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_ function TREE-SEARCH( problem, fringe) returns a solutton, or failure

LiénT Hzmmz,:??xm-20cmazEE..mi,_.m?asaac, fringe)
_ loop do
ILEMPTY?( fringe) then return failure
_ node «— REMOVE-FIRST( fringe)
if GOAL-TEST[ problem] applied to STATE[nede] succeeds
_ then return SOLUTION(node)
Jringe — INSBRT-ALL(EXPAND(nade, problem), fringe)

_ function EXPAND( node, problem) returns a set of nodes

_ successors < the empty set
for each {qgction, result) in SUCCESSOR-FN[ problem](STATE[Rode]) do
s +—anew NODE
STATE[ 3] - regul
PARENT-NODE[ 5] + node
ACTION[s) + action
PATH-COST[2] — PATH-COST[node] + STip-CosT(nade, action, £
DEPTH([ 5]+ DEPTH[node] + 1
add s to successors
return suceessors

Tigure 3.9  The general tree-search algorithm, (Note that the fringe argument must be an .
empty queue, and the type of the quene will affect the order of the search.) The SOLUTION -

?nnng_.nEQmEn mm@n:nno».womoﬁowgsmmg mo:oinmuﬁnﬁ_uomaoa,amnw_o:.ﬁ.
root. . ‘

Time and space complexity are always considered with Tespect to some measure of the prob-
lem difficulty. In thecretical computer science, the typical measure is the size of the stle

space graph, because the graph is viewed as an explicit data structure that is input to the -

search program, (The map of Romania is an example of this.) In Al, where the graph is
represented implicitly by the initial state and successor function and is frequently infinite,
complexity is expressed in terms of three quantities: b, the branching factor or maximum
nugrber of successors of any node; d, the depth of the shallowest goal node; and m, the
maximum length of any path in the state space.

Time is often measured in terms of the number of nodes generated> during the search,
and space in terms of the maximum number of nodes stored in memory.

To assess the effectiveness of a search algorithm, we can consider just the search cost—
which typically depends on the time complexity but can also include a term for memory
usage—ar we can use the total cost, which combines the search cost and the path cost of the
solution found. For the problem of finding a route from Arad to Bucharest, the search cost

§  Same texts measur: time in terms of the number of node expansions instead. The two measures differ by ot
most 4 factor of b, It seems to us that the execution time of & node expansion increases with the number of nodes
generated in that expansion. '

td Search m:nqnm“ﬁw -

is the amount of time taken by the search and the solution cost is the total length of the path
in kilometers. Thus, to compute the total cost, we have to add kilometers and milliseconds.
There is no “official exchange rate” between the two, but it might be reasanable in this case tg
convert kilometers inte milliseconds by using an estimate cf the car’s average speed (because
time is what the agent cares about). This enables the agent to find an optimal tradeoff point
at which further compuration to find a shorter path becomes counterproductive, The more
general problem of tradeoffs between different goods will be taken up in Chapter 16,

3.4 UNINFORMED SEARCH STRATEGIES
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This section covers five search strategies that come under the heading of uninformed search
(also called blind search). The term means that they have no additional information about
states beyond that provided in the problem definition. All they can do is generate successors
and distingnish a goal state from a nongoal state. Strategies that know whether one non-
goal state is “more promising” than another are called informed search or heuristic search
strategies; they will be covered in Chapter 4. All search Strategies are distinguished by the
order in which nodes are expanded,

Breadth-first search

Breadth-first search s a simple strategy in which the root node is expanided first, then all the
successors of the root node are expanded next, then their successors, and 0 on, In general,
all the nodes are expanded at a given depth in the search tree before any nodes at the next
level are expanded. .

Breadth-fiest search can be implemented by calling TREE-SEARCH with an empty
fringe that is a first-in-first-out (FIFO) queve, assuring that the nodes that are visited first
will be expanded first, In other words, calling TREE-SEARCH( ﬁﬂu&m?mmmo-ocmcmcv re-
sults in a breadth-first search. The FIFO queve puts all newly generated successors at the end
of the quene, which means that shallow: nodes are expanded before deeper nodes. Figure 3.10
shows the progress of the search on a simple binary tree,

We will evaluate breadth-first search using the four criteria from the previous section.
We can easily see that it is complete—if the shallowest goz1 node is at some finite depth d,
breadth-first search will eventually find it after expanding all shallower nodes (provided the
branching factor b is finite). The shallowest goal node is nat necessarily the optimal one;
technically, breadth-first search is optimal if the path cost is a nondecreasing function of the
depth of the node. (For example, when all actions have the same cost.)

So far, the news about hreadth-first search has been pood. To see why it is not alvays the
strategy of choice, we have to consider the amotnt of time and memory it takes to complete a
search. To do this, we consider a hypothetical state space where every state has b successors.,
The root of the search tree generates b nodes at the first level, cach of which generates b more
nodes, for a total of b2 at the second level, Each of these generates b more nodes, yielding »?
nodes at the third level, and s0 on. Now suppoese that the solution is at depth d. In the worst
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case, ve would cxpand all but the last node at level d (since the goal itself is not expanded),
generating b+ - p nodes at level d -+ 1. Then the total number of nodes generated is

b+ b 48 g bt (00 —B) = O .

Every node that is generated must remain in memory, because it is either part of the fringe
or is an ancestor of a fringe node. The space complexity is, therefore, the same as the time
complexity (plus one node for the root).

Those who do complexity analysis are worried (or excited, if they like a challenge) by
exponential complexity bounds such as O(b%+). Figure 3.11 shows why. It lists the time and
memory required for a breadth-first search with branching factor b = 10, for various values .
of the solution depth d. The table assumes that 10,000 nodes can be generated per second and
that a node requires 1000 bytes of storage. Many search problems fit roughly within these
assumptions (give or take a factor of 100) when run on a modem personal computer.

There are two lessons to be learned from Figure 3.11. Firat, the memory requirements -
are a bigger problem for breadth-first search than is the execution Hime, 31 hours would not
be too long to wait for the solution to an important problem of depth &, but few computers |
have the terabyte of main memory it would take, Fortnately, there are other search strategies
that require less memory.

The second lesson is that the time requirements are still a major factor. If your pioblem
has a solution a1 depth 12, then (given our assumptions) it will take 35 years for breadth-first
search (or indeed any uninformed search) to find it. In general, exponential-complexity search
problems caniot be solved by uninformed methods for any but the smallest instances.

,u‘\_..ﬁ m;\__v "
@\/@w@;&@ 4|

Figure 3.10  Breadih-first search on a simple binary tree. At each stage, the node to be
expanded nex! is indicated by a marker.

5

Depth Nodes Time Memory

2. 1100 .11 seconds 1 megabyte

4 111,100 11 seconds 106 megabytes

6 107 19 minutes 10 gigabytes

8 100 31 hours 1 terabytes

10 1011 129 days 101 terabytes

12 101 35 years 10 petahytes

14 1078 3,523 years 1 exabyte |

Figure3.11 Time and mesmory requirements for breadth-first search. The numbers shown
assume branching factor b == 10; 10,000 nodes/second; 1000 bytes/node,
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Uniform-cost search

Breadth-first search is optimal when all step costs are equal, because it always expands the
shallowest imexpanded node. By a simple extension, we can find an algorithm that is optimal
with any step cost finction. Instead of expanding the shallowest node, uniform-cost search
expands the node n with the lowest path cost. Note that if all step costs are equal, this is
identical to breadth-first search.

Uniform-cost search does not care about the number of steps a path has, but only abont
their total cost. ‘Therefore, it will get stuck in an infinite loop if it ever expands a node that
has a zero-cost action leading back to the same state (for example, a NoOp action). We can
mzmnmnﬁo. completeness provided the cost of every step is greater than or equal to some small
positive constant €. This condition is also sufficient to ensure oprimaliry. It means that the
cost of a path always increases as we go along the path. From this property, it is easy to see
that the algorithm expands nodes in order of increasing path cost. Therefore, the first goal
node selected for expansion is the optimal solution. (Remember that TREE-SEARCH applies
the goal test only to the a nodes that are selected for expansion.) We recommend trying the
algorithm out to find the shortest path to Bucharest.

Uniform-cost search is guided by path costs rather than depths, so its complexity cannot
easily be characterized in terms of b and 4. Instead, let C* be the cost of the optimal solution,
and assume that every action costs at least . Then the algorithm’s worst-case time and space
complexity is O(b[C"/€1), which can be much greater than b%. This is because uniform-cost
search can, and often does, explore large trees of small steps before exploring paths involving
large and perhaps useful steps. When all step costs are equal, of course, b/¢/¢] i just b<,

Depth-first search

Depth-first search always expands the deepest node in the current fringe of the search tree.
The progress of the search is illustrated in Figure 3.12. The search proceeds immediately
to the deepest level of the search tree, where the nodes have no successors. As those nodes
are expanded, they are dropped from the fringe, so then the search “backs up” to the next
shallowest node that still has unexplored successors,

This strategy can be implemented by TREE-SEARCH with a last-in-first-out (LLIFO)
queue, also known as a stack. A4s an alternative ta the TREE-SEARCH implementation, it is
common to implement depth-first search with a recursive function that calls itself on each of
its children in turn. (A recursive depth-first algorithm incorporating a depth limit is shown in
Figure 3.13.)

Depth-firsi search has very modest memory requirements, It needs to store only a single
path from the root to a leaf node, along with the remaining unexpanded sibling nodes for each
node on the path. Once a node has been expanded, it can be removed from memory as soon
as all its descendants have been fully explored. (See Figure 3.12.) For a state space with
branclving factor b and maximum depth m, depth-first search requires storage of anly bm + 1
nodes. Using the same assumptions as Figure 3.11, and assuming that nodes at the same
depth as the goal node have no successors, we find that depth-first search would require 118
kilobytes instcad of 10 petabytes at depth d = 12, a factor of 10 billion times less space.
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Figure 3.12  Depth-first search on a binary tree. Nodes that have been expanded and have
no descendants in the fringe can be removed from memory; these are shown in biack. Nodes
at depth 3 are assumed to have no successors and M is the only goal node,

A variant of depth-first search called backiracking search uses still Iess memory. In
backtracking, only one successor is generated at a time rather than all successors; each par-
tially expanded node remembers which successor to generate next. In this way, pnly O(m)
memory is needed rather than O(bm). Backtracking search facilitates yet another memory-
saving (and time-saving) trick: the idea of generating a successor by modifying the current
state description directly rather than copying it first. This reduces the Mmemory requirements
1o just one state description and O{m) zctions. For this to work, we must be able to undo
each modification when we go back to generate the next successor. For problems with large
state descriptions, such as robotic assembly, these techniques are critical to success.

The drawback of depth-first search is that it can make a wrong choice and get stuck
going down a very long (or even infinite) path when a different choice would lead to a solution
near the roct of the search tree. For example, in Figure 3.12, depth-first search will explore
the entire left subtree even if node C is a goal node. If node J were also a goal node, then
depth-first search would return it as a solution; hence, depth-first search is not optimal, If

Section 3.4,
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DEFTHUIMITED
SEARCH

function DEPTH-LIMITED-SEARCH( problem, limit) returns a solution, or failure/cutoff
refurn Wmocw.m?m.bhmmg.»mm-2OUmQZE.;r-m._.b._.m?SEmEc.E.a._umms. Bimat)

function RECURSIVE-DLS(node, problem, limit) returns a sofution, or failure/cutoff
cutaff_occurred? « false
if GOAL-TEST[ problem](STATE[node]) then return SOLUTION(rode)
else if DEPTH[node] = limit then return cutoff
else for each successor in EXPAND(rode, problem) do
result «— RECURSIVE-DLS{successor, problom, limit)
if rezulf = cutoff then cutoff-oceurred? — tnie
else if result # failure then return result
if cutoff occurred? then return cutoff else return Jailure

Figure 3.13 A recursive implementation of depth-limited search.

the left subtree were of unbounded depth but contained no solutions, depth-first search would
never terminate; henee, it is not complete. In the worst case, depth-first search will generate
all of the C(b™) nodes in the search tree, where m is the maximum depth of any node. Note
that m can be much larger than & (the depth of the shallowest solution), and is infinite if the
tree is unbounded.,

Depth-limited search

“The problem of unbounded trees can be alleviated by supplying depth-first search with a pre-

determined depth limit £, That is, nodes at depth £ are treated as if they have no successors.
This approach is called depth-limited search. The depth limit solves the infinite-path prob-
lem. Unfortunately, it also introduces an additional source of incompleteness if we choose
¢ < d, that is, the shallowest goal is beyond the depth limit. (This js not unlikely when o
is unknown.) Depth-Timited search will also be nonoptimal if we choose £ = d. Tis time
complexity is O(b*) and its space complexity is O(b£). Depth-first search can be viewed as a
special case of depth-limited search with £ == co.

Sometimes, depth limits can be based on knowledge of the problem. For example, on
the map of Romania there are 20 cities. Therefore, we know that if there is a solution, it must
be of length 19 at the longest, so £ = 19is a possible choice. But in fact #f we studied the
map carefully, we would discover that any city can be reached from any other city in at most
9 steps. This number, known as the diameter of the state space, gives us a better depth [imit,
which leads to a more efficient depth-fimited search. For most problems, hovever, we will
nat know a good depth limit until we have solved the problem.

Depth-limited search can be implemented &5 a simple modificztion to the general tree-
search algorithm or to the recursive depth-first search algorithm. We show the psendocode for
recursive depth-limited search in Figure 3.13. Notice that depth-limited search can terminate
with two kinds of failure: the standard failurc value indicates no solution; the cutoff value
indicates no solution within the depth limit.
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Iterative deepening depth-first search
CEBVResearcy  Iterative deepening search (or iterative deepening depth-first search) is a general strategy,

often used in combination with depth-first search, that finds the best depth limit. It does this
by gradually increasing the limit—first 0, then 1, then 2, and so on-—unél a goal is found.
This will occur when the depth limit reaches d, the depth of the shallowest goal node, The
algorithm is shown in Figure 3.14. Tterative deepening combines the benefits of depth-first
and breadth-first search. Like depth-first search, its memory requirements are very modest:
O(bd) to be precise. Like breadth-first search, it is complete when the branching factor is
finite and optimal when the path cost is 2 nondecreasing function of the depth of the node.
Figure 3.15 shows four iterations of FTERATIVE-DEEPENING-SEARCH on & binary search
tree, where the solution is found on the fourth iteration.

Iterative deepening search may seem wasteful, because stafes are generated multiple
times. It turns out this is nat very costly. The reason is that in a search tree with the same
(or nearly tlre same) branching factor at each level, most of the nodes are in the bottom level,
s0 it does not matter much that the upper levels are generated multiple times. In an iterative
deepening search, the nodes on the bottom level (depth d) are generated once, those on the
next to bottom level are generated twice, and so on, up to the children of the root, which are
generated d times, So the total number of nodes generated is

N(IDS) = (d}b + (d — )62 + ...+ (1}%,
which gives a time complexity of O@&. We can compare this to the nodes generated bya
breadth-first search:

N{BFS8) = b+b*4-... + b4 (b8 _p).
Notice that breadth-first search generates some nodes at depth d+ 1, whereas itecative deepen-

ing does not. The resalt is that iterative deepening is actually Jfaster than breadth-first search,
despite the repeated generation of states, For example, if b = 10 and d = 5, the nnmbers are

N(IDS) 50 + 400 + 3, 000 + 20, 000 + 100, 000 = 123, 450
N{BFS5) = 10+ 100 + 1,000 + 10,000 + 100, 000 + 999,990 = 1,111,100,

In general, iterative deepening is the preferred uninformed search method when there is a
large search space and the depth of the solution is not known. .

function ITERATIVE-DEEPENING-SEARCH{ problem) returns 2 solution, or failure
inputs: problem, a problem

for msuu.m +— Otocodo
result — DEPTH-LIMITED-SEARCH{ problem, depth)
if result # cutoff then return regult

Figure 3.14 | The iterative deepening search algorithm, which repeatedly applies depth-
limited search with increasing limits. It terminates v hen a solution is found or if the depth-
limited search returns failure, meaning that no solution exists. |

Section 3.4.
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LENGTHENING

Limit=0

Figure 3.15  Four iterations of iterative deepening search on a binary tree.

Tterative deepening search is analogous to breadth-first search in that it explores o com-
plete layer of new nodes at each iteration before going on to the next layer. It would seem
worthwhile to develop an iterative analog to uniform-cost search, inheriting the latter algo-
rithm’s optimality guarantees while avoiding its memory requirements. The idea is to use
increasing path-cost limits instead of increasing depth limits. The resulting algorithm, called
iterative lengthening search, is explored in Exercise 3.11. Tt terns out, unfortunately, that
iterative lengthening incurs substantial overhead compared to uniform-cost search.

Bidirectional search

The idea behind bidirectional search is to run two simuitzneous searches—one forward from
the initial state and the other backvard from the goal, stopping when the two searches meet
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PREDECESSORS

Figure 3.16 A schematic view of a bidirectional search that is abont to succeed, when .m
branch from the start node meets a branch from the goal node,

in the middle (Figure 3.16). The motivation fs that 5%/ 4. b9/2 i muck less than b2, or in the
figure, the area of the two small circles is less than the area of one bi g circle centered on the
start-and reaching to the goal.

Bidirectional search is implemented by having one or both of the searches check each
node before it is expanded to see if it is in the Iringe of the other search tree; if so, a solution
has been found. For example, if a problem has solution depth d =8, and each direction runs
breadth-first search one node at a time, then in the worst case the two searches meet when
each has expanded all but one of the nodes at depth 3. For b= 10, this means a tota] of 22,200
node generations, compared with 11,113,100 for a standard hreadth-first search. Checking a
node for membership in the other search tree can be done in constant time with a hash tabls,
so the time complexity of bidireetional search is O'(9/2). At least one of the search trees must
be kept in memory so that the membership check can be deme, hence the space complexity
is also O(6%2). This space requirement is the’ most significant weakness of bidirectional
search. The algorithm is complete and optimal (for uniform step costs) if both searches are
breadth-first; other combinations may sacrifice completeness, optimality, or both.

The reduction in time complexity makes bidirectional search attractive, but how do
we search backwards? This is not as easy as it sounds. Let the predecessors of a node n,
Pred(n}, be all those nodes that have n'as a snccessor. Bidirectional search requires that
Pred(n) be efficiently computahle. The easiest case is when all the actions in the state space
are reversible, so that Pred(n)= Snee(n). Other cases may require substantial ingenuity.

Consider the question of what we mean by “the goal” in searching *“backward from the
goal” For the 8-puzzle and for finding a route in Romania, there is just one goal state, so the
backward search is very much like the forward search, If there are several explicitly listed goal
statcs---for example, the two dirt-free goal states in Figure 3.3—then we can construct a new
dummy goal state whose immediate predecessors are all the actual goal states. Alternatively,
some redundant node generations can be avoided by viewing the set of goal states as a single

” state, each of whose predecessors Is also a set of states-—specifically, the set of states having
.2 corresponding successor in the set of goal states. (See also Section 3.6.)

The: most difficult czse for bidirectional search is when the goal test gives only an im-
plicit description of some possibly large set of goal states—for example, all the states satisfy-

i
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scheckmate” goal test in chess. A backward search would need to construct compact
C

" + and those descrip-
“ d to checkmate by move ;" and so on; .
e e o e forward search, There is no

ing the
descriptions of
tions would have to be tested against the states generated by th

general way to do this efficiently.

Comparing uninformed search strategies )

i jteri h in
Fi 3,17 compares search strategies in terms of the four evaluation criteria set fort
igure 3. ,
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states hag 4% leaves; but there are only about 247 distinct states within 4 steps of any giver, -
state, For d = 20, this means about 2 triltion nodes hut only about 800 distinct states.
Repeated states, then, can cause a solvable problém to become unsolvable if the il
gorithm does not detect them. Detection usually means comparing the node about fo be .
expanded to those that have been expanded aiready; if a mateh is found, then the algorithm
has discovered two paths to the same state and can discard one of them. .
For depth-first search, the only nodes in memoary are those on the path from the raot to
the current node. Comparing those nodes to the current node allows the algorithm ta detect '
looping paths that can be discarded immediately. This is fine for ensuring that finite stats -
spaces do not become infinite search trees becanse of loops; unfortunately, it does not avard
the exponential proliferation of nonlooping paths in problems such as those in Fignre 3.18 d
The only way to avoid these is to keep more nodes in memory. There is a fundamental tradeft
between space and time. Algorithms that forget their history are doomed to repeat it. -

If an algorithm remembers every state that it has visited, then it can be viewed as BR-
ploring the state-space graph directly. We can modify the general TREE-SEARCH algorithm . -
to include & data structure called the closed Tist, which stores every expanded node. (The
fringe of unexpanded nodes is sometimes called the open list.) If the current node matches a
node on the closed list, it is discarded instead of being expanded, The new algorithm is called
GRAPH-SEARCH (Figure 3.19). On problems with many repeated states, GRAPH-SEARCH
is much more efficient than TREE-SEARCH. Its worst-case time and space _.Bnmﬁinan ae
proportional to the size of the state space. This may be much smaller than O(b%).

Optimality for graph search is a tricky issue. We said earlier that when 2 repeated
state is detected, the algorithm has found two paths to the same state. The GRAPH-SEARCH
algorithm in Fignre 3.19 always discards the newly discovered path; obviously, if the nm&@
discovered path is shorter than the original one, GRAPH-SEARCH could imiss an optimal
solution, Fortunately, we can show (Exercise 3.12) that this cannot happen when using either

c n.w\ c n_.q\V.
U NA AR

(b) (e}

Figure 3.18  State spaces that gencrate an exponentially larger search tree, (a) A state
space in which there are two possible actions leading from A to B, two from B to C, and so on,
The stite space contains d + 1 states, where d is the maximum depth. (b) The corresponding
search tree, which has 2¢ branches corresponding o the 29 paths through the space. {(c) A-
F rectangular grid space. States within 2 steps of the initial state (A) are shown in ETaY. |I1_
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fanction GRAPH-SEARCH{ probiem, fringe) returns a solution, or failure

closed «— an empty set
Jringe < INSERT{MAXE-NODE(INITIAL-S TATE{ prohlem]), fringe)
leop do
if EMPTY?( fringe) then return failure
nede — REMOVE-FIRST( fringe)
if GOAL-TEST[ problerz]{STATE[nede]) then return SoLUTION(node)
if STATE[node] is not in closed then
add STATE[node] to closed
fringe — INSERT-ALL{EXPAND(node, problem), Jringe)

Figure3.19  The general graph-search algorithm. The set closed can be implemented with
a hash table to allow efficient checking for repeated states. This algorithm assumes that the
first path to a state 3 is the cheapest (see text),

uniform-cost search or breadth-first search with constant step costs; hence, these two optimal
tree-search strategies are also optimal graph-search strategies. Iterative decpening search,
on the other hand, uses depth-first expansion and can easily follow a suboptimal path to a
node before finding the optimal one, Hence, iterative deepening graph search needs to check
whether a newly discovered path to a node is better than the original one, and if 50, it might
need to revise the depths and path costs of that nede's descendants.

Note that the use of a closed list means that depth-first search and iterative deepening
search no longer have Jinear space requirements. Because the GRAPH-SEARCH algorithm
keeps every node in memory, some searches are infeasible because of meniory limitations.

3.6 SEARCHING WITH PARTIAL INFORMATION

In Section 3.3 we assumed that the environment is fully observable and deterministic and that
the agent knows what the effects of each action are. Therefore, the agent can calculate exactly
which state results from any sequence of actions and always knows which state it is in. Tts
percepts provide no new information after each action, What happens when knovledge of the
states or actions is incomplete? We find that different types of incompleteness lead to three
distinct problem types:

1. Semsorless problems (also called conformant problems): If the agent has no sensorg
at all, then (as far as it knows) it could be in one of several possible initial states, and
each action might therefore lead to one of severzl possible successor states.

2. Contingency problems: If the environment is partially observable or if actions are
uncertain, then the agent’s percepts provide new information after each action. Each
possible percept defines a contingency that must be planned for. A prablem is called
adversarial if the uncertainty is caused by the actions of another agent.
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Figure 3.20  'The eight possible states of the vacium world, - . _

3. Exploration problems: When the states and actions of the environment are unknowa,
the agen: must act to discover them; Exploration problems can be viewed as an extieme
case of contingency problems.

Jm en example, we will use the vacuum world environment. ‘Recall that the state space hizs
eight states, as shown in Figure 3.20; There are three actions—Left, Right, and Suck—and the

goal is to clean up all the dirt (states 7 and 8). If the environment is observable; deterministic -
and completely known, then the problem is trivially solvable by any of the algorithms we'

_._Je.o described. For example, if the initia} state i 5, then the action sequence [Right,Suck]
will reach m goal state, 8. The remainder of this section deals with the sensorless and contin-
gency versions of the problem. Exploration problems are covered in Section 4.5, adversarial
problems in Chapter 6. ‘

Sensor]ess problems

Suppose that the vacuum agent knows all the effects of its actions, but has no sensors. Then

it knows only that its initial state is one of the set {1,2,8,4,5,6,7,8}. One might suppose

that :.ﬁ agent’s predicament is hopeless, but in fact it can do quite well. Because it knows
what its actions do, it can, for example, calculate that the action Right will cause it to be in
one of the states {2, 4, 6,8}, and the action sequence [Right,Suck] will always end up in one
mw the states {4,8}. Finally, the sequence [Right,Suck,Left, Suck] is guaranteed to reach the
godl state ‘7 no matter what the start state. 'We say that the agent can coerce the world into
state 7, even when it doesn’t know where it started. To summarize: when the world is not
m_..:; observable, the agent must reason about sets of states that it might get to, rather than
single states. We call each such set of states a belief state, representing the agent's current
belief about the possible physical states it might be in. (In a fully observable environment,
cach belief state contains one physical state.)
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Figare 3.21  The reachzble portion of the belief state space for the deterministic, sensor-
less vacuum world. Each shaded box corresonds to a single belief state. At any given paint,
the agent is in a particular belief state but dees not know which physical state it iz in. The
initial belief state (complete ignorance) is the top center box. Actions are represented by
labeled ares, Self-loops are omitted for clarity.

To solve sensorless problems, we search in the space of belief states rather than physical
states, The initial state is a belief state, and each action maps from a belief state to another
belief state. An action is applied to a belief state by unioning the results of applying the
action to each physical state in the belief state. A path now connects several belief states,
and a solution is now a path that leads to a belief state, all of whose members are goal states.
Figure 3,21 shows the reachable belief-state space for the deterministie, sensorless vacuum
world. There are only 12 reachable belief states, but the entire belief state space contains
every possible-set of physical states, i.e., 2% =256 belief states. In general, if the physical
state space has S states, the belief state space has 29 elief states.

Qur discussion of sensorless problems so far has assumed deterministic actions, but the
analysis is essentially unchanged if the environment is nondeterministic—that is, if actions
may have several possible ontcomes. The reason is that, in the absence of sensors, the agent
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has no way to tell which outcome actally cccurred, so the varions possible outcomes are
just additional physical states in the successor belief state. For example, suppose the enviran-
ment obeys Murphy's Law; the so-called Suck action sometimes deposits dirt on the carpet
but only if there-is no dirt there already.% Then, if Suck is applied in physical state 4 (see
Figure 3.20), there are two possible outcomes: states 2 and 4. Applied to the initiail belief
state, {1,2,3,4,5,6,7,8}, Suck now leads to the belief state that is the union of the ont-

corte sets for the eight physical siates. Calculating this, we find that the new belief state is
{1,2,3,4,5,6,7,8}. So, for a sensorless agent in the Murphy's Law world, the Suck action |

leaves the belief state unchanged! In fact, the problem is unsolvable. (See Exercise 3.18.) In-
tuitively, the reason is that the agent cannot tell whether the current squeare is dirty and hence
cannot tell whether the Suck action will clean it up or create more dirt.

Contingency problems

‘When the environment is such that the agent can obtain new information from its sensors
after acting, the agent faces a contingency problems. The solution to a contingency problem
often takes the form of a tree, where each branch may be selected depending on the percepts
received up to that point in the tree. For example, suppose that the agent is in the Murphy's

Law world and that it has a position sensor and a Tocal dirt sensor, but no sensor capable of *

detecting dirt in other squares. Thus, the percept [L, Dirty] means that the agent is in one of
the states {1, 3}. The agent might formulate the action sequence [Suck, Right, Suck]. Sucking
would change the state to one of {5, 7}, and moving right would then change the state to one
of {6,8}. Executing the final Suck action in state 6 takes us to state 8, a goal, but executing it
in state 8 might take us back to state 6 (hy Murphy’s Law), in which case the plan fails,

By examining the belief-state space for this version of the problem, it can easily be
determined that no fixed action sequence guarantees a solution to this problem. There is,
however, a solntion if we don’t insist on a fixed action sequence:

[Suck, Right,if {R,Dirty] then Suck] .
This extends the space of solutions to include the possibility of selecting actions based on
contingencies arising during execution. Many problems in the real, physical world are con-
tingency problems, because exact prediction is impossible. For this reason, many people keep
their eyes open while walking around or driving.

Contingency problems sometimes allow purely sequential solutions. For example, con--

sider a fully observable Murphy's Law world. Contingencies arise if the agent performs a
Suck action in a clean square, because dirt might or might not be deposited in the square.
As long as the agent never does this, no contingencies arise and there is a sequential solution
from every initial state (Exercise 3.18).

The algorithms for eontingency problems are more complex than the standard search

alporithms in this chapter; they are covered in Chapter 12. Ocumnmm\:&. problems also lend

themselves to a somewhat different agent design, in which the agent can act before it has
found a gearanteed plan. This is useful becavse rather than considering in advance every

¢ We assume that most readers face similar problems and can sympathize with our agent, We apologize to
owners of modern, effictent home appliances who cannot take zdvantage of this pedagogical device.
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possible contingency that might arise during execution, it i often befter to start acting and
see which contingencies do arise. The agent can then continue to solve the problem, taking
into account the additional information. This type of interleaving of search and executicn is
also useful for exploration problems (see Section 4.5) and for game playing (see Chapter 6).

3.7 SUMMARY

This chapter has introduced metheds that an agent can use to select actions in environments
that are deterministic, observable, static, and completely known. Tn such cases, the agent can
construct sequences of actions that achieve its goals; this process is called search.

» Before an agent can start searching for solutions, it must formulate a goatl and then use
the goal to formulate a problem,
e A problem consists of four parts: the initial state, a set of actions, a goal test function,
and a path cost function. The environment of the problem is represented by a state
space. A path through the state space from the initial state to a goal state is a solution.
A single, general TREE-SEARCH algorithm can be used to solve any problem; specific
variants of the algorithm embody different stratepies.
Search algorithms are judged on the basis of completeness, optimality, time contplex-
ity, and space complexity. Complexity depends on b, the branching factor in the state
space, and d, the depth of the shallowest solution.
Breadth-first search selects the shallowest unexpanded node in the search tree for
expansion, It is complete, optimal for unit step costs, and has time and space complexity
of O(b%). The space complexity makes it impractical in most cases. Uniform-cost
search is similar to breadth-first search but expands the node with lowest path cost,
g{n). It is complete and optimal if the cost of each step exceeds some positive bound e.
Depth-first search selects the deepest unexpanded node in the search tree for expan-
sion. It is neither complete nor optimal, and has time complexity of O(b™) and space
complexity of O(bm), where m is the maximum depth of any path in the state space.
Depth-limited search imposes a fixed depth kit on a depth-first search,
Iterative deepening search calls depth-limited search with increasing limits until a
goal is found, It is complete, optimal for unit step costs, and has time complexity of
O(b%) and space eomplexity of O(bd).
Bidirectional search can enormously reduce time complexity, but it is not always ap-
plicable and may require too much space.
When the state space is a graph rather than a tree, it can pay off to cheek for repeated
states in the search tree. The GRAPH-SEARCH algorithm eliminates all duplicate states.
¢ When the environment is partially observable, the agent can apply search algorithms in
the space of belief states, or sets of possible siates that the agent might be in. In some
cases, a single solution sequence can be constructed; in other cases, the agent needs a
contingency plan to handle unknown circumstances that may arise.
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BIBLIOGRAPHICAL AND HISTORICAL NOTES

Most of the state-space search problems analyzed in this chapter have a long history in |
literature and are Jegs trivial than they might seem., The missionaries and cannibals prc
lem used in Exercise 3.9 was analyzed in detajl by Amarel ¢ 1968). It had been consider
earlier in AT by Simon and Newell (1961}, and in operations research by Bellman and Dre
fus (1962). Studies such as these and Newell and Simon’s work on the Logic Theorist {195
and GPS (1961) led to the establishment of search algorithms as the Pprimary weapons in £
armory of 1960s Al researchers and to the establishment of problem solving as the canonic
Al task. Unfortunately, very little work was done on the antomation of the problem forny
lation step. A more recent treatment of problem representation and abstraction, inclndir
Al programs that themselves perform these tasks {in part}, is in Knoblock (19909,

_ The 8-puzzle is a smaller cousin of the 15-puzzle, which was invented by the famo
American game designer Sam Loyd (1 959) in the 1870s. The 15-puzzle quickly achieve
immense popularity in the United States, comparable to the more recent kensdtion caused b
Rubik’s Cube. It also quickly attracted the attention of mathematicians (Johnson and Stor

induce them to insert articles upon such a subject in the American Journal of Mathematics, b
for the fact that , . (there follows a sunmeary of the mathematical interest of the 15-puzzle)
An exhaustive analysis of the 8-puzzle was carried out with computer aid by Schofield (1967)
Ratner and Warinuth (1986) showed that the general # x n version of the 15-puzzle belong:
te the class of NP-complete problems.

The B-queens problem was first published anonymously in the German chess maga-
zine Schach in 1848; it was later attributed to one Max Bezzel. Tt was republished in 1850
and at that time drew the attention of the eminent mathematician Carl Friedrich Ganss, who
attempled to enumerate all possible solutions, but found only 72, Nauck published alt 92
solutions later in 1850, Netto (1901) generalized the problem to n queens, and Abramson
and Yung (1989) found an O(n) algorithm.

Each of the real-world search problems listed in the chapter has been the subject of

ticket pricing and restrictions have become so convoluted that the problem of selecting an
optimal flight ig formally undecidabie, The traveling-salesperson problem is a standard com-
binatorial problem in theoretical computer science (Lawler, 1985; Lawler 7 al., 1992). Karp
(1972) proved the TSP to be NP-hard, but effective heuristic approximation methods were de-
veloped (Lin and Kernighan, 1973), Arora (1998) devised a full ¥ polynomial approximation
scheme for Enclidean TSPs. VLSY layort methods are surveyed by Shahookar and Mazumder
(1991}, and many Tayont optimization papers appear in VLSI journals. Robotic navigation
and assembly problems are discussed in Chapter 25,
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Uninformed search algorithms for problem solving are a central topic of classical com-
puter science (Horowitz and Sahni, 1978) and operations research (Dreyfus, 1969); Dea and
Pang (1984) and Gallo and Pallottino (1988) give more recent survevs, Breadth-first search
was formulated for solving mazes by Moore (1959). The method of dynamic program-
ming (Bellman and Dreyfus, 1662), which systematically records solutions for all subprob-
lems of increasing lengths, can be seen as & form of breadth-first search on graphs. The
two-point shortest-path algorithm of Dijkstra (1959) is the origin of uniform-cost search.

A version of iterativz deepening designed to make eificient use of the chess clock was
first used by Slate and Atkin (1977) in the CHESS 4.5 game-playing program, but the appli-
cation to shortest path graph search is due to Korf (1985a). Bidirectiona) search, vwhich was
introduced by Poht (1968, 1971), can also be very effective in some cases.

Partiaily observahle and nondeterministic environments have not been studied in great
depth within the problem-solving approach. Some efficiency issves in belief-state search
have been investigated by Genesereth and Nourbakhsh (1993). Koeni g and Simmons (1998)
studied robot navigation from an unknown initial position, and Erdmann and Mason (1988)
studied the problem of robatic manipulation without sensors, using a continuous form of
belief-state search. Contingency search has been studied within the planning subfield. (See
Chapter 12.) For the most part, planning end acting with uncertain information have been
handled using the tools of probability and decision theary (see Chapter 17),

The textbooks by Nilsson (1971, 1980) are good general sources of information about

‘classical search algorithms. A comprehensive and more up-to-date survey can be found

in Korf (1988). Papers about new search algorithms—which, remarkably, continue to be
discovered-—appear in journals such as Artificial Intelligence.

EXERCISES

3.1. Define in your own words the following terms: state, state space, search tree, search
node, goal, action, successor function, and branching factor.

3.2 Explain why problem formulation must follow goal formulation.

3.3 Suppose that LEGAL-ACTIONS(s) denotes the set of actions that are legal in state s,
and RESULT(a, 5) denotes the state that results from performing a legal action g in state s.
Define SUCCESSOR-EN in terms of LEGAL-ACTIONS and RESULT, and vice versa,

34 Show that the 8-puzzle states are di-ided into two disjoint sets, such that no state in
one set can be transformed into a state in the other set by any number of moves, (Hint: See
Berlekamp et al. {1982).) Devise a procedure that will tell you which class a givan state is in,
and explain why this is a good thing to have for generating random states.

3.5 Consider the n-queens problem vsing the “efficient” incremental formulation given on
page 67. Explain why the stare space size is at least 7! and estimate the largest n for which
exhaustive exploration is feasible. (Hint: Derive a lower bound on the branching factor by
considering the maximum number of squares that a queen can attack in any column.)
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INFORMED SEARCH AND

EXPLORATION

In which we see how information about the state space can prevent aigorithms
Jrom blundering about in the dark.

Chapter 3 showed that uninformed search strategies can find solutions to problems by system-
atically generating new states and testing them against the goal. Unfortunately, these strate-

‘gies are incredibly inefficient in most cases.. This chapter shows how an informed search

strategy~one that uses problem-specific knowledge—can find solutions more efficiently,
Section 4.1 describes informed versions of the algorithms in Chapter 3, and Section 4.2 ex-.
plains how the necessary problem-specific information can be obtained. Sections 4.3 and 4.4
cover algorithms that perform purely local search in the state space, evaluating and _u,anmwrh
ing one or more current states rather than systematically exploring paths from an initial state
These algorithms are svitable for problems in which the path cost is irrelevant and all that
matters is the solution state itself. The family of local-search algorithms includes methods
inspired by statistical physics {simulated annealing) and evolutionary biclogy (genefic al-
gorithms). Finally, Section 4.5 investigates online search, in which the agent is faced witha
state space that is completely unknown.

4.1 INFORMED (HEURISTIC) SEARCH STRATEGIES

INFORMED LZARCH

BESTFIRST SEARCH

EYULUATION
FUNCTICN

This section shows how an informed search strategy—one that uses problem-specific knowl-
edge beyond the definition of the problem itself—can find solutions more efficiently than an
uninformed strategy.

The general approach we wiill consider is called best-first search. Best-first search is
an instance of the general TREE-SEARCH or GRAPH-SEARCH algorithm in which a uomn. is
selected for expansion based on an evaluation function, f(n). Traditionally, the node with
the lowest evaluation is selected for expansion, because the evaluation measures distance 0
the goal. Best-first search can be implemented within our general search framework via 2
priority quene, a data structure that will maintain the fringe in ascending order of f-values.

The name “best-first search” is a venegable but inaceurate one, After all, if we could
really expand the best node first, it would not be a search at all; it would be a straight march 0
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the goal, All we can do is choose the node that appzars to be best according 1o the evaluation
function, I the evaluation function is exactly accurate, then this will indeed be the best
node; in reality, the evaluation function will sometimes be off, and can lead the search astray.
Nevertheless, we will stick with the name “best-first search,” because “seemingly-best-first
search” is a little awkward.

There is a whole family of BEST-FIRST-SEARCH algorithms with different evaluation
functions.! A key component of these algorithms is a henristic function,? denoted A(n):

h({n) = estimated cost of the cheapest path from node » to a goal node,

For example, in Romania, one might estimate the cost of the cheapest path from Arad to

- Bucharest via the straight-line distance from Arad io Bucharest.

Heuristic functions are the most common form in which additional knowledge of the
problem is imparted to the search algorithm. We will stedy heuristics in more depth in Sec-
tion 4.2, For now, we will consider them to be atbitrary problem-specific functions, with one
constraint: if 7 is a geal node, then h(n) = 0. The remainder of this section covers two ways
to use heuristic information to guide search.

Greedy best-first search

Greedy best-first search?® tries to expand the node that is closest ta the goal, on the grounds
that this is likely to lead to a solution quickly. Thus, it evaluates nodes by using just the
heuristic function: f(n) = h(n).

Let us see how this works for route-finding problems in Romania, using the straight-
line distanee heuristic, which we will call kgrp. If the goal is Bucharest, we will need to
know the straight-line distances to Bucharest, which are shown in Figure 4.1. For example,
hsrp(In(Arad)) = 366. Notice that the values of hgzp cannot be computed from the prob-
lem description itself. Moreover, it takes a certain amount of experience to know Eﬁ hsip
is correlated with actual road distances and is, therefore, a usefinl heuristic.

Arad 366 Mehadia 241
Bucharest Q Neamt 234
Craiova 160 Oradea 380
Dobreta 242 Pitesti 100
Eforie 161 Rimnicu Vilcea 193
Fagaras 176 Sibiu 253
Giurgin 77 Timisoara 329
Hirsova 151 Urziceni 80
Tasi 226 Vashui 199
Lugoj 244 Zerind 374
Figured.1  Values of hgyp——straight-line distances to Bucharest,

t Exercise 4.3 asks you ta show th=t this family includes several familiar uninformed algorithms.

2 A heuristic fuiction h{n) takes a node as input, but is depends only on the srare at that node.

3 Qur first edition called this greedy search; other authars have called it best-first search, Ouz mare eeneral
usage of the latter term followvs Peat] (1984).
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(a) The initial state

P N

(b} After expanding Arad

‘imisoara

329 174

66 ‘0 19

253 0
" Figure 4.2 Stages in a greedy best-first scarch for Bucharest using the straight-line dis-

tance heuristic hgrp. Nodes are Jabeled with their h-values,

Figure 4.2 shows the progress of a greedy best-first search using hgzp to find a path
from Arad to Bucharest. The first node to be expanded from Arad will be Sibiu, becavse it
is closer to Bucharest than efther Zerind or Timisoara. The next node to he expanded will
be Fagaras, because it is closest. Fagaras in turn generates Bucharest, which is the goal.
For this particular problem, greedy best-first search using hgrp finds a solution without 9_@.
expanding a node that is not on the solution path; hence, its search cost is minimal. It is
not optimal, however: the path via Sibiu and Fagaras to Bucharest is 32 kilometers [onger
than the path through Rimnicu Vilcea and Pitesti. This shows why the algasithm is called
“greedy”—at each step it tries to get as close to the goal as it can.

Minimizing A(n) is susceptible to false starts. Consider the problem of getting from
Tasi to Fagaras. The heuristic suggests that Neamt be expanded first, because it is closest

J..j
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to Fagaras, but it is a dead end, The solution is to go first to Vaslui—a step that is actually
farther from the goal according te the heuristic—and then to continue to Urziceni, Bucharest,
and Fagaras. In this case, then, the heuristic causes unnecessary nodes to be expanded, Fur-
thermore, if we are not careful to detect repeated states, the solution will never be found—the

-search will oscillate between Neamt and Tasi.

Greedy best-first search resembles depth-first search in the way it prefers to follow z
single path a1l the way to the goal, but will back up when it hits a dead end. It suffers from
the same defects as depth-first search—it is not optimal, and it is incomplete {because it can
start down an infinite path and never return to try other possibilities). The worsi-case time
and space complexity is O{b™], where m is the maximum depth of the search space. With a
good heuristic function, howaver, the complexity can be reduced substantially. The amount

of the reduction depends on the particular problem and on the cuality of the heuristic.

A" gearch: Minimizing the total estimated solution cost

The most widely-known form of best-first search is called A" search (pronounced “A-star
search™). It evaluates nodes by combining g(n), the cost ta reach the node, and & (n), the cost
to get from the node to the goal:

fn) =g(n) + h(n}.

Since g(n) gives the path cost from the start node to node r2, and h(r) is the estimated cost
of the cheapest path from n to the goal, we have

f(n) = estimated cost of the cheapest solution throngh r;

Thus, if we are trying to find the cheapest selution, a reascnable thing to try first is the
nede with the lowest value of g(n) + A(r). It turns ont that this strategy is more than fust
reasonable: provided that the heuristic function h(n) satisfies certain conditions, A* search is
both complete and optimal. -

The eptimality of A* is straightforward to anzlyze if it is nsed with TREE-SEARCH.
In this case, A* is optimal if A{n) is an admissible henristic—that is, provided that A(n)
never overestimates the cost to reach the goal, Admissible heuristics are by nature optimistic,
because they think the cost of solving the problem is Iess than it actually is. Since g(n) is the
exact cost to reach n2, we have as immediate consequence that f{n) never overestimates the
true cost of a solution through n.

An obvious example of an admissible heuristic is the straight-line distance kgzp that
we used in getting to Bucharest. Straight-line distance is admissible becanse the shortest path
between any two points is a straight line, so the straight line cannot be an overastimate. In
Figure 4.3, we show the progress of an A* tree search for Bucharest, The values of g ure
computed from the step costs in Figure 3.2, and the values of hspp are given in Figure 4.1.
Notice in particular that Bucharest first appears on the fringe at step (e}, but it is not selected
for expansion because its f-cost (450) is higher than that of Pitesti (417). Another way to
say this is that there might be a solution through Pitesti whose cost is as low as 417, so the
algorithm will not settle for a solution that costs 450. From this example, we can extract
2 general proof that A* using TREE-SEARCH is oprimal if h(n) is admissible. Suppose
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(a) The initial state DA

(b) After expanding Arad

30321404252 447=118+329 449=T54374

(e} After expanding Sthin

447=118+329 440=75+374

646=0804365 415=299+176 671=2914380 413=220+193

(d) After expanding Rimnicy Vilcea

449=754374

526=066+160 417=317+100 353=300+253

(e} After expanding Fagaras CCAmd )

misoary
447=1184729

H9=T5+374

591=338+153  450=450+0 526m366+160 417=317+100 353=300+253

(I} After expanding Pitesti

449=75+374

CAmd > < Fagn

646280366 671=2914380
CSibiu 2 (Huchare D3

591=338+253  430=4540 526=366+16

418=418+0 615=455+160 G07=414+103

Fignre 4.3  Stages in an A™ search for Bucharest. Nodes are labeled with f = g + h. The
h values are the straight-line distances to Bucharest taken from Figure 4.1. I
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suboptimal goal node (4 appears on the fringe, and let the cost of the optimal solution be C*.

Then, because (%3 is suboptimal and becanse h{G) =0 (true for any goal node}, we know
F(G2) = g(Ga) + h(Ga) = g(Ga) > C*.

Now consider a fringe node n that is on an optimaj solution path—for example, Pitesti in the

example of the preceding paragraph. (There must always be such a node if a solution exisfs,)

If h(n) does not overestimate the cost of completing the solution path, then we know that
f{n) =g(n)+hin) < C~.

Now we have shown that f{n) < C* < f(G2), so G2 will not be expanded and A* must

return an optimal solution. -

If we use the GRAPH-SEARCH algorithm of Figure 3.19 instead of TREE-SEARCH,
then this proof breaks down. Suboptimal solutions can be returned because GRAPH-SEARCH
can discard the optimal path to a repeated state if it is not the first one generated, (See
Exercise 4.4.) There are two ways to fix this problem, The first solution is to extend
GRAPH-SEARCH so that it discards the more expensive of any two paths found to the same
node. (See the discussion in Section 3.5.) The extra bookkeeping is messy, but it does guar-
antee optimality. The second solution is to ensure that the optimal path to any repeated state is
always the first one followed—as is the case with uniform-cost search. This property holds if
we impose an extra requirement on h(n), namely the tequirement of consistency (also called
monotonicity). A heuristic A(n) is consistent if, for every node n and every successor n’ of
7 generated by any action a, the estimated cost of reaching the goa! from n is no greater than
the step cost of getting to n' plus the estimated cost of reaching the goal from n/:

h(n) < e(n, a,n"} + h(n) .
This is a form of the general triangle inequality, which stipulates that each side of e mriangle
cannot be longer than the sum of the other two sides. Here, the triangle is formed by n, /,
and the goal closest to n. It is fairly easy to show (Exercise 4.7) that every consistent heuristic
is also admissible. The most important conscquence of consistency is the following: A" using
GRAPH-SEARCH is optimal if h(n) is consistent,

Although consistency is a stricter requirement than admissibility, one has to work quite
hard to concoct heuristics that are admissible but not consistent. All the admissible heuristics
we discuss in this chapter are also consistent. Consider, for example, hgzp. We know that

‘the general triangle inequality is satisfied when each side is measured by the straight-line

distance, and that the straight-line distance between n, and 7' is no greater than e(n, o, n').
Hence, hsrp is a consistent heuristic.

Another important consequence of consistency is the following: If h(n) is consistent,
then the values of f(n) along any puth are nondecrensing. The proof follows directly from
the definition of consistency. Suppose 1 is a successor of 1 (hen g{n’) = g(n) + cln,a,n')
for some a, and we have

f(n) = g(w') + k(n') = g(n) + c(n, 0, n') + h(n'y 2 g(n) + h(n) = f(n) .
It follows that the sequence of nodes expanded by 4 using GRAPH-SEARCH is in nonde-

creasing order of f(n). Hence, the first goal node selected for expansion must be an optimal
solution, since all later nodes will be at least as expansive.
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M o CONTOURS

PALRING

Figure 44  Map of Romania showing contours at f =380, f = 400 and f = 420, with
Arad as the start state. Nodes inside a given contour have Jf-costs Jess than or equal to the
contour value.

The fact that f-costs are nondecreasing along any path also means that we can deaw
contours in the state space, jost like the contours in a topographic map. Figure 4.4 shows an
example. Inside the contour labeled 400, all nodes have f(n) less than or equal to 400, and so
on. Then, becanse A" expands the fringe node of lowest f-cost, we can see that an A* search
fans out from the start node, adding siodes in concentric bands of increasing f-cost.

With uniform-cost search (A" search vsing h(n) = 0), the bands will be “circutar”
around the start state, With more accurate heuristics, the bands will stretch ftoward the goal
state and become more narrowly focnsed around the optimal path. I €* is the cost of the
optimal solution path, then we can say the foliowin z ' ,

¢ A" expands all nodes with f(n} < C*,
* A® might then expand some of the nodes right on the “goal contour” (where f(n) = C%)
before selecting a geal node.

Intuitively, it is obvious that the first solution found must be an ounamm one, because goal
nodes in all subsequent contours will have higher f-cost, and thus higher g-cost (because all
goal nodes have h{n) = 0). Intvitively, it is also obvious that A* search is complete. As we
add bands of increasing f, we must eventually reach a band where F is equal to the cost of
the path to a goal state.?

Notice that A* expands no nodes with f(n) > C*—for example, Timisoara is not
expanded in Figure 4.3 even though it is a child of the root. We say that the subtree below
Timisoara is pruned; because hgyp is admissible, the algorithm can safely ignore this subtree

4 Completeness requires that there be only finitely many nodes with cost less than or equal to £, a condition
that i true if 211 step costs exceed some finite € and if b is Bnite. ’

' Section 4.1,
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while still guaranteeing optimality. The coneept of pruning—eliminating possibilities from
congideration without having to ex>mine them—is important for many areas of Al

One final ohservation is that among optimal algorithms of this type—algorithms that
extend search paths from the root—A* s optimally efficient for any given heuristic fanction.
That is, no other optimal algorithm is guaranteed to expand fewer nodes than .\ (except
possibly through tie-breaking among nodes with f(n) = (™). This is because any algorithm
that does nof expand all nodes with f{n) < C" runs the risk of missing the optimal solution,

That A* search s complete, optimal, and optimally efficient among all such algorithms
is rather satisfying, Unfortunately, it does not mean that A* is the answer to all our searching
needs. The catch is that, for most problems, the number of nodes v, ithin the goal contour
search space is still exponential in the length of the solution: Although the procf of the result
is'beyond the scope of this book, it has been shown that exponential growth will occur unless
the error in the heuristic function grows no faster than the logarithm of the actual path cost.
In mathematical notation, the condition for subexponential growth is that

|h(n) = h*(n)] < O(logh*(n))
where k*(n) is the true cost of getting from i to the goal. For almost all heuristics in practical
use, the error is at least proportional to the path cost, and the resulting exponential growth
eventually overtakes any computer, For this reason, it is often impractical to insist on finding
an optimal solution. One can use variants of A* that find suboptimal solutions quickly, or one
can sometimes design heuristics that are more accurate, but not strictly admissible, In any
case, the use of a good heuristic still provides enormous savings compared to the nse of an
uninformed search. In Section 4.2, we will look at the question of desi gning good heuristics.

Computation time is not, however, A*'s main drawback. Because it keeps all generated
nodes in memory (as do all GRAPH-SEARCH algorithms), A* usually runs out of space long
before it ims out of time. For this reason, A* is not practical for many large-scale prob-
lems, Recently developed algorithms have overcome the space problem without sacrificing
optimality or completeness, at a small cost in executfon time. These are discussed next.

Memory-bounded heuristic search

'The simplest way to reduce memory requirements for A* is to adapt the idea of iterative deep-
ening to the heuristic search conte:t, resulting in the iterative-deepening A’ (IDA*) algorithm.
The main difference between IDA* and standard iterative deepening is that the cutoff used
is the f-cost (g 4 h) rather than the depth; at each iteration, the cutoff value is the small-
est f-cost of any node that exceeded the cutoff on the previous iteration. [DA* is practical
for many problems with unit step costs and avoids the substantial overhead associated with
keeping a sorted queue of nodes. Unfortunately, it suffers from the same difficulties with real-
valued costs as does the iterative version of uniform-cost search described in Exercise 3.11.
This section briefly examines two more recent memory-bounded algorithms, called RBFS
and MA*.

Recursive best-first search (RBFS) is a simple recursive algorithm that attempts to
mimic the operation of standard best-first search, but using only linear space, The algorithm is
shown in Figure 4.5. Its structure is similar to that of a recursive <epth first search, but rather



function wmncmﬂe_m.wmﬁ.ﬂxﬁ.m?mn:ﬁ problem) returns a solution, or failure
_ RBFS(problen, MAKE-NODE(INITIAL-STATE[ problem]), co)

__...Enzozmmmmm.ugsmi.zua_m. .w...mﬁ,..sEE..:mmmo:._chcn.mm:E.nmun_ anew f-cost limit
_ if GoaL-TEST[ problem](steie) then return node
{ successors — EXPAND(node, problem)
_ if successors is empty then retorn failure, oo
for each s in successors do
_ Fls] — max(g(s) + h(s), f[node])
repeat
best « the lowest f-value node in suecessors
_ if flbest] > flimit then return failure, flbest)
alternative — the second-lowest Jf-valte among successors
result, f[best] — RBFS(problem, best, min{ f_limit, alternative))
_ if result # foilure then return result

Figure 4.5  The algorithm for recursive best-first search,

" than continuing indefinitely down the chrrent path, it keeps track of the f-value of the be

alternative path available from any ancestor of the current node. Jf the current node excee
this limit, the recursion unwinds back to the alternative path. As the recursion unwinds, RBF
replaces the f-value of each node along the path with the best f-valve of its children. In th
way, RBFS remembers the - f-value of the best leaf in the forgotten subtree and can theretor
decide whether it's worth reexpanding the subtree at some later time, Figure 4.6 shows hos
RBFS reaches Bucharest. )

RBFS is somewhat more efficient than IDA*, but still suffers from excessive node re
generation. In the example in Figure 4.6, RBFS first follows the path via Rimnicu Vilcer
then “changes its mind” and tries Fagaras, and then changes its mind back again, These min
changes occur becanse every time the current best path is extended, there is & good chanc
that its f-value will increase—4 is usually less optimistic for nodes closer to the goal. Whe:
this happens, particulerly in large search spaces, the second-best path might become the bes
Path, so the search has to backtrack to follow it. Each mind change corresponds to an iteratio
of IDA", and conld require many reexpansions of forgotten nodes to recreate the best path anc
extend it one more node.

Like A", RBFS is an optimal algorithm if the heuristic finetion h{n} is admissible. It
space complexity is ({bd), but its time complexity is rather difficult to characterize: jt de-
pends both on the accuracy of the heuristic function and on how often the best path changes as
nades are expanded. Both IDA* and RBFS are subject to the potentially exponential increase
in complexity associated with searching on graphs (see Section 3.5), because they cammol
check for repeated states other than those on the current path. Thus, they may explore the
same state many times.

DA™ and RBFS suffer from using oo linle memory. Between iterations, [DA* retains
only a single number: the current Jf-cost timit. RBFS retains more information in memory,

-

Section 4.1

(a) After expanding Arad, Sibin,
and E::..mna Vilcea

(b) After unwinding back to Sibin
and expanding Fagaras

(e} After switching hack to Rimnicu Vilcea

and expanding Pitesti € Amd

449

Figure 4.6  Stages in an RBFS search for the shartest route to Bucharest, The f-limit
value for each recursive call is shown on top of each cwrent nede, (a) The path via Rimnicu
Vilcea is followed until the current best leaf (Pitesti) has a value that is worse than the best
alternative path (Fagaras). (b) The recursion unwinds and the begt Jeaf value of the forgotten
subtree (417} is backed up to Rimnicu Vilcea; then Fagaras is expanded, revealing a best
teaf value of 450. (c) The recursion unwinds and the best leaf value of the forgotten subtree
(450) is backed up to Fagaras; then Rimnicu Viléea is expanded, This time, because the best
alternative path (through Timisoara) costs at least 447, the expansion continues to Bucharest.

but it uses only O(bd) memory: even if more memory were avalable, RBFS has no way to
make use of it,

It seems sensible, therefore, to use all available memory. Two algorithms that do this
are MA* {memory-bounded A*) and SMA” (simplified MA'), We will describe SMAT, which
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is—well—simpler. SMA* proceeds just like A", expanding the best leaf until memery is ful]
At this paing, it cannot add a new node to the search tree without dropping nn old one. SMA!
always drops the worst leaf node~—the one with the highest f-value. Like RBFS, SMA'
then backs up the value of the forgotten node to its parent. In this way, the ancestor of ¢
forgotten subtree knows the quality of the best path in that subtree, With this inforrnation.
SMA” regenerates the subtree only when all other paths have been shown to look worse thar
the path it hzs forgotten, Another way of saying this is that, if all the descendants of roden
are forgotten, then we will not know which way to go from #, but we ‘will still have an idea
of how worthwhile it is to go anywhere from n.

The complete algorithm is too complicated to reproduce here, but there is one subtlety
worth mentioning. We said that SMA* expands the best leaf and deletes the worst leaf, Whit
if all the leaf nodes have the same f-value? Then the algorithm might select the same node
for deletion and expansion, SMA® salves this problem by expanding the newest best leaf and
deleting the oldess worst leaf. These can be the same node only if there is only one leaf; in that
case, the current search tree must be a single path from oot to leaf that fills al]l of memory,
If the Jeaf is not a goal node, then even if it is on an optimal solution path, that solution is
not reachable with the available memory. Therefore, the node can be discarded exactly as if
it had no successors, .

SMA* is complete if there is any reachable solution—that is, if d, the depth of the
shallowest goat node, is less than the memory size (expressed in nodes). It is optimal if any
optimal solution is reachable; otherwise it returns the best reachable solution. In practical
terms, SMA" might well be the best general-purpose algorithm for finding optimal solutiors,
particularly when the state space is a graph, step costs are not uniform, and node generation
is expensive compared to the additional overhead of maintainin g the open and closed lists

On very hard problems, however, it will ofter: be the case that SMA* is forced to switch
back and forth continnally between a sat of candidate solution paths, only a small subset of
which can fit in memory, (This resembles the problem of thrashing in disk paging systems.}
Then the extra time required for repeated regeneration of the same nodes means that problems

“that would be practically solvable by A*, given unlimited memaory, become intractable for

SMA®, That is to say, memory limiations can make a problem intractable Srom the point of
view of computation time. Although there is no theory to explain the tradeoff between time
and memory, it seems that this is an inescapable problem. The oaly way out is to drop the
optimality requirement.

Learning to search better

We have presented several fixed strategies—breadth-first, greedy best-first, and so on—that
have been designed by computer scientists. Could an agent fearn how to search better? The
answer is yes, and the method rests on an important concept called the metalevel state space.
Each state in a metalevel state space captures the internal (computational) state of a program
that is searching in an object-level state space such as Romania. For example, the internal
state of the A* algorithm consists of the current search tree. Each action in the metalevel state

® A rough sketch appeared in the first edition of this book.
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space is a computation step that alters the internal state; for examgle, each computation step
in A* expands a leaf node and adds its snccessars to the tree. Thus, Figure 4.3, which shows
a sequence of larger and larger search trees, can be seen as depicting a path in the metalevel
state space where each state on the path is an object-leval search tree.

Now, the path in Figure 4.3 has five steps, including oné step, the expansion of Fagaras,
that is not especially helpful. For harder problems, there will be many such missteps, and a
metalevel learning algorithm can learn from these experiences to avoid exploring unpromis-
ing subtrees. The techniques used for this kind of Jearning are described in Chapter 21, The
goal of learning is to minimize the total cost of preblem solving, trading off computational
expense and path cost.

4.2 HEURISTIC FUNCTIONS

In this section, we will look at heuristics for the 8-puzzle, in order to shed light on the nature
of heuristics in general.

The B-puzzle was one of the earliest heuristic search problems. As mentioned in Sec-
tion 3.2, the ohject of the puzzle is to slide the tiles horizontally or verticafly into the empty
space until the configuration matches the goal configuration (Figure 4.7).

(o

Figure 4.7 A typical instance of the 8-puzzle. The solution is 26 steps long.

Start State Goal State

The average solution cost for a randomly generated 8-puzzle instance is about 22 steps.
The branching facfor is about 3, {(When the empty tile is in the middle, there are four possible
moves; when it is in a corner there are two; and when it is along an edge there are three.) This
means that an exhaustiv search to depth 22 would Jook at about 322 = 3.1 :; 10" states. By
keeping track of repeated states, we could cut this down by a factor of about 170,000, because
there are only 9!/2 = 181, 440 distinct states that are reachable. (Sce Exercise 3.4.) This is
a manageable number, but the corresponding number for the | 5-puzzle is roughly 10'3, so
the next order of business is to find a good heuristic function, If we want to find the shortest
solutions by using A*, we need a heuristic function that never overestimates the number of
steps to the goal. There is a long history of such heuristics for the 15-puzzle; here are two
commonly-used candidates:
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# by = the number of misplaced tiles. For Figure 4.7, all of the eight tiles are out
.m.omEo? so the start state would have h; = 8. hy is an admissible heuristic, because
is clear that any tile that is out of place must be moved at least once,

® hy = the sum of the distances of the tiles from their goal positions. Because L]
cannot move along diagonals, the distance we will count is the sum of the horizont;
and vertical distances, This is sometimes called the eity bleck distance or Manhatt
distance. hy is also admissible, because all any move can do is move one tile one mﬁ.
closer to the goal. Tiles 1 to & in the start state give @ Manhattan distance of

ho=3+14248+24343+2=13.

As we would hops, neither of these overestimates the true solution cost, which is 26,
The effect of henristic accuracy on performance

One way to characterize the quality of a heuristic is the effective branching factor b*. If i
.SE number of nodes generated by A* for a particular problem is ¥, and the solution amum
is d, then b* is the branching factor that a uniform tree of depth & would have to have in orde;
to contain NV + 1 nodes. Thus,

NAL=1+5 40"+ 4+ @010

For ox_maw_m, if A* finds a solution at depth 5 using 52 nodes, then the effective branching

.q,m..ncn is 1.92. The effective branching factor can vary across problem instances, but nsually

it is faitly constant for sufficiently hard problems. Therefore, experimental measurements of

ww c_._H Hm small set of problems can provide a good guide to the heuristic’s overall usefilness,
well-designed heuristic would have a value of b* close to 1, allowing fairly 1

to be solved. ' 4y latge problemy

To test the heuristic functions hi and kg, we generated 1200 random problems with

solution lengths from 2 to 24 (100 for each even number) and solved them with jterative

decpening search and with A* tree search using hoth ks and h,. Figure 4.8 gives the average’

nrmber of nodes expanded by each strategy and the effective branching factor, The results
m:mmmm" that 2 is better than A4, and is far better than using iterative deepening search. On oir
solutions with length 14, A* with hg is 30,000 times wore efficient than nninformed iterative
deepening search. .

One might ask whether %y is always better than h1. The answer is yes, It is casy to see
from the definitions of the two heuristics that, for any node n, ha(n) = hi{n). We thus say
that by dominates by, Domination translates directly into efficiency: M_, using Ao will never
expand Bca.zonnm than A® using f; (except possibly for some nodes with f{n) =C™"), The
argument is simple. Recall the observation on page 100 that every node with f(r) < C* will
surely be expanded. This is the same as saying that every node with h{n) < C* - g(n) will
surely be expanded. But because ha is at least as big as hy for all nodes, gvery node that is
surely expanded by A* search with ky will also surely be expanded with k1, and ky might
also mﬁcmu other nodes to be expanded as well. Hence, it is always better to use a heuristic
function with higher values, provided it does not overectimate and that the computation time
for the heuristic is nat too large.

-

RELAXED PROBLEM

i Functions

Search Cost Effective Branching Factor
d ID§ A'(hy) - A*(ha) IDS A(h) A(ha)
2 10 6 6 245 1.79 149
4 112 i3 12 2.87 1.48 1.45°
6 680 20 18 273 1.34 1.30
2 6384 39 25 2.80 1.33 1,24
10 47127 93 39 279 1.38 121
12 || 3644035 227 73 2.78 142 1.24
14 - 539 113 - 144 1.23
16 - 1301 2t1 - 1.45 125
18 - 3056 363 - 146 1.26
20 - 7276 4676 - 1.47 1.27
22 - 180%4 1219 - 1.48 1.28
24 - 30135 1641 - 1.48 136
Figure 48 Comparison of the search costs and effective branching factors for the
ITERATIVE-DEEPENING-SEARCH and A® algorithms with Ay, hy. Data are averaged over
100 instances of the 8-puzzle, for various solution lengths.

Inventing admissible heuristic functions

We have seen that both Aj (misplaced tiles) and hy (Manhattan distance) are fairly good
heuristics for the 8-puzzle and that by is better. How might one have come up with hs? Is it
possible for a computer to invent such a heuristie mechanically?

k1 and hy are estimates of the remaining path length for the 8-puzzle, but they are
also perfectly accurate path lengths for simplified versions of the puzzle. If the rules of the
puzzle were changed so that a tile could move anywhere, instead of just to the adjacent empty
square, then h; would give the exact number of steps in the shortest solution. Similarly, if
a tile covld move one square in any direction, even onto an occupied square, then hg would
give the exact number of steps in the shortest solution. A problem with fewer restrictions on
the actions is called a relaxed problem. The cost of an optimal solution to a relaxed problem
is an admissible heuristic for the original problem.  The heuristic is admissible hecause
the optimal solution in the otiginal problem is, by definition, also a solutior in the relazed
problem and therefore must be at [east as expensive as the optimal sclution in the relaxed
problem. Because the derivad heuristic is an exact cost for the relaxed problem, it must obey
the triangle inequality and is therefore consistent (see page 99).

1f a problem definition is written down in a formal language, it is possible to construct
relaxed problems automatically.5 For example, if the 8-puzzle activns aie desciibed as

A tile can move from square A to square B if
A is horizontally or vertically adjacent to B and B is blank,

€ In Chapters § and 11, we will describe formnl languages suitable for this tusk; with formal descriptions that
can be manipulated, the construction of relazied problems can be automated. For now, we will use English.
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We can generate three relaxed probiems by removing one or both of the condifions:
e le can move from square A to square B if A is adjacent |
(b) A tile can move from square A to square B i£ B is pjang | -
{c) A 1ie can move from square A to square B, -
From (a), we can derive Ay (Manhattan distance), Th i ; B
roper i —_ . - 1he reasoning is that k he
Mmm%._mmwmﬂﬂ _m”.“‘nn WMMoM nMn: tile in turn to its destination. The heuristic noﬂ.uswmomﬂﬁdew H“ﬁ _M_ _M_ _M_
the proper score f (o, . mn_mo:._ (c), we can derive hy (misplaced tiles), because it would be |
cructal that the relaxed wqova_“oMMMwhwmmwhzﬁnnn Mn.manwnon in one step. Notice that ;. s b Start State Goal State
b search, becanse the relaxed rules atlow the ﬁwhu_&omﬂ”a”o HMDM_MnanH” Ucommnn%w.ﬂm nm.mnnﬁmzq M - Figure 4.9 A subproblem of the 8-puzele instance given in Figure 4.7. The task is to get
i Mccu.aow_n:wm. If the relaxed problem is hard to solve, then Enva Mo eight independs LA - tiles 1, 2, 3, and 4 into their correct positions, without vorrying about what happens to the
[ euristic will be expensive to obtain.” 2 values of the correspondi b other tiles.
P A pro
yi= _.amcsw.ﬂamwm”w Mﬂwwx mew%me <an generate heuristics automatically from problem d; £ . o .
i ABSOLVER gencrated 5 _._Qw o Sl method and varipus other techng ques (Prieditis, 19y: 3 The choice ,om 1-2-3-4 is fairly maw_qu_”u.“ we could .Em.c nonqu.nﬁ.amggmam for m-m..n...,m,
: and found the first usefu] :ﬂim%%ﬂ_a hon Mﬁ m.nng.m better than any preexisting heunsi % & and for mh-m.-m. and 50 o:.. Each nwsdmmm u:.m_% an mna.am_zn heuristic, Ea.Emmn :9.._:%_3
One problem with senerating uﬂi _w ncjo.wm N:Ew_m chn puzzle,  fi can cw n%ﬂgumﬂ_. as explained nmm.__hnﬁ%w W,Mw_n_w the ﬂmﬁinu”_ ,_B_:m. A combined heuristic of
” “clearly best” heuristic. If 5 Tl :%.B .ﬂEnno:m. is that one often fails to getor cmL this kin is much more accurate than the Man aftan distance; the number of nodes generated
: problem, and nore of themn dore on of admissible heuristics By .. b is available for o Al when mor::m., random 15-puzzles can be _.o.ac.onn by a factor of 1000.
4 out, we need :& make a choi minates any of the others, which should we chonse? Ag it fupt s i One might wonder whether the heuristics obtained from the 1-2-3-4 database and the
# ce. We can have the best of all worlds, by defining 5-6-7-8 could be added, since the two subproblems seem not to overlap, Would this still give
“_ hin) = max{hi(n),.. )} an admissible heuristic? The answer is no, becanse the solutions of the 1-2-3-4 subproblem
: This composite henristic uses Qrmn_._.m fungio | Eﬁ. the 5-6-7-8 .mnvvﬁo_u_m_d fora m.n.<n= state §.= almost nm.:an_u. share mo:._n. moves—it is
; : Because the p——- MH.H_ : :.q%o: G. most .mnmE.mH on the node in questior E_Enm.E that H-m.sw-a can be Eowmn into Eunn. without touching 5-6-7-8, and vice E.nwn. But
% is consistent, Furthermore, h dominates MMH %. h is admissible; it is also easy to prove the i what if we don’t count Eom.o moves? That is, sm.Rno& not the total cost o.*. solving the
SUBPROBLEM Admissible henristics can aluy . on_ 1t component _...nsnmmom. 1-2-3-4 subproblem, but just .:._n 15.:_3_. of moves involving _-m;w..\r. Then it is easy to see
a given problem, Foy e A.nz,\m from the solution cost of a subproblem o Em.n :.._n 2.5..— of the ES oﬂwmmm .ﬂm still a lower bound on Em.. cost of solving the .m:.:B vn.u_u_ns.
in Figure 4.7. The ud._E__,oE_S._.m o om_E.n 9 .a_os”m 4 subproblem of the 8-puzzle instane: DEUIPATERN  This is the idea behind _.._..&EE umn.mn.s databases. Using soch databases, it is _momﬂ.u_m to
Clearly, the cost of the - mo_smunm m*.mﬁ.nw Emm 1,2, 3, 4 into their correct positions solve random 15-puzzles in a Hans” E:“_.mnoo_.am|§o u_u_a_un—. of nodes generated is reduced
the complete problarm, It Lorm. o FW:mmc this .mncm_BEnE 15 a lower bound on the cost o by a factor c.m #Pooo ncaﬂ_e.mm with using Manhattan distance. For 24-puzzles, a speedup of
in some cases, . stantially more aceurate than Manhartan distance roughly a million can be obtained. o
F: STERM DATABASES 'The idea behind pattern datab . ‘ . UE.QWE pattern databases work for sliding-tile puzzles because the problem can ._um
sible subproblem ey mumm__m to store ﬁr_.umm exact solution costs for every pos- m_«.aon up in w_.hnr a way that each move affects .E:v. one Ec.uBEQ:Lnnw:.mm only one tile
the blank, (Notice bt the Tt axm”nsm_ €, every possible confi guration of the four tiles and | is moved at a time. For a problem such as _ﬂcc:n.m. cube, this wsm nm subdivision cannot be
Solving the subproblem, but move ns MEEn o&& four tiles are irrelevant for the purposes of moumm__uonmcmm each move affects 8 or 9 of the 26 cubies. Currently, it is not clear hov: to define
pute an admissible rnE,mmmn ) M of those tiles do count towards the cost.) Then, we com- disjoint databases for such problems.
by looking up the corres cz%m or ”mn: complete state encountered during a search simply
itself is constructed by mwmazmw wﬂnmﬂwhamw %% umﬁw_zsnon in the database. The database _ Learning heuristics from experience
each :nsu pattern encountered; the expense of Hrmmﬁﬁh% M.._mmw msmm. and recording the cost of 1 A heuristic function h{n) is supposed to estimate the cost of a solution beginning from the
problem instances, mortized over many subsequent state at node n. How could an agent construct such a function? One solution was given in the
g&ﬁ can be obeained simpty b ) i preceding section—namely, to devise relaxed problems for which an optimal solution can be
sly." Thus, there fs a tradeoff betwean accuracy mznﬂwwnwsﬁwﬂﬂwﬁnw o Fun 2 full breadth-first search “on the g found easily. Another solution is to learn from experience, “Experience” here means solving
or heuristic functions. lots of B-puzzles, for instance. Each optimal solution to an & puzzle problem provides ex

! B -






