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1. Number System
Consider the number

37,256

TN~

37 thousand 2 hundreds 5 tens 6 ones (units)

This can also be written by using column headings:

Ten Thousands | Thousands | Hundreds | Tens | Units
3 7 2 5 6

You will need to be able to read and write numbers in both numerical and word form.
An important point to remember is that a million has 6 zeros.

Examples

1. 835
2. 57,

3. Five thousand, three hundred and twenty =~ Numerical Form:
Numerical Form:

Reads: Eight hundred and thirty five
Reads: Fifty Seven thousand, three hundred and twenty five.

325

4. Seventy five thousand and fifty two

Using Columns Headings can be very helpful when writing numbers as words or vice

5,020
70,052

versa:
Examples
CY
Thousands Hundreds Tens Units
2 6 2 1
We have Two thousands
Six Hundreds
Two Tens i.e. Twenty
One Unit
So the number we have is Two thousand, six hundred and twenty one.
6.

Ten Thousands | Thousands | Hundreds | Tens | Units
4 2 6 0 3
We have Four ten thousands, i.e. Forty thousand
Two thousand
Six Hundred
Zero Tens
Three Units

So the number we have is Forty two thousand, six hundred and three.



7. Write the number seven hundred thousand six hundred and fifty four in
numerical form:

Hundred Ten Thousands | Hundreds | Tens | Units
Thousands | Thousands
7 0 0 6 5 4
So the number is 700,654.
Exercise

1) Write these numbers as words:
a) 8000
b) 33200
c) 503 000
d) 503100
e) 503010
f) 503001
g) 800 500 300
h) 909 606 303

2) Write these numbers in numerical form:
a) Five thousand
b) Five thousand, two hundred and thirty three
c) Seventy seven thousand, six hundred and five
d) Three hundred thousand and one
e) Ninety two million and three thousand



2. Mental Arithmetic

2.1. Addition
You should already know how to add numbers. If you can’t remember how then here
are some examples that will remind you:

Example Example
1 3 2 6
+ 2 1 + 9 6
3 4 1 :]2 2
Method:_ Method:
D3+l=4 1)6+6=12
2)1+2=3 2) Write down 2 and carry 1
3)2+9+1=12

2.2. Subtraction
You should also be familiar with the method used for subtraction. Here are 2 examples
that illustrate it:

Example Example
4 7 g3
- 25 ~ 4
2 2 1 8
Method: Method:
1)7-5=2 1) 3 is smaller than 5
2)4-2=2 2)13-5=8
3)5-4=1

2.3. Multiplication
Multiplying a number by 10 is easy because all the digits move one place to the left:

Examples
10 x 36 =360 10 x 520 =15,200 10 x 1,100= 11,000

o Multiplying by 100 moves all the digits two places to the left.
e Multiplying by 1000 moves all the digits three places to the left.
Etc.

Examples
100 x 52 = 5200 1000 x 62 = 62,000 10,000 x 6 =60, 000



We can also handle slightly harder problems:

Examples
Calculate 300 x 4
Ans: We know 3x4 = 12
So 300x4 = 1200
Calculate 5000 x 40
Ans: We know 5% 40 = 200
So 5000 x 40 = 200,000
2.4. Long Multiplication
Example 1 Example 2
* a 2 3
X 3 x40
Method: Method:
1)3x3=9 1) Write down 0
2)3x2=6 2)4%x3=12
3) Write down 2 and carry 1
4)4x2=28
5)8+1=9
Example 3
Method:
5 2 1)3x2=6
2)3x5=15
x w0 3) Write down 0
1 56 4)4x2=8
2 0 8 0 5)4%x5=20
2 2, 36 6) Calculate 156 + 2080
Example 4 Method:
1)3x8=24
7 8 2) Write down 4 and carry the 2
3)3x7=21
x 5 3 4)21+2=23
2 3 4 5) Write down 0
3900 6)5x8=40
41 3 4 7) Write down 0 carry the 4
8)5x7=35
9)35+4=39

10) 234 + 3900 = 4134



2.5. Short Division

Example Method :
Calculate 861 <+ 3 1) 3into 8 goes twice with 2 left over.
2) 3 into 26 goes 8 times with 2 left
7 8 7 over.
|‘ — 3) 3into 21 goes 7 times with 0 left
a8 6 A over.
Example Method
Calculate 123 = 7 1. 7 doesn’t go into 1.
2. 9into 12 goes once with 5 left over.
1 7 r4 3. 7into 53 goes 7 times with 4 left
71 2 33 over.

2.6. Long Division

Example
Calculate 325 + 21 using long division.
1 5r10 Method:
71 | 3 2 5 1) 21 doesn’t go into 3.
21 ¥ 2) 21 goes into 32 once.
3)1x21=21.
115 4)32-21=11.
1 05 5) Bring down the 5.

1 0 6) 21 goes into 115 five times
7)5x21=105
8)115-105=10

Example
Calculate 702 + 33 using long division.

2 1r9 Method:

1) 33 doesn’t go into 7.
= KO 2; 33 goes intg 70 twice.
6 6 V 3) 2 x 33 = 66.

4 2 4) 70 — 66 = 4.

3 3 5) Bring down the 2.

6) 33 goes into 42 once.
9 7)1 x33=33
8)42-33=9

\



3. Using Decimals

Doing calculations using numbers that involve decimal points is no harder than earlier
as long as you remember to keep the decimal point in the same place.

3.1. Simple Calculations

10 x 3.653 = 36.53 [Everything moves 1 place to the left]
100 x 3.653 = 365.3 [Everything moves 2 places to the left]
1000x 3.653 = 3653 [Everything moves 3 places to the left]
10,000 x 3.653 = 36,530 [Everything moves 4 places to the left]
370+ 10 = 37 [Everything moves 1 place to the right]
370+ 100 = 3.7 [Everything moves 2 places to the right}
370 + 1000 = 0.37 [Everything moves 3 places to the right]
370 +10000 = 0.037 [Everything moves 4 places to the right]

Multiplying by 0.1 moves everything 1 place to the right.
Multiplying by 0.01 moves everything 2 places to the right.
Multiplying by 0.001 moves everything 3 places to the right.

Examples

0.1 x 360 = 36 0.001x360 = 0.36

0.01 x 360 = 3.6 0.0001 x360 = 0.036
Slightly harder examples include:

Examples

Calculate 0.2x5 Calculate  0.003 x 7

Weknow 2x5 = 10 Weknow 3x7 = 21
So 02x5 = 1 So 0.003x7 = 0.021

3.2. Addition
Examples

1. Add2.7+3.9+14.65 2 70
3 9 0
1 4 6 5
2 1 A 3
1 2
2. Add295+3.7+13 2 9 5
3 7 0
[Note that 13 can be written 13.00 1 3 0 0
and 3.7 can be written 3.70]
1 9 6 5
1



3.3. Multiplication

Examples
50 . 2 3 6 4
X 3 X 5
1 50 . 6 8 2 0
3 2

3.4. Division

When we do divisions with decimals we keep on going until there is no remainder
left. If necessary we can add extra zeros onto the end of the number as long as we are
to the right of the decimal point.

Example
3.96 could be written as 3.960
or 3.9600
or 3.96000 etc.
Examples
1) Work out5.36 +4
Ans: 1 . 3 4
4[5 . 13 6

2) Work out 96.2 + 5

Ans: 1 9 . 2 4
519 % . 2 20

Method: 5 goes into 9 once with 4 left over.
5 goes into 46 nine times with 1 left over.
5 goes into 12 twice with 2 left over.
We now need to add an extra 0!!!!
5 goes into 20 four times exactly.
Since there is nothing left over we are finished.

3) Workout1.0+4

Ans: 0o . 2 5
411 . '0 0

Method: = 4 goes into 1 zero times with 1 left over.
4 goes into 10 twice with 2 left over.
We now need to add an extra 0!!!
4 goes into 20 five times exactly.
Since there is nothing left over we are finished.

ty



4. Negative Numbers
4.1. Introduction

You will probably have seen negative numbers when looking at thermometers or
perhaps even your bank balance! If the temperature falls below 0 then we have negative
temperatures. If your bank balance falls below 0 then you have a negative balance.

Exercise

1) Put these temperatures in order (lowest first)
a) 2°C,-2°C,-5°C b) —7°C, -4°C,-10°C

2) What is the difference in temperature between
a) 3°C and 4°C c) —1°Cand-13°C
b) 12°C and -5°C d) 1°C and-7°C

Note that if you are taking away a minus number you are actually adding the number.
This is because TWO NEGATIVES MAKE A POSITIVE!!!

3) Calculate
a) 3-(-4) c) 5-7 &) —5+(-7)
b) 3+ (-4) d) -5-(7)

4.2. Multiplying Negative Numbers

To work out multiplication problems involving negative numbers is no harder than with
positive numbers. You simply ignore the signs and do the calculation as normal. Then
use the following table to work out what sign your answer should be:

+ X + = +ve answer
+ X - = -ve answer
- X + = -Ve answer
- X - = +ve answer



Examples
1) Calculate 5 x -3

2) Calculate -7 x 3

3) Calculate—5x-6

We know 5 x 3=15
From the table our answer should be negative.
So5x-3=-15 '

We know 7 x 3 =21
From the table our answer should be negative.
So-7x3=-21

We know 5 x 6 =30
From the table our answer should be positive.
So-5x-6=30

Note: When the signs are different the answer is negative, but when they are the

same the answer is positive.

4.3. Dividing Negative Numbers

To do these calculations first ignore the signs and then use the following table to work
out what sign your answer should take:

+ 2
+ &

Example
1) Workout-9+3

2) Work out-10 + -5

+ = +ve answer
- = -Ve answer
+ = -Ve answer
- = +ve answer

Weknow 9+3=3
From the table the answer should be negative.
So-9+3=-3

Weknow 10 +5=2
From the table the answer should be positive.
So-10+-5=2

4.4. Using a Calculator with Negative Numbers

To enter negative numbers on your calculator you need to press the| +/-| key on your
calculator. Whether you need to press this button before or after you enter the number

will depend on your calculator.

Exercise

Redo all the exercises and examples in this section using a calculator.



5. Rounding Off

5.1. Nearest 10, 100, 1000, etc.

Examples

37 to the nearest 10 is 40 --- 37 is closer to 40 than 30.
537 to the nearest 100 is 500 --- 537 is closer to 500 than 600.
537 to the nearest 10 is 540 --- 537 is closer to 540 than 530.

If we are exactly half way between two numbers the convention is to round up!!

3350 to the nearest 100 is 3400 --- 3350 is half way between 3300 and 3400
7500 to the nearest 1000 is 8000 --- 7500 is half way between 7000 and 8000
Exercise
1) Write these numbers to the nearest 10:

a) 4624 b) 624 c) 58

2) Write these numbers to the nearest 100:
a) 4624 b) 624 c) 58

3) Write these number to the nearest 1000:
a) 4624 b) 4500 c) 850

5.2, Decimal Places

Writing numbers to a certain number of decimals is easy as long as you remember the
following 3 steps:

Imagine you wanted to write a number to 3 decimal places.
1) Locate the 3" decimal place.
2) Look at the next digit to the RIGHT. )
3) Ifit’s 5 or more, then we ROUND UP the 3™ decimal place. Ifit’s 4 or less then
we leave the 3™ decimal place as it is.

Example
1) Write the following to 3 decimal places:
a) 7.432543
The number in the 3™ decimal place is 2.
In the 4™ decimal place we have 5, which of course is 5 or more.

We round up the 2 to 3
Hence we have 7.433 (3dp.)
b) 0.001232

The number in the 3™ decimal place is 1.

In the 4™ decimal place we have 2, which is 4 or less.
We leave the 1 as it is.

Hence we have 0.001 (3d.p.)



2) Consider the number 45.319461
a) To 5 decimal places 45.31946 (5 d.p.)
b) To 4 decimal places 45.3195 '
¢) To 3 decimal places 45.319
d) To 2 decimal places 45.32

3) Write the following numbers to 4 decimal places.

a) 4.3014643 Ans: 4.3015(4d.p.)

b) 10.210081 Ans: 10.2101 (4d.p.)

c) 11.234956
The number in the 4™ decimal place is 9.
In the 5™ decimal place we have 5, which is 5 or more.
We round the 9 up to 10.
Write down O carrythe 1. 1+4=35
Hence we have 11.2350 (4dp.)

5.3. Significant Figures
The 1% significant figure of any number is the first digit which isn’t zero.

Example
The 1% significant figure of 3.562  is 3
The 1% significant figure of 0.023  is 2

The 2™, 3™ 4™ etc. significant figures follow immediately from the 1% regardless of
whether they are zero or not.

Example

Consider 0.054032

The 1* significant figureis 5
The 2™ significant figureis 4
The 3" significant figure is 0
The 4" significant figure is 3
The 5" significant figure is 2

To write numbers to a certain number significant figures you follow the following 3
steps:

Imagine you wanted to write a number to 4 significant figures.
1) Locate the 4™ significant figure.
2) Look at the next digit to the RIGHT.
3) Ifit’s 5 or more, then we ROUND UP the 4™ significant figure. Ifit’s 4 or less
then we leave the 4" significant figure as it is.

Example

4 SF 3 SF 2 SF 1 SF
1) 54.7651 54.77 54.8 55 50
2) 17.0067 17.01 17.0 17 20
3)0.0045902  0.004590 0.00459 0.0046 0.005
4) 30895.4 30900 30900 31000 30000

1y



6. BODMAS

Consider the calculation 4+2x5

By using brackets we can change what the answer is:
(4+2)x5=6x%x5=30 OR 4+(2x5)=4+10=14

But whichoneis4+2 x 5? Isit (4+2)x 5 OR 4 + (2 x 5)?

To answer this question we need to know the BODMAS rule:
Brackets Or Division and Multiplication then Addition and Subtraction

So in 4 + 2 x 5 we do the multiplication before the addition:
4+2x5=4+10=14

Example
1) Calculate
a) 4+(8 +2) b) 4+8)+2 c) 4+8+2

Answer:

a. Brackets first: 4+@8+2)=4+4=28
b. Brackets first: (4+8)+2=12+2=6
¢. Division first: 4+8+2 =4+4=38

Now consider

2+3

When you need to work out fractions you should
e work out the top
e work out the bottom
e divide your answers

So for the above:

Top = 10 Bottom = 2+3
= 5
Answer = 10+5
= 2
Example
12+3
5-2

Top =12+3=15
Bottom =5-2 =3

Answer=15+3=5



It is also possible to work out such problems by using brackets. We use brackets to tell
the calculator that we want to divide all of the top by all of the bottom. For the above
example we would enter:

(1 2 + 3 ) = (5 -2) =325

If you didn’t enter brackets then because your calculator knows the BODMAS rule it
would do division first and work out:
12+—2——2 =12+0.6-2=10.6

But this is not what we wanted so you must use brackets.

Example
1. Use the calculator to calculate the following:
2) 54 b) 5x28 0 13.6-5.1
11+7 22+18 7-2

d (32-15)x(4.1-16)

2. Write down the keys you would press to calculate



7) Estimating
Imagine you wanted to get an estimate for

56.5x3
17.34+42.5

First write each of the numbers to 1 significant figure:

17.3 > 20
42.5 > 40
56.5 e 60
3 > 3

Now
56.5%3 N 60x3 _180_l§
17.3+42.5 20+40 60 6

=3

So we estimate the answer to be 3.

The symbol ~ means approximately equal to.
Example

Estimate 11.52 +13.2+37.35

Round each number to 1 significant figure

11.52 e 10
13.2 > 10
37.35 > 40

So 11.52+13.2+37.35~10+10+40 =60

Example
Estimate 135.23 x 25.36 x 37.52

Round each number to 1 significant figure:

135.23 > 100
25.36 -> 30
37.52 > 40

So 135.23x25.36x37.52 ~100x 30x 40 = 3000x 40 =120000



8. Factors and Prime Factors

8.1. Multiples

The multiples of a number are just its multiplication table. For example the multiples
of 15 are 15 30 45 60 75 90 105  etcyas

Exercise
1. Write down six multiples of 13.
2. Which of the following are multiples of 3: 12 13 14 15

8.2. Factors

The factors of a number are all those numbers that divide the number exactly, i.e.
leave no remainder.

Example
The factorsof 12 are 1 2 3 4 6 12

To find the factors of 12 consider which numbers multiply together to make 12:
1x12 = 12 2x6 = 12 3Ix4 = 12

Note that for any even number 2 is always a factor.

8.3. Prime Factors

You should notice that for any number

e 1 is a factor of the number e The number itself is a factor
Some numbers such as 7 only have these factors. That is 7 only has the factors 1 and
7. We call such number prime numbers. Note that 0 and 1 are NOT prime
numbers!!!

Examples
3,5,7, 11 are all prime numbers.

Any number can be written as a product of its prime factors by a factor tree:

Example
Write 420 as a product of its prime factors:

So we can write 420=2x2x5x3x7

15,



Exercises

1. Write the following as a product of their prime factors:
a. 990 , b. 160

8.4. Lowest Common Multiple (LCM)

The lowest common multiple of a group of numbers is the smallest number that they
all divide. To find the lowest common multiple following the steps below:

e Write down the multiples of each number.

o The smallest number that occurs in all lists is the lowest common multiple. .

Example
1. Find the lowest common multiple of 2 and 3:

Multiples of 2 are: 2 4 @ 8 10 @ 14
Multiples of 3 are: 3 @ @ 15 21
The LCM of 2 and 3 is 6

2. Find the lowest common multiple of 2 and 6:

Multiples of 2 are: 2 4 @ 8 10 (12 14
Multiplesof 6are: ~ (6) (12) T8 24 30 36 4

The LCM of 2 and 6 is 6.

Exercise
1. Find the LCM of 8 and 9. 2. Find the LCM of 7 and 9.

8.5. Highest Common Factor (HCF)

The highest common factor of a group of numbers is the biggest number that divides
all of them exactly. To find the highest common factor just follow the steps below:
e Write down the factors of each of the numbers..

o The biggest number that occurs in all lists is the highest common factor.

Example
Find the HCF of 36, 54 and 72:

Factors of 36 are: 4 6 12 36

Factors of 54 are: 6 @ (18) 27 54

Factors of 72 are: 4 3 @ 12
24 36 72

So the HCF of 36, 54 and 72 is 18.

Exercises

Find the HCF of
1. 10and 12 2. 15and 30 3. 10and!1



9. Fractions

9.1. Kinds of Fractions

If a cake is cut into 8 pieces and you eat 2, then you’ve eaten 2 of the cake.

The bottom number in a fraction is called the denominator.
The top number is a fraction is called the numerator.

The denominator tells us how many equal pieces the whole is divided into whilst the
numerator tells us how many pieces we are considering. If the numerator is bigger
than the denominator we say the fraction is top heavy.

Example
i is top heavy. The whole is split into 10 equal pieces and we have taken 11 of

them. This means we have 1 whole and . Hence we can write }; =15; .

Example
Write 62 as a top heavy fraction.

Here we have 6 wholes and 3 quarters. How many quarters is this in total?
Each whole is 4 quarters and we have 6 wholes 2 6 x 4 =24 quarters.
Hence in total we have 24 + 3 = 27 quarters.

3=-22
So 65 =42

9.2. Equivalent Fractions

Consider if I gave you ¥ a cake. You may say you’ve been given 2 or even % of the
cake.

We say %,% and g are equivalent fractions because they represent the same

amount. To find equivalent fractions we multiply the top and bottom of a fraction by
the same number.

Example

Find two equivalent fractions of %

Multiplying top and bottom by 2 yields:

S]wW!N

Multiplying top and bottom by 3 yields:



9.3. Adding Fractions
It is very easy to add fractions if they have the SAME denominator:

Example
1 2 3
—F ==
4 4 4

But how would you work out % + —i— ?

The idea is to replace the fractions by equivalent fractions that have the same
denominator. We use the following method:

LCMof5and 3is 15 - so we look for equivalent fractions with 15 in
the denominator.

% = (Multiplying top and bottom by 3)
2 10 S
3 = i (Multiplying top and bottom by 5)
1 2 3 10 13
Hence —+—=—+—=—
5 3 15 15 15
Exercise
Calculate the following without the use of a calculator:
1 4 1 2 11 2 3
1. —+— 2. —+— 3, === 4, —+-—
2 2 3 6 7 8 10 4

9.4. Multiplying and Dividing Fractions

Multiplying fractions is easier still. You simply multiply the numerators and then
multiply the denominators:

Example
4 2 8
—_X— = —

2 5 10

People think that dividing fractions is more difficult, but all you do it turn the fraction
you are dividing by upside down and then multiply instead.

Example
. 0
To calculate ) + . > We work out ] X —-6— = 3—- =1%
8 3 24

CAUTION: MAKE SURE IT IS THE FRACTION YOU ARE DIVIDING BY



Exercise

1. g><E 2 i——z— 3, —+— 4. %xi+l
3 8 13 33 3 35

9.5. Changing Fractions into Decimals
To change a fraction into a decimal you simply divide the top by the bottom.

Example

To change % into a decimal we work out 3 + 5 = 0.6

So E=0.6
5

Example
To change 41 into a decimal we do the following:

e 1 asadecimalis given by 1 + 5 = 0.2
e Now add the 4 wholes to it 4 + 0.2 = 4.2

So 41=42

Exercise

Write the following fractions as decimals:
3 4 10

1. = 2. — 3. —
5 10 20
9.6. Calculating a Fraction of a Quantity

Imagine you wanted to work out % of £6 to do this we calculate ::—x 6

é><§=1§=4.5=£4.50

4 1 4

Exercise

1. Calculate % of £24 2. Calculate % of 10

What if you wanted to calculate 3% of £6? Do it in stages:

e Calculate % of £6 2x6=4.5
e (Calculate 3 Iots of £6 3x6=18
e So 3% of £6 will be 18 +4.5=£22.50
Exercise
1. Calculate 22 of £24 2. Calculate 7% of £10

14,



10. Percentages

10.1. Finding Percentages 1

Percentage means per hundred.

Example

30% means ﬂ 55% means -—Si 79% means —7—9—
100 100

To work out 30 % of 200 you do the following:

30% of £200 is = x200 =60
100

Exercise

Calculate
1. 37% of £600 2. 40% of £1.50 3. 93% o0f 1200

Example

My car is worth £7000 when I purchase it. It’s value falls by 10% each year. What
will it be worth after one year?

10

Ans:  10% of £7000 = 00 x 7000 = £700
Value after 1 year = 7000 - 700
£6300

Exercise

If my house is worth £70,000 and over a period of time its value increase by 20%.
What will it now be worth?

10.2. Comparing Fractions, Percentages and Decimals
We know how to change fractions into decimals, but it is just as easy to change
decimals into percentages.

To change decimals into percentages you MULTIPLY by 100

To change percentages into decimals you DIVIDE by 100.

Example

1. Whatis 0.36 as a percentage? 2. What is 59% as a decimal?
0.36 x 100 = 36% 59 +100=0.59

Exercise

1. Convert 45%, 73% and 22% into decimals
2. Convert 0.55,0.88 and 0.01 into percentages

Hence we can now change fractions into decimals and then into percentages. When
you are asked to compare fractions, percentages and decimals you must first convert
them all into the same type.



Example
Place the following in order from smallest to largest:
Y 0.2 23%

Firstly we convert them all to decimals:
Ya > 1+4=0.25

02 = 0.2

23% -2 23 +100=10.23

It is now easy to put them in order:
0.2 23% 1/4

Exercise

Place the following in ascending order:
L. 0.41 36%

2. 0.8 87%

ool ocajw

10.3. Finding Percentages 2

Imagine in an examination you had 23 out of 50. What percentage have you had?

To work this out we calculate

° —2—3 =0.46
50

e 0.46 x 100 =46%

Exercise

What percentage is
1. 24 outof 50 2. 56 outof90 3. 43 outof 76

10.4. Percentage Increase or Decrease

Imagine you own a property whose value has increased by 20% t0£72,000. How do
we find what it was originally worth?

Let’s think of the original price as being 100% so if it has increased by 20% we now
have 120%:
£72,000 = 120%

Divide by 120 to find out what 1% is:
£600 = 1%

Multiply by 100 to discover the original value:
£60,000 = 100%

Exercise
After an increase of 10% my house is worth £55,000. What was it originally worth?

9\\/



11. Simple and Compound Interest

11.1. Simple Interest

In a simple interest account the interest each year is calculated on the initial amount
invested not on your current balance (i.e. unlike a bank account).

Example
Say we invest £50 in a simple interest account that pays 2% interest per annum:

Interest given at end of 1% year: 2% of £50 = %6 x50=0.02x50=£1
Balance after 1* year: 50+1 = £5¢9
Interest given at end of 2™ year; 2% of £50 = %6 x50=0.02x50=£1
Balance after 2™ year: 51+1 = £52
Interest given at end of 3™ year: 2% of £50 = -1—(?;—0>< 50=0.02x50=£1
Balance after 3™ year: 52+1 = £53

Because the interest paid is the same each year it is easy to work out the amount of
interest paid over a period of time. For example over 61 years we would have
received 71 x 1 = £71 in interest.

Exercise

I invest £3000 in a simple interest account that pays 5% per annum. How much
interest will I have received after 10 years? What will be my balance after 10 years?

11.2. Compound Interest

Compound interest works in the same way as most barik accounts. The interest at the
end of each year is calculated on your current balance and not the initial amount
invested.

Example

Iinvest £250 in a compound interest account at 5% p.a.:

Interest given at end of 1% year: 5%o0f£250 = 1—(5%- x250=£12.50
Balance after 1% year: 250+ 12.50 = £262.50

Interest given at end of 2™ year: 5% of £262.50 = 1_(?)6 x262.50 = £13.13

Balance after 2" year: £262.50 + £13.13 = £275.63



12. Ratio

12.1. Introduction

Ratios are basically just fractions on the side and can be treated in much the same
way. If the ratio of boys to girls in a class is 3 : 4 then this means that for every 3
boys there are 4 girls.

Alternatively by dividing both sides of the ratio by 3 we obtain:
I : 4

This means that for every boy then will be 4 of a girl.

So if there were 12 boys there would by

12 X 3 - 16
girls.
If there were 20 girls there would be
20 + 4 = 20 X 2
= 15

boys.

Ratios are usually easier to deal with when they are in the form 1 : n and they can
always be got into this form by dividing both sides by the smallest side.

Exercise

1. A drawing of a house is drawn to a scale 1:100.
a. Ifthe height of a wall on the drawing is 2.8 cm what will it be in the house?
b. Ifthe length of a room in the house is 450 cm what will it be on the drawing?

12.2. Splitting into Ratios

Imagine you were asked to divide £9100 into the ratio 2:4:7. How would you go
about doing this? The method is as follows:

e Work out the total number of parts: 2 + 4 +7 =13 parts

o Work out the value of one part: 9100 + 13 =£700

e Now find the values of 2, 4 and 7 parts respectively:
2x700=£1400 4 x 700=£2800 7 x 700 = £4900

As a check we can add up the parts to check we have the right amount:
1400 + 2800 + 4900 = £9100
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Example

If T divide £100 in the ratio 2:3:5 how much is each part worth?

Answer

Total number of parts:

Value of each part:

Hence

2 parts are worth
3 parts are worth
5 parts are worth

Example

_9
9
>

2+3+5=10
100 + 10=£10

2 x 10=£20
3x10=£30
5x10=£50

A sum of money is split between three people A, B, and C in the ratio 2:3:4.
Assuming that A gets £8 work out how much B and C receive and the total amount of

money.

Answer

This is slightly different because we don’t know the total amount of money. First we
work out the value of each part:

Person B receives:

Person A has received 2 parts so each part is worth 8+2=£4
3x4 £12
4x4 = £16

Person C receives:

Hence total amountis 8 + 12+ 16 = £36



13. Square Roots and Cube Roots
13.1. Square Roofs

When we square a number we multiply it by itself. So

32 = 3x3 =9
# = 4x4 =16
x2 b= XXX

To find the square root of 9 you want to know what number times itself gives 9, the
answer is 3 because 3 x 3 =9.We write

J9 =3
Example
What is /49 ? Since 7 x 7 = 49, we have J49 =7.

You can also work out square roots using the \/— button on your calculator.
Depending on your calculator you may have to press the number before or after the
number you want the square root of.

Example
Using a calculator find J36

13.2. Cube Roots

When we cube a number we multiply it by itself 3 times. So

2% = 2x2x2 = 8
3 = 3x3x3 = 27
x3 = XXXXX

To find the cube root of 27 you want to know what number times itself three times
gives 27, the answer is 3 because 3 x 3 x 3 =27. We write

327 =3

Example
Whatis3\[6—4? Since 4x4x4=64wchave3\/—67‘:=4

You can find out cube roots on your calculator by using the {f button.

Exercise

Using you calculator work out /125

L5,



14. Indices

We use indices as a shorthand method
3x3x3x3><3x3x3=37
3 is called the BASE and 7 is called the INDEX. We say “3 to the power 7.

Examples

6x6 = 6 (6 squared)
Tx7x7 = 7° (7 cubed)
8x8x8x8 = g (8 to the power 4)
Ix9x9Ix9Ix9 = 9 (9 to the power 5)

You can work out indices on your calculator using the XY or Y* button. To work out

8% you would press:
8 XY 4 =

14.1. Rules for Working with Indices

e When multiplying numbers with the same base you add the indices:

32 33 32+3 35 52 x 57 _ 59
e When dividing numbers with the same base you subtract the indices:
33 . 32=33-2=3] 58 . 5l 58-11_ 53
e When raising one power to another you multlply the powers:
(3) _32)(4_38 (6) _63><9 627
e Any number to the power 1 is just itself:
33" =33 99' =99
: \ §
e Any number to the power O is 1: ( P‘QO-HC Q(“’\N\ O H’SQLP ‘
100°=0 9561°=0

o =

e Fractional Powers:
The power Y2 means square root: 252 = 25=5
The power % means cube root: 6417 = 3/64 = 4

e Negative Powers:

56=L 6'2——17 2'1_i1=l
S 6 2 2
Example
Write 27 as a decimal. Answer: 272 = 512— = % =0.25
Example

Simplify 7> x 3% x 7° Answer: 77 x 32 =78 x 3



15. Substitution

Prior to doing substitution we need to understand some of the notation used in
algebra:

15.1. Notation

o 4x means 4xx [The multiplication sign is often left out]
o 5y means S5 Xy

o Xxyz means XXyXz [The multiplication sign is often left out]
o xy2 means XXyXy [It is only the y that is squared]

o (w) means XXYXXXy [Both the x and y are squared]

o x(y—z)2 means xx (y—-z)x(y—2)
[Only the brackets get squared]

15.2. Substitution
Imagine you were given the formula

X=34+2B
and asked to find the value of X when 4 = 5 and B = 7. All you do is write down the
formula again but this time you substitute numbers for letters on the right hand side.
So we would have

X = (3x5)+ (2x7)
= 15  + 14
= 29

Make sure you do it in stages as we have done above. DO NOT TRY TODOIT
ALL IN ONE GO!!! :

Example
If C= £(F -32) find the value of C when F'=59.

Ans C = 3(59-32)

= 2(27) [Remember we do brackets first]
= 15

Ly



16. Simplifying Expressions

Consider the expression
Sx—Ty—y* —x+ 3y

We say
5x is an x term
-Ty isay term
- y2 is a y* term
-x is an x term
3y? is ay? term

The idea here is to first collect like terms together, so we would write:

Sx—Ty—y' —x+3) =@

X terms y terms y2 terms

Next we combine like terms:
Sx—-x = 4x Ty = -Ty -y2+3y2=2y2

So we have
5x—7y2—x+3y2=4x—7y+2y2

WARNING: Don’t be confused into thinking that y and y* are both y terms!!! They
are different and hence cannot be combined.

Example
Simplify Txy +9yz —3xy —3yz + Txy — 2yz

Firstly we collect the like terms together:

Srh U Mg

Txy+9yz—3xy—3yz+Txy—2yz = :

L2

'lec like terms together)

1lxy +4yz (Combine like terms)



17. Expanding Brackets
17.1. Multiplying Out Brackets

Recall that when letters are multiplied together then we just write them next to each
other:
XXy = xy XXYyXzZ = Xyz

Also remember from our work on indices that:

XXX =x2 xxxxx=x3

Finally don’t forget the important effect of brackets:
xy} = xxyxy x)’

XXXXYXY

When expanding brackets the term outside the bracket multiplies each separate term
inside the bracket:

3(5x+2) =3x5x + 3x2 = 15x+6

442 +y) = AxdxP+ -Axy = 1687 -4y

4x (3y+2x) = 4xx3y + 4xx2x = 12 +8%

To expand a bracket that just has a minus sign outside the bracket you simply change
the signs of each of the terms inside the bracket:

-(xty) = -x-y -(x-y) = xty

-x=-y) = -xty -(x+ty) =x-y
Example
Expand and simplify 7x + 8y + 3(2x + 4y)
Ans
Firstly we expand the bracket:

32x+4y) = 3x2x+3x4dy
= 6x+12y

Hence we have

Tx+8y+3Q2x+4y) = Tx+8y+6x+12y
= Tx+6x+8y+12 [Group together like terms]
= 13x+20y [Combine like terms]



17.2. Brackets Multiplied by Brackets

To expand an expression like (2x + 1)(x + 2) you need to multiply each term in the
first bracket by each term in the second:

(2x+q)(x+2) = 2xxx + 2xx2 + Ix x + 1x2
- J
= 2% + 4x + X + 2
= 2 +  5x = 2
Example

Expand and simplify (3x + 7)(5x — 2)

Bx+7Bx-2) = 3xx5x + 3xx-2 + Tx5x + 7Tx-2
= 152 - 6x +  35x - 14
155+ 29 - 14

1l

17.3. Squared Brackets

To expand something like (5x + 3)* you need to remember that
(5x + 3)? =(5x + 3)(5x + 3)

Then we can use the same method as above.

(5x +3) = (5x+3)(5x+3)
= S5xx5& + 5xx3 + 3x5x + 3x3
= 25x* + 15x + 15x + 9
= 25x + 30x + 9
Example
Expand and simplify (x —4)°
Ans
(x — 4y’ = (x-4)x-4)
= XXX + xx-4 + -4xx + -4x-4
= - 4x - 4x + 16

X
x - 8 + 16



18. Factorising

This is the exact opposite of multiplying out brackets. Now instead of getting rid of
brackets we are interested in putting them back in. The idea is to find common
factors amongst the terms and bring them out. This is best learnt by example:

Example
Factorise 9x + 12x%y

e What is the highest common factor of 9 and 127
3 can be brought out as a common factor.

e What is the biggest power of x that can be brought out from each term?
We can bring an x out of each term but we can’t bring x* out of each term. So
x can be brought out as a common factor.

e Since y doesn’t occur in each term it won’t be able to come out as a common
factor.

Hence we can bring out 3x as a common factor. We then need to work out what will
be left once we’ve taken out the 3x:

ox+12x% = 3x (3 + 4xy)
We need 3 \ We need 4xy to
to get 9x get 12x%y
Example
Factorise 15x*y + 203’z — 35x°y2

o What is the highest common factor of 15, 20 and 357
5 can be brought out as a common factor.

o What is the biggest power of.x that can be brought out of éach term? -

x? can be brought out as a common factor.

e What is the biggest power of y that can be brought out of each term?
y can be brought out as a common factor.

e Since z doesn’t occur in each term it won’t be able to come out as a common
factor.

Hence we can bring out 5xy as a common factor. Then work out what is left:

155y + 2065z - 35x°y2 = 5x%y (3x* + 4’z - Txz’)

Weneed 3x° | | Weneed 4’z || Weneed 73xz§
to get 15x"y to get 20x%°z || to get 35x°yz

B\



19. Solving Linear Equations
An equation is a statement containing an “=" sign, such as
x+4=17 12x+3=2x
In the above equations x is the unknown. A linear equation is one that has no
squares or higher power of the unknown.

A solution of an equation is a number which, when put instead of the letter, makes the
equation true. For example,
x+4=7 has the solution b =) because 3 +4 =17

19.1. Keeping the Balance

You should think of an equation like a set of scales in balance.

LHS = RHS

The equation, like scales, will still balance if
whatever you do to one side you also do to the other

The balance will be unchanged if you
I. add the same quantity to each side
II. subtract the same quantity from each side
II. multiply each side by the same quantity
IV. divide each side by the same quantity

In order to solve an equation the idea is to get all the “letter terms” on one side and all
the “number terms” on the other. To obtain this you may need to get rid of unwanted
terms from each side of the equation.

The inverse of +is -. So to get rid of a ‘+ term’ use the matching - term’. For
example,
to get rid of ‘“+2’ use ‘-2° because +2-2=0

The inverse of —is +. So to get rid of a ‘- term’ use the matching ‘+ term’. For
example,

to get rid of *-3” use ‘“+3’ because -3 +3 =0

Once you have solved the equation always check your answer by substitution.



Example
Solvex+3=7

Ans
To get rid of + 3 we use —3. So we subtract 3 from both sides of the equation:
x+3 -3 = 7-3
x = 4
Let’s check that this answer is correct by using substitution:
LHS: x+3 = 4+3 RHS: 7
= 7

Since LHS = RHS our answer is correct.
Example
Solvex-4=10

Ans
To getrid of - 4 we use + 4. So we add 4 to both sides of the equation:

x-4 +4 = 10+4
x - 14
Let’s check that this answer is correct by using substitution:
LHS: x-4 = 14-4 RHS: 10
= 10

Since LHS = RHS our answer is correct.

19.2. Inverses of xand -
Recall that x means 1 x. Sometimes after rearranging your equation the letter term
may have a coefficient that is not 1. For example,

3x has a coefficient 3; it means 3 X x

x . . x
9 has a coefficient ¥z ; it means Y

We will want to make the coefficient equal to 1. The inverses of x and + will help
you do this:
The inverse of x is +. So to undo a multiplication use a matching division. For
example:

If you have a coefficient 3 then you need to divide by 3 since 3+3=1

The inverse of + is x. So to undo a division use a matching multiplication. for

example:
If you have a coefficient 2 then you need to multiply by 2 since /2 x 2 =1

33,



Example

Solve 4x =8
Ans
To undo the x 4, we use + 4. So we must divide both sides by 4.
4x 8
4 4
Now since 4 + 4 =1 we have
x=2
Check:
LHS: 4x 4x2 RHS: 8

= 8
Since LHS = RHS our answer is correct.

Example
Solve £ =3
7
Ans :
To undo + 7, we use x 7. So we must multiply both sides by 7.
Zx7=3x7
7
Now since %x 7 =1we have
x=21
Check:
x_21
LHS: 7 71 RHS: 3
=3

Since LHS = RHS our answer is correct.



19.3. More Complicated Examples

Example
Solve 2x +5=11
Ans
To get rid of + 5 we use — 5, so we subtract 5 from both sides:
2x+5-5 = 11-5
2x = 6

To undo the x2 we use +2, so we divide both sides by 2:

2x_6
2 2
x=3
Check:
LHS: 2x+5 = 2x3+5 RHS: 11
= 6+5
= 11
Since LHS = RHS our answer is correct.
Example
Solve3x+4=7-2x
Ans
To get rid of — 2x we use + 2x, so we add 2x to both sides
Ix+4+2x = 7-2x+2x
5x+4 = 7 '
To get rid of + 4 we use — 4, so we subtract 4 from both sides
5x+4-4 i 7-4
; 5x = 3

To undo the x5 we use +5, so we divide both sides by 5

5x_3
5 5
x=§=0.6
5
Check:
LHS: 3x+4=3x0.6+4=5.8 RHS:7-2x=7-2x0.6=5.8

Since LHS = RHS our answer is correct.
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19.4. Equations with Brackets

If an equation involves brackets always multiply out the brackets first before you

attempt to solve the equation.

Example
Solve 2(x+5)=5(x—-17)
Ans
Firstly we expand the brackets, this gives
2x+10 = 5x—35
Subtract 2x from both sides:
2x+10-2x = 5x-35-2x
10 = 3x-35
Add 35 to both sides:
10+ 35 = 3x—35+35
45 = 3x
Divide both sides by 3:
45 3x
3 3
15=x
Check:
LHS: 2(x+5) = 2(15+5) RHS: 5(x-7)
= 2%x20
= 40

Since LHS = RHS, our answer is correct.

19.5. Equations with Fractions

5(15-7)
5x8
40

If an equation involves a fraction it is easier to get rid of the fraction first before

attempting to solve the equation.

Example

2x-1 _7

Solve

Ans
Multiply each side by the denominator 3:

3X(¥)=3X7

2x-1=21
Add 1 to each side
2x—-1+1 = 21 +1
2x = 22
Divide both sides by 2
2x._ 22
2 2
x=11

As always you should check this answer, we leave this as an exercise.
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20. Solving Quadratic Equations

20.1. Whatifaxb=07

An important fact that you should know is: “If two terms multiply together to give
zero then at least one of them must be zero”, i.e.

If axb=0 then either a=0 OR b=0

This can be useful in solving some types of equations. oR (=0 ownd b=0

Example
Solve the equation
x+3)x-7)=0

From above we know that either

x+3 =0 OR x-7 =0
x = -3 % =7
Example
Solve the equation
x-5x+11)=0
From above we know that either
x-5 =0 OR x+11 =0
x =5 x = -11
20.2. Solving Quadratics
A quadratic equation is one that looks like
ax’*+bx+c=0
In the quadratic equations you will consider we will always have a = 1, namely
X*+bx+c=0
Examples of such equations include:
X —2x+1 x*+5x—3 ¥ -11x+22
To solve a quadratic equation you need to factorise it using the method below:
e First write the equation in the form X*+bx+c=0
e Our aim is to write the equation in the form (x ) )=0
e To achieve this we need to find two numbers that multiply to give c but also
add to give b.

e If ¢is positive then both number must have the same sign, but if ¢ is negative
the numbers will have different signs.
e Once the equation has been factorised it can then be easily solved.

3‘*/



Example 1
Solve the equation
Z+Tx+10=0

Ans
Firstly we must factorise the quadratic:

G )= )

We want to find two numbers that multiply to give 10 and add to give 7. Since 101is
positive the numbers must have the same sign and since they add to give 7 they must
both be positive. Let’s try and find them:

1x10 = 10 but 1+10 = 11 [No good]
2x5 = 10 and 2+5 =17 [Success!!!]
Hence
X+Tx+10 = (x+5)x+2)
Thus
x+5x+2) = 0
So we have
x+5 =0 OR x+2 =0
X = -5 X = .2
Example 2
Solve the equation
x*-5x+6=0
Ans
Firstly we must factorise the quadratic:
x =)

We want to find two numbers that multiply to give 6 and add to give -5. Since 6 is
positive the numbers must have the same sign and since they add to give -5 they must
both be negative. Let’s try and find them:

-I1x-6 = 6 but -1+-6 = -7 [No good]
2%x-3 = 6 and 2+-3 =25 [Success!!!]
Hence
x*-5x+6 = (x-2)(x-3)
Thus
x-2)x-3) = 0
So we have
x-2 =0 OR x-3 =0
x = 2 X =3



Example 3
Solve the equation

X +x-12=0
Ans
Firstly we must factorise the quadratic:
CD A

We want to find two numbers that multiply to give -12 and add to give 1. Since -12 is
negative the numbers must have different signs and since they add to give 1 the bigger
number must be positive. Let’s try and find them:

-1x12 = -12 and -1+12 = 11 [No good]
2x6 = -12 and 2+6 = [No good]
3x4 = -12 and 3+4 =1 [Success!!!]
Hence
P +x-12 = (x-3)x+4)
Thus
(x-3)x+4) = 0
So we have
x-3 =0 OR x+4 =0
x =3 x = -4
Example 4
Solve the equation
x*-4x-12=0
Ans
Firstly we must factorise the quadratic:
G )& )

We want to find two numbers that multiply to give -12 and add to give -4. Since -12
is negative the numbers must have different signs and since they add to give -4 the
bigger number must be negative. Let’s try and find them:

1x-12 = -12 and 1-12 = -11 [No good]
2x-6 = -12 and 2-6 = -4 [Success!!!]
Hence
P-4x-12 = (x+2)x-6)
Thus
(x+2)x-6) = 0
So we have
x+2 =0 OR x-6 =0
X = -2 x = 6
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21. Function Machines
An example of a function machine is

IN "OUT
—p 3 — x5 — | -2 | —p

The secret of a function machine is to write down what is coming out from each box.
If we put 3 in the above machine we’d have

30

3h_+ +3 &5 x5 » -2 ____>28
Put 3 in the 1% box 3+3=6 6 comes out.
Put 6 in the 2" box 6x5=30 30 comes out.
Put 30 in the 3™ box 30-2=28 28 comes out.
Example
What comes out if you put x in?

b x+3 5(x+3) 5(x+3)-2

—pl FE L —— ) RS e =2
Put x in the 1* box x+3 x+ 3 comes out.
Put x + 3 in the 2™ box 5% (x+3) 5(x + 3) comes out.
Put 5(x+3)inthe 3 box  5(x+3)-2 5(x + 3) — 2 comes out.
What comes out can be simplified as follows:
S5x+3)-2 = Sx+15-2
o 5x+13

Sometimes you may be told what comes out and asked to find what was originally put
in the machine. To do this you simply use the machine from right to left and do the
opposite operations.

Example
For the above machine what would you need to put in to get 48 out.

Working from right to left and doing the opposite operations gives.

48 goes in. 48 +2 =150 50 comes out.
50 goes in. 50+5=10 10 comes out.
10 goes in. 10-3=7 7 comes out.

So you need to put 7 in.



22. Rearranging Formulae

Consider the formula
3z—x=5y+2p

We could re-arrange this formula so that we had

x = “something”
where there is no x on the right hand side. We say we have made x the subject of the
formula.

Alternatively we could rearrange to obtain

y = “something”
where there is no y on the right hand side. This time we’ve made y the subject of the
formula.

You could also make x or p the subject of the formula.

To re-arrange formulae we use the same methods that we used when we learnt to
solve equations.

Example

Make p the subject of the formula: P-4
p+y

Firstly we multiply both sides by (p + ) to get rid of the fraction:
p

x(p+y)=4x(p+y)
p=4p+4y

To get rid of + 4p we use — 4p
p-4p=4p+4y-4p

~3p=4y
To undo x -3 we use + -3 which gives
k) 4
-3 -3
__4
p= 3y

:3%



Example

2
Make y the subject of the formula: z= ’Zx S
2y +1

Firstly we must get rid of the square root, to do this we square both sides:

2
X

2y +1

22 =2x-

To get rid of the fraction we must multiply both sides by (2y + 1)

2
22 x(2y+1) = 22— —2— |x 2y +1)
2y +1
2
222y +1) = 2xx 2y +1) - ——x 2y +1)
2y +1

222y +1) =2xQ2y +1)—x*

Now we need to expand the brackets
2yz% 4+ 22 = dxy + 2x - x*
Let’s get all terms involving y on the LHS and the rest on the RHS. To get rid of +
4xy we use — 4xy
2yz% 422 —4xy = 4xy +2x - x> —dxy
2yz® —4xy+ 22 =2x-x°

To get rid of + 2% we use — z°
2yz2 —4xy+z° -z =2x-x" - z*

2yz —dxy =2x~-x* - 2*

Now let’s factorise out the y term on the LHS:
y(222 - 4x)= 2x—-x*-z°

To undo the x (2z% — 4x) we use + (22° — 4x), this gives
y(2z* -4x)  2x-x*-z*
(222 -4%)  (2z% —4x)

_2x-x"-Z°

(22 - 4x)

y

Note: The question in your GCSE examination will probably be easier than the above
example.



23. Inequalities

23.1. Different Types

There are 4 types of inequality signs you need to know:
> means greater than < means less than
2 means greater than or equal to < means less than or equal to

An integer is just a word to mean a whole number. You will need to know this.

Example
If x is an integer (whole number) and 3 <x < 7 what values can x take?

We know x must be bigger than 3 so the smallest value x can be is 4. It must also be
less than or equal to 7, so the biggest x can be is 7. Hence x can be 4, 5,6o0r7.

Sometimes you will see
x>5 written as 5<x

Don’t be confused by this, both are telling you that x is bigger than 5.

23.2. Solving Inequalities

When solving inequalities you can just treat the inequality as if it were an
However there is one important difference:
Whenever you multiply or divide by a negative number the inequality sign must

66_»

sign.

Example
Solve3x<x+4
3x—-x<x+4—-x

2x<4
2x 4

To get rid of +x we use —x

To undo x 2 we use + 2 2 2
x<2

Example
Solve 5x<6x+2

To get rid of + 6x we use — 6x
5x-6x<6x+2—6x

-x<2

To get rid of the — in front of x we must divide both sides by — 1. Remembering that
the inequality sign flips we obtain
xS 2
17 -1
x2-2

Hg/



24. Sequences

24.1. Types of Sequences

A sequence is just a list of numbers. In your exam you will be shown some numbers
in a sequence and asked to write down the next two or three terms in the sequence.
There are several different types of sequences but they are easy to spot if you always
write down the difference in the gaps between each pair of numbers.

Example - Common Difference

Write down the next 2 terms in the sequence 7 11 15 19 23
Begin by writing down the difference in the gaps between each pair of numbers
7 11 15 19 23
+4 +4 +4 +4

From this we can see that the next two terms are

23 +4=27 and 27+4=31
Example — Increasing Difference
Write down the next 2 terms in the sequence 8 11 15 20 26
Begin by writing down the difference in the gaps between each pair of numbers
8 11 15 20 26
+3 +4 +5 +6

From this we can see that the next two terms are

26 +7=33 and 33+8=41
Example — Decreasing Difference
Write down the next 2 terms in the sequence 53 43 34 26 19
Begin by writing down the difference in the gaps between each pair of numbers
53 43 34 26 19
-10 -9 -8 -7
From this we can see that the next two terms are
19-6=13 and 13-5=8
Example — Multiplying Factor
Write down the next 2 terms in the sequence 5 10 20 40 80
Begin by writing down the difference in the gaps between each pair of numbers
5 10 20 40 80
x 2 x2 x 2 x 2

From this we can see that the next two terms are
80 x2=160 and 160 x 2 =320



Example — Adding Previous Term

Write down the next 2 terms in the sequence
1 1 2 3 5 8

Begin by writing down the difference in the gaps between each pair of numbers
1 1 2 3 5 8
+1 +1 +1 +2 +3

From this we can see that the next two terms are
8+5=13 and 13+8=21

24.2. Finding the n® Term

For the sequence type “Common Difference” you will be expected to be able to write
down a formula for the #™ term of the sequence. This is easy if you follow the
method in the example below:

Example
Find the n™ term for the sequence 7 11 15 19 23

The common difference is 4 so we “guess” that the formula will be 4 . Let’s check if
this is correct.

Whenrn=1wehave 4x1 = 4 but the 1% term should be 7.
Whenn=2wehave 4x2 = 8 but the 2™ term should be 11.
Whenn=3wehave 4x3 = 12 but the 3" term should be 15.

The answer our formula gives is 3 too small each time. Hence the correct formula
will be 4n+3

Example

Find the n™ term for the sequence 1 4 7 10 13

The common difference is 3 so we “guess” that the formula will be 3 n. Let’s check if
this is correct.

Whenn=1wehave 3x1 = 3 but the 1% term should be 1.
Whenn=2wehave 3x2 = 6 but the 2°¢ term should be 4.
Whenn=3wehave 3x3 =9 but the 3™ term should be 7.

The answer our formula gives is 2 too big each time. Hence the correct formula will

be 3n-2
Example
Find the n™ term for the sequence 1 4 9 16 25

This is not the common difference type, but it is still quite easy. Notice thatitisa
sequence of the square numbers:

Whenn=1wehave 1* = 1 Whenn=3wehave 3> = 9
Whenn=2wehave 2° = 4 When n =4 we have 4> = 16

So in general the #" term willbe  #°

s,



25. Standard Index Form
25.1. Definition

Index form (or standard index form) is a method scientists use to write very big or
small numbers. Examples of numbers in standard form are

36 000 In standard form this is 3.6 x 10*
505, 000 In standard form this is 5.05 x 10°
0.00365 In standard form this is 3.65 x 107
0.0000000078 In standard form this is 7.8 x 107

Numbers in standard form must always be of the form
x x 10"
where x is a number between 1 and 10 which cannot be 10, i.e. 1 £x <10
and n tells us the number of places the decimal point moves. If the number is big then
n is positive but if it is small » is negative.

25.2. Method for Writing Numbers in Standard Form

Example
Write 36000 in standard form.

The front number must be between 1 and 10, so in this case it will be 3.6.
Consider 36000. How many places do we have to move the decimal point so that it
lies between the 3 and 6?

Decimal
Point Starts

3,6 0 0 0,
We Want the / \-Y—} \—Y—-} \—YJ LY_) Here
4 3 21

Decimal Point
to Finish Here

Hence we have to move the decimal point 4 places, and since the number is big n will
be positive. So we have

36000 = 3.6 x 10*

Example
Write 0.000000543 in standard form.

The front number in this case will be 5.43.
Now how many places do we have to move the decimal point so that it moves from its
starting point in 0.000000543 to between the 5 and 4?
Clearly it must move 7 places, but because the number is small this time » will be
negative. Hence

0.000000543 = 5.43 x 107




25.3. Multiplying and Dividing Number in Standard Form

To do this you must remember the rules about multiply and dividing indices.

Example
Calculate the product of 3 x 10 and 2x10°
giving your answer in standard form
Ans:
3x10%2 x2x10° =3x2x10%x10°
=6x10%
=6x107
Example
1
Work out o 10_4
2%10
Ans:
6x10" 6 10"
=—X
2x10™* 2 10™
=3x10"H
=3x10"
Example

Calculate the product of 5 x 10° and 7 x 107 giving your answer in standard form.

Ans:
5%x10%>x7x10% =5x7x10° x10?

=35x10**"?
=35x10°

However this answer is not in standard form. To achieve this we first write 35 in
standard form, 35=3.5x 10

3.5x 10" x 10°
=35x% 10"
=3.5x10°

This then gives 35 x 10°

25.4. Using a Calculator

To do standard form on a calculator you use the key EXP or EE.

To enter the number 3.5 x 10° you press
3 . 5 EXP 6

To enter the number 1.56 x 107 you press
1 . 5 6 EXP - il

lexy



26. Trial and Improvement

26.1. Introduction

One day Jack and Jill decide to play a number game instead of going to fetch water.
Jack thinks of a number x between 1 and 50 and Jill tries to guess what x is.

1) 257

Jack Too low

Jill : I now know x > 25. Try 35.
Jack Too high

nn oo I now know 25 <x < 35. Try 27
Jack Too low

Jill ¢ I now know 27 <x < 35. Try 29
Jack : Too high

Jit ] I now know 27 <x <29 Try 28
Jack : Correct!!

Having had so much fun playing this game they decide to play again. This time Jill
picks a number between 1 and 10 and Jack tries to guess it:

Jack 5?

Jill > Too low

Jack I now know x > 5. Try 7
Jill : Too high

Jack I now know 5 <x<7. Try 6
Jill : Too low

At this point Jack looks somewhat confused but then realises that Jill didn’t say she
had chosen an integer (a whole number):

Jack Tknow 5 <x<7 Try 6.5
Jill : Too low ’

Jack I know 6.5 <x<7 Try 6.7
Jill 3 Too high

Jack : I know 6.5 <x<6.7 Try 6.6
Jill ! Too low

Jack I know 6.6 <x <6.7 Try 6.65
Jill : Too low

Jack no know 6.65 < x < 6.7 and proudly proclaims “The number you have chosen is
6.7 to 1 decimal place.” Notice that when Jack knew 6.6 <x < 6.7 he was unable to
give x to 1 decimal place because he didn’t know whether it was closer to 6.6 or 6.7.
However by trying 6.65 he discovered that 6.65 <x < 6.7. Now he knows x is closer
to 6.7 than 6.6 so he can say x = 6.7 to 1 decimal place.



Example
Find a solution of the equation

x*+x-5=0
to 1 decimal place by using trial and improvement.

Let’s play the same game as Jack and Jill and try to guess the answer. We’ll then test
our guess to see whether it is too big or too small. Letting g represent out guess we
proceed as follows:

g gl+g-5=0 Outcome Conclusion
0 0°+0-5=-5

1 1“+1-5=-3

2 2°+2-5=1 2 is too big 1<x<2
1.5 1.5-1.5-5=-1.25 1.5 is too small 1.5<x<2
1.7 1.7°-1.7 -5 =-0.41 1.7 is too small 1.7<x<2
1.8 1.8°-1.8-5=0.04 1.8 is too big 1.7<x<1.8
1.75 1.75°-1.75-5=-0.1875 1.75 is too small 1.75<x<1.8

Pay particular attention to the last two lines. When we knew 1.7 <x < 1.8 we were
unable to give x to 1 d.p. because we did not know whether x was closerto 1.7 or 1.8.
To resolve this problem we tried 1.75 and found that 0.75 <x < 1.8. Hence x is closer
to 1.8 than 1.7 so we can safely say x=1.7 (to 1 d.p.)

Example
Calculate +/13 to 2 d.p. without the use of the \/— key on your calculator.

Solution

We want to find x such that x = J13 . This is the same as trying to find a solution of

the equation x*> =13 [We have squared both sides]. We proceed in the same manner
as before:

g g Outcome Conclusion
3 3°=9 3 1s too small x>3

4 4°=16 4 is too big 3<x<4
3.5 3.5=12.25 3.5 1s too small 3.5<x<4
3.7 3.7°=13.69 3.7 1s too big 3.5<x<3.7

3.6 3.6°=12.96 3.6 1s too small 3.6<x<37
3.65 | 3.65°=13.3225 3.65 is too big 3.6 <x<3.65
3.61 | 3.61°=13.0321 3.61 is too big 3.60<x<3.61
3605 | 3.605°=12.996 | 3.605 is too small | 3.605 <x<3.61 |

Hence x =3.61 to 2 d.p.

L&"\/
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45. Pythagoras
Consider a right-angled triangle:

The longest side in the triangle is the one opposite the right angle. We call this side
the HYPOTENUSE.

Pythagoras’ Theorem is an equation that relates the lengths of the sides of the triangle.

Labelling the sides as
: T
/ 1
< X >
) 2_ 2 2
Pythagoras’ Theorem states: h"=x"*y

Notice that the HYPOTENUSE is on its own on the left — this is ALWAYS the case.

Example
Find the unknown length A .
3

By Pythagoras
W= 32+ 4
= 0+16
= 25
h = 25
=5
Example
Find the value of x M .
By Pythagoras X
82 = x*+5°
64= x> +25
Xt = 64-25
= 39
~x =39 = 624 (2dp.)






46. Trigonometry

46.1. Labelling Triangle Sides

Before we can do any trigonometry we need to know how to label the sides of a right
angle triangle. The way we label the sides depends on the angle we are
considering.

Consider the triangle below and the angle A.

Hyp
Opp

Adj
We know the side opposite the right angle is called the hypotenuse.
The side opposite the angle A is called the opposite.
The remaining side is called the adjacent (because it is adjacent to A).

Note that if we were considering the angle B as shown below then the sides are
labelled differently.

B
Hyp Adj

Opp

Remember: The labels for the sides depend on the angle you are considering.

0\\/



46.2. Finding Lengths and Angles
Trigonometry shows us how the lengths of the sides of a right angled triangle are
related to the angle we are considering. Consider again the angle A.

Hyp
Opp
-
Adj
Trigonometry tells us that
sinA=@ cosA=ﬂ tanA=—0£—pf
Hyp Hyp Adj

To remember these three relationships just remember the name

SOH CAH TOA
then from this we obtain
Sin is Opposite over Hypotenuse
Cos is Adjacent over Hypotenuse
Tan is Opposite over Adjacent

We use these trigonometric ratios to find the lengths of sides or sizes of angles in

Example 1
Find x in the triangle shown
Hyp
x
Opp 15
35%
Adj
1. Label the sides!!

2. Weknow the opposite and want the hypotenuse. What relates these two? The
answer is Sin.
3. Now we use the trigonometric ratio

sin35 = 9rp.

Hyp
15
x
xxsin35=15

= .15 =26.2
sin35
On your calculator press: 15 + 35 sin

if it is a logical calculator press: 15 + sin 35




In this next example we show how to work out an unknown angle when two lengths
are known.

Example 2
Find the angle of 0 in this triangle:
Hyp
25
Opp
0
15
Adj

P

Label the sides Hyp, Adj and Opp.

2. We know the hypotenuse and the adjacent. Which trigonometric ratio links these
two? The answer is Cos.

3. Now do the calculation:

adi
hyp
_1s
25
=0.6

cosf =

To work out the value of 6 we need to work out the INVERSE COS of 0.6. To
do this we use the INV key on the calculator.

8 = INV COS(0.6)
= 53.1
To do this calculation on your calculator you will need to do one of the following:
PRESS - 0.6 INV COS =
PRESS INV COS 0.6 =
PRESS 2MF COS 0.6 =






65.3. Quadratic Equations

Example 1

A right-angled triangle has the dimensions, measured in
centimetres, shown in the diagram.

a) By using Pythagoras, show that x*-2x-3=0. x+2
b) Solve the equation in a)
¢) Write down the lengths of the sides of the triangle.

a) By Pythagoras:
2+ (x+ 1) = (x+2)2

Expanding the brackets on either side gives:

P+ +2x+1 = Ft+dx+d

2P+ 2+1 = XPHdx+4
2P+ 2x+1-x*—4x—4 = 0
¥-2x-3 = 0

b) To solve this we factorise the expression on the left hand side:

x-3)x+1) = 0
Either x-3 = 0 =2 x=3
or x+1 = 0 = x=-1

¢) In our triangle x must be 3 cm because you can’t have negative lengths!!!!
So the lengths of the triangles are: )

x) 3cm
x+1) 4 cm
(x+2) 5cm

x+1



3




But in the question we are told that the area is the same as the perimeter. This means
that

12x—48 = 2x+16
12x = 2x+16 +48
12x—2x = 64
10x = 64
X = 64+10
6.4 cm
So A = 12x64-48
= 28.8cm’

65.2. Simultaneous Equations

Example 1

Three mugs and two plates cost £7.20, but four mugs and one plate cost £7.90. Letx
represent the cost of a mug and y the cost of a plate. Write down tow equations
involving x and y. Solve these equations and calculate the cost of seven mugs and 6
plates.

Solution
We are told
3 mugs and 2 plates cost £7.20,1.e. 3x+2y = 7.20 - (1)
4 mugs and 1 plate cost £7.90,i.e. 4x+y = 7.90 - (2)
Multiplying equation (2) by 2 gives the following:
3x+2y = 7.20 - (3)
8x+2y = 15.8 - (4)
(3) - (4) gives,
3x-8x = 7.20-15.80
5x = -8.6
X = 1.72
Substituting into (1) gives,
3x1.72+2y = 7.20
5.16 +2y = 7.20
2y = 2.04
y = 1.02
Hence Price of amug =£1.72 Price of a plate = £1.02
Thus Tx+6y = Tx1.72+6x1.02

12.04 +6.12
= £18.16



65. Using Equations

We have already seen how to solve linear, simultaneous and quadratic equations. In
this section we will see how to answer questions when the equations are not given.

65.1. Linear Equations

Example 1
Sue has x pounds in her account.

a) She withdraws 50 pounds. Write down an expression to show how much she
now has.

Amount in account = Original amount — 50
= x-50

b) The next week Sue deposits twice the amount she originally had in the
account. Write down an expression to show how much she now has.

Amount in account = Current Amount + 2 x Original Amount
= x—50 + 2xx
= 3x-50

c¢) Given that Sue originally had 140 pounds in the bank, how much does she
now have?

We are told that x = 140, so using the formula is b) we have
Amount in account = 3x 140 -50
420 -50
= £370

Example 2
The length of a rectangle is 12cm and its width is (x ~ 4) cm. If its perimeter is

numerically the same as its area, calculate the value of x and hence its area.

Solution
Let 4 denote the area of the rectangle and p denote its perimeter. Then

A = Length x Breadth
= 12x(x-4)
A = 12x-48
also
p = 12+@x-4+12+x—-4)
= 2x+12-4+12-4
p = 2x+16

| LA/



Example
Solve the simultaneous equations:

2x+4y=2 - (1)
6x +5y=13 ---(2)

Let us try to eliminate x from these equation. First we need to make each equation
have the same number of x’s. To do this we multiply the first equation by 3 so that

there will be 6 x’s in it.

3Ix()~=> 3x(2x+4y) = 3x2
6x+12y =6

“Whatever you do to one side you must do to the other”

So now we have the equations

6x+12y =6 - (3)
6x+5y =13 - (4)

Now we subtract equation (4) from (3)

3)-¢4)~> 6x+12y—(6x+5y) = 6-13
. 12y -5y = -7
Ty = -7
-7
= — = -1
B 7

To find the value of x we substitute this value of y into equation (1):

2x+4x(-1)= 2
2x—-4 =2
2x = 6

2

So our solutionisx=3,y=-1



64. Simultaneous Equations

We have already seen how to solve equations involving only one variable.

Examples
1. x=2x+1
2. 3x-5=2x

In our work on graphs we also saw how to solve a pair of equations involving two
variables.

Example

Solve the simultaneous equations
x+y=5
x—y=1

The way we did this earlier was to draw a graph of each and see where they intersect.
Now we will learn how to solve them algebraically. The idea is that we try to
ELIMINATE one of the variables:

xty=>5 —(1)
x—y=1 - (2)

Let’s try to eliminate the x from these equations. The way we do this is to subtract
equation (2) from equation (1):

H-2)~> x+ty—-(x-y)=5-1
x—x+y+y =6
2y =6
y =3

Now that we know the value of y we can substitute this into equation (1) or (2) to find
out the value of x.

In(1): x+3=75
x = 53
x =2

So our solutionisx =2,y =3

This example was easy because we already had the same number of x’s in each
equation to start with so we could easily eliminate x. We could have just as easily
eliminated y by adding the equations.

The next example shows what we do when we don’t have the same number of x’s or
y’s:

| D/
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