Differential Equations

A differential equation describes the relationship between derivatives and variables.

e.g  4t dv/dt = 5v2 - v
First order differential equations contain the first derivative, 2nd order the second derivative, etc. Physically we can imagine a differential equation as describing how one quantity changes with respect to another in a known way.

If the quantity is y and it is changing with respect to x then we say the rate at which y is changes with repect to x is dy/dx. 

When y is increasing, dy/dx is +ve.
When y is decreasing, dy/dx is -ve.
Example.

A circular patch of water is evaporating.  At time t, the area A of the patch is shrinking at a rate proportional to  1/A.

Thinking about this we see that A is changing with respect to (wrt) t, so the rate of change of A wrt t is written dA/dt.

A is shrinking so dA/dt is –ve.

Therefore from the question we can write that  -dA/dt is proportional to 1/A.

That is -dA/dt  [image: image2.png]


  1/A. Inserting the constant of proportionality – call it k, gives
-dA/dt  =  k/A

Question 

At any timte t, the rate at which the temperature of a pan of hot water boils is proportional to  the temperature, T.  Write down the differential equation relating T and t.

Solving differential equations

The aim is to find a direct relationship between the variables – that is one that does not include derivatives.  We get rid of derivatives by integrating (recall integration “undoes” differentiation). We will look at differential equations that are of a type called “separable differential equations.”
Eg. dy/dx =xy.

This is re-written as (1/y)dy = xdx

Integrate both sides to get ln(y) = ½ x2 + c

E.g. 2
dv/dt = 1/v

Re-arrange

vdv=dt

Integrate both sides to get

½ V2 = t + c

Note c is the constant of integration NOT of proportionality.  Use different letters!
Differential Equations Example

The rate of decay of a radioactive material is proportional to the mass, m kg, at time t years.

a) find a differential equation for m.

b)  given that m  =  50 when t = 0, show that m = 50e-kt where k is a positive constant.

c)  given that the mass of this material halves every 5 years, find the value of k.

a)
rate of change of mass m at time t is dm/dt.  This is negative (mass decaying) and propotional to the mass.

Therefore dm/dt = -km.  where k is a constant of proportionality.

b) dm/dt = -km, therefore  1/m*dm = -k dt.
   Integrate both sides:
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Therefore ln m = -kt + c

Express using exponentials (i.e. without logarithms):

m= e-kt +c

m= ec x e-kt  

m=A e-kt where A =  ec
 m = 50 when t = 0.  Therefore 50=A e-0t 

and so 50 = A.1

Therefore A = 50 and m=50 e-kt
c)  When t = 5 year m = 25kg, therefore 25 = 50 e-k5

Therefore 0.5 = e-k5

ln 0.5 = -5k or ln2 = 5k.  Therefore k = 1/5* ln2 =  0.13863
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