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[bookmark: _Toc157209026]Introduction
To analyse an engineering system, it is common practice to develop a mathematical model that best captures the system's behaviour. These mathematical models typically involve differential equations and known conditions. However, solving these differential equations analytically can be challenging. As a result, alternative methods, such as numerical approaches, have been developed.
Numerical methods offer advantages over analytical methods, allowing users to solve complex equations and reduce costs associated with experimental approaches. Additionally, the numerical method can predict physical phenomena, making it suitable for studying and implementing various devices. Leveraging these advantages, this paper employs the numerical method to analyse heat transfer phenomena in physics.
The specific heat transfer problem under consideration involves temperature distribution across a rectangular aluminium plate and the chosen numerical method for analysis is the finite difference method.
[bookmark: _Toc157209027]Constitutive Equation
The response of a material is dictated by constitutive equations, in conjunction with the conservation laws of mass, linear momentum, angular momentum, and energy. Unlike the conservation laws, constitutive equations are subject to variation between different materials. In other words, they change with the specific physical properties of the material.
For the task required in this report, the heat equation is used. The heat equation is derived from the basic principles of heat conduction, applying the law of conservation of energy to elements within a material. It is applicable to a variety of physical situations, such as the cooling of objects, the thermal behaviour of materials, and other methods of heat transfer.
The mathematical definition of the 2D heat equation without a heat source term is given by:

Here,  (, , ) represents the temperature distribution at position ,  and time  and  is the thermal diffusivity, a material property.
The equation includes two spatial derivatives, one with respect to  and another with respect to , representing the diffusion of heat in two spatial dimensions. The derivative describes how the temperature changes over time. The absence of a heat source term implies that the only mechanisms affecting the temperature distribution are heat conduction and the initial and boundary conditions. (Strauss, 2008)
This equation applies to problems involving the evolution of temperature in a two-dimensional region where heat is conducted through the material, and there are no additional internal heat sources, such as the aluminium plate in question.
The objective of this report is to find the temperature distribution within said aluminium plate through time shown in Figure 1.


[bookmark: _Toc157209014]Figure 1 - Boundary Conditions










[bookmark: _Toc157209028]Discretising The Constitutive Equation

To employ the constitutive equation effectively, it is necessary to discretise it using the Taylor series, as outlined in Equation (0.1). This method helps improve the accuracy of results by replacing differential quantities with suitably small differences.
Taylor series of function  about point  is
	(0.1)
The Taylor series connecting the function's value at a point  ​ to its value at a point is expressed as:
			(0.2)
This equation can then be rearranged to get:
	(0.3)
So, this can be used to make the Forward Difference Approximation of  therefore:
	(1)
This is only an approximate, however the equation (1) gets more accurate as the value of  gets smaller. How the accuracy depends on can be found out by  denoting the error, using this forward difference approximation, so:
	(1.1)
	(1.2)
This approximation is of the order . This means that as the value of  gets smaller the error of the forward difference approximation also gets smaller, linearly. 
To give a more accurate approximate the function can be looked at to see how it changes as we decrease the value. This is creation of the backward difference approximation. Using Taylor series, we can write (0.2) to make:
	(1.3)

Rearranged:
		(1.4)
Then it can construct the following backward difference approximation: 
						(2)
This is only an approximate that is more accurate as  get smaller; this can be given by the the equation:
	(2.1)
	(2.2)
The approximate is again of .
So, in both equations if  decreases the error also decreases, meaning there is no real improvement or benefit from the forward difference approximation.
To enhance the precision of the approximation, we introduce a consistent estimation known as the central difference approximation, which considers the points  and  (Faires, 2015) If the function  is three times differential of :
			(0.3)
	(1.3)

		(2.3)
So,
				(2.4)
From this the central difference approximation can be given as:
					(3)

The error of this approximate is given by:
					(3.1)
				(3.2)
The central difference approximate is accurate to order  and so, for small values of  the central approximate will be better than both the forward and backward applications.
Second order derivatives
Similar steps are followed for higher order derivatives, if both approximates are added:
		(3.3)
+
		(3.4)
This gives:
		(3.5)
Therefore:
			(3.6)
The central difference approximation to the 2nd derivative is:
				(4)
The error is of the order  is given by:
				(4.1)

[bookmark: _Toc157209029]Finite Difference Method
The Finite Difference Method employs a nodal network, where discrete points are identified to determine temperature. The positions of these points are designated using rows and columns. Algebraic expressions establish relationships between adjacent nodes on the surface, and the boundary conditions, outlined in the brief, provide insights into material properties.
By increasing the number of nodes on the considered surface, spatial resolution can be enhanced, potentially improving the accuracy of the numerical solution. However, this increase in nodes also amplifies the computational load required for problem resolution. Numerical techniques like finite difference analysis, finite element analysis (FEA), and finite-volume analysis give approximate solutions, and their associated challenges will be discussed in the later sections of the report. 
[bookmark: _Toc157209030]Time Dependant Thermal Diffusion using Finite Difference
To address the objectives discussed previously, the heat conduction equation will be used. Here, 𝛼 represents the constant material characteristic, quantifying the speed at which a material can conduct heat away from the edge. The thermal diffusion equation (4.3) is specifically considered in two dimensions, given that the problem involves a 2D plate and the Z direction is not taken into account (4.4).

 					(4.3)
				(4.4)
T = Temperature (°c)	 = Thermal Conductivity (W.m-1.K-1)	     = Specific Heat (J.Kg-1.K-1)
 = Density (Kg.m-3)		 =  thermal diffusivity (m2.s-1)		t = time (s)

[bookmark: _Toc157209031]Explicit Method
The differential thermal diffusion equation is represented in finite-difference form by using
· Central differences to discretis
· e 
· Forward differences to discretise 
At the point P
					(4.5)
					(4.6)
And
						(4.7)
Substituting into the thermal diffusion equation gives us the Explicit Finite difference Equation 
			(5)
Where the Fourier Number 
						(6)
[bookmark: _Toc157209032]Stability Criterion
In the explicit finite difference equation,  is a dimensionless expression known as the Fourier number where:

This Finite Difference representation is called the explicit form because the unknown temperature  can be explicitly determined knowing the temperatures at the previous time step. 
The main disadvantage of this method is that once  and h are fixed, there is a maximum permissible time-step size  which should not exceed the value imposed by the following stability criterion:

[bookmark: _Toc157209033]Boundary Conditions
The boundary conditions are shown in figure 3. 
[bookmark: _Toc157209034]Dirichlet Condition – Northern Boundary
For the Dirichlet condition: ( ,6,) = 
( ,6,): This shows the temperature () at the point ( ,6,). Here,  and  are spatial and temporal coordinates, respectively, and 6 refers to the y-coordinate, indicating a point on the top boundary of the region under consideration. 
: This is a specified function of . The Dirichlet condition is showing that the temperature at the top boundary ( = 6) at any given time  is equal to the value of the function  evaluated at the corresponding  - coordinate. (Farlow, 1993)
[image: ]



[bookmark: _Toc157209035]Eastern and Western Boundaries
Similarly to the Northern boundary, the Eastern and Western boundary conditions are defined in the brief as 𝑇(0, 𝑦,𝑡) = 0 & 𝑇(6, 𝑦,𝑡) = 0. The six in this being the furthest right edge of the system (.
[bookmark: _Toc157209036]Southern Boundary
As is with the Eastern and Western boundaries, at the Southern boundary the temperature is also maintained at zero, and this condition remains consistent throughout the simulation time 
[bookmark: _Toc157209037]Code Details and Explanation
The MATLAB code simulates the 2D heat transfer in an aluminium plate using the Explicit Finite Difference Method. 
[bookmark: _Toc157209038]Section 1 
In the first section of the code are the variables needed to define the thermal properties of aluminium. The plate dimensions are then defined from the information given in the spec, 6m x 6m. 
[image: ]The user is then prompted to input the grid spacing () for discretising the plate. A validation message (msg) is defined for the event of an invalid input. The ‘while’ loop beneath will then check the inputted number against the required criteria, repeating the message the criteria is not met.[bookmark: _Toc157209015]Figure 2 - Section 1 Code

In this section of code, the time step criteria are also input into the code, ensuring the user enters a value that is stable for the time step.
[bookmark: _Toc157209039]Section 2
[image: ]
[bookmark: _Toc157209016]Figure 3 - Section 2 Code
This section of code sets the initial temperature distribution using specific conditions; it initiates a time loop for numerical simulation using the explicit finite difference method.
T_old = T stores the current temperature T as the old temperature matrix for comparison later when the check for thermal equilibrium is carried out. The loop will repeat until the two temperatures are close enough together using a defined tolerance.
[bookmark: _Toc157209040]Section 3
[image: ]
[bookmark: _Toc157209017]Figure 4 - Section 3 Code
This next section displays the results of the time taken to reach thermal equilibrium conducted in the code in graphical form. It also generates the time that it took in numerical form, taking into consideration the best way to display the data based on the time taken, seconds, minutes etc.
[bookmark: _Toc157209041]Section 4
[image: ]
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[bookmark: _Toc157209018]Figure 5 - Section 4 Code
This section calculates and displays the analytical temperature distribution at thermal equilibrium. It then displays the difference between numerical and analytical solutions. The visualisation includes contour plots and colour bars for better interpretation. The analytical solution is obtained by evaluating a series at each grid point using the ‘calculate_analytical_temperature’ function; this function calculates the analytical temperature distribution at a given point based off the analytical equation for ‘T’ seen below.
[image: ][bookmark: _Toc157209019]Figure 6 - Analytical Solution





[bookmark: _Toc157209042]Validation of the Code[bookmark: _Toc157209020]Figure 7 - Analytical Heat Map
[bookmark: _Toc157209021]Figure 8 - Numerical Heat Map


The numerical simulation uses MATLAB to solve complex mathematical equations, otherwise extremely difficult to achieve, to approximate the heat distribution, taking into account the various parameters inputted such as material properties, boundary conditions, and initial conditions.
The accuracy of the numerical simulation is often verified by comparing its results with analytical solutions, which are derived from theoretical mathematical models. The analytical method will provide an exact solution by simplifying some of the assumptions within it. (The Application of Numerical Methods in Heat Transfer Problems, n.d.)
In this case the similarity between the numerical and analytical heat distribution graphs is a positive indication of the accuracy of the numerical simulation. The accuracy of the numerical method can be influenced by factors such as the correct grid spacing and time step selections as mentioned previously.
[image: ]
[bookmark: _Toc157209022]Figure 9 - Difference Between Numerical and Analytical Data Table
As well as the similarity in the visualisation of the graphical data, the difference can be seen in the matrix above (Figure 7), with a maximum deviation of 1.87°c.
[bookmark: _Toc157209043]Sensitivity Analysis Of Code
In order the analyse the code it was possible to change certain parameters to see how the time taken to reach thermal equilibrium would be influenced. In all variations of the analysis the dimensions of the plate were kept the same.
[bookmark: _Toc157209044]Table 1 – Grid Spacing Variation
	h – Grid Spacing
	Tol – Minimum difference between two matrixes
	dt – Time Step
	Time Result

	3
	0.01
	1000
	1.31944 days

	2
	0.01
	1000
	1.22685 days

	1.2
	0.01
	1000
	1.21528 days

	1
	0.01
	1000
	1.25 days

	0.75
	0.01
	1000
	1.23843 days

	0.6
	0.01
	1000
	1.23843 days


Table 1 examines the adjustment of the grid spacing, subject to two validation conditions. The initial condition requires that 'h' must be less than both 'L' and 'W.' The second condition requires that the grid spacing evenly divides both 'L' and 'W.'
[bookmark: _Toc157209045]Table 2 – Tolerance Variation
	h – Grid Spacing
	Tol – Minimum Tolerance of Convergence
	dt – Time Step
	Time Result

	2
	0.8
	1000
	16.6667 mins

	2
	0.65
	1000
	1.11111 hours

	2
	0.5
	1000
	2.5 hours

	2
	0.2
	1000
	7.5 hours

	2
	0.01
	1000
	1.22685 days

	2
	0.001
	1000
	2.02546 days



Table 2 looks at the adjustment of the tolerancing allowed in the code between the first temperature and the next temperature in the sequence; many numerical methods for solving differential equations use a convergence criteria or tolerance to determine when the solution has reached a sufficiently stable state (equilibrium).
The tolerance represents an acceptable level of change or error in the solution between successive iterations or time steps. (Morton, 2005)
[bookmark: _Toc157209046]Table 3 – Time Step Variation
	h – Grid Spacing
	Tol – Minimum difference between two matrixes
	dt – Time Step
	Time Result

	2
	0.01
	3600
	1.625 days

	2
	0.01
	2500
	1.50463 days

	2
	0.01
	1500
	1.35417 days

	2
	0.01
	600
	1.0625 days

	2
	0.01
	200
	17 hours

			2
	0.01
	100
	12.111 hours



Table 3 shows the results from a variation in the time step (Δ 𝑡). Smaller time steps generally lead to more accurate results, but they may require more computational resources. Conversely, larger time steps can reduce computational costs but may compromise accuracy.
[bookmark: _Toc157209047]Influence of Grid Spacing Variation
A step size must then be chosen which is as large as possible to minimise the required number of steps, while remaining small enough to maintain the truncation error less than some tolerance. (Lowery, 1977) The round off error that occurs during the changes in step sizing are due to loses of significant figures when calculating. In Figure 8 it is shown that when the jump became larger the time taken to reach equilibrium was a lot longer as there is more error 
[bookmark: _Toc157209023]Figure 10 - Grid Spacing Graph










[bookmark: _Toc157209048]Influence of Tolerance Variation	
The influence of tolerance in terms of finite difference refers to a convergence criterion that the code must meet before producing a result. The convergence is checked by comparing the difference between the change in the solution with a tolerance predefined within the code. A higher tolerance allows more deviation between the two comparatives, typically yielding a much faster but less accurate result. (LeVeque, 2007) Figure 9 shows that as the tolerance increases, the time taken to reach thermal equilibrium is a lot faster as expected.


[bookmark: _Hlk157116356][bookmark: _Toc157209024]Figure 11 - Tolerance Variation Graph
[bookmark: _Toc157209049]Influence of Time Step Variation
If the time step in the finite difference solution increases and the grid spacing remains constant, the solution will eventually become unstable, meaning the choice in time step cannot be independent from the grid spacing. To ensure the stability remains during the calculations we use the condition:

This condition ensures that when reducing the time step, the errors incurred do not go beyond the specified tolerance.

[bookmark: _Toc157209025]Figure 12 - Time Step Variation
[bookmark: _Toc157209050]Main Models Limitations
[bookmark: _Toc157209051]Round Off Error
Computers encounter roundoff errors due to their constrained capacity to store numbers. For instance, although π has an infinite number of digits, MATLAB can only store 16 digits due to precision constraints; while these roundoff errors might appear to not matter, in processes with numerous outcomes, these minute errors can accumulate, leading to a large deviation from the anticipated value.
[bookmark: _Toc157209052]Truncation Error
Truncation error arises from the approximation of mathematical operations, especially when representing infinite figures with a finite number of terms or grid points; it is relevant to finite difference methods because of the discretisation of continuous derivatives, the error is introduced by substituting derivatives with finite difference approximations. (LeVeque, 2007)
[bookmark: _Toc157209053]Complex Geometry
Complex geometries present challenges in numerical finite difference modelling due to the reliance on generating a suitable grid structure; this can become intricate and difficult for a computational software to manage, often requiring advanced techniques. There is also the risk of not being able to meet suitable accuracy levels due to computational limitations as the mesh required may be too fine. Finite difference methods are subject to stability constraints, especially when dealing with irregular geometries. (Ferziger, 2002) Using finite difference methods may also lack the adaptability needed to accurately measure complex geometries.
[bookmark: _Toc157209054]Coding Limitations
The limitations of the coding are clear when considering that MATLAB is only able to produce a figure for the thermal equilibrium by comparison of two successive temperature matrices. The method does not capture the true thermal equilibrium state and introduces an accumulative error, a method that is more physics dependant may be more accurate. (Anderson, 1995)
[bookmark: _Toc157209055]Suggested Improvements and Future Developments
Continuous collaboration between researchers in numerical methods, computational physics, and software engineering is going to push the boundaries of simulation capabilities and overcoming the challenges associated with 2D thermal equilibrium modelling. Additionally, advancements in hardware technology and computational resources will play a pivotal role in realising these improvements, specifically the utilisation of hardware such as super computers will really help in advancing the computational power available to be able to predict the hypothesised outcomes more accurately.
[bookmark: _Toc157209056]Conclusion
In conclusion, the report has looked at the strengths and the weaknesses of using numerical finite difference simulation for 2D thermal distribution across an aluminium plate. The finite difference method, although not as accurate sometimes as other methods has proven its effectiveness in capturing the dissipation of temperature across the given 2D plate. 
The selection of an appropriate grid spacing and time step proved crucial in achieving stability and accuracy in the numerical solution. The comparison between the numerical results and the analytical solution further proved the reliability of the finite difference method. The little deviation between the two solutions highlighted the relative accuracy of the method in capturing the temperature distributions, when given initial conditions and boundary constraints. To summarise, the 2D thermal distribution using this method provides a good foundation to build upon whilst also highlighting the need for additional continued research into the topic.
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The initial and boundary conditions are summarised in figure 3.

T(x,6,t) = f(x)

T(0,y,t)=0 T(6,y,t)=0

T(x,0,6)=0
x

Figure 3: Initial and boundary conditions schematic.




image5.png
The initial and boundary conditions are summarised in figure 3.

T(x,6,t) = f(x)

T(0,y,t)=0 T(6,y,t)=0

T(x,0,6)=0
x

Figure 3: Initial and boundary conditions schematic.




image6.png
f(l):{

125x ifosxs

2
—25x+150  if (Ex 6)




image7.png
clec
clear
close all

gxkkxkrskrskx*Aluminium Plate Temperature Distribution*k stk kst
QR AR AR AR AR AR AR AR AR AR AT | CAMER 5% 5 Ak kAR A KRR AR AR AR AR AR AR A

B Define material properties
k = 143; % Thermal conductivity in W/ (m*C)
rho = 2800; % Density in kg/m*3

cp = 795; % Specific heat in J/(kg*C)

alpha = k / (rho * cp); % Thermal diffusivity

B Define plate dimensions,

L=6; % Length of the plate in meters
W= 6; % Width of the plate in meters

B User input for grid spacing

h = input ('Choose a grid spacing between 0-6: ');
msg = ("Grid spacing is not valid. Please enter a number that divides into 6: ");

B Grid spacing
while (h>=L||h>=W||rem(L,h)~=0]|rem (W, h)~=0)
h = input (msg);

end

B Calculate the number of grid points,
NC=L/h+1; % Number of columns (grid points)
NR =W /h+1; % Number of rows (grid points)

% Time step

dt = input("Input time step (seconds): "); $Input time step%

while dt>=h"2/(4*alpha)
fprintf('Solution is unstable. Enter a smaller value than: %g\n',h"2/(4*alpha))
dt = input ('Enter a suitbable time step: ');

end
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w Initialise temperature grid.
1= zeros (N, NO);

N Set Initial Temperature Distribution
for o = LanC

(- 1) = % x-coordinate
% Using the function £(x) for initial temperature distribution

i£0<=x 48 x<=(2/3) *L & Apply piecewise function

L, €)= 12.5 % xi § First part of the piecewise function
elseif (2/3) *L<xgEx<=L

T(L, ) = =25 * x + 150; & Second part of the piecewise function
end

24/01/24 20:46 C:\Users\Tommy Came\OneDr...\Code 2 New.m 2 of 4

end

N Set Boundary Conditions
% Left Boundary
% Right Boundary
% Bottom Boundary (no longer setting the top boundary)

Time loop for numerical simulation

while true
T old
for i

2R - 1
for 3 = 2mC - 1
§ Finite difference equation for heat conduction
T(i, 3) = T_old(i, 3) +alpha *de /h 2+ (Told(i +1, §) + Told(i -«
1,3) +Told(, 3+ 1) + Told(i, 5 - 1) - 41 Told(s, 3)
end

end

% Check for Thermal Equilibrium

1€ max(max(abs(T - T_old))) < 0.01 & Tolerance
break;

end

ot dn % Update time
end
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N Display results,

iE e<0
fprintf('Tine taken to reach Thermal
else if £>=60 &8 £<602
fprintf('Tine taken to reach Thermal
lse if £>=60%2 &6 £<24760°2
fprintf('Tine taken to reach Thermal
else
fprintf('Tine taken to reach Thermal

end
end

end

disp(‘Numerical Temperature Distribution
disp(m);

N visualisation of the temperature
figure (1)

contourt (£1ipud(T))
direction for correct orientation
colormap (jet)
colosbar
clim((0 50]);

Equilibriun is: tg secondsn’,t)
Equilibriun is: S minutes\n',t/60)
Equilibriun is: %g hours\n',t/60°2)
Equilibriun is: tg days\n',t/ (24%60%2))

at Thermal Equilibrium:®);

distribution (Figure 1)

% Using flipud to flip the matrix in the up/down¥

% Using 'jet' colormap for temperature visualization
% Adding colorbar for scale reference
% Set colorbar limits (Replace 'min_value' and¥

24/01/24 20:46

C:\Users\Tommy Came\OneDr...\Code 2 New.m

'max_value' with your desired range)
xlabal (X Coordinate (m)'):
ylabel ('Y Coordinate (m'):

title(['Numerical Temperature Distribution at t = ', mumstr(t),

+ seconds' )

3 of 4
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B Analytical Solution Calculation
%+ Calculate the analyvical solution

sum_terms = 100 ® Number of terms in the series to include
T_analytic = zeros(NR, NC);
for &= 1w

for 3 = 1mC
x= -1 th
PRICIRE
T_analyric(, 3)

calculate_analytical_temperature(x, y, num_terms);
end

end

T_analytic = rot90(1_analytic);
proper orientation

%+ Rotate matrix 90 degrees counterclockwise for¥

% Display the analysical solution in the command window
disp('Analytical Temperature Distribution at Thermal Equilibrium:')
disp(T_analytic);

N Calculate the difference betwsen analytical and mumerical solutions,
difference = T - T_analytic; § Compute the difference between solutions
disp('Difference Batween Numerical and Analytical solutions:’
disp(difference) ;
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%+ Function to calculate the analytical temperature distribution
function T_analytical = calculate_analytical_temperature(x, y, num_terms)
T_analytical = 0;
for n = linum_temms
term = (sin(2%a%pi/3) / (a*2 * sinh(n*pi))) * sin(n*pi*x/6) * sinh(n'pity/6);
T_analytical = T_analytical + term;

end
T_analytical = (450/pi"2) * T_amalytical
end
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i Define material properties
K = 143; % Thermal conductivity in W/ (m+C)
rho = 2800; % Density in kg/m"3

ep = 795;  specific heat in J/(kg*C)
alpha = k / (rho * cp); % Thermal diffusivity

Define plate dimensions
% Length of the plate in meters
% Width of the plate in meters

i User input for grid spacing
h = input ('Choose a grid spacing between 0-6: ')7
msg = ("Grid spacing is not valid. Please enter a number that divides into 6: ");

i Grid spacing
while (h>=L||h>=W||rem(L,h)~=0]|ren(W,h)
h = input (msg);

end
i Calculate the number of grid points

Ne % Number of columns (grid points)
NR = % Number of rows (grid points)

i Time step

dt = input("Input time step (seconds): ") SInput time steps
while dt>=h~2/(4*alpha)
fprintf (*Solution is unstable. Enter a smaller value than: %g\n',h~2/(4*alpha))
dt = input ('Enter a suitbable time step: ');
end

i Initialise temperature grid
T = zeros (NR, NO);

i Set Initial Temperature Distribution
for ¢ = 1:NC

x=(c-1) *h; % x-coordinate

% Using the function f(x) for initial temperature distribution
= (2 /3) * L s Apply piecewise function

i£0 <= x 88 x

(1, 0 =125 * x; % First part of the piecewise function
elseif (2 /3) * L <x &6 x <=L
T(1, c) = =25 * x + 150; % Second part of the piecewise function

end
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i Set Boundary Conditions,
%+ Left Boundary

* Right Boundary

+ Bottom Boundary (no longer setting the top boundary)

i Time loop for numerical simulation,
€
while true
T old=1;
for i = 2R
for 3

% Finite difference equation for heat conduction
T(i, 3) = T_old(i, 5) + alpha * dt / h ~ 2 * (Told(i +1, j) + Told(i -«
1, 3) + Told(i, j + 1)+ Toldi, 3~ 1) -4 * Toldli, 3)):
end
end

% Check for Thermal Equilibrium
if max (max(abs(T - T_old))) < 0.01 % Tolerance

break;
end
t=t % Update time
ena
i Display results
1T t<60

fprintf (*Time taken to reach Thermal Equilibrium is: %g seconds\n',t)
else if £>260 && £<60°2

fprintf(*Time taken to reach Thermal Equilibrium is: %g minutes\n',t/60)
else if £>=60"2 && £<24*60°2

fprintf (*Time taken to reach Thermal Equilibrium is: %g hours\n',t/60°2)
else

fprintf(*Time taken to reach Thermal Equilibrium is: %g days\n',t/(24*60°2))
ena
ena
ena
disp('Numerical Temperature Distribution at Thermal Equilibrium:');
disp(m);

i Visualisation of the temperature distribution (Figure 1)
figure (1)

contourf (£lipud(1)) % Using flipud to flip the matrix in the up/down¥
direction for correct orientation

colormap (jet) % Using 'jet' colormap for temperature visualization
colorbar % hdding colorbar for scale reference

clim([0 501); % Set colorbar limits (Replace 'min_value' and&
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'max_value' with your desired range)
xlabel ("X Coordinate (m)');
ylabel (¥ Coordinate (m)');
title(['Numerical Temperature Distribution at t = ', num2str(t), ' seconds']);

+ Analytical Solution Calculation,
% Calculate the analytical solution
nun_terms = 100; % Number of terms in the series to include

T_analytic = zeros (NR, NC);
for i - 1R
or § = 1ac
= G-1 vh:
y-G-1 cn
T_analyric(i, 3) = calculate analycical temperature(x, y, num terms);
ena
ena
T_analytic = rot30(T_analytic); ¢ Rotate matrix 90 degrees counterclockwise for¥
proper orientation

% Display the analytical solution in the command window
disp('Analytical Temperature Distribution at Thermal Equilibrium:’);
disp(T_analytic);

i Calculate the difference between analytical and numerical solutions,
difference = T - T_analytic; ¢ Compute the difference between solutions
disp('Difference Between Numerical and Analytical solutions:');
disp(difference);

%+ Visualisation of the analytical solution (Figure 2)

figure(2)

contourf (£lip(T_analytic)) ¢ Rotate by 30 degrees (clockwise) and then flip¥
vertically

colormap (jet)

colorbar % Keep the colorbar on the right side

clin(10 S01); % Set colorbar limits (Replace 'min_value' and¥
‘max_value' with your desired range)

xlabel ("X Coordinate’): % Adjust the label accordingly

ylabel ('Y Coordinate'); % Adjust the label accordingly

title('Analytical Temperature Distribution');

%+ Visualisation of the difference (Figure 3)

figure(3)

contourt (£1ip (difference)) % Flip matrix vertically for correct«
orientation

colormap (jet) % Use 'jet! colormap for clarity

colorbar %+ Add colorbar to denote value ranges
clim([-0.005 21); % Set colorbar limits (Replace 'min_value' ¥

and 'max_value' with your desired range)
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ylabel ('Y Coordinate Length');
title('Difference Between Numerical and Analytical Solutions'

%+ Function to calculate the analytical temperature distribution
function T_analytical = calculate analytical temperature(x, y, num_terms)
T_analytical = 0;
for n = linun_terms
term = (sin(2*n*pi/3) / (n°2 * sinh(n*pi))) * sin(n*pi*x/6) * sinh(n*pi*y/6);
T_analytical = T_analytical + term;
end
T_analytical = (450/pi*2) * T_analytical;
ena
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