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Problem 

The beam shown in the following figure is 12 m long with an E value of 208 GN/m2 and an I value 

of 82×10-6 m4. Determine slope and defection values in the middle of the beam. 

  

 

 

 

 

 

 

 

 

 

 

 

 

Implementing the conditions for static equilibrium to determine support reactions RA and RB: 

• Condition 1: the algebraic sum of forces is zero that is, 

 

sum of the 𝒖𝒑𝒘𝒂𝒓𝒅
component of forces

=
sum of the 𝒅𝒐𝒘𝒏𝒘𝒂𝒓𝒅 

component of forces
 

Thus, 

𝑅𝐴 + 10 + 𝑅𝐵 = 20 + 30 

 

• Condition 2: the sum of the anticlockwise moments about a point or axis equals the sum 

of the clockwise moments about the same point or axis. If we choose left tip point A, 
 

10 × 6 + 𝑅𝐵 × 12 = 20 × 3 + 30 × 10 

 

∴     𝑅𝐵 =
20 × 3 + 30 × 10 − 10 × 6

12
= 25 𝑘𝑁 

 

And substituting RB into condition 1 gives, 

𝑅𝐴 + 10 + 25 = 20 + 30 

 

∴    𝑅𝐴 = 20 + 30 − 10 − 25 = 15 𝑘𝑁 

 

 

 

 

Taking the origin at the left hand end of the beam and writing down the bending moment at a 

section located at the extreme right hand part of the beam in terms of all loads to the left of 

that section gives, 

 

𝑀𝑋𝑋 = 𝐸𝐼
𝑑2𝑦

𝑑𝑥2
= 15𝑥 − 20[𝑥 − 3] + 10[𝑥 − 6] − 30[𝑥 − 10] 

 

It must be emphasised that all loads in the right-hand side of the above bending moment 

equation are in units of kN (i.e. newton × 103). In subsequent workings, therefore, it is 
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convenient to carry through this factor as a denominator on the left-hand side of the equation 

in order that the expressions are dimensionally correct. 

 

Integrating gives, 

 
𝐸𝐼

103

𝑑𝑦

𝑑𝑥
=

15

2
𝑥2 −

20

2
[𝑥 − 3]2 +

10

2
[𝑥 − 6]2 −

30

2
[𝑥 − 10]2 + 𝐴 

 

 

Integrating a second time gives, 

 
𝐸𝐼

103
𝑦 =

15

6
𝑥3 −

20

6
[𝑥 − 3]3 +

10

6
[𝑥 − 6]3 −

30

6
[𝑥 − 10]3 + 𝐴𝑥 + 𝐵 

 

∴      
𝐸𝐼

103
𝑦 =

5

2
𝑥3 −

10

3
[𝑥 − 3]3 +

5

3
[𝑥 − 6]3 − 5[𝑥 − 10]3 + 𝐴𝑥 + 𝐵 

 

 

Determination of the constant of integration A and B: 

• At 𝑥 = 0, 𝑦 = 0. Therefore, 
𝐸𝐼

103
× 0 =

5

2
× 03 + 𝐴 × 0 + 𝐵        ∴     0 = 0 + 0 + 𝐵     ∴     𝐵 = 0 

 

• At 𝑥 = 12, 𝑦 = 0. Therefore, 
𝐸𝐼

103
× 0 =

5

2
× 123 −

10

3
[12 − 3]3 +

5

3
[12 − 6]3 − 5[12 − 10]3 + 𝐴 × 12 

 

∴    0 = 4320 − 2430 + 360 − 40 + 𝐴 × 12      ∴     𝐴 =
−2210

12
= −184.16̇ 

 

 

Therefore the slope equation is, 

𝑑𝑦

𝑑𝑥
=

103

𝐸𝐼
(

15

2
𝑥2 − 10[𝑥 − 3]2 + 5[𝑥 − 6]2 − 15[𝑥 − 10]2 − 184.16̇) 

 

And the deflection equation is, 

𝑦 =
103

𝐸𝐼
(

5

2
𝑥3 −

10

3
[𝑥 − 3]3 +

5

3
[𝑥 − 6]3 − 5[𝑥 − 10]3 − 184.16̇ 𝑥) 

 

 

Hence the slope and deflection at mid-span, that is 𝑥 = 6, are: 

𝑑𝑦

𝑑𝑥
=

103

208 × 109 × 82 × 10−6
(

15

2
× 62 − 10(6 − 3)2 − 184.16̇) = −0.00024 

 

and, 

𝑦 =
103

208 × 109 × 82 × 10−6
(

5

2
× 63 −

10

3
(6 − 3)3 − 184.16̇ × 6) = −38.4 𝑚𝑚 

 

 


