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LECTURE 15 – Parametric Curves
Interpolation and Parametric Lines and Curves

Straight Lines
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This is the parametric equation of a straight line using the position vectors 
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. The parametric range is uniform, in that it runs from 
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This equation may also be written to take the form:
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This may also be thought of as a linear interpolation between points 
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Curves

Curves can be created using two or more control points.

There are three major curve types:

Hermite – 

· Defined by two endpoints and two endpoint tangents vectors

Bezier – 

· Defined by two endpoints and two other points that control the endpoint tangent vectors

B-Spline - 

· Defined by four control points. This curve does not generally interpolate the control points (i.e. does not necessarily pass through control points)

Interpolating a curve through 3 or more points in space is called non-linear interpolation
Control Points

Spline curves are specified using a set of coordinate positions (called control points), which indicate the general shape of the curve.

The control points are then fitted with piecewise-continuous, parametric polynomial functions in one of two ways:

· Interpolation - All polynomial sections (curves) are connected to the control points.

· Approximation - Some or all of the control points are not on the curve path. 


[image: image12]
Convex Hull

A set of control points forms a boundary for a region of space that is called the convex hull. (figure 1.0a)

The convex hull for a two dimensional spline curve is a convex polygon. In three dimensional space, the convex hull for a set of spline control points forms a convex polyhedron.

Convex hulls provide a measure for deviation of a curve or surface from the region of space near the control points


[image: image13]
Control Graph

It is common practice to render the connecting lines between control points to remind the designer of the control point positions and ordering. (Figure 1.0b)

This set of connected line segments is called the control graph.

Continuity

To ensure a smooth transition from one spline segment to the next we can impose various continuity conditions at the connection points as follows:

· Zero-order parametric continuity (C0) – This simply means one curve begins where another curve ends (positionally continuous)
· First-order parametric continuity (C1) – C1 continuity contains all the properties of C0 continuity plus the joining control point derivatives (tangent lines) are also equal at their joining point (i.e. their directions and magnitudes are equal).
· Second-order parametric continuity (C2) – C2 continuity means that both the first and second control point derivatives (tangent lines) are equal at their joining point. 
Cubic Hermite Spline
Cubic hermite splines are one of the simplest splines to create & use. Hermite splines have two control endpoints and two endpoint tangent vectors. The curve begins and ends at the control endpoints.

Control endpoint tangents are used to control the curve. The diagram below shows the 4 hermite basis function
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….where 
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 are the endpoint xyz positions, and 
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are the endpoint tangents, 
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Bezier Curves

Bezier curves are named after the French engineer Pierre Bezier, who developed them for use in the design of Renault automobile bodies. 

Bezier splines are easy to implement, and are commonly used in CAD systems, general graphics packages and painting packages.

Bezier splines can be fitted to any number of control points. The degree of the Bezier polynomial is determined by the number of control points used. 

Properties of Bezier Curves

Bezier curves start and end on the first and last control points respectively. The slope at the beginning of the curve runs along the line joining the first two control points (P0P1), and the slope at the end of the spline runs along the line joining the last two control points (Pn-1Pn).
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The value of t (
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) along the curve can be calculated using the following four polynomial weighting functions. These are called the Bernstein polynomials.
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Binomial Expansion

Bezier curves are based on binomial expansion terms used as basis functions. These terms are based on the Bernstein Basis Function:
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where 
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 is  a positive integer.

Expansion of this function yields as many terms as there are control points in the curve. 

The value 
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 represents the order of the curve.

where 
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, we obtain the equation of a straight line:
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where 
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, we obtain the following equation:
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where 
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, we obtain the following equation:
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This is the most common form of Bezier curve equation, but curves of higher order are possible. As this is a binomial expression, the coefficients of Bezier functions may be obtained from the relevant rows of Pascal’s triangle:

	n
	Pascal’s Triangle

	0
	1

	1
	1   1

	2
	1   2   1

	3
	1   3   3   1

	4
	1   4   6   4   1


Bernstein Polynomials

The following diagram shows the Bernstein polynomial weighting functions for Bezier curves.
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 there is 100% contribution from B1 and zero contribution from B2, B3 & B4. 

Similarly, at 
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 there is 100% contribution from B4 and zero contribution from B1, B2 & B3.

B-spline Curves
B-splines curves have become the most popular parametric curve or surface used in 3D computer modelling. B-splines possess C2 continuity as an automatic inherent property.

The control points are independent of this property, so they may be positioned by the user to create whatever shapes are required.

The most common forms of B-Splines are the Uniform, Non-Rational type (as described below) and the Non-uniform, Rational form (NURBS). This latter type is considerably more complex.


[image: image35]
Uniformity
Uniformity is the property of having equal divisions of parameter range across successive curve segments.


[image: image36]
Rationality
Rationality refers to knot weighting. Non-Uniform Rational B-Splines (NURBS) have individual scalar weights per control point allowing for more control over the curve. Uniform Rational B-splines have equal weighting applied to each control point.

Cubic Uniform B-Spline Basis Functions

The following diagram shows the polynomial weighting functions for Uniform B-Spline curves.
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, there is a mixed contribution from 3 of the basis functions (bsp0, bsp1, bsp2), and zero contribution from only one (bsp3). 

Similarly, at 
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, there is a mixed contribution from 3 of the basis functions (bsp1, bsp2, bsp3) and zero contribution from only one (bsp0).
Deriving the Uniform Non-rational B-Spline

Four basis functions are multiplied by 4 control points as follows:
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This gives16 equations in 16 unknowns. The solution for which gives:
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This is the curve for the parametric range of t from 0 to 1. Each segment in series has a parameter range increasing uniformly – from 0 to 1, then from 1 to 2, then 2 to 3 and so on.
Exercises

1. Demonstrate interpolation along a straight parametric line using the following equation: 
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2. What is the difference between ‘Approximation’ and ‘Interpolation’?
3. What is meant by the term ‘C continuity’? 
4. Implement a set of Bezier Curves with order 1,2 and 3
5. Describe the term Uniform Non-Rational
6. Implement a Uniform Non-Rational B-Spline curve
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Figure 1.0a
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