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Abstract
The aim of this report is to understand Fourier Transform (FT) which is regularly used in the engineering industry. With computational tools such as Matlab, the FT has become an integral part of routine analytic practices. 
The report has been split into four separate tasks with different areas. These are listed in the table of contents and include task 1, task 2, task 3 and task 4.
The report is to be at least 1,200 words and should include a high level of information regarding the subject matter. It also includes diagrams, drawings, workings out and a good level of referencing material.
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Introduction
I have been tasked with carrying out some research into the use of the Fourier Transform and how it is used regularly within the engineering and science industry. It hosts the ability to solve equations immediately using mathematics. The start of the report will focus on research into the different types of waveforms, Fourier Transform vs Fourier series and how they are used in the engineering industry. I will also explain how certain waveforms can impact power systems and the limitations for the software.
The report will then move on to the use of the MATLAB software and how we use this software to plot waveforms. I will be exploring rectangular and sawtooth waveforms and how harmonics of these waveforms are used to build a smoother waveform. The report then moves on to the Fourier Transforms and how we can break down aperiodic signals to analyse in the frequency domain. Finally, using MATLAB, I will provide evidence on the use of Fourier Transform and how we can recover signals using Fourier techniques within the software.
The report will finish with supported a short conclusion followed by references. 












Task 1
i)  Types of Waveforms: Explain how to recognise simple periodic, complex periodic, impulse, and noise waveforms by their shapes.

Waveforms can be broken down into two distinctive groups, unidirectional and bidirectional. Unidirectional waveforms do not cross the zero-axis point irrespective of positive or negative. Examples of these would be clock or trigger pulses. Bidirectional waveforms alternate from positive to negative whilst constantly crossing the zero-axis point. The most common example of this would be a sinewave. 
All waveforms have three main characteristics irrespective of simple, complex, periodic, non-periodic etc. These are period, frequency, and amplitude. The period is the length of time it takes for the waveform to complete one cycle, from start to finish. This is measured in seconds and is known as Periodic Time (T). Frequency is the number of cycles the waveform makes in a one second period. Frequency (f) is equal to 1/T and is measured in Hertz (Hz). Finally, the amplitude is the magnitude of the signal which is measured in amps (A) or volts (V). 
(Electronics Tutorials, 2013)
Simple periodic
A sinusoidal waveform is an example of a simple periodic waveform. The waveform is smooth and constantly repeats itself every cycle. The waveform alternates between the minimum and maximum values and each cycle is normally measured in 360° or 2π per cycle.

[image: ]











(Electronics Tutorials, 2013)
Complex periodic
A complex waveform is the combination of instantaneous amplitudes of two or more sine waves. The sine waves will always contain the fundamental wave which has the same frequency as the complex wave is created. Below are two sine waves and the resulting complex waveform when combined.

[image: Basic Sin Wave.]




[image: Higher Frequeny Sin Wave.]




[image: A combination of a basic sin was with a high frequency one and the resulting wave form.]






(Stolet, n.d.)
Some examples of commonly known complex waveforms are square, sawtooth, and triangular waves. 

Impulse
An impulse signal will usually have a high amplitude pulse followed by a drop to zero/almost zero amplitude. These signals are for a short amount of time and have an infrequent regularity.  Impulse signals are therefore non-periodic.
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[Image taken from https://www.researchgate.net/figure/Transmitted-impulse-waveform-left-and-normalized-amplitude-spectrum-right_fig4_3202391]
Noise
Noise waveforms are categorised as aperiodic signals which lack any consistency or smoothness. They are predominantly random and follow no trend as shown in the image below. There are different types of noise which are a resultant of different frequency distributions. Noise is often an unwanted disturbance which impacts the transmission of signals.

[image: ]






(cmtext.indiana.edu, n.d.)
ii) Fourier Transform vs. Fourier Series: Describe what the Fourier Transform is and how it differs from the Fourier series.


Fourier Transform
Fourier Transform is a mathematical technique that can be applied to aperiodic signals by converting them from time domain to frequency domain. Using Fourier Transform, the original signal can be obtained from its transformation. The Fourier Transform of a signal can be written as the following:

Fourier Series
Fourier Series is a mathematical technique that can be applied to periodic signals by decomposing the signal into cosine and sine terms. It can be used to analyse which frequencies are in the signal and for filtering to remove any unwanted frequencies known as noise. 
(www.tutorialspoint.com, n.d.)
The Fourier Series formula for a function is given as the following:
[image: Fourier Series Formula- What Is Fourier Series Formula? - En.AsriPortal.com]

(Cuemath, n.d.)
iii) Using Fourier Series in Electrical Analysis: Explain why the Fourier series is useful for analysing electrical waveforms and breaking down periodic signals.

Fourier Series is extremely useful for electrical analysis for several and breaking down periodic signals. By taking a repeating signal and breaking down into cosine and sine waves, analysis is much easier to understand by monitoring trends and performance. Many waveforms in electrical systems aren’t perfectly smooth sine waves. As stated previously, we can also eliminate unwanted frequencies which allows us to improve the quality of the signal.

iv) Harmonics in Power Systems: Describe how harmonics relate to the Fourier series and why they are important in power systems for managing signal distortion.

Signal content at a certain frequency is known as a harmonic. The relation to the current frequency is that a harmonic is a multiple integral. In power systems, it is important to have smooth waveforms to improve efficiency. However, not all waveforms are smooth. Non-linear loads respond to sinusoidal signals in a non-sinusoidal manner. This results in harmonics being produced in these power systems. Some examples of the main resultants in harmonics are transformer inrush current, inverters (AC to DC), high voltage DC substations, adjustable speed controllers, rectifiers on battery chargers etc. Increased levels of these harmonics will decrease efficiency and potentially damage equipment. This can result in the likes of transformers overheating and capacitors being damaged. In extreme conditions, resonance can occur where the original frequency is similarly to the harmonic frequency. This can result in excessive currents, voltages, or high voltage distortion.
(Mayoral et al., n.d.)
v) Harmonic Patterns in Waveforms: Explain the mathematical patterns that determine harmonic amplitudes in triangular, sawtooth, and square waveforms.

Triangular, sawtooth, and square waveforms display harmonics which determine the shape of the waveform.
[image: Triangular wave]

	


The triangular waveform contains a fundamental and multiple odd harmonics. Every successive harmonic begins in the opposite manner to the previous. For example, if the third harmonic starts on the positive cycle, then fifth harmonic will begin on the negative cycle. There is an amplitude decay rate of 1/n² in the harmonics, quicker than the other waveforms. 
[image: ]




The sawtooth waveform contains a fundamental and multiple odd and even harmonics of the fundamental. For example, this could be the third harmonic, fourth harmonic etc. The more harmonics included in the complex waveform, the more perfect the waveform will be. There is an amplitude decay rate of 1/n in the harmonics.


[image: ]



The square waveform contains a fundamental and multiple odd harmonics of the fundamental, for example the third harmonic, fifth harmonic etc. There is amplitude decay rate of 1/n in the harmonics, the same as the sawtooth waveform.

(www.learnabout-electronics.org, n.d.)
(Wilczek, 2022)

vi) Limits of the FFT (Fast Fourier Transform): Discuss the limitations of using the FFT, such as resolution limits, noise sensitivity, and the need for periodic signals.

Whilst using Fast Fourier Transform to analyse signals is an extremely useful process, it does have its limitations. FFT is restricted to 2n samples window size. This makes it impossible to confirm within the sampling window, a whole number of cycles are included. Harmonic leakage is a result of incomplete cycles within the sampling window, causing errors in the calculations. This is caused by the harmonics leaking into their neighbouring harmonics. Therefore, this 2n sample limitation does not offer a true accurate calculation. As the fundamental frequency fades from the FFT frequency, the higher the harmonic calculation error and leakage. This can be mitigated by using windowing functions, but these are not as accurate as Discrete Fourier Transform. By increasing the measurement period, a finer frequency resolution can be achieved. In working systems, noise will be a general factor which can disrupt the FFT process. By making the FFT longer, this increases the possibility of not missing the signal, or the signal not being picked up due to noise.
(DFT or FFT? A Comparison of Fourier Transform Techniques APPLICATION NOTE 30 DFT or FFT? A Comparison of Fourier Transform Techniques, 2020)



Task 2
Rectangular waveform generation
I have created a code on MATLAB to generate a rectangular waveform using the sum of the first 1, 5, 9 and 11 harmonics. I started by generating a sine wave which had a frequency of 1Hz. I then added the odd higher harmonics and plotted the first 1, 5, 9 and 11 harmonics. I have titled each plot by their harmonic and labelled the y axis ‘Amplitude’ and the x axis ‘Time (s)’. 
% Task 2 Rectangular Waveform AK
% For the first harmonic waveform...
a_o = 0; % This is the DC component
b_n1 = 2/(1*pi); % This is the amplitude of the odd harmonic component, and the 1 can be changed to any odd integer for that respective harmonic
n = 1; % This is the value of the first harmonic term for odd terms, 1, 3, 5...
f_o = 1; % This is the lowest frequency component in a periodic waveform
t = 0:0.01:2; % This is the time period of the graph
xt_1 = b_n1*sin(2*pi*n*f_o*t); % First harmonic
subplot(2,2,1);
plot(t,xt_1,'g');
title('Fundamental Frequency');
ylabel('Amplitude');
xlabel('Time(s)');
b_n3 = 2/(3*pi);
xt_3 = xt_1 + b_n3*sin(2*pi*3*f_o*t); % Third harmonic
b_n5 = 2/(5*pi);
xt_5 = xt_3+ b_n5*sin(2*pi*5*f_o*t); % Fifth harmonic
subplot(2,2,2);
plot(t,xt_5,'r');
title('Five Harmonics');
ylabel('Amplitude');
xlabel('Time(s)');
b_n7 = 2/(7*pi);
xt_7 = xt_5+ b_n7*sin(2*pi*7*f_o*t); % Seventh harmonic
b_n9 = 2/(9*pi);
xt_9 = xt_7+ b_n9*sin(2*pi*9*f_o*t); % Ninth harmonic
subplot(2,2,3);
plot(t,xt_9,'b');
title('Nine Harmonics');
ylabel('Amplitude');
xlabel('Time(s)');
b_n11 = 2/(11*pi);
xt_11 = xt_9+ b_n11*sin(2*pi*11*f_o*t); % Eleventh harmonic
subplot(2,2,4);
plot(t,xt_11,'k');
title('Eleven Harmonics');
ylabel('Amplitude');
xlabel('Time(s)');

Here are the MATLAB rectangular waveforms on the following page.
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Sawtooth waveform generation
I have created a code on MATLAB to generate a sawtooth waveform using the sum of the first 3, 5, 9 and 11 harmonics. I started by generating a sine wave which had a frequency of 1Hz. I then added the odd and even higher harmonics and plotted the first 3, 5, 9 and 11 harmonics. I have titled each plot by their harmonic and labelled the y axis ‘Amplitude’ and the x axis ‘Time (s)’. 
% Task 2 Sawtooth Waveform AK
% For the first harmonic waveform...
a_o = 0; % This is the DC component
b_n1 = 2/(1*pi); % This is the amplitude of the first harmonic component, and the 1 can be changed to an integer for that respective harmonic
n = 1; % This is the value of the first harmonic term for all terms
f_o = 1; % This is the lowest frequency component in a periodic waveform
t = 0:0.01:2; % This is the time period of the graph
xt_1 = b_n1*sin(2*pi*n*f_o*t); % First harmonic
b_n2 = 2/(2*pi);
xt_2 = xt_1 + b_n2*sin(2*pi*2*f_o*t);
b_n3 = 2/(3*pi);
xt_3 = xt_2 + b_n3*sin(2*pi*3*f_o*t); % Third harmonic
subplot(2,2,1);
plot(t,xt_3,'g');
title('Three Harmonics');
ylabel('Amplitude');
xlabel('Time(s)');
b_n4 = 2/(4*pi);
xt_4 = xt_3 + b_n4*sin(2*pi*4*f_o*t); % Fourth harmonic
b_n5 = 2/(5*pi);
xt_5 = xt_4+ b_n5*sin(2*pi*5*f_o*t); % Fifth harmonic
subplot(2,2,2);
plot(t,xt_5,'r');
title('Five Harmonics');
ylabel('Amplitude');
xlabel('Time(s)');
b_n6 = 2/(6*pi);
xt_6 = xt_5+ b_n6*sin(2*pi*6*f_o*t); % Sixth harmonic
b_n7 = 2/(7*pi);
xt_7 = xt_6+ b_n7*sin(2*pi*7*f_o*t); % Seventh harmonic
b_n8 = 2/(8*pi);
xt_8 = xt_7+ b_n8*sin(2*pi*8*f_o*t); % Eigth harmonic
b_n9 = 2/(9*pi);
xt_9 = xt_8+ b_n9*sin(2*pi*9*f_o*t); % Ninth harmonic
subplot(2,2,3);
plot(t,xt_9,'b');
title('Nine Harmonics');
ylabel('Amplitude');
xlabel('Time(s)');
b_n10 = 2/(10*pi);
xt_10 = xt_9+ b_n10*sin(2*pi*10*f_o*t); % Tenth harmonic
b_n11 = 2/(11*pi);
xt_11 = xt_10+ b_n11*sin(2*pi*11*f_o*t); % Eleventh harmonic
subplot(2,2,4);
plot(t,xt_11,'k');
title('Eleven Harmonics');
ylabel('Amplitude');
xlabel('Time(s)');

Here are the MATLAB sawtooth waveforms.
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For the rectangular waveforms, the fundamental frequency starts as a smooth sinewave. As the harmonics are added, it starts to take on a rough but familiar rectangular waveform. The more harmonics added, the smoother the maximum and minimum amplitude values become. The ripple becomes less and if more harmonics were added then eventually the waveform would resemble a smooth rectangular waveform.
For the sawtooth waveforms, the fundamental frequency isn’t shown but would be the same as the rectangular waveform. As the harmonics are added, it starts to look like a sawtooth waveform but lacks the sharp increase and smooth decline. The more harmonics added, the sharper the increase the smoother the decline becomes maximum and minimum amplitude. The ripple becomes less and if more harmonics were added then eventually the waveform would resemble a smooth sawtooth waveform.
Higher harmonics are required to shape these waveforms into their natural position. As they are complex waveforms, they are a resultant of numerous waveforms being combined.







 





Task 3
a) Show that the aperiodic signal x(t) has a Fourier Transform:

      where x(t) is defined as: 

     The Fourier Transform is given by: 





Since 
https://www.programmathically.com/the-fourier-transform-and-its-math-explained-from-scratch/ 

 









I have produced a MATLAB code for the Fourier Transform signal above.
f= -4:0.01:4;
X = 4*sinc(4*pi*f);
plot(f,X);
title('X(if)=4sinc(4πf)');
xlabel('f(Hz)');
ylabel('Amplitude');
grid on;

[image: ]I have also plotted this Fourier Transform signal on MATLAB pictured below.


















[bookmark: _GoBack]Task 4
a) I have created a MATLAB code using the signal below. The signal is sampled every 0.0002 seconds and has 1000 samples. The sample is over a 0.2 second time-period.



n = 1000; % Sample length
Ts = 0.0002; % Sample period
T = 0:0.0002:n*Ts; % Time
x = 3*cos(2*pi*140*T) + 3*cos(2*pi*160*T) + 2*cos(2*pi*350*T) + 0.5*cos(2*pi*420*T);
plot(T,x);
title('Time Domain x[t]');
xlabel('Time (s)');
ylabel('Amplitude');
grid on;
[image: ]














b) I have created a MATLAB code using Fast Fourier Transform to plot x(t) used in task 4a. The signal is sampled every 0.0002 seconds and has 1000 samples. 

n = 1000; % Sample length
Ts = 0.0002; % Sample period
T = 0:0.0002:n*Ts; % Time
x = 3*cos(2*pi*140*T) + 3*cos(2*pi*160*T) + 2*cos(2*pi*350*T) + 0.5*cos(2*pi*420*T);
xfourier = fft (x); % xfour is the transform of x
y = ifft(xfourier);
plot(T,xfourier);
title('Frequency Domain fft');
xlabel('Frequency (Hz)');
ylabel('Amplitude');
grid on;
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c) I have created a MATLAB applying the Inverse Fast Fourier Transform (ifft) to recover the signal from frequency domain to time domain. The signal is sampled every 0.0002 seconds and has 1000 samples.

n = 1000; % Sample length
Ts = 0.0002; % Sample period
T = 0:0.0002:n*Ts; % Time
x = 3*cos(2*pi*140*T) + 3*cos(2*pi*160*T) + 2*cos(2*pi*350*T) + 0.5*cos(2*pi*420*T);
xfourier = fft (x); % xfour is the transform of x
y = ifft(xfourier);
plot(T,y);
title('Time Domain ifft');
xlabel('Time (s)');
ylabel('Amplitude');
grid on;


[image: ]













As you can see from the MATLAB plot, the Inverse Fast Fourier Transform looks the same as the MATLAB plot in task 4a. Therefore, this shows that the signal has successfully been recovered using this method. The signal is now in the time domain with all frequency components.
I have plotted task 4a, 4b and 4c on the same MATLAB plot with the following code.
n = 1000; % Sample length
Ts = 0.0002; % Sample period
T = 0:0.0002:n*Ts; % Time
x = 3*cos(2*pi*140*T) + 3*cos(2*pi*160*T) + 2*cos(2*pi*350*T) + 0.5*cos(2*pi*420*T);
xfourier = fft (x); % xfour is the transform of x
y = ifft(xfourier);
subplot(3,1,1);
plot(T,x);
title('Time Domain x[t]');
xlabel('Time (s)');
ylabel('Amplitude');
grid on;
subplot(3,1,2);
plot(T,xfourier);
title('Frequency Domain fft');
xlabel('Frequency (Hz)');
ylabel('Amplitude');
grid on;
subplot(3,1,3);
plot(T,y);
title('Time Domain ifft');
xlabel('Time (s)');
ylabel('Amplitude');
grid on;
[image: ]






















Conclusion
To conclude, it’s interesting to see how MATLAB is used within the engineering industry. Studying waveforms and patterns can improve efficiency and avoid damage to power systems. Furthermore, through experience and extensive use of MATLAB or similar software, the capabilities they have can improve an extremely important tool within the industry. 
Unfortunately, I was unable to include all the report criteria but hope that the context within the report is sufficient.
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