available. These may depend on approximations from data in the past. Central difference method, is a linear interpolation between the past data values and the future data values. It is an average of the forward and backward differences. The central difference produces a much more accurate approximation of the derivative compared to the forward and backward differences (‘Forward, backward and central differences for derivatives’, ND). (‘Central Difference Method’, 2026) also states that the central difference methods is a scheme for estimating derivatives that combines forward and backward differences via the Taylor series. It cancels out many of the lower order error terms, producing more accurate approximations.
Spatial discretisation is obtained by meshing the surface into elements connected by nodes (Spatial Discretization, ND). these are typically with uniform spacing, the time domain is segmented into the discrete time steps. Numerical discretisation is used to transfer mathematical models into an algebraic equation. Its main theory is to divide the whole domain into a number of subdomains and each is represented by a number of grids or nodes (Spatial Discretization, ND).
Explicit finite-difference methods are a class of numerical techniques for solving differential equations by approximating derivatives with finite differences. Both the spatial domain and time domain are broken into a finite number of intervals, and the values of the solution at the end points of the intervals are approximated by solving algebraic equations containing finite differences and values from nearby points (‘Finite difference method explained’,ND). Finite difference methods convert differential equations or partial differential equations into a system of linear equations that can be solved by matric algebra techniques, modern computers can perform these functions efficiently, and with ease (‘Finite difference method explained’,ND).
Fouriers Number is a dimensionless quantity used in the calculation of unsteady state heat transfer. It is the rate of heat conduction to the rate of heat stored in a body and is a ration. It is derived from the heat conduction equation. The larger the value of the number indicates a higher rate of heat transfer through the body. A lower value indicates a lower rate of heat transfer through the body (Patrik, ND). 



Initial Condition, Boundary Conditions and Analytical Solution 

For this report the boundary conditions correspond to an analytical solution provided in the assignment brief. Using these boundary conditions allows for a direct comparison between numerical and analytical results confirming accuracy of the implemented code.
Initial domain condition: 
T(𝒙,𝒚,𝟎)=𝟎          0<𝑥<𝑋𝑑𝑖𝑚       0<𝑦<𝑌𝑑𝑖𝑚    
• Constant boundary conditions:  
T(𝒙,𝒀𝒅𝒊𝒎,𝒕)=𝑻𝟎   (North boundary: Dirichlet)    0<𝑥<𝑋𝑑𝑖𝑚 
T(𝑿𝒅𝒊𝒎,𝒚,𝒕)=𝟎   (East boundary: Dirichlet)    0≤𝑦≤𝑌𝑑𝑖𝑚 
T(𝒙,𝟎,𝒕)=𝟎   (South boundary:Dirichlet)    0≤𝑥≤𝑋𝑑𝑖𝑚 
T(𝟎,𝒚,𝒕)=𝟎   (West boundary:Dirichlet)     0≤𝑦≤𝑌𝑑𝑖m

Dirichlet boundary conditions, also known as the boundary condition of the first kind. It indicates the value of the solution on the boundary of the domain. The Dirichlet boundary conditions state the value of the function f to the differential equation must have on the boundary of the domain C.  In a two-dimensional domain that is described by x and y, it may not only depend on x and y but also on another variable such as t (Celis, 2017). 








Codes’ Details and Explanations


Figure 2 to show material properties 
Figure 2 is the start of the script starting with clc – clears the common window, and clear all removing all variables and functions from memory. It also shows the material properties and the thermal diffusivity equation. 


Figure 3 User inputs 
Figure 3 shows the user input section, where the user needs to input the plate dimensions, grid spacings and the time step. The user input grid spacing refers to the grid spacing fitting evenly on to the plate dimensions. 

Figure 4 Shows the user time step 
Figure 4 shows the user enter time step, corresponding to the Fourier number, this Fourier number having to be smaller then 0.25 if the Fourier number comes back larger then the user has to input a different time step. 

Figure 5 Matrix
Figure 5 shows the matrix dimensions and the calculations regarding the columns and rows. 


















Validation of the Model

Absolute error is the amount of error in measurements, it is the difference between measured value and ‘true’ value (Alexander,2016). The root mean square error measure the average difference between a statistical model predicted values and the actual values. It is the standard deviation of the residuals. With the residuals representing the distance between the regression line and data points (Frost, ND). Both are used to measure the error produced by a predictive model, can be quick to calculate, summarize the error as a single numeric value. Maximum absolute error, follows a linear behaviour, an error of 10 contributes twice as much as an error of 5. Root mean square error on the hand due to the squaring operation, small values become even smaller, where as larger values become even larger. Bigger errors are enlarged; smaller ones could be ignored (Villalobos, 2019).






















Sensitivity Analysis of Key Numerical Parameters

Sensitivity analysis is a crucial for numerical methods, it allows the understanding of how the output of a model or system changes in response to variations in its inputs. This technique is essential for assessing reliability of models especially if small changes in parameters can have significant effects on the outcome (Lee,2025).  With regards to this report the user inputs of plate size, grid spacing, time step will have an affect on the outcomes given. Also the thermal equilibrium tolerance, if a large tolerance is given this would have a different outcome to wear a small tolerance is given. Sensitivity analysis can identify the most important parameters that affect the models output, as well as provide insights into the models behaviour. 

Limitations of the Numerical Model

Numerical modelling involves approximating continuous systems with discrete representations. These approximations introduce several fundamental limitations:
Discretisation errors, numerical methods approximate continuous functions and derivatives using discrete values at specific points in space and time. This predictably introduces discretisation errors, which arise from the difference between the true solution and the approximate discrete solution. The scale of these errors depends on the grid resolution and the order of the numerical method used. Finer grids and higher order methods, reduce discretisation errors. Truncation Errors, many numerical methods involve truncating infinite series or iterative processes after a finite number of terms or iterations. These truncations introduce errors. The scale of the error depends on the convergence properties of the series. Round-off Errors, computers represent numbers with finite precision, leading to round-off errors when performing arithmetic operations because of this these errors can accumulate over calculations and can affect the accuracy of the result, the rounding off error depends on the accuracy of the machine (‘Numerical Modelling Limitations: A Comprehensive Overview’, ND).

Conclusion

The report set out to use the standard heat equation which was derived from the use of the taylor series and with the use of Explicit Finite difference method, compare that against a analytical solution, to find the heat transfer across a 2 Dimensional aluminium plate. With the use of Matlab, a computer program, a code was written which featured several user inputs opportunities. calculations were carried out to obtain results. This report has also analysed the many different factors regarding explicit finite difference method such as the sensitivity analysis. Truncation errors and rounding off errors. So although results can be obtained these results are decided on what the user inputs, these affect the outcome. These inputs can affect the overall results but also the tolerance factor can play a part in what the overall outcome can be. 
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Appendix

clc 
clear all

%------MATERIAL PROPERTIES------
K = 143; % Thermal conductivity (W/m.C)
rho = 2.8e3; % Density (Kg/m^3)   
C = 795; % Specific heat capacity (J/(k.C)
disp ('The thermal diffusivity :')
alpha = K/(rho*C); 
disp (alpha)

%------USER INPUTS------

X = input ('Enter plate width X (m) : ');
Y = input ('Enter plate height Y (m) : ') ;
h = input ('Enter grid spacing (m): ');
t = input ('Enter time step in seconds : ' );

%------USER INPUT GRID SPACING------
while h>=X || h>=Y || rem (X,h)~=0 || rem (Y,h)~=0
h = input ('Enter grid spacing (m) that divides X and Y:')

end 
%------USER ENTER TIME STEP------
F= alpha*t/h^2;
disp (F)
while F>= 0.25
t = input ('Enter a smaller time step in seconds: ')
F= alpha*t/h^2;
end

%------MATERIX OF TEMPERATURE------
T0 = input ('Enter the temperture along the north boundary :')

%------MATRIX DIMENSIONS------
NR= Y/h+1 
NC = X/h+1
T= zeros (NR,NC)
T(1,2:end-1) = T0;

% T1 = F(Ts+Tn+Te+Tw+(4-1/F)Tp)

for r=2:NR-1
end
for c=2:NC-1 
    
T1(r,c) =F*(T(r+1,c)+ T(r-1,c) + T(r,c+1) + T (r,c-1) + (4-1/F) * T(r,c));
end

T1=T

% ----CHECK FOR THERMAL EQUILIBRIUM------
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clc

clear all
%- --MATERIAL PROPERTIES- -

K = 143; % Thernal conductivity (W/m.C)
rho = 2.8e3; % Density (Kg/m*3)

€ = 795; % Specific heat capacity (3/(k.C)
disp ('The thermal diffusity :')

alpha = K/(rho*C);

disp (alpha)
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input ('Enter plate width X (m)
input ('Enter plate height Y (m)
input ('Enter grid spacing (m): ');

input ('Enter time step in seconds : ' );

GRID SPACING
while h>=X || h>=Y || rem (X,h)~=0 || rem (Y,h)~=0
h = input ('Enter grid spacing (m) that divides X and Y:')

end
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%- --USER ENTER TIME STEP------

F= alpha*t/h~2;

disp (F)

while F>= 0.25

t = input (‘Enter a smaller time step in seconds: ')
F= alpha*t/h~2;

end
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MATERIX OF TEMPERATURE------
input ('Enter the temperture along the north boundary :')

NR= Y/h+l

X/hel

T= zeros (WR,NC)
T(1,2:end-1) = To;

% T1 = F(Ts+Tn+Te+Tw+(4-1/F)Tp)

for r=2:
end
for c=2:NC-1

NR-1

Ti(r,c) =F*(T(r+1,c)+ T(r-1,c) + T(r,c+1) + T (r,c-1) + (4-1/F) * T(r,c));
end

T1=T




