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1 Introduction

The following report details the creation and analysis of a MATLAB model to calculate and represent
the diffusion of heat across a 2D aluminium plate using the explicit finite difference method. The
report aims to give a brief background into the methods deployed and describe in detail the
numerical methods. The programming process will be described along with appropriate justification
for its contents, including boundary conditions and tolerances. Additionally, the results retrieved
from the model will be analysed, culminating in an assessment of the limitations of the model,
identifying differences in results when in comparison to the analytical solution. Finally suggested
further work and model development will be discussed and conclusions will be drawn.

The following were the aims and objectives of the model created, the model was to:

e Create a domain representative of a 2D aluminium model based on defined characteristics
and user input

e Receive input from a user which will determine the models time step and grid size
parameters and check whether they conform to the stability criteria

e Discretise the spatial and temporal domain, based on the user input and defined
characteristics

e Calculate and display the current and evolution of temperature at each time step

e Cease calculations once the thermal equilibrium threshold has been reached

e Calculate the analytical solution and compare the numerical solution against it

The code for the model referenced throughout this report can be found in the appendix.



2 Heat Equation

The heat equation was first formulated in 1822 by French physicist Jean Fourier (Narasimhan, 1999).
According to (Gorguis et al., 2008) the heat equation can be defined as, ‘a partial differential
equation that describes the variation of temperature in a given region over a period of time.’ The
heat equation for the model is so fundamental as it is the entire guiding principle behind what the
model is aiming to achieve. The heat equation is known to be a reliable way to calculate accurate
results (Fatima, 2021).

The heat equation can come in various forms, the equation for conduction across a solid is defined
as (Nimona et al., 2022),
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Eq. 2-1
Where,

e T isthe temperature [°C]
o tistime [S]

_L . .. 2 -1
o o= ) is the thermal diffusivity [m“.s™"]

e cisthe specificheat [J.kg™ 1. K1]
e ks the thermal diffusivity [W.m™ 1. K™1]
e pisthe density [kg.m™3]

This form of the heat equation is used for steady-state calculations, where time is not a variable.

The heat equation given as above, given by (Croft D.R, Lilley D.G, 1977) was the subject of the
model.

This particular form is a two-dimensional parabolic heat equation. Using a parabolic heat equation
allows the calculation to account for the diffusion of heat over time (Britannica, 2024).



3 Numerical Method

To be able to represent temperatures across a 2D plane using a numerical technique it is essential to
discretise the spatial and temporal domains, in order to approximate the Heat equation.
Discretisation in essence is the representation of continuous data sets into discrete spatial and
temporal intervals (Lustgarten, 2008). The explicit finite difference method used in the model, is
derived from the Taylor series equation.

3.1 Taylor Series

The Taylor series is a polynomial mathematical instrument that is used to approximate function
values for mathematical analysis. Taylors theorem states that a differentiable function can be
approximated by some form of polynomial for a given range, in certain instances for an infinite
number of sums (Bi, 2018).

The written form of the Taylor series equation is,

_ 2
fx) = f(xg) + f'(xg) - ( x) —+ f"(x) - ﬂ_{_

Eq. 3-1

f(x) about x = x,

While the Taylor series is theoretically infinite, for the model only values up to the second derivative
were needed.

The Taylor series equation can be written more compactly as,

16 = Z £ () -

Eq. 3-2

From this the forward, backward, and central differences can be derived.

3.2 Forward, Backward, and Central Difference Approximation

Forward Difference Approximation is employed in order to relate the value of a function at point x,
to the value of a function at a nearby point, this is represented by x = (x, + h), the forward
approximation, approximates the function value as it increases.

The forward difference approximation equation is derived from the Taylor series function f(x) as
follows,
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Eq. 3-3
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Eq. 3-4

This gives the final forward difference approximation equation as,

ey ~ [+ W =10

Eq. 3-5

Backward Difference Approximation relates the function value at x, to a function value at a nearby
point as the function value decreases, represented by, x = (x, — h). It is essentially the inverse of
forward difference approximation.

The backward difference approximation equation is derived from the Taylor series function f(x) as

follows,
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Eq. 3-6
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Eq. 3-7

This gives the final backward difference approximation equation as,

gy ~ LTG0 1)

Eq. 3-8



Central Difference Approximation is a combination of the forward and backward approximations,
that can yield a higher accuracy than the individual approximation methods.

The central difference approximation equation is derived from combining the forward and backward
difference approximations.

h3
fxo+h)—f(xo—h) =2.|h.f"(xo) +§f(3)(x0) +

Eq. 3-9
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Eq. 3-10
This gives the final central difference approximation equation as,

h) — —h
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Eq. 3-11

Using the central difference approximation a more accurate discretisation is able to be derived. The
difference approximations are used to replace the derivative functions within the heat equation. To
do this a difference approximation for the second order derivative function in the equation is
required. Therefore, it was decided to construct the second order derivative of the central difference

approximation.

By taking the forward and backward differences to the second order derivative and combining them,
we can construct the second order derivative of the central difference approximation.
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Eq. 3-12
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Eq. 3-13



This gives the final equation for the second order derivative of the central difference approximation
as,

flxo+h)—2f(xo) + f(xo —h)
2

Eq. 3-14

f'(x0) =

The difference approximations discussed above include an error term known as truncation error.
This error occurs in difference approximations when higher-order terms are truncated during
approximation (Kalinowska et al., 2007). This truncation error therefore creates some amount of
difference (error) between the true and approximated value of the function.

3.3 Spatial Domain

Accurately capturing the solution will require the creation of a grid to discretise the information
across the domain. The domain created within the model is 6x6m. The grid sizing will therefore be
uniform across the domain, dividing the domain into smaller square grids with nodes at each
location representing a point in the matrix. In its mathematical context the grid spacing is defined as
h = Ax = Ay. The minimum acceptable grid size will be 3m and any grid size will need to be divisible
by 6 with no remainder in order to create an evenly distributed domain discretisation.

3.4 Temporal Domain

As the model is aiming to calculate a time dependant problem, the temporal domain must be
discretised, in order to facilitate the capture of the diffusion of temperature over time (Huang et al.,
1999). Therefore, to create a discretised temporal domain a temporal derivative term, t, is required
within the numerical solution. This then converts the solution equation from steady-state to time-
dependant (Huang et al., 1994). This also divides the temporal domain into equally spaced time
steps.

3.5 Time Step

The time step is the specified period between which each iteration of the calculation is performed
and will continually repeat the calculation for until thermal equilibrium is reached. The time step can
be used to determine the amount of time to reach thermal equilibrium, as well as the number of
iterations needed. Defining a time step is essential to capture the diffusion of temperature over
time.

3.6 Stability

The explicit finite difference method incorporates a stability criterion that is known as the Fourier
number, eq.3-15. The Fourier number characterises the rate at which heat is transferred across and



stored in the material surface. A high Fourier number therefore indicates a faster rate of heat
transfer, and a lower number indicates a slower rate of heat transfer. If the Fourier number is
greater than the stability criterion then it can be known that an unstable grid space and time step
are being employed, either the grid spacing is too fine for the time step desired, or the time step is
too large for the grid spacing specified.

For a 2D body the Fourier number must adhere to the following condition,

[N

O0<F,<-
0=4
Eq. 3-15

3.7 Explicit Finite Difference

The finite difference method is a numerical technique that transforms the governing differential
equation by replacing the derivatives using the difference approximations derived from Taylor
series. The resulting algebraic sets can be solved according the initial and boundary conditions.

For the diffusion model the difference method used was the explicit finite difference method. This
was used to represent two discretisations in the model. To replace the first derivative forward
difference is substituted to discretise the rate of temperature change over time dT /dt and to
replace the second derivative the central difference is substituted to discretise the heat equation as
a representative of the amount of change of heat across the plate.

To calculate a variety of temperatures at individual nodes across the plate, a uniform gird is created,
where the grid spacing is defined as, h = Ax = Ay.

For the explicit finite difference method to be implemented the equation is related to a point P
which has within the grid domain a northern, eastern, western and southern coordinate position
relative to it.

P, grid’s node under consideration
N N, North’s node of P
S, South’s node of P
W, West's node of P
E, East’s node of P

L]

(Marotin, 2023)

When transforming the approximations to relate to a square domain at a point P, the equation
becomes,



At point P

(0°T _T¢ — 2.T; + T

ax2 h?
0%T _ TS — 2.T} + T¢
dy? h?
Eq. 3-16
And,
oT _ TEHt —Tf
at At
Eq.317
Where,
t = time (s)

T = temperature (°C)

The transformed approximations are then substituted into the diffusion equation,

1
TEHA = Fy(TE+TE + T+ T — (4 - =) T
0
Eq. 3-18
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Where the Fourier Number is, Fy = =



4 Initial, and Constant Boundary Conditions

The initial boundary conditions used in the model are those which pertain to the analytical solution
given, as the primary aim of the model is to test the accuracy of the numerical model, the boundary
conditions must remain the same in order to validate and compare the results against the analytical
solution that is given.

Initial boundary conditions as discussed in section 3.3, will need to be able to adhere to the creation
of an evenly distributed grid structure across the 6x6m plate, so that a uniform node structure can
be used to create a accurate results and a realistically representative thermal diffusion model. To
ensure this the grid can only divided into a mesh where the size specified is divisible by 6, e.g., 3, 1,
etc. If the grid is not divided into a size where there is no remainder then an even grid mesh will not
be achieved, and this will cause the diffusion calculation to be non-uniform.

Initial conditions to define the domain region will be,

T(x,y,00=0 0<x<6 0<y<6,

Where, T is temperature of the plate at the position (x, y) and time t.

The above condition defines the initial domain as a 6x6m square, where x and y are both at a point
between 0 and 6 and are related to temperature and time.

Once the initial domain has been specified, the constant boundary conditions then define where the
heat source is targeted and how greatly it affects the boundary regions. Further it is specified within
the conditions that the model should run until thermal equilibrium is reached.

The equation for the constant boundary conditions are,

T0,y,t) =0 for0 <y <6 and 0 <t < thermal equilibrium

T(6,y,t) =0 for0 <y <6 and 0 <t < thermal equilibrium

T(x,6,t) = f(x) for0 <x <6 and 0 <t < thermal equilibrium

T(x,0,t) =0 for0<x <6 and 0 <t < thermal equilibrium

Where,

2
12.5x ifOSXS(§X6)
f(X)= 2
—25x + 150 if (§X6)<XS6

Eq. 4-1



The constant boundary conditions derived from this equation show that the heat source impacts the
northern boundary of the domain, while there is no heat source targeting the other boundaries. A
heat source of 50°C impacts the plate at 4m across its length. The heat source diffuses across the
plate, mostly in the left region of the plate (0-3m), and quickly reduces its heat across the right
region of plate (4-6m), reaching 0°C at its 6m end. The northern boundary condition can be
visualised as below,

Northern Boundary Conditions

1)
(=]

Temperature
) w [ N S
w (=} o (=] o
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As a means to test the accuracy of and compare the numerical model, the analytical solution will be
calculated, in order to garner insight into the accuracy of the numerical method used and thereby
justify its inclusion within the model. The analytical solution does not account for the time step, but
rather is solved for a specified range. To attain a final result this range should be large enough to
allow the analytical solution to achieve convergence.

The equation for the analytical solution is,

450 ®© Sin(Z-nT-n) omemex ) n-m-y
T(x,y)=n2'nZl nz-sinh(n-n)lsm( 6 )lsmh( 6 )

Eq. 4-2

(Daileda, 2012)

The boundary conditions discussed above are chosen for the model, as the analytical equation has
been derived from them, and therefore they are integral to the equation. As discussed previously,
using these conditions allows for the comparison of the numerical and analytical solution and
therefore they must adhere to the same boundary conditions.



5 Program Code

Throughout this section, all details and components of the program will be provided and explained
to give an overview of the models coding, delineating how each section is intended to function and
its purpose within the overall program.

clc
clear
close all

JFEEEsEER DLATE PROPERTIES ##®s##%s®

k 143; %W/m.C (Conductivity)

p = 2.8%¥10"3; ¥kg/m™3 (Density)

c = 795; %1/kg.C (Specific Heat)

alpha = k/(p*c); %m*2.5*-1 (Thermal Diffusivity)
xdim = 6; %metres (x dimension)

ydim = 6; %metres (y dimension)

The code is firstly initialised with clear and close commands, to remove all results and windows from
any previous runs, refreshing the user interface each time. Additionally, the properties of the plate
are defined here.

JorrEkmkxEEX GRID SPACING USER INPUT & VALIDATIOQN *&sxkxs
GS = input('Please enter the grid spacing (m): '); %grid spacing input

while GS <= @ || GS »= xdim || rem(xdim,GS)~=0 || rem(ydim,GS)~=0
fprintf('\n*Note* A "valid" grid space, must be less than|6 and uniform, e.g. divisble by 6.\n")
GS = input('‘\nPlease enter a valid grid spacing value (m): ');

end

Subsequently, the program requests the desired grid size as an input from the user. As the grid size
needs to be within a specified range and be uniform, the user is asked to enter another grid spacing
and given a warning if the grid size entered does not adhere to the specified criteria.

To check that the input is valid the code performs a remainder check to ensure that the size creates
a uniform grid (e.g. is divisible by the dimension 6m), alongside validating that the input is greater
than 0, but less than the x dimension, e.g. 6.

J**xxEx%%% TEMPERATURE MATRIX ****xtxx

nR (ydim/GS) + 1; #number of rows

nC (xdim/GS) + 1; %number of columns

TMatrix = zeros(nR,nC); %initialise temperature matrix

Next, the temperature matrix is initialised as a matrix to the plate dimensions and each space within
it populated with 0.



JoxkmmkEkEk TIME STEP INPUT AND VALTIDATIOQN &%k
maxT5 = (GS*2)/(4*%alpha); %maximum time step
TS = input('Please enter the time step (seconds): '); %time step input

while TS > maxTS

fprintf('The maximum time step is ¥g seconds’',maxT5);

T5 = input('\nPlease enter a valid time step (seconds): ');
end

The user is then asked to enter a time step, which must pass validation criteria and not exceed the
maximum permissible time step, if this happens, the user is given a brief warning and asked to input
a valid time step lower than the calculated maximum time step. The maximum time step is
dependent on the grid spacing and therefore changes with each program iteration.

grwmgmxEs TEMPERATURE MATRIX POPULATIOQN *#*skxk
for c=1:nC
x=({c-1)*GS; %number of columns to distance conversion
if x <=((2/3)*xdim)
TMatrix(l,c) = 12.5%x;
else
TMatrix(l,c) = (-25%x)+150;
end
end
disp(TMatrix)

Once the matrix has been initialised the boundary conditions according to f(x) are implemented
into the program, and the zeroes which populate the matrix are overwritten by the constant
boundary conditions. The northern boundary conditions are implemented as given, as shown in
section 4.

The variable ‘¢’ is used to allocate the distance along the northern boundary of each node point.
Based on each node points distance, the temperature value (initialised as 0), is overwritten with the
boundary condition initial temperature. As a results the matrix has now been populated with its
correct initial temperature conditions.

gr*xxxxex THERMAL DIFFUSIVITY INITIALISATIONS ***xxxxx
F@ = {(alpha*TS)/(G5*2); %fourier number

T = TMatrix; #%Temperature Matrix after time step

tE = 0.01; % thermal equillibrium threshold

MDT=tE+1; %maximum difference in the temperature
TSCount = @; %Time Step Counter

figure(l) %initialise temperature visualisation

For the diffusivity to be calculated, the values needed are initialised and defined. The thermal
equilibrium threshold is defined here as 0.01, this will be the maximum amount of difference
between the subsequent runs before the calculation is considered ‘converged’.



JexEEmEEEE THERMAL DIFFUSIVITY CALCULATION & VISUALISATIQN *#*#kxsk
while MDT > tE %repeat until thermal equilibrium threshold reached
for r = 2:nR-1
for ¢ = 2:nC-1
TMatrix(r,c) = FO*(T(r,c+1) + T(r,c-1) + T(r-1,c) + T(r+l,c} - (4-1/F@)*T(r,c));
end
end
D = abs(T - TMatrix); %temperature difference between iterations
MDT = max(D,[], 'all"); %maximum temperature difference
T = TMatrix
TSCount = TSCount + 1;
TLim = {max(T,[], " all"}); %maximum value for plot limit

The thermal diffusivity is calculated in a while loop, repeating until the maximum difference
between the previous and current iteration of the loop is less than the thermal equilibrium
threshold. For each node in the matrix the temperature diffusivity is calculated and displayed on the
console window, until the threshold is reached.

Calculating this requires that at the beginning of every iteration, a check is performed to determine
whether or not the given tolerance threshold has been reached. Then to populate the temperature
matrix at each iteration, for each node within the matrix the numerical calculation is performed, and
the temperature result stored within the matrix location. Once the matrix is populated, the
difference between the current and previous iteration of the loop is calculated, the maximum
difference between the matrices is extracted and this is what is used to determine whether or not
the thermal equilibrium threshold has been reached or not. If the maximum temperature difference
between the matrices is less than the tolerance value, then the loop is closed, and thermal
equilibrium is considered to have been reached. At the end of each iteration the previous iteration
of the temperature matrix is allocated to the variable ‘TMatrix’, which allows the numerical solution
to be calculated for an updated set of values, giving the ability to model the diffusivity over time.

#Graph plot

contourf(f1lip(T))

colormap{"jet")

colorbar

clim([@ round{TLim)])

xlabel(’'Column Number')

ylabel('Row MNumber')

title( ' Temperature Diffusion across a 20 Aluminium Plate - Numerical')
pause(@.2)

end

disp(TMatrix)
TSCount = TSCount®TS;

Additionally, for each iteration in the while loop, a contoured heat map of the thermal diffusivity is
displayed, pausing for 0.2 seconds between iterations, to create an evolving graph which displays
the diffusivity over time as the iterations are processed.



if TSCount<6@

fprintf('The time to reach thermal equilibrium is: %g seconds.\n',TSCount)
elseif TSCount>=60 && TSCount<3600

TSCount = TSCount/6@;

fprintf('The time to reach thermal equilibrium is: %g minutes.\n',TSCount)
elseif TSCount>=3600 && TSCount<86400

TSCount = TSCount/36€0;

fprintf('The time to reach thermal equilibrium is: %g hours.\n',TSCount))
elseif TSCount>=86400

TSCount = TSCount/86400;

fprintf('The time to reach thermal equilibrium is: %g days.\n',TSCount)
end

The time to converge is then displayed to the user in an appropriate unit, dependant on its size in
seconds it is converted to an alternative unit and displayed to the user.

ek rrakk ANALYTICAL COMPARISON *¥#%ttx
TA = zeros(nR,nC); %Analytical solution matrix initialisation

for r = 1:nR

for ¢ = 1:nC
y = (r-1)%GS;
x = (c-1)*GS;

for n = 1:225
TA(r,c) = TA(r,c) + (sin(2*n*pi/3)/(n*2*sinh{n*pi)))*(sin(n*pi*x/6))*(sinh{n*pi*y/6)};
end
TA(r,c) = TA(r,c) * 450/pi~2;
end
end

TA = flip(TA)

To understand the accuracy of the numerical solution the analytical solution is calculated and
displayed. This follows the same process as for calculating the numerical solution. The temperature
within each point in the matrix is calculated and allocated to its node point.

However, unlike the numerical solution, the analytical solution is not run for multiple iterations until
a point is reached and is calculated once for the solution.



gorwomaciorx ANALYTICAL SOLUTION VISUALISATIQN omdokkms
TALim = (max(TA,[], all")); %maximum value for colourbar boundary condition

figure(2)

contourf(flip(TA))

colormap(“jet")

colorbar

clim{[@ round(TALim)])

xlabel('Column Number™)

ylabel( Row Number™)

title( 'Temperature Diffusion across a 20 Aluminium Plate - Analytical')

Fx##xxdkx DTFFERENCE BETWEEN NUMERICAL & ANALYTICAL SOLUTION ###kkxsok

TD = T - TA; #Difference calculation between matricies

TD = abs(TD)

MHNAD = (max(TD,[],"all'}}; %Emaximum value of difference between numerical and analytical solution

#Visualisation

figure(3)

contourf(flip(TD))

colormap(“jet")

colorbar

clim([@ round(MNAD)])

x1label('Column Number®)

ylabel( ' Row Number™)

title( 'Difference Between MNumerical and Analytical Solutions')

Finally, the program creates a contour heatmap to display the analytical solution, and the difference
between the numerical and analytical solutions are calculated and plotted as a contour heatmap.



6 Code Validation

In order to ensure that the code can appropriately perform its intended function, the difference
between the numerical and analytical solution was calculated and a temperature map created in
order to understand the quantity and location of variations within the results.

An initial run was performed with a grid size of 1 and a time step of 3600 seconds.

Te;nperature Diffusion across a 2D Aluminium Plate - Numerical -
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Figure 1 - Numerical Solution - Temperature Map

Te;nperature Diffusion across a 2D Aluminium Plate - Analytical .
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Figure 2 - Analytical Solution - Temperature Map



7 Difference Between Numerical and Analytical Solutions
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Figure 3 - Difference between numerical and analytical solutions - Temperature Map

TD =
0 0.0000 0.0000 0.0000 0.1027 0.0000 0.0000
0 0.0035 0.0467 0.3889 1.9662 0.3924 0.0000
0 0.0324 0.1510 0.4869 0.9875 0.4545 0.0000
0 0.0535 0.1656 0.3624 0.518¢6 0.3089 0.0000
0 0.0473 0.1219 0.2191 0.2680 0.1718 0.0000
0 0.0261 0.0614 0.1003 0.1141 0.0742 0.0000
0 0 0 0 0 0 0

Table 1 - Difference between numerical and analytical solutions

The largest differences between values occur within the regions where the heat source diffuses
across at its highest temperature. The maximum difference in temperature is 1.9662, seen in table 1,
which occurs at the point below where the impacting heat source reaches its maximum temperature
of 50°C. Beside these most other differences in temperature are minimal, mostly differing by around
0.2 — 0.5°C. The highest difference in values between the numerical and analytical solutions are
concentrated around the point at which the maximum difference of 1.9662 occurs and become
more accurate the further the matrix location is from this result.

There is expected to be an amount of error between the result of the numerical and analytical
solutions, therefore it is reasonable given the small difference between the results, to conclude that
the model is appropriate for numerical calculation and can with a reasonable accuracy calculate the
diffusion of heat across the domain.

To further verify the behaviour of the model a second run was performed for a grid space of 0.5 and
a time step of 360 seconds.
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From this second run it can be seen how overall, the error is far lower that of the previous run, with
the previous run having a maximum error of almost 2, whilst this successive run peaks at a maximum
difference of just below 0.8. The main concern in validating the model in this instance is verifying
that the amount of error reduces the finer the grid space and therefore mesh becomes. It can be
seen between the two runs that this is the case, and it is therefore fair to conclude the model
validated.



7 Sensitivity Analysis

Further validating the code will require an in-depth understanding of the values that govern the
accuracy of the models results. The tolerance and user input values can greatly impact the results
that are computed, and it is vital to understand how each of these influences the results in order to
justify the model. The sensitivity analysis performed, will explore the effect of the grid spacing, time
step, and thermal equilibrium tolerance. From this it is expected that a thorough understanding will
be gained, of how the model behaves and computes results based on these values.

Each of the specified variables will have their effect on the model output measured against their
effect on the time to reach thermal equilibrium.

7.1 Grid Spacing

To analyse the influence of the grid space value, the time step was fixed at 150 seconds, and the
thermal equilibrium tolerance fixed at 0.001.

Grid Spacing (h) Time Step (fixed) Tolerance (fixed) Thermal Equilibrium
Time (seconds)
3 150 0.001 129300
2 150 0.001 119400
1.5 150 0.001 121500
1.2 150 0.001 118050
1 150 0.001 121050
0.75 150 0.001 119700
0.5 150 0.001 119550
0.25 150 0.001 119100
0.2 150 0.001 119100

Table 2 - Grid Spacing Variation
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Figure 4 - Relationship between thermal equilibrium and grid space.

As shown in fig.4, decreasing the grid spacing value converges the solution towards higher stability,
with less fluctuation between iterations (Liu et al., 2019). As the grid space value decreases, the
mesh becomes finer. As the mesh becomes finer in difference approximation, the error term
decreases, leading to greater accuracy in calculations. The explicit finite difference approach
achieves greater accuracy as the grid space value decreases, resulting in a computation closer to
convergence (Slater, 2021). This vast increase in accuracy and similarity between iterations occurs
because as the grid space size and therefore mesh becomes finer, the truncation error reduces
(Fraysse et al., 2011). Additionally, there will exist some level of round-off error within the result,
due to the quantity of decimal places a value is calculated at being reduced within the numerical
model (Qin and Liao, 2018).

/.2 Time Step

To analyse the influence of the time step value, the grid space was fixed at 0.75, and the thermal
equilibrium tolerance fixed at 0.0001.

Grid spacing h (fixed) | Time Step Tolerance (fixed) Thermal Equilibrium
Time (seconds)
0.75 2000 0.0001 254000
0.75 1500 0.0001 247500
0.75 1000 0.0001 238000
0.75 800 0.0001 232000
0.75 600 0.0001 224400
0.75 400 0.0001 213200
0.75 200 0.0001 194000




0.75 100 0.0001 174200

0.75 50 0.0001 154350

0.75 25 0.0001 134475

Table 3 - Time Step Variation
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Figure 5 - Relationship between thermal equilibrium and time step.

The time step size as displayed in the graph, fig.5., greatly impacts the accuracy of the results. If too
large a time step is used, then the code may stop too soon before a reasonable level of accuracy has
been achieved (Li et al., 2017). A smaller time step will capture more data as the heat source diffuses
and will therefore be able to output a more accurate calculation (Li et al., 2022), however despite
computing far more accurate results, smaller time steps require a much higher level of
computational power, and will take a longer time to converge, there is therefore some level of
balance that will need to be considered, between the accuracy of results and the amount of time
they take to compute (Ghasemi, 2014). A smaller time step achieves a greater accuracy as it directly
corelates to a reduction of the truncation error (Abdul et al., 2018).

7.3 Tolerance Threshold

To analyse the influence of the tolerance value, the grid space was fixed at 1, and the time step fixed
at 500.

Grid spacing h (fixed) | Time step (fixed) Tolerance Thermal Equilibrium
Time (seconds)

1 500 0.1 29000

1 500 0.01 89500




1 500 0.001 155500
1 500 0.0001 222000
1 500 0.00001 288000
1 500 0.000001 354500

Table 4 - Tolerance Variation

Relationship between thermal equilibrium and tolerance
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Figure 6 - Relationship between thermal equilibrium and tolerance threshold

The tolerance value is the point at which the model concludes that a high enough level of accuracy
has been achieved and it considers this point ‘thermal equilibrium’, however it is unlikely that true
equilibrium has been reached, and more so assumes that any further precision between values can
be considered negligible. The tolerance as discovered increases the convergence time significantly,
the finer it becomes (Yasuda, 2020). While a small tolerance value makes the convergence time
greater (Kim et al., 2012), it does not necessarily follow with a higher accuracy. A tolerance value
which is too small also risks the programme running indefinitely and not reaching convergence,
however if too large a tolerance value is used then the code may stop too soon and output
inaccurate results (Harris et al., 2023). The trade-off between the level of accuracy achieved and the
time to compute is the determining factor for selecting the tolerance value. For the model a lower
level of accuracy may be considered acceptable, as the aim is simply to validate a model, meaning
that a slightly lower level of accuracy can be permissible, whilst still being able to validate the model.



8 Model Limitations

Limitations to the model stem from the numerical method used and the models coding.

Due to the numerical method used there is an error term that is carried across the calculations,
which is caused by one or more of the following errors.

Round-off error: the round-off error is caused by the rounding of values to fewer decimal points.
This rounding across large data sets can quickly snowball into a large amount of difference between
the numerical and analytical solutions (Rosinger, 1985).

Truncation error: the truncation error is the difference of the function’s analytical derivative and the
numerically approximated derivative (Neill et al., 2018). In any approximation this is inevitable, as by
its very nature the approximation is a way of redefining the function with a similar but not exact
polynomial. The effect of this error can be minimised by calculating for an increased number of
iterations; however, this cannot guarantee an identical numerical solution to analytical (Nayak et al.,
2018).

These two error types can be seen in the sensitivity analysis performed in section 7 above. As the
grid spacing and time step are reduced the truncation and round off errors are reduced.

Additionally, there are limitations to the uses of the model, these being,

Complex Geometry: the explicit finite difference method used in the code is unable to calculate a
complex geometry and is generally used for simple shapes (Santana et al., 2022). This is as it requires
the shape to be conducive to a uniform grid, to be able to accurately calculate a result, there is
further the issue of generating a quality grid to begin with (Seeber et al., 1981). Additionally,
creating boundary conditions would be significantly more complicated, as the explicit finite
difference method generally requires conditions to be applied explicitly at each time step (Vigmond
et al., 2019).

Stability: the explicit finite difference method is constrained by the stability criteria. Due to the
inclusion of the Fourier number, the time step used cannot be any desired value, but must be within
the stability criteria.

There are numerous limitations in the model due to the coding, the main limitation here is the
method of modelling thermal equilibrium. Alternative methods such as analytical approximation or
alternative numerical methods could yield a higher level of accuracy (Mazumder, 2015). A more
practical approach that could be implemented into the program without changing the numerical
scheme could be to monitor the maximum difference between the matrix values for more than two
successive runs, for example, if it the code were able to retain the values for 5-10 iterations, and
compare the maximum differences, concluding thermal equilibrium when they have all achieved
maximum values below the tolerance threshold, a more definite conclusion that thermal equilibrium
has been reached could be made.

Further, the tolerance value creates a significant limitation as, the program defines one tolerance
value and assumes that it will be the most appropriate for all input values. It is therefore difficult to
assign a value that can output accurate results in all scenarios. In line with this, the model defines
thermal equilibrium as the point at which the maximum value of difference between two successive



temperature maps is lower than the tolerance threshold. In the aim of creating a realistic model, this
can create inaccuracies as it assumes that if values have lowered beneath the threshold for two
successive iterations, that they will not exceed this again, and further iterations are not necessary,
therefore assuming thermal equilibrium. However, there is no guarantee that in a real scenario or,
even in the model that just because values have reached below the threshold, that they will not
exceed this again with further iterations and it therefore has not necessarily reached convergence.



9 Further Work

Improving the model will require the exploration of alternative methods and further and more
complex model developments.

There exist several alternative numerical methods, which could be used in place of the explicit finite
difference method employed in the model, in order to overcome the geometry compatibility and
allow complex geometries to be modelled. These being,

Finite Element Method: this method approximates continuous functions into discrete models, using
this method allows for an easier discretisation and higher accuracy across complex geometries,
additionally making calculation across a 3D geometry possible (Tekkaya et al., 2014).

Finite Volume Method: this method discretises the spatial domain into a series of control volumes,
over which the equations can be integrated (Cai, 1990). Again, this numerical method allows for
calculation across complex geometries with a non-uniform grid structure not being required and is
also able to remain within its stability criteria for a broader range of values (Kolditz, 2002).

Boundary Element Method: this method only operates within the spatial domain boundary,
discretising only the values within it (Hsiao, 2006). Compared to the explicit finite difference
method, the boundary element method has a much greater efficiency when calculating results for
problems with bigger spatial domains, due to its discretisation of only the boundaries. Additionally,
because it discretises only the boundaries, it does not require the geometry to have a grid across it,
and therefore is optimal at solving problems with complex geometries (Yin et al., 2022).

The stability criteria included in the model, severely restricts the time step values which can be used,
in an attempt to overcome this problem, the Alternating-direction Implicit method and Implicit
Finite Difference method.

Alternating-direction Implicit Method: this method increases the accuracy of output by dissecting
the problem into parts by alternate direction and then calculating these parts individually. This
allows for larger time steps, reducing the amount of computational inaccuracy and can output
accurate results for more complex problems (Jiang et al., 1991).

Implicit Finite Difference Method: this method solves differential equations by discretising the
spatial domain, but also considering the unknown values of further time steps. The implicit method
creates higher stability by calculating based on the effect of future values as well as present, rather
than merely present values like the explicit method (Wais, 2014).

To require the implementation of any of these methods, it will depend on the criteria specified in
the problem being solved. For example, the use of an alternative numerical method may not be
needed unless conditions were such that it is required, i.e. complex spatial domain geometry. The
specific criteria will depend on the conditions of the analytical solution being used as a basis for
validation and comparison.



10 Conclusion

Throughout the report, it has been shown how using the explicit finite difference method a model is
able to be created within MATLAB which can within a reasonable level of accuracy calculate and
visually represent the diffusion of heat across a 2D aluminium plate. The numerical methods used
and justification for them have been shown and have proven to be able to allow the model to
calculate the result within an acceptable level of accuracy. The model structure and code has been
explained along with the boundary conditions applied and can be found unabridged within the
appendix of this report. Once created the code was able to be validated and compared to the
analytical solution, both visually and numerically, confirming definitively its ability to compute
accurate results. Further, a sensitivity analysis was performed in order to gain an understanding of
the influence of the key parameters which control the output accuracy of the model. From this a
justification of the values used within the programme was able to be established. Limitations were
discussed with regard to both the numerical method and code, with suggestions for further work
and alternative methods.
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Appendix

clc
clear
close all

%******** PLATE PROPERTIES Sk 3k 3k 3k %k >k kook

k = 143; %W/m.C (Conductivity)

p = 2.8%¥1073; %kg/m"3 (Density)

c = 795; %3/kg.C (Specific Heat)

alpha = k/(p*c); %m*2.s~-1 (Thermal Diffusivity)
xdim = 6; %metres (x dimension)

ydim = 6; %metres (y dimension)

J¥¥x**x**% GRID SPACING USER INPUT & VALIDATION *******x
GS = input('Please enter the grid spacing (m): '); %grid spacing input

while GS <= @ || GS >= xdim || rem(xdim,GS)~=@ || rem(ydim,GS)~=@
fprintf('\n*Note* A "valid" grid space, must be less than 6 and uniform, e.g.
divisble by 6.\n")
GS = input('\nPlease enter a valid grid spacing value (m): ');

end

¥ *kAkkxk TEMPERATURE MATRIX *kkikx

nR = (ydim/GS) + 1; %number of rows

nC = (xdim/GS) + 1; %number of columns

TMatrix = zeros(nR,nC); %initialise temperature matrix

J¥¥x****k* TIME STEP INPUT AND VALIDATION ****i*xx
maxTS = (GS”2)/(4*alpha); %maximum time step
TS = input('Please enter the time step (seconds): '); %time step input

while TS > maxTS

fprintf('The maximum time step is %g seconds',maxTS);

TS = input('\nPlease enter a valid time step (seconds): ');
end

J¥FAkAkAAk** TEMPERATURE MATRIX POPULATIOQN kkskokokkok
for c=1:nC
x=(c-1)*GS; %number of columns to distance conversion
if x <=((2/3)*xdim)
TMatrix(1,c) = 12.5%*x;
else
TMatrix(1,c) = (-25*x)+150;
end
end
disp(TMatrix)

X Frx®*x** THERMAL DIFFUSIVITY INITIALISATIONS ***x*kkx
FO = (alpha*TS)/(GS*2); %fourier number

T = TMatrix; %Temperature Matrix after time step

tE = 0.000001; % thermal equillibrium threshold
MDT=tE+1; %maximum difference in the temperature
TSCount = @; %Time Step Counter

figure(1l) %initialise temperature visualisation

Jo¥*x**x3x% THERMAL DIFFUSIVITY CALCULATION & VISUALISATION ****ik*x
while MDT > tE %repeat until thermal equilibrium threshold reached



for r = 2:nR-1

for c = 2:nC-1

TMatrix(r,c) = FO*(T(r,c+1) + T(r,c-1) + T(r-1,c) + T(r+l,c) - (4-
1/F@)*T(r,c));

end
end
D = abs(T - TMatrix); %temperature difference between iterations
MDT = max(D,[],"'all"); %maximum temperature difference
T = TMatrix
TSCount = TSCount + 1;
TLim = (max(T,[], "all')); %maximum value for plot limit

%Graph plot

contourf(flip(T))

colormap("jet™)

colorbar

clim([@ round(TLim)])

xlabel('Column Number')

ylabel('Row Number')

title('Temperature Diffusion across a 2D Aluminium Plate - Numerical')
pause(0.2)

end

disp(TMatrix)
TSCount = TSCount*TS;
fprintf('The time to reach thermal equilibrium is: %g seconds.\n',TSCount)

if TSCount<60

fprintf('The time to reach thermal equilibrium is: %g seconds.\n',TSCount)
elseif TSCount>=60 && TSCount<3600

TSCount = TSCount/60;

fprintf('The time to reach thermal equilibrium is: %g minutes.\n',TSCount)
elseif TSCount>=3600 && TSCount<86400

TSCount = TSCount/3600;

fprintf('The time to reach thermal equilibrium is: %g hours.\n',TSCount)
elseif TSCount>=86400

TSCount = TSCount/86400;

fprintf('The time to reach thermal equilibrium is: %g days.\n',TSCount)
end

¥ xAAA* K ANALYTICAL COMPARISON H*dkkixx
TA = zeros(nR,nC); %Analytical solution matrix initialisation

for r = 1:nR
for ¢ = 1:nC
y = (r-1)*GS;
x = (c-1)*GS;
for n = 1:225
TA(r,c) = TA(r,c) +
(sin(2*n*pi/3)/(n*2*sinh(n*pi)))*(sin(n*pi*x/6))*(sinh(n*pi*y/6));
end
TA(r,c) = TA(r,c) * 450/pi~2;

end
end

TA = flip(TA)

%***4kxkk ANALYTICAL SOLUTION VISUALISATION **ksx



TALim = (max(TA,[],"'all')); %maximum value for colourbar boundary condition

figure(2)

contourf(flip(TA))

colormap("jet")

colorbar

clim([@ round(TALim)])

xlabel('Column Number")

ylabel('Row Number")

title('Temperature Diffusion across a 2D Aluminium Plate - Analytical')

¥ k*xxxxx*x DTFFERENCE BETWEEN NUMERICAL & ANALYTICAL SOLUTION *¥k**okxk
TD = T - TA; %Difference calculation between matricies
TD = abs(TD)

%Visualisation

figure(3)

contourf(flip(TD))

colormap("jet")

colorbar

xlabel('Column Number"')

ylabel( 'Row Number')

title('Difference Between Numerical and Analytical Solutions')



