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[bookmark: _Toc183739814]Part 1: Describe two numerical integration methods.
[bookmark: _Toc183739815]Euler’s Method
Euler’s method is a form of numerical integration which was first described by Leonhard Euler. Euler’s method is used in a variety of fields to calculate quick and simple simulations. This method of numerical integration works on a step-by-step basis updating both the velocity and position in each iteration. The basic general formula for Euler’s method given by freeCodeCamp is. 
“ ” 
where-
   is the next step to be calculated,
  is the previously calculated step,
   is the time interval between the steps.[1]
 This formula takes the current or initial value into account to calculate the next value. A common use of Euler’s method in the game development industry is to simulate the velocity of an object.  To apply the general equation to this we would use   to find the velocity which is denoted by .[2] As shown in the previous equation Euler’s method only takes one input, in this case v, this makes it a first order integration method.
Euler’s method is used for these simulations as it is one of the simpler integration methods to implement. Euler’s method also has very low computational costs which makes it very effective and efficient for simulations that need to be run frequently [3].
Although Euler’s method is easy to implement and does not use up much computational power it is never completely accurate. The error value produced is the difference between the actual solution and the estimate that this method gives us. This error margin can also get less accurate the longer the simulation is run, this is due to the fact that the previous result of the simulation is used in the calculation. This gives us a compounding error value [2]. Because of the fact that Euler’s method is not completely accurate we need something to simulate objects and their physics more accurately. To do this we use higher order methods like Verlet integration.
[bookmark: _Toc183739816]Verlet integration
As previously stated, Verlet integration is a second order integration method. This means that this method uses both the current value and previous value into account to make the simulation more stable and have a lower error margin. Verlet has many use cases in game development to simulate different positions, such uses are cloth simulations, ragdoll physics and soft body dynamics [4].  Verlet allows for more accurate results than Euler’s while still being fairly easy to implement. The formula to get the position of a object using Verlet is given below:
“Positionn+1 = 2*Positionn– Positionn-1+ Acceleration*dt2” [5]

Since Verlet doesn’t explicitly calculate the velocity of the object during the integration it uses an estimate. This estimate of the velocity can be derived from the method using the equation below:
“Velocityn+1 = (Positionn – Positionn-1)/dt” [5]
This formula uses the current and previous position divided by the time step it gives the velocity of the object at that point in time. Since the Verlet method doesn’t calculate the velocity only estimates it there has been another version of Verlet produced that does give the velocity. This method is called Velocity Verlet, it is more commonly used within game development due to the fact that velocity isn’t estimated but calculated, this makes the Verlet even more accurate. Below is the Velocity Verlet equation.
Due to the fact that Verlet is to a higher order than Euler’s this method will always be more accurate, however you can still get a more accurate simulation using an integration method with an even higher order such as the Runge-Kutta method.
Another downside to Verlet is that without deriving or using Velocity Verlet it only produces the position of the object being simulated. Which can come as a downside in some games where the speed of the car may be displayed to the player, or the velocity needs to be altered in some way.
Velocity Verlet is a form of the Verlet method that explicitly calculates the velocity of the object not just estimates. You can produce results for both position and velocity as well as acceleration. The formula for these are below. 
x(t+\Delta t) &=x(t) + v(t)\Delta t + \frac{1}{2}a(t)\Delta t^2
a(t+\Delta t) &= f(x(t+\Delta t))
v(t+\Delta t) &= v(t) + \frac{1}{2}(a(t) + a(t+\Delta t))\Delta t [6]


[bookmark: _Toc183739817]Part 2 : Simulate the movement of a spring powered car.

[bookmark: _Toc183739818]Euler’s method results
Below are the results of my simulation using Euler’s Method. All the graphs are plotted with Time in seconds on the X axis.

This graph depicts the acceleration of the spring powered car during this simulation.




This graph depicts the acceleration of the spring powered car during the simulation.

This graph shows the distance the spring powered car travelled.

Since Euler’s method becomes less accurate with bigger timesteps, if we change the timestep from 0.01s to 0.1s the simulation should theoretically get less accurate.
  
As you can see by these subsequent graphs the simulation still outputs similar results however it is to a less accurate degree which is how it should behave.

[bookmark: _Toc183739819]Verlet Results
Below are the graphs of the results of the Verlet method.  All of the graphs are plotted against time in seconds on the X axis.





As you can see by the graphs, the two methods produced similar results. In fact, when looking at the raw data the time it took the cars to stop only varied by 0.01 second, with Verlet taking longer for the car to stop.
#include <iostream>
#include <fstream>

//Preset Values
float rollingResistanceCoefficient = 0.21f;
float dragCoefficient = 0.34f;

float vehicleMass = 1.0f;
float frontalVehicleArea = 0.01f;

float g = 9.81f;
float airDensity = 1.2f;
float deltaTime = 0.01f;

//Variables
float vehicleVelocity = 0.0f;
float distance = 0.0f;
float acceleration = 0.0f;
float dragForce = 0.0f;
float tractiveForce = 0.0f;
float overallTime = 0.0f;

//Variables used in Verlet
float dtSqr = deltaTime * deltaTime;
float currentPos = 0.0f;
float prevPos = 0.0f;

//Calculation Methods
float dragForceCalculation()
{
    // Fd = CRmg  + ½ CD pAV2

    if (vehicleVelocity == 0)
    {
        dragForce = 0;
    }
    else
    {
        float CRmgTemp = rollingResistanceCoefficient * vehicleMass *g;
        float temp = vehicleVelocity * vehicleVelocity;
        float dragTemp = dragCoefficient / 2;
        float CDpAVTemp = dragTemp * airDensity * frontalVehicleArea * temp;
        dragForce = CRmgTemp + CDpAVTemp;
    }
    return dragForce;
}

float tractiveForceCalculation()
{
    //    Ft=1.2(16-x)

    float temp = 16-distance;
    tractiveForce = 1.2 * temp;
    if (distance >= 6)
    {
        tractiveForce = 0;
    }
    return tractiveForce;

}

float accelerationCalculation()
{
    // a = (Ft - Fd)/m
    float temp = tractiveForce - dragForce;
    acceleration = temp / vehicleMass; ;
    return acceleration;
}

float updateVelocityEulers()
{
    // velocity = velocity + (acceleration * time) unless 0
    vehicleVelocity += acceleration * deltaTime;
    if (vehicleVelocity<=0 )
    {
        vehicleVelocity = 0;
    }
    return vehicleVelocity;
}
float updateDistanceEulers()
{
    float temp2 = vehicleVelocity * deltaTime;
    float newDistance = distance + temp2;
    distance = newDistance;
    if (distance <= 0)
    {
        distance = 0;
    }
        return distance;
}

int main()
{

    std::ofstream results;
    results.open("Eulers.csv");
    results << "Time,Velocity,Distance,Acceleration" << std::endl;


    while(vehicleVelocity > 0 || distance == 0)
    {
        //Calls for Calculations
        dragForce = dragForceCalculation();
        tractiveForce= tractiveForceCalculation();
        acceleration = accelerationCalculation();
        vehicleVelocity = updateVelocityEulers();
        distance = updateDistanceEulers();
        //Verlet Method
        /*
        float verletTemp = 2*currentPos - prevPos;
        float verletTemp2 = acceleration * dtSqr;
        distance = verletTemp + verletTemp2;
        prevPos = currentPos;
        currentPos = distance;
        float velTemp = currentPos - prevPos;
        vehicleVelocity = velTemp / deltaTime;
        */
        overallTime = overallTime + deltaTime;
        results << overallTime <<","<< vehicleVelocity << "," << distance << "," << acceleration << std::endl;
        std::cout << "Overall time: " << overallTime << "s Distance: " << distance << " Velocity: "<< vehicleVelocity << "\n";
    }

}


See the working code in the video below.
https://youtu.be/TcJd1ZiV5DU
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Velocity	0.1	0.2	0.3	0.4	0.5	0.6	0.7	0.8	0.9	1	1.1000000000000001	1.2	1.3	1.4	1.5	1.6	1.7	1.8	1.9	2	2.1	2.2000000000000002	2.2999999999999998	2.4	2.5	2.6	2.7	2.8	2.9	3	3.1	3.2	3.3	3.4	3.5	3.6	3.7	3.8	3.9	4	4.0999999999999996	4.2	4.3	4.4000000000000004	4.5	4.5999999999999996	4.7	4.8	4.9000000000000004	5	5.0999999999999996	5.2	5.3	5.4	5.5	5.6	5.7	5.8	5.9	6	6.1	6.2	6.3	6.4	6.5	6.6	6.7	6.8	6.9	7	1.92	3.6101999999999999	5.2551699999999997	6.8341000000000003	8.3271300000000004	9.7156099999999999	10.9824	12.112	13.090999999999999	12.850099999999999	12.6104	12.3719	12.1347	11.8986	11.6637	11.43	11.1973	10.9657	10.735200000000001	10.505699999999999	10.277100000000001	10.0496	9.8229699999999998	9.5972799999999996	9.3724799999999995	9.1485500000000002	8.9254700000000007	8.7032000000000007	8.4817400000000003	8.2610600000000005	8.0411199999999994	7.8219200000000004	7.6034300000000004	7.3856299999999999	7.1684900000000003	6.952	6.7361300000000002	6.5208599999999999	6.3061800000000003	6.0920500000000004	5.8784700000000001	5.6654099999999996	5.4528600000000003	5.24078	5.0291699999999997	4.8179999999999996	4.6072499999999996	4.3969100000000001	4.18696	3.9773700000000001	3.7681300000000002	3.5592299999999999	3.3506300000000002	3.1423299999999998	2.93431	2.72654	2.5190199999999998	2.3117100000000002	2.1046100000000001	1.8976999999999999	1.69095	1.4843599999999999	1.2779	1.0715600000000001	0.865313	0.65915000000000001	0.45305200000000001	0.247	4.0977399999999997E-2	0	



Acceleration	0.1	0.2	0.3	0.4	0.5	0.6	0.7	0.8	0.9	1	1.1000000000000001	1.2	1.3	1.4	1.5	1.6	1.7	1.8	1.9	2	2.1	2.2000000000000002	2.2999999999999998	2.4	2.5	2.6	2.7	2.8	2.9	3	3.1	3.2	3.3	3.4	3.5	3.6	3.7	3.8	3.9	4	4.0999999999999996	4.2	4.3	4.4000000000000004	4.5	4.5999999999999996	4.7	4.8	4.9000000000000004	5	5.0999999999999996	5.2	5.3	5.4	5.5	5.6	5.7	5.8	5.9	6	6.1	6.2	6.3	6.4	6.5	6.6	6.7	6.8	6.9	7	19.2	16.902000000000001	16.4497	15.789300000000001	14.930300000000001	13.8849	12.667899999999999	11.2965	9.7898300000000003	-2.40971	-2.3969499999999999	-2.3845000000000001	-2.37235	-2.36049	-2.3489200000000001	-2.3376299999999999	-2.3266100000000001	-2.3158799999999999	-2.3054000000000001	-2.2951999999999999	-2.28525	-2.27556	-2.26613	-2.2569400000000002	-2.2480000000000002	-2.2393000000000001	-2.2308400000000002	-2.22261	-2.21462	-2.2068599999999998	-2.1993200000000002	-2.1920099999999998	-2.1849099999999999	-2.1780400000000002	-2.1713800000000001	-2.16493	-2.15869	-2.1526700000000001	-2.1468400000000001	-2.1412300000000002	-2.1358100000000002	-2.1305999999999998	-2.1255799999999998	-2.1207600000000002	-2.1161300000000001	-2.1116999999999999	-2.10745	-2.1034000000000002	-2.0995400000000002	-2.0958600000000001	-2.0923699999999998	-2.08907	-2.0859399999999999	-2.0830000000000002	-2.0802399999999999	-2.0776599999999998	-2.0752700000000002	-2.0730400000000002	-2.0710000000000002	-2.06914	-2.06745	-2.0659299999999998	-2.0645899999999999	-2.0634299999999999	-2.0624400000000001	-2.0616300000000001	-2.0609899999999999	-2.0605199999999999	-2.0602200000000002	-2.0600999999999998	



Distance	0.1	0.2	0.3	0.4	0.5	0.6	0.7	0.8	0.9	1	1.1000000000000001	1.2	1.3	1.4	1.5	1.6	1.7	1.8	1.9	2	2.1	2.2000000000000002	2.2999999999999998	2.4	2.5	2.6	2.7	2.8	2.9	3	3.1	3.2	3.3	3.4	3.5	3.6	3.7	3.8	3.9	4	4.0999999999999996	4.2	4.3	4.4000000000000004	4.5	4.5999999999999996	4.7	4.8	4.9000000000000004	5	5.0999999999999996	5.2	5.3	5.4	5.5	5.6	5.7	5.8	5.9	6	6.1	6.2	6.3	6.4	6.5	6.6	6.7	6.8	6.9	7	0.192	0.55301999999999996	1.0785400000000001	1.7619499999999999	2.5946600000000002	3.5662199999999999	4.6644600000000001	5.8756700000000004	7.1847700000000003	8.4697800000000001	9.73081	10.968	12.1815	13.3713	14.537699999999999	15.6807	16.8004	17.896999999999998	18.970500000000001	20.021100000000001	21.0488	22.053799999999999	23.036100000000001	23.995799999999999	24.933	25.847899999999999	26.740400000000001	27.610800000000001	28.4589	29.285	30.089200000000002	30.871400000000001	31.631699999999999	32.3703	33.0871	33.782299999999999	34.4559	35.107999999999997	35.738599999999998	36.347799999999999	36.935699999999997	37.502200000000002	38.047499999999999	38.571599999999997	39.0745	39.5563	40.017000000000003	40.456699999999998	40.875399999999999	41.273099999999999	41.65	42.005899999999997	42.340899999999998	42.655200000000001	42.948599999999999	43.221299999999999	43.473199999999999	43.704300000000003	43.9148	44.104599999999998	44.273699999999998	44.4221	44.549900000000001	44.656999999999996	44.743600000000001	44.8095	44.854799999999997	44.8795	44.883600000000001	44.883600000000001	
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