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Differential equations

A differential equation (DE) is an equation which contains a derivative, fore example:


The 'order' of a DE is the highest derivative in the equation. The first equation is called a first order DE, and the second is called a second order DE. Generally speaking, the higher the order of a DE, the more difficult it is to solve.
Solving a DE involves getting rid of the derivative and finding the connection between the variables within the equation.
For example, in each of the above equations we see the variables are  and , and so the solution of each will have the form of  being equal to some function of .  is called the dependent variable and  the independent variable. There are several methods of solving DE which can range from, for the most simple - the direct integration method, going up to Laplace transform techniques for more complex ones. There are many other methods too. We shall consider here the two most simple techniques, namely the direct integration technique, and the separation of variables method.
DE's occur in many areas such as chemistry, applied mathematics, economics, physics, and is often a consequence of a formula or law.
For example,  written in this way is just a formula, but if we express acceleration as a derivative i.e.  (rate of change of velocity) then  becomes a differential equation:

Where  denotes velocity and  denotes time. In fact, many DE's show how quantities vary with time , and so you often see equations like this:

where  may represent the change in a circuit.
The purpose of these notes is not to show how DE's are formed, but instead how we solve them, having been given them in the first place.
Lets consider 'direct integration' first.


Consider the equation , if we differentiate this we get:

We now have a first order DE. Lets say we are asked to solve this DE, it can be written as:

In order to go from our first step to our second step we had to differentiate, so the best way to go the other way around is by integrating:

Integrating both sides gives:

The constants  and  being introduced when we integrate. Rather than introducing these, we tend to combine them into one constant  instead. It doesnt matter which side of the equation  is on, but we usually put it on the RHS. So in this case, we'd end up with:


This is called the General Solution of the DE.
Don't forget, the actual solution of the DE    is  , which is what we started with at the beginning. If we are not given any other information, then we can go no further than the general solution.
However, if we are also given something like  and , then we are able to find the value of the constant  and hence solve the equation completely. We do this by substituting these values into the general solution:




We can then put this back into our general solution to give:


This is called the particular solution of the equation, or just the 'solution' of the DE. Values such as  are called 'boundary conditions'. If the DE relates to how a quantity varies with time, then these boundary conditions are often called 'initial conditions', and can be established from the initial state of the system.

A popular method of solving 1st order DE is the 'separation of variables' method. The following couple of examples illustrate the technique.

Example: Solve the differential equation

With separation of variables technique, our first step is 'get all the 's with  on one side, and all the 's with  on the other side of the equation'.

If you cannot separate these, then you cannot use this method.
Second step is to integrate both sides:

So we essentially have 2 integrals to work out:

Seeing as we are not given boundary conditions, this general solution is as far as we can go.

Example: Solve the differential equation:

Given that  when 
Separating the variables:


Now integrating both sides:


Next we apply the boundary conditions:


Therefore the solution is:

Always keep in mind when you solve a DE, the way your answer looks might look different to the solution given as the answer in the textbook. For example, our answer, although perfectly correct, could also be expressed as below, by multiplying through by 5:
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