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THE DERIVATIVE
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I. GEOMETRICAL CONCEPT OF THE DERIVATIVE


The expression  gives a formula for the slope a of a secant to the graph of the function  f  as shown in the following figure:


 (
with
 
y
Secant of equation
:
x
)

[image: ]









The following limit which gives a formula for the slope of the tangent to the graph of  f  at the point  is called the derivative of  f  and is frequently denoted by the symbol:


 (read “f prime of x”)



To differentiate a function  f  at  means to find its derivative at the point .
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Definition:	The derivative of  f  at  is given by:




Provided this limit exists.




The equation of the tangent line to  at point  is:







Examples:
1. 

Let’s consider the following function f:  and the point .

The gradient of the tangent line at point  is:















Therefore the equation of the tangent line at point P is:
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 (
Curve of equation:
Tangent line of equation:
y
)

 (
x
)[image: ]



	

2. 

To differentiate  we apply the definition of the derivative at the general point x rather than at a definite point .
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II. DERIVATIVE NOTATION



Symbols other than  are often used to denote the derivative. In particular, the symbol  is frequently used instead of . It is known as the Leibniz notation.

Examples:
1. 


If , the derivative can be written  or .


The symbol  is read “the derivative of  f  with respect to x”.

2. 

If  y  rather than  is used to denote the function itself, we’d have .


Then the derivative could be written  or .


III. TECHNIQUES OF DIFFERENTIATION

We’ve learned how to find the derivative of a function  f  by calculating the limit 

Even for the simplest functions, this process is tedious and time-consuming. The object of this section is to describe some rules that simplify the process of differentiation.

1) Derivative of a constant function

The derivative of any constant function is zero.


Thus, for example, if , then .

2) Derivative of a power function applied to the variable x


Remember that a power function is a function of the form  where  n  is a real number.



For example, , ,  are all power functions.


So are  and .
There is a simple rule for finding the derivative of any power function.



Power rule:	For any real number n, the power function  has the derivative:




3) Basic rules for combining derivatives



If  f  and  g  are two differentiable functions, and k,  and  real numbers.




Then the functions , , , and  are also differentiable, and their derivatives satisfy the following formulae:
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	Name of Rule
	Prime Notation
	Leibniz Notation

	Constant Multiple
	

	


	Sum rule
	

	


	Difference rule
	

	


	Linearity rule
	

	


	Product rule
	

	


	Quotient rule
	

	


	Power rule applied to a function
	

	








IV. HIGHER DERIVATIVES

Occasionally, it is useful to differentiate the derivative of a function.


In this context we shall refer to  as the 1st derivative of  f  and the derivative of  as the second derivative of  f.


We could denote the 2nd derivative by , but for simplicity we write .
Other higher derivatives are defined and denoted similarly.


Thus, the 3rd derivative of  f  is the derivative of  and is denoted by .




In general, for , the nth derivative of  f  is denoted by , for example,  or .
In Leibniz notation, higher derivative are denoted as follows:
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	Prime Notation
	Leibniz Notation

	1st derivative
	

	


	2nd derivative
	

	


	3rd derivative
	

	


	4th derivative
	

	


	

	
	

	nth derivative
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