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Nomenclature
Abbreviation	Value	Units
EFDM	Explicit Finite Difference Method	N/A
	Thickness in x direction	m
A	Cross Section Area	
A	Volume	
	Temperature Function of position and time	
	Energy at Position x	J
	Energy out at position x	J
	Density	
c	Specific Heat Capacity	
	Temperature Gradient	N/A
	Thermal Diffusivity	
	Height in y direction	m
	Taylor Series Function	N/A
	Point where x = 0	N/A
	Nearby point	N/A
	Finite Difference Approximation	N/A
	Grid Spacing	M
P	Boundaries around a Point	N, E, S, W
	Time Step	S
	X coordinates	m
	Y coordinates	m
	Temporal Discretisation	N/A
	Fourier Number	N/A
k	Thermal Conductivity	
T(x,y)	Temperature at Thermal Equilibrium	
IFDM	Implicit Finite Difference Method	N/A
ADI	Alternating Direction Implicit	N/A


Introduction
In thermodynamics, the calculation of thermal equilibrium proves essential when understanding the thermal stresses applied to industrial equipment, such as heat exchangers. The state of thermal equilibrium can be met when all elements of a system reach a specific temperature, where heat-flow no longer occurs. Alongside the thermal equilibrium, it is equally as influential to retrieve the temperature distribution over a specific period within a component. This report aims to compute the temperature distribution within an aluminium plate over time by utilizing the Explicit Finite Difference Method (EFDM). Assumed to be under idealized conditions, the temperature evolution of the plate should satisfy the parabolic heat equation, formulated by . To validate the findings, a steady-state analytical solution for thermal equilibrium devised by Chang and Ma will be applied . 
The structure of the report begins by analysing the constitutive equation, heat equation, and its mathematical definition for a 2D system devoid of external heating. The report proceeds to describe the discretization process in terms of derivative approximations using the Taylor series. Derivation of the EFDM, and stability criteria definition follow. Initial and boundary conditions are specified and justified using the previously mentioned analytical solution. The next chapter will aim to validate the temperature map produced by the implemented code with the analytical solution at thermal equilibrium. An analysis of sensitivity will be used to evaluate parameters such as grid spacing, time step, and thermal equilibrium tolerances, and their effects on results. A discussion on the model’s limitations will then be carried out, focussing on the numerical and coding limitations, followed by improvement suggestions. 

Constitutive Equation
The heat equation, or often called the transient heat conduction equation, is a governing principle in the understanding of heat transfer in solids. Among varying analytical tools used in heat transfer analysis, the heat equation is proven to be fundamental. Emphasized by , its role in the context of thermal analysis, contributes to the solving of finite difference methods. This allows for the prediction of heat distribution over time and space within a provided medium. Among the varying types of heat transfer, being convection, conduction, and radiation, heat conduction is directly linked to the heat equation. The conduction process is mathematically modelled through the application of second-order partial differential equations, which are derived from physical laws of thermodynamics, Fourier’s law being the most notable.
The second-order partial differential heat equation achieves its derivation through the combination of Fourier’s Law of heat conduction and the principles of energy conservation. The law states that the quantity of heat transfer per unit of area and time through a material is presented as heat flux. Typically, regions with a higher temperature flow to colder regions, indicated by the direction of the heat flux vector. The principle of energy conservation, commonly known as the first law of thermodynamics, shows correlation to the previous law in which it states that energy cannot be created or destroyed, but rather transferred. In terms of the constitutive equation, the transfer of energy relates to the transfer in heat .
2.1 Mathematical Definition
In terms of two-dimensional transient heat conduction equation, it can be considered that a solid is isotropic and homogenous with constant thermal properties and no internal heat generation. Prior to the application of the unsteady-state equation, it must first be derived one dimensionally. Analysis of the solid, or differential control volume, in terms of its thickness in the -direction (), cross section area (), Volume (), and temperature as a function of position and time ( allows for energy balancing. Through the application of the principle of conservation of energy, the total heat conducted by the solid can be describes as the following:

Equation 2‑1 Total Heat Conducted by Solid

Where  is the energy in at position  and   is the energy out at position  during conduction.
The total internal energy change over time is shown in Equation 2-2, where  is the material density,  is the materials specific heat capacity, and represents the temperature gradient:

Equation 2‑2 Internal Energy Change

Equalling the total heat conduction and internal energy change allows for the construction of the principle of energy conservation equation, followed by its simplification in terms of  :

Equation 2‑3 Principle of Energy Conservation

Equation 2‑4 Simplified Principle of Energy Conservation
Fourier’s law follows, where the heat flux relates to the solid’s temperature gradient (Equation 2-5). The thermal conductivity of the material is presented as . Equation 2-6 differentiates  with respect to , leading to its substitution into the energy conservation equation and finally divided by .

Equation 2‑5 Heat Flux Temperature Gradient Relationship

Equation 2‑6 Differentiated Fourier's Law

Equation 2‑7 Energy Conservation Substitution

Equation 2‑8 One Dimensional Heat Equation
The one-dimensional heat equation can be improved by introducing thermal diffusivity, given in Equation 2-9:

Equation 2‑9 Thermal Diffusivity

Equation 2‑10 Simplified One Dimensional Heat Equation
For two dimensional solids, the equation is extended to account for heat conduction in both directions, x and y respectively. The transient heat conduction equation is represented in Equation 2-11, followed by its common interpretation established in findings of .

Equation 2‑11 Two-Dimensional Heat Conduction Equation

Equation 2‑12 Common Interpretation of Two-Dimensional Heat Equation



Explicit Finite Difference Form
3.1 Taylor-Series Formulation
To derive finite difference equations, the common procedure entails the approximation of derivatives in a differential equation by application of truncated Taylor series. The Taylor series allows for the representation of functions by use of polynomials, which approximate values at specified points. In terms of errors, the theorem investigates the accuracy within a specified error tolerance .
About a point , the Taylor series as a function  is presented:

Equation 3‑1 Taylor Series of Function (x)
The relationship between the value of the function at point  and a nearby point  is presented:

Equation 3‑2 Taylor Series of Function (x) and (x+h)
Through rearranging we get:

Equation 3‑3 Rearranged Taylor Series
From this, the forward difference approximation to  is presented:

Equation 3‑4 Forward Difference Approximation
Applying the same relationship as Equation 3-2, we can examine the decreasing function with respect to :

Equation 3‑5 Taylor Series of Function (x) and (x-h)

Through rearranging we get:

Equation 3‑6 Rearranged Negative Taylor Series
Thus, producing the backward difference approximation:

Equation 3‑7 Backward Difference Approximation
Through the combination of both forward and backward difference approximations, we can create two improved equations, being first and second order central difference approximations:

Equation 3‑8 1st order Central Difference Approximation

Equation 3‑9 2nd Order Central difference Approximation
Explicit Finite Difference Scheme
The aim of the finite difference scheme is to discretize the heat equation by using the second order central difference for the second derivative and the first order forward difference formula for the time derivative. The following difference approximation is influenced by the work of M.Özisik in the textbook ‘Finite Difference Methods in Heat Transfer’ . Considering the region of interest as a uniform grid, the spacing can be given as , with the boundaries around a point () being North (N), South (S), West (W), and East (E). 
Applying the central difference to the second derivative gives the following in respect to x and y directions:

Equation 3‑10 Discretised Second Derivative with Respect to x

Equation 3‑11 Discretised Second Derivative with respect to y
Applying the forward difference to the time derivative gives the following discretised equation:

Equation 3‑12 Discretised Time Derivative
Thus, substituting Equations 3-10, 3-11, and 3-12 into the heat equation, we can construct the explicit finite difference equation:

Equation 3‑13 Explicit Finite Difference Equation
Where Fourier Number:

Equation 3‑14 Fourier Number
Spatial and Temporal Discretisation
The spatial and temporal discretisation, commonly known as the mesh, is where the discrete solution is computed. Nodes are applied within the domain, equally dividing into intervals of equal length. Taking influence from , the primary parameters of the mesh are the distance between nodes ( and the total distance between adjacent time steps , see Figure 3-1. Both parameters are to be considered uniform.
Given that the uniform spaced interval is , and  ,where  is the total number of spatial nodes:

Equation 3‑15 x Coordinates

Equation 3‑16 y Coordinates
The temporal discretisation can be defined by the following, where  and  is the total number of time steps:

Equation 3‑17 Temporal Domain

Figure 3‑1 Spatial Discretisation

Stability Criterion
In the explicit finite difference scheme, the Fourier number is given in Equation 3-14. It is named ‘explicit’ due to the temperature at the next time step being directly calculated from temperature at the current time step. In the method, the time dependant temperatures become unstable if the time step appears too large. To counter this limitation, once the spatial grid spacing () and thermal diffusivity  are specified, the time step must satisfy the stability criterion . For two dimensional solutions, the stability criterion is given as:


Equation 3‑18 Stability Criterion




Boundary Conditions
4.1 Initial Condition
In the simulation, the solid (aluminium plate) is assumed to be uniformly thermal at a temperature of 0 throughout its entirety. From this assumption we can establish a known reference state from which heat transfer occurs by application of imposed boundary conditions and no internal heat sources. Mathematically, the initial condition is given by:

Equation 4‑1 Initial Condition
Boundary Conditions
The applied boundary conditions represent the heating of the plate from its top edge and cooling from the bottom, Dirichlet condition, while thermal insulation is found on the east and west boundaries, Neumann condition, see Figure 4-1. These conditions create a vertical thermal gradient, ensuring conservation of energy within the system where the adiabatic east and west boundaries prevent heat loss horizontally. The boundary conditions are given as:


Equation 4‑2 Top Boundary - Constant Heating

Equation 4‑3 Bottom Boundary - Constant Cooling

Equation 4‑4 Adiabatic West Boundary

Equation 4‑5 Adiabatic East Boundary

Figure 4‑1 Boundary Condition Schematic
Analytical Solution
Aiming to validate the accuracy of the numerical solution obtained through the EFDM, an analytical solution can be introduced, serving as a benchmark for comparison. Derived in the workings of , the solution describes steady state temperature distribution through a rectangular plate that satisfies both Dirichlet and Neumann boundary conditions. By applying the boundary conditions of the numerical model to the analytical solution, we can conduct direct comparison. The temperature at thermal equilibrium in the aluminium is given as:

Equation 4‑6 Analytical Temperature at Thermal Equilibrium


Detail of Code
The following section presents the MATLAB code used to solve the two-dimensional transient heat equation in an aluminium plate by application of the EFDM. Each section provides an overview to its purpose and functionality.
5.1 Initialization and Material Property Specification

Figure 5‑1 Code Initialization
The script begins by clearing the workspace (clc, clear), closing all produced figures (close all), and formatting the output in the command window to display values to four decimal places (format short). Material property specification of aluminium follows, where thermal conductivity (kc), density (r), specific heat capacity (c), and thermal diffusivity (D) are presented:

Figure 5‑2 Material Property Specification
Geometry Input and Validation

Figure 5‑3 X Dimension Input and Validation
 
Figure 5‑4 Y Dimension Input and Validation

This section prompts the user to input the physical dimensions of the plate, with Xdim being its width and Ydim being its height. The function ‘str2double’ efficiently converts strings or character arrays to numerical values compatible to the code. To validate the stability of input values, a while loop is introduced. By applying functions such as ‘isnan()’, ‘isempty()’, and ‘()<=0’, these ensure that only numerical values greater than 0 are permitted.
Grid Spacing Input and Validation

Figure 5‑5 Grid Spacing Input and Validation
This section prompts the user to input the spatial grid size (h). A validation function ‘rem(…,h) ~= 0’ is applied to ensure that the grid spacing evenly divides both X and Y dimensions. Additionally, the functions applied in the geometry input are also utilized to ensure only positive numerical value are inputted.
Mesh Setup

Figure 5‑6 Temperature Matrix Dimensions
The temperature matrix dimensions are defined by the total number of nodes applied in the X (columns) and Y (rows) directions. The applied function ‘round’ ensures there are an integer number of rows and columns, eradicating floating point errors.
Boundary Conditions
This section applies the boundary conditions specified previously in this report, with the initial condition (T1) being 0C. The user is then prompted to apply a positive numerical temperature at the north boundary (T0). From this, the southern boundary is calculated as a mirror value to the north.


Figure 5‑7 Initial Boundary Condition

Figure 5‑8 Dirichlet North Boundary condition

Figure 5‑9 Dirichlet South Boundary Condition
Temporal Consideration and Stability Criterion
To apply a time step, the user is prompted to enter a positive numerical value in seconds, however, the inputted value must satisfy the stability criterion (dT_Max). If the specified value violates the criterion, a message will appear in the command window issuing a value lesser than the maximum allowable time step.

Figure 5‑10 Temporal Consideration and Stability Criterion Specification
Explicit Finite Difference Method
This section updates the temperature field by applying the EFDM and Neumann boundary conditions for insulated east and west boundaries. An iteration counter is applied aiming to identify time taken for thermal equilibrium to be achieved. To verify that temperature changes are lesser than the convergence criterion, ‘max_diff > CC’ is applied.

Figure 5‑11 EFDM and Convergence Criterion

Analytical Solution
To verify the thermal equilibrium findings of the numerical model, the analytical solution provided by  is calculated. To improve ease of computation, the steady-state equation is divided into two terms, ‘term 1’ and ‘S’. Both terms are added to identify the analytical thermal equilibrium.


Figure 5‑12 Analytical Solution



Temperature Difference
Validation of the numerical model can also be achieved by comparing its difference to the analytical model. This section of code applies the ‘abs’ function, which calculates the absolute difference between the anaytcial (TA) and numerical (T2) solutions at any point within the plate.

Figure 5‑13 Numerical and Analytical Temperature Difference
Time to Thermal Equilibrium
This section conditionally formats the number of iterations into a user-friendly time output. Through the application of ‘if’ and ‘elseif’ loops, the simulation time is clearly displayed in the command window in its most appropriate unit.

Figure 5‑14 Time Conversion for Thermal Equilibrium


Model Validation
To accurately validate the model and its implementation of the EFDM in two-dimensional heat conduction solving, the results were verified against the analytical solution derived in the Fourier series, presented by . Applying parameters in Table 6-1, two temperature distribution plots at thermal equilibrium are presented in Figure 6-1. 

Table 6‑1User Defined Parameters for Temperature Distribution Plots
Parameter	Value
X dimension	5m
Y dimension	5m
Grid Spacing (h)	1m
North Boundary Temperature	50C
South Boundary Temperature	-50C
Time Step	3600s




Figure 6‑1 Numerical and Analytical Temperature Distribution at Thermal Equilibrium

Direct comparison between the numerical and analytical plots shows a high level of agreement in the prediction of temperature distribution, where the imposed boundary conditions demonstrate a vertical temperature gradient across the plate. Quantitively, minimal error distribution can be seen between both plots, with higher discrepancies observed at the north and south boundaries. These errors are likely to be attributed to truncations errors and numerical diffusion, commonly observed in coarse grid spacing . To aid in the visualization of errors, a third plot (Figure 6-2) represents the difference in temperature between both solutions across the plate. Estimations in the figure show that error values appear in the region of , suggesting the numerical model has converged near the analytical solution.  suggest that in finite difference schemes where stability criterion is satisfied and grid independency is applied, such low errors are expected.


Figure 6‑2 Absolute Error Between Numerical and Analytical Solutions


Sensitivity Analysis of Model
Sensitivity analysis of the model was performed to evaluate the effect of variation in key numerical parameters on the model’s ability to predict thermal equilibrium of a 12mx12m aluminium plate. Such computational parameters are grid spacing, time step, and tolerance conditions, with a constant north boundary temperature of 50C.
7.1 Influence of Grid Spacing
The relationship between grid spacing and thermal equilibrium time is shown in Figure 7-1. It is seen that an increase in grid spacing from 0.25m to 4m indicates an increase in time to reach thermal equilibrium, with non-linear fluctuations present. This trend is observed due to the reduction in total nodes as the grid space increases, leading to fewer overall calculations per time step and coarser temperature resolution. While there is a reduction in computation cost per iteration, an introduction of discretised errors can prolong time taken to achieve thermal equilibrium . The oscillatory behaviour observed between 0.8m and 2.4m suggests under-resolved temperature gradients or interactions between boundary conditions and coarse discretisation .


Figure 7‑1 Time to Thermal Equilibrium Influenced by Grid Spacing

 
Influence of Time Step
The effect of varying time step on time taken to reach thermal equilibrium is shown in Figure 7-2, where a clear inverse relationship is observed. The plots trend can be explained by the relationship between time step size and truncation error in the EFDM. Increasing time step reduces number of iterations required to span a fixed simulation period, however greater cumulative errors are witnessed due to an increase in local truncation errors per time step . The gradual plateauing of the curve suggests the model is approaching a limit in iteration efficiency, where further time step increase would provide little benefit. Continuous increase in time step may also lead to unsatisfaction of the stability criterion, risking a divergence in accuracy. 


Figure 7‑2 Time to Thermal Equilibrium Influenced by Time Step

Influence of Tolerance Condition
Figure 7-3 displays the effect of varying tolerance conditions on predicted equilibrium time of the simulation, where a reduction in the former causes an increase in the latter. These results are due to the tighter tolerance requiring the difference between temperature fields to be lesser before thermal equilibrium is achieved. This consequently requires increased iterations to satisfy the convergence criterion, resulting in an increase in thermal equilibrium time . Additionally, this analysis highlights a limitation in the methodology, where convergence based on absolute difference may not reflect the models approach to true stead-state .
 

Figure 7‑3 Time to Thermal Equilibrium Influenced by Tolerance Conditions
 

Model Limitations and Suggested Improvements
Although the numerical model displays success in solving two-dimensional heat conduction issues using the EFDM, limitations in both the model and coding implementation affect overall accuracy and performance. 
8.1 Limitations Due to the Numerical Method
Initial estimations in limiting factors suggest that the approximations made in the EFDM introduce truncation errors due to the Taylor series. Such errors expand over iterations and are dependent on grid spacing and time step, where finer meshes reduce error but increase computational efforts . Furthermore, sharp temperature gradients are not captured by the central difference method in coarse meshes, limiting its accuracy unless computational costs are increased. Another limitation in the method is the compound of round-off errors in tight convergence criterion. At minor tolerances with high iteration counts, round-off errors are expected due to iterative processes performed using floating-point calculations . Additionally, the method is governed by the Fourier number, implying conditional stability . However, the constant restricts the maximum allowable time step, limiting flexibility. Moreover, it is assumed that the geometry be a uniform structured gird, hindering more complex geometry, emphasized by the work of  .
Limitations Due to Coding Implementation
Mathematically, thermal equilibrium in the code is defined by the point at which the maximum difference between temperature fields falls below the convergence criteria. However, practically, the approach does not correspond to true steady state, due to minor variances between iterations and sensitivity to round-off errors that undermine stability . The boundary conditions applied in the code are fixed in the north and south with zero flux emitting from the east and west. This setup limits the model’s flexibility to simulate complex heat conduction scenarios with spatially varying conditions. Additionally, when calculating the analytical solution, it is implemented in the code that 100 summation terms are to be utilized to approximate the infinite series. Although practically reliable, the limit introduces truncation errors in calculations near areas with high temperature gradients, such as plate boundaries .

Future Developments and Improvements
To overcome restrictions established in sections 8.1 and 8.2, the following developments and improvements are suggested. In terms of the EFDM’s limitations in its conditional stability constraint, it is suggested that future iterations implement an Implicit Finite Difference Method (IFDM) or an Alternating Direction Implicit (ADI) scheme. These methods are unconditionally stable, where larger time steps are available without compromission of stability . Alternative methods for complex geometries would also be prompted, such as Finite Element, Finite Volume, and Boundary Element. Such methods provide geometric flexibility and an improved accuracy in analysing complex boundary conditions. With regards to calculations, the convergence criterion applied in the code does not truly represent thermal equilibrium across the domain. To counter this,  suggests the implementation of a global energy balance check, reducing risk of false convergence.


Conclusions
This study has been successful in the implementation of a numerical model utilizing the EFDM to solve a two-dimensional transient heat conduction issue. Through direct comparison of thermal equilibrium, the model displayed strong agreement with the analytical solution, validating its approach and reliability. To further verification, sensitivity analysis demonstrated the trade-offs between solution accuracy and computation costs. Despite overall success of the model, limitations were identified, being its uniform grid structure, conditional stability constraints of the EFDM, and simplified convergence criterion. To counter such limitations, varying methods were suggested to enhance the model’s robustness. Overall, the project established a foundation for heat transfer analysis, providing insight for future models. 
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Appendix
MATLAB code:
clc
clear
close all
format Short

% Material Properties of Aluminium %

kc = 143; % Thermal Conductivity W/m.C %
r = 2.8*10^3; % Density kg/m^3 %
c = 795; % Specific Heat J/kg.C %
D = kc/(r*c); % Thermal Diffusivity m^2/s %

% Dimensions of Plate %
Xdim = str2double(input('Define the Width (X Dimension) of the Plate, in m: ', 's'));
while isnan(Xdim) || isempty(Xdim) || Xdim <= 0
    disp('Invalid Input, Please Enter a Numeric Value Greater Than 0')
    Xdim = str2double(input('Define the Width Again:', 's'));
end

Ydim = str2double(input('Define the Height (Y Dimension) of the Plate, in m: ', 's'));
while isnan(Ydim) || isempty(Ydim) || Ydim <= 0
    disp('Invalid Input. Please enter a numeric value greater than 0.');
    Ydim = str2double(input('Define the Height Again: ', 's'));
end
% Grid Spacing %

h = str2double(input('Define the Grid Spacing (h value) of the Plate, in m: ', 's'));
while isnan(h) || isempty(h) || h <= 0  || rem(Xdim,h) ~= 0 || rem(Ydim,h) ~= 0
    if isnan(h) || isempty(h) || h <= 0 
        disp('Invalid Input. Please enter a numeric value greater than 0.');
    else
        disp('Invalid Input. The grid spacing must divide both dimensions evenly.');
    end
    h = str2double(input('Enter h Value Again: ', 's'));
end

% Rows and Columns %

NR = round(Ydim / h) + 1; % Total Number of rows %
NC = round(Xdim / h) + 1; % Total Number of columns%

% Temperature Matrix T1 % 

T1 = zeros(NR, NC);

% Dirichlet boundary condition for North boundary %

T0 = str2double(input('Enter the Fixed Temperature at the North boundary (T0) in Degrees C: ', 's')); 
while isnan(T0) || isempty(T0) ||T0 <= 0
    disp('Value Cannot be Negative, please Enter a positive Numeric Temperature Value in Degrees C')
    T0 = str2double(input('Enter the fixed temperature again:', 's'));
end

T1(1, :)=T0;
T1(NR, :)=-T0;

% Temporal Consideration + Verify Stability criterion: Ensure Fourier number < 1/4 %

dT_Max = (h^2)/(4*D);

dT = str2double(input('Enter the time step in Seconds: ', 's'));
while isnan(dT) || isempty(dT) || dT <= 0 || dT > dT_Max
    if isnan(dT) || isempty(dT) || dT <= 0
    disp('Invalid Input. Time Step Must be a Numeric Value greater than 0.')
    else
        fprintf('Time step is too large, the maximum allowable time step is %0.3f seconds.\n', dT_Max);
    end
    dT= str2double(input('Enter a Time step value again:', 's'));
end

F0=(D*dT)/h^2;

% Temperature Matrix T2 %

T2 = T1;

% Convergance Criterion: Maximum allowable temperature difference %

CC = 0.01;

% Temperature Matrix T2 calculation %

max_diff = CC+1;

% Explicit Finite Difference equation
IC = 0;
while max_diff > CC
    for i = 2:NR-1
        for j = 2:NC-1
            T2(i,j) = F0*(T1(i+1,j) +T1(i-1,j) +T1(i,j+1) +T1(i,j-1)-(4-1/F0)*T1(i,j));
        end
        % Neumann boundary conditions for East and West %
        j=1;
        T2(i,j) = F0 *(T1(i+1,j) +T1(i-1,j) +T1(i,j+1) +T1(i,j+1)-(4-1/F0)*T1(i,j));

        j=NC;
        T2(i,j) = F0 *(T1(i+1,j) +T1(i-1,j) +T1(i,j-1) +T1(i,j-1)-(4-1/F0)*T1(i,j));    
    end
   
    % T1 for next time step %

    max_diff = max(max(abs(T2-T1)));
    T1 = T2;
    IC = IC+1;
end

% Displaying the Temperature Distribution for the Numerical Soloution %

T2;
disp('Numerical Soloution for Temperature Distribution in Degrees C:')
disp(T2)

% Analytical Soloution %

TA = zeros(NR, NC);

for i = 1:NR
    for j = 1:NC
        x = (j-1)*h;
        y = (i-1)*h;
        term1 = -T0 + 2*T0*y/Ydim;
        %summation
        S=0;
        for k = 1 : 100
            S = S + (1/(100*k*pi)^2)*(1-(-1)^k)*((sin(k*pi*y)/Ydim)/(sinh(k*pi*Xdim)/Ydim))*( cosh(k*pi*x/Ydim)-cosh(k*pi*(x-Xdim)/Ydim) );
        end
        TA(i,j)=term1+S;
    end
end
flip(TA);

% Displaying the Temperature Distribution for the Analytical Soloution %

disp('Analytical Soloution for Temperature Distribution:')
disp(flip(TA))

% Displaying the Temperature Distribution Difference across the Plate %

T_diff =abs(flip(TA)-T2);
disp('Temperature Difference Between the Numerical and Analytical Soloutions across the plate:')
disp(T_diff)

M = max(T_diff, [], 'all');
fprintf('The Maximum Temperature Difference Value is: %0.4f \n' ,M)

% Displaying the Time Taken to Reach Thermal Equilibrium %
Th_Eq = IC*dT;

if Th_Eq < 60
    fprintf('The time to reach thermal equilibrium in seconds is: %g \n',Th_Eq)
elseif Th_Eq < 3600
    Th_Eq = Th_Eq / 60;
    fprintf('The time to reach thermal equilibrium in minutes is: %g \n',Th_Eq)
elseif Th_Eq < 86400
    Th_Eq = Th_Eq / 3600;
    fprintf('The time to reach thermal equilibrium in Hours is: %g \n',Th_Eq)
else
    Th_Eq = Th_Eq/86400;
    fprintf('The time to reach thermal equilibrium in Days is: %g \n',Th_Eq)
end

% Plotting Numerical, Analytical and Difference Figures

figure;
set(gcf, 'Position', [100, 100, 1400, 500]);

subplot(1,3,1);
contourf(T2, 250, 'linecolor', 'none');
colormap('jet');
cb1 = colorbar('Ticks',-T0:2*T0/10:T0);
cb1.Label.String = ['Temperature (', char(176), 'C)'];
title('Numerical Solution');
xlabel('Columns');
ylabel('Rows');
axis equal;

subplot(1,3,2); 
contourf(flipud(TA), 250, 'linecolor', 'none'); 
colormap('jet');
cb2 = colorbar('Ticks',-T0:2*T0/10:T0);
cb2.Label.String = ['Temperature (', char(176), 'C)'];
title('Analytical Solution');
xlabel('Columns');
ylabel('Rows');
axis equal;

subplot(1,3,3);
contourf(T_diff, 250, 'linecolor', 'none');
colormap('jet');
cb3 = colorbar;
cb3.Label.String = ['Temperature (', char(176), 'C)'];
tickMin = min(T_diff(:));
tickMax = max(T_diff(:));
cb3.Ticks = linspace(tickMin, tickMax, 11);
title(sprintf('Temperature Difference: Max = %.4f°C', max(T_diff(:))))
xlabel('Columns');
ylabel('Rows');
axis equal;
sgtitle('Temperature Distribution Plots');
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% Material Properties of Aluminium %

143; % Thermal Conductivity W/m.C %
2.8%10°3; ¥ Density kg/m'3 %

7955 % Specific Heat 1/kg.C %
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Xdim = str2double(input(’'Define the Width (X Dimension) of the Plate, in m: ', 's'));
while isnan(xdim) || isempty(Xdim) || Xdim <= @

disp(*Invalid Input, Plesse Enter a Numeric Value Greater Than 0')

Xdim = stradouble (input(*Define the bidth Again:’, 's'));

end




image7.png
Ydim = str2double(input('Define the Height (Y Dimension) of the Plate, inm: *, 's'));
while isnan(Ydim) || isempty(Ydim) || Ydim <= @

disp(*Invalid Input. Plesse enter a numeric value greater than 0.');

Ydim = stradouble (input(*Define the Height Again: ', 's'));
end
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h = str2double(input('Define the Grid Spacing (h value) of the Plate, in m:| ', 's'))
while isnan(h) || isempty(h) || h <= 0 || rem(Xdim,h) ~= @ || rem(vdim,h)
if isnan(h) || isempty(h) || h <= @
disp(*Invalid Input. Please enter a numeric value greater than 0.');
else
disp(*Invalid Input. The grid spacing must divide both dimensions evenly.');
end
h = stradouble(input(‘Enter h Value Again: ', 's'));

end
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round(Ydim / h) + 1; % Total Number of rows %
round(xdim / h) + 1; % Total Number of columns%
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T1 = zeros(NR, NC);
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T0 = str2double(input(’Enter the Fixed Temperature at the North boundary (Tp) in Degrees C: °, 's'));
while isnan(Te) || isempty(Te) ||T0 <= 0
disp(*Value Cannot be Negative, please Enter a positive Numeric Temperature Value in Degrees C')
To = str2double(input('Enter the fixed temperature again:’, 's'));
end
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T1(1, :)=Te;
TL(R, £)=-Tos
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dT_Max = (h"2)/(4D);

T = stradouble (input(*Enter the time step in Seconds: *, 's'));
while isnan(dT) || isempty(dT) || dT <= 0 || dT > dT_hax

if isnan(dT) || isempty(dT) || dT <= 6

disp(*Invalid Input. Time Step Must be a Numeric Value grester than 0.°

else

fprintf('Tine step is too large, the maximum allowable time step is %0.3f seconds.\n', dT_Max);
end
dT= stradouble(input(‘Enter & Time step value agai

end

Fo=(D*dT)/h"2;
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while max_diff > CC

end

for

end

- 2R
for § = 20nc-1
T2(3,3) = FOR(T1(441,3) +T1(4-1,5) +TL(L,341) +TL(E,3-1)- (4-1/FB) “T1(1,9))3

end
% Neumann boundary conditions for East and West %

T2(L,9) = FO (TL(L41,9) HTL(L-1,3) #TA(E,341) +TA(L,341)-(4-1/F0) TL(E,3))5

T2(1,9) = FO (TL(L41,9) HTL(-1,3) #TA(E,3-1) +TA(L, 1)~ (4-1/F0) TL(E,3))s

% T1 for next time step %

max_diff = max(max(abs(T2-T1)));
172
1 - 1615
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TA = zeros(NR, NC);

for i =

1R
for §

y

= 1
= G-1*h;
= (i-1)%h;

terml = -To + 2°To%y/Ydim;
%sunmation

5205

For k
s

end

1: 100
S+ (1/(100%kpi)~2)* (1-(-1)*k)*((sin(k*pi*y)/vdim)/ (sinh(k*pi*Xdim)/Ydim)) *( cosh(k*pi*x/Ydim)-cosh(k*pi*(x-Xdim)/Ydim) );

TAE,3)=termLs;

end
end
Flip(TA);
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£F =abs(flip(TA)-T2);

disp('Temperature Difference Betueen the Numerical and Analytical Soloution
disp(T_diff)

across the plate:')

M = max(T_diff, [1, 'all');
fprintf('The Maxinum Temperature Difference Value is: %0.47 \n' ,H)
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