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[bookmark: _Toc497401799]Introduction 
[bookmark: _Toc497401800]Aims
· Demonstrate competence in MATLAB applying a mathematical approach to calculate temperature diffusion through a theoretical 2-D plate.
· Apply the explicit Finite Difference Method (FDM) to two different plates. one with linear decreasing boundary to test the created code a second plate is the problem to solve within the brief that has a gaussian bell curve of heat distribution applied to a boundary. 
· Discuss the use of the Taylor series for deriving the equation and the selection of which method from backward, forward and central.
[bookmark: _Toc497401801]Objectives
· Create a Mathematical model that has full user adjustability, further than what is defined within the brief.
· Use the model to understand the limitations of the numerical results.
· Asses the importance of realistic boundary conditions and the limitations of the model.
Plate conditions
Conditions that effect the solution:
Pre-defined in brief:
· The initial temperature of the plate.
· The Material of the Plate (conductivity, Density and specific heat).
· Conduction through the boundary.
· Any applied temperature to the boundary.
User Controlled:
· The size of the Plate
· The size of the mesh (grid space)
· Time step between Calculations.
Defined by the Creator:
· Point of thermal equilibrium.

[image: ]

Figure 2‑1 (Boundary Conditions) (Marotin, 2019)
Prior to any mathematical solution the conditions the plate is in must be understood. The MATLAB code will let the model run to a point in time where thermal equilibrium has been believed to have been achieved. This point must be decided during the coding process.
Pre-defined constants 
The following list give the properties of the 2-D aluminium plate in Question.
· Conductivity: k = 143 W/m.C
· Density:  = 2.8  103 kg/m3 
· Specific Heat: c = 795 J/kg.C
(Marotin, 2019)
Mathematical Analysis 
Thermal Diffusion 
The equation used to solve thermal diffusion in this instance for a two dimensional solid is: 

Equation 3‑1 Thermal Diffusion  (Berciu, 2007)
· T = Temperature
· t = Time (s
·  = alpha. Thermal Diffusivity (m2/s) 
·  = Laplacian 
Alpha is:

Equation 3‑2 alpha (Salazar, 2003)
· K = Thermal Conductivity (W/m.C)
·  = Density (kg/m3)
· C = Specific Heat (J/kg.C)
(all given for the material (Marotin, 2019))

Laplacian is the second differential operator with regards for Temperature in the x and y locations of a two dimensional problem (Tan and Li, 2018) ∴

Equation 3‑3 Laplacian
 As can be seen in equation 3-3 the Laplacian is dependent on the special variables x and y. The plate will be split up into a grid with user defined h value setting the grid spacing. Thus, giving intersecting points on the grid ‘nodes’ that the calculations can be performed on in relation to their surrounding nodes in the x and y direction.
[image: ]
Figure 3‑1 Grid Points
Figure 3-1 illustrates if the calculation is being performed on node within the domain (Tp) it has four adjacent nodes, Tn (node to the north in the y direction), Ts (node to the south in the y direction), Te (node to the east in the x direction) and Tw (node to the west in the  x direction).
 h is the user defined grid spacing the grid is created from the user defined x dimension/h and y dimension/h ∴ h=Δy=Δx as the grid is uniform throughout.
If the Tp is not on the boundary of the domain, all the spatial variables for Laplacian are known.
From equations 3-1,3-2 and 3-3. 3-4 can be defined.

Equation 3‑4 Thermal Diffusion
As ∴
Explicit Finite Difference Method
Finite difference method is a way to practically solve iterative differential equations with uniform a defined discretising derivative within a finite region of space. Discretisation is process of transforming continuous differential equations to ‘discrete’ difference equations for computing (Forsythe and Wasow, 1987)
Taylor series
The Taylor series formulated by James Gregory, then adapted by Brook Taylor, is a method of expanding complex expressions into an infinite number of simpler terms (Croft and Stone, 1989).  Calculating these terms from the derivative’s functions the terms continually get less significant, consequently, after a point further calculation can be shown as negligible and discarded. This process generates a polynomial expression, as the derivatives, and consequently powers of x, expand by every term (Magyar, 2003).
Equation 3‑5 Taylor Series
The Taylor series was later modified by Colin Maclaurin, when , this allows the calculation of infinitely differentiable functions within one term (Lewis, et al., 1996).
   
Equation 3‑6 Taylor Series Condensed 
Forward Difference Approximation
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Giving Forwards difference approximation:



Equation 3‑7 Forward Difference approximation
With an error

Backwards Difference approximation
The backwards Difference can be derived as follows further reducing the error. 






Equation 3‑8 Backwards Difference approximation 
With an error




Central Difference method
1 -----------      
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 with error of o(h2)
Equation 3‑9 Central Difference First Order

Second order central difference











Equation 3‑10 Central Difference Second Order
Error order of o(h2)
Writing Equation For FDM
From figure 3-1 Grid points TP, TN, TE, TS, TW and h have the following relationship.
X Dimension                    &       
Y Dimension:             
Applying to equations we get


Where the superscript t denotes the point in time or present iteration.
Can be stated as(Croft and Stone, 1989):

Equation 3‑11 Equation in relation to FDM points
Fourier number
Term  is stated as the Fourier Number  . As it is a ratio it is dimensionless. It compares the rate of heat diffusion against heat stored. A Fourier number too high and the thermal diffusion approximation will be too high. A Fourier number too low and the result will be negative. This is why it is critical as to get a reliable result, a stability criterion need be inside set conditions (Pupeikis, et al., 2012):



So, the equation can be:


Equation 3‑12 Simplified with Fourier number
Equation 3-12 forms the explicit finite difference approximation method. It is the explicit method as the previous timestep temperatures are applied to explicitly determine a points temperature applying the forward difference approximation. This is a truthful, consistent and simple method, Although when time and grid spacing determined by the user, a correct timestep to satisfy the stability criterion should be imposed (Davis, 2010).
As the explicit method in use uses only one derived equation it allows for more simple computing (Davis, 2010).
Application of the formula 
The Previously Described Formula has to be applied in the correct manner which changes depending on its location in the domain.
[image: ]Figure 4‑1 Node application Diagram

As can be seen in figure 4-1 only the central nodes within the green square have all four adjoining nodes (TN, TW, TE, TS).
The strips (brown, orange, blue and pink) edge is all missing 1 adjoining node.
The corner nodes (yellow, red, purple and grey) are missing two adjoining nodes for calculations.


Central Green Nodes:

Equation 4‑1 Centre nodes
First Brown Column West Side:

Equation 4‑2 West Side (first Column)
End Blue Column East side:

Equation 4‑3 East side (Last Column)
Bottom Pink Row South Side:

Equation 4‑4 South Side (Last Row)
Bottom Left Grey Corner South West:

Equation 4‑5 South West (Row end, Col 1)
Bottom Right Purple Corner South East:

Equation 4‑6 South East (Row end, Col End)
Top Left Yellow North West Corner:

Equation 4‑7 North West (Row1, Col1)
Top Right Red North East Corner:

Equation 4‑8 North East (Row 1, Col end)
App Creation 
For the to fill out the requirement of the brief and to gain a better understanding of MATLAB application writing and improve knowledge of FDM an application was made rather than a standard script. As the application would allow more user inputs and control a better understanding of the maths that run the FDM is needed than just running the solution from beginning to end as if a user input is changed it could make the app fail if not coded correctly like allowing the changing of materials or an adjustable stop criteria.
The app has been created on 2019b which as a beta version has some functions not yet useable. As it has been created on the latest version that will also be needed to open the script version of the app in ‘app designer’, however apps do have the advantage when exported as a standalone app they can be run on any computer with or without MATLAB (as long as the free download (11gb) of the relevant ‘My app installer’ is installed).
App Overview
Bellow shows the general Layout of the app.
[image: ]
Figure 5‑1 App
 Public and Private
When the app is created certain buttons or boxes will carry out tasks (execute code). The results of these stay within the call-back created to execute the code, if information needs to be passed between multiple call-backs the values need to be assigned as public.
[image: ]
Figure 5‑2 Public Code
Figure 5-2 shows how to assign properties as public once assigned they must be referred to as app. e.g. alpha a is “app.a” .
Selecting Plate Materials
[image: ]Figure 5‑3 Script and Visual Plate Materials
Figure 5-3 shows the if statement scripts for selecting a material from the drop down. The box’s that show the properties can be altered numerically by the user. So, a different material can be added of choice if its properties are known. The top line in this code keeps the main calculate button invisible to stop users calculating and causing an error when it’s not all checked.
Selecting the Temperature and Plate shape and Plate Type
[image: ] 
Figure 5‑4 Number Boxes and drop down
Figure 5-4 shows the 3 temperature options, maximum is the maximum for a linearly decreasing plate or the centre of the Gaussian bell curve. Minimum is the minimum linearly decreasing plate edge value or the temperature at the end of the gaussian curve. Initial sets the temperature for all other nodes not defined in previous boundary conditions. The linear selection has a plate where the temperature is the same along rows with highest at the top, the gaussian has the gaussian heat distribution applied to the top. This orientation was selected to save moving the colour bar as the app would remember two setting causing the following.
[image: ]
Figure 5‑5 Duel Colour bar
Selecting “Get Time Step”
Once the user has selected values, they can select get time step limits. This performs 5 functions.
· Checks the values are within reasonable limits
· Provides a min and max timestep the user can use to adjust time step/ Fourier number.
· If the criteria are met it blocks out the selections ready for calculating to stop confusion.
· If the criteria are not met warnings instructing how to rectify are brought up and the initial values are still adjustable. 
· Allows the user to Calculate the plate by revealing the button.
Check Criteria
The following throw up individual error messages and keep withing the value entering part of the app.
· X dimension is positive app.x <= 0  
· H is less than X app.x<=app.h 
· H is Less than Y app.y<=app.h 
· Y dimension is positive app.y<=0
· H is divisible into y dimension to create even grid rem(app.y,app.h)~=0
· H is divisible into X dimension to create even grid rem(app.x,app.h)~=0 
· H is positive app.h<=0 
· Temperature min not below 0 k app.T2  < -273 
· Temperature max not below 0 k app.T1 <-273 
· Temperature Initial not below 0 k app.To < -273 
· Max Temp Grater Than min app.T1<=app.T2
· Won’t Create a grid of more than 51 in X (app.x/app.h) > 50
· Won’t Create a grid of more than 51 in X (app.y/app.h) > 50 
· Won’t create a grid with 1 central node in x (app.x/app.h) <= 2 
· Won’t create a grid with 1 central node in y (app.y/app.h) <= 2
· Density won’t be too low app.D < 0.5
· Density won’t be too high app.D > 40
· Specific Heat won’t be too low app.c < 40 
· Specific Heat won’t be too high app.c > 1400
· Conductivity won’t be too low app.k < 20
· Conductivity won’t be too high app.k > 800 

For each error at least Two messages are created a specific one and then a general one this is, so the user knows the exact fault and how to rectify.
[image: ]Figure 5‑6 Specific and General
             
     As 1 erroneous value can cause multiple warnings this massively slows down the app and is an annoyance to a user that can see their own error. So to ease use a general error only selection is available.
[image: ]Figure 5‑7 General or specific error selector 
Stop Criteria and time step (Fourier Number)
Stop criteria
At any point before calculation the user can adjust the stop criteria this is the tolerance between two plate the standard setting is 0.001 difference
[image: ]
The script above shows the slider value is rounded then turned into a decimal the range is between 1 and 5 for the slider values with its natural position at 3 making the stop tolerance 0.001 and the range 0.1 to 0.00001. 
Time and Fourier
At any point the user can adjust the timestep/ Fourier number as a Fourier number between 0.2499 and 0.001 using a slider. Once the red get time step limits button is pressed the app calculates the maximum and minimum time steps from the plate material h distance and Fourier range. The user can use those numbers to gauge a time step they are selecting with the slider. Once calculation starts the selected time step is displayed.
[image: ]
[image: ]
Sections of code how the time steps are created and displayed.

Solving Linear
[image: ]
Figure 5‑8 Linear Plate
Above shows a large linear plate with a high Fourier number and low stop criteria this has completed solving with bad result due to those settings.
Creating Plate
[image: ]
Above shows the code where the temperatures are split up along the east and west bound with linspace and the maximum and minimum temperatures are applied to the top and bottom rows respectively. The initial temperature the whole plate before the edges are “written over” with boundary conditions.
Pre while loop conditions
[image: ]
First a repeat plate of the boundary conditions called Results_Plate is created, this is for each iteration result of the calculations.
While_count is started, this can be used to work out the time to reach equilibrium as if it is multiplied by the time step that is the total time in seconds to reach the stop criteria for the plate “in Reality”.
A matrix of zeros is created the same size as the plate matrix this will be used with the stop criteria later.
0 is assigned to the check for the while loop.
Linear While Loop
[image: ]
A calculation Counter ‘tic’ is started outside the while loop to stop it resetting and after all user inputs, so it only calculates computing time.
The initial check is a ‘False statement’ while check = 0 the loop will continue to repeat.
[image: ]
Figure 5‑9 Standard notation (Höök, Ludvigsson and von Sydow, 2018)
The previously derived formula was used to apply on the central part of the mesh only as the boundaries were pre-defined. As can be seen in figure 5-9 the I and j standard notation was used for x and y direction respectively. 
As MATLAB works down through columns assigning results to it’s memory it is more efficient to put the row counter first thus allowing it to complete rows uninterrupted when possible (Xiao et al., 2007).
The calculation enters its results into Tpoints then they are assigned to Plate_Results by column and row first down the columns then onto the next row down the columns.
The initial matrix called ‘Plate that was referenced for calculation points is checked against the new results_plate. If the stop criteria are met Plate_check becomes Zeros. Then whether Plate_check is zeros it is checked against zeros plate if they are equal ‘check’ becomes a logical 1 ending the for loop on next return. Through this process plate check becomes populated with zeros.
A number is added to the previously spoken of while_count on each loop iteration.
The new Plate_Results are assigned to the ‘Plate’ matrix which will be used to reference temperature locations in the next loop and also check for difference after each calculation is complete.
Displaying Results
The [image: ]
The results captured with the Pause (0.001) this does slow down the calculation process slightly (0.001 second for each loop).
The Plate_results is flipped as contour f displays upside down. The x and y ticks are set to start at 0 and move up 25% at a time as the ticks start at 1 this is why the tick points are coded that way.
The results are also displayed in matrix form on the app tab as well as the initial matrix for comparison and checking correct boundary set up.
[image: ]  
After the while loop has ended the times are totalled and displayed as calculation time and equilibrium time in hours minutes and seconds.
[image: ]this message is displayed to let the user know it has finished and the reset settings button becomes available.




Solving Gaussian
Gaussian Boundary
[image: ]
To create the Gaussian curve first the temperatures for max and min are converted to kelvin. This is in case the user selects zero for a temperature as the formula would fail to create the correct curve.
The whole plate is filled with the central initial temperature.
The top row of the plate is selected the standard deviation is calculated within the formula and the temperature converted back to Celsius and is distributed across the top row of the Plate matrix.
The initial plate is displayed on an app tab.
Extra plate points
The Gaussian problem has only the top boundary row prefilled with a set temperature. This means the previously derived formula must be applied to side, bottom and bottom corners.
[image: ]
This show the Formula being applied. Within the appendices is the full script it is noted that for loops are not necessary on the lower corners speeding up calculations.
The rest of the results are displayed in the same way as for the linear plate.


Results
Linear
Table 1 Linear time test
	Stop criteria = 0.001               x = 5                         y = 5                                  h = 0.5

	Fo
	Δt (s)
	T Equilibrium (hrs)
	Compute Time (s)

	0.01271
	49.47
	21.8
	1445.7

	0.06992
	272.1
	30.4
	385.6

	0.125
	486.5
	38.6
	133.9

	0.1875
	792.7
	40.7
	109.6

	0.25
	792.9
	56.4
	87.2


 
[image: ]
· The app is considerably slower than a standard script at computing this is partly due to all the graphics it is displaying they make up most of the script.
· The results show the computing time increasing with a smaller time step this is because more calculations are done.
· Increasing timestep increases time till equilibrium.
· At lowest time steps the error is likely to increase as the error order of 0(h2) increases with more calculations.
· At higher time steps it is more likely to be inaccurate as the longer gap between calculations therefore the Fourier number has limits as well as when Fourier number is bellow 0 the calculation reverses.
· When the time step is longest the results are not as close in temperature even with the same stop criteria.
Table 2 h test
	Stop criteria = 0.001               x = 5                         y = 5                                  Fo = 1/8

	h
	Δt (s)
	T Equilibrium (hrs)
	Compute Time (s)

	0.1
	19.46
	21.8
	1445.7

	0.2
	77.83
	30.4
	385.6

	0.5
	486.5
	38.6
	133.9

	1
	1946
	44.3
	21.9



[bookmark: _GoBack][image: ]
· Grid spacing is proportional to equilibrium time.
· Grid spacing is inversely proportional to computing time.
· Much like the time step the smaller the grid space the more calculations necessary on the plate ∴ more truncating error bellow 1/8 Fourier or very low grid space.
· Also increasing grid space increases inaccuracy when the plate converges some parts have a higher temperature difference than with a lower grid space.
[image: ]This image shows the poor convergence at lower grid spacings.  



Gaussian Plate 
This showed the best results when the Fourier number was close to 1/8.
An exit stop criterion was carried out on the gaussian plate. 
As per the brief the centre vertical line was set to xo on the x axis.
The first has the coarse exit criteria 
[image: ]the coarsest stop criteria propagation of the heat doesn’t fully occur this is expected


[image: ]
[image: ]
[image: ]
[image: ]
As the stop criteria becomes stricter the change in plate is temperature small after the mid setting, as a small plate with a large grid space has been chosen which will add more inaccuracy.
As previously discussed increasing the stop criteria (as in more zeros) increases the calculation and equilibrium time.
Conclusions
FDM
· It is not a true scenario where the plate is taken at two dimensional (even though the density in m3 is used to calculate the Fourier number) which any object is three dimensional.
· The formula inherently has truncating error. From the 0(h2) as approximations are made. The larger the h value the higher the number of errors put into the equation. The lower the h number the more nodes and inaccurate calculations.
· The stop criteria should be varied with the time step and h space. The bigger the time step and therefore Fourier number the stricter the stop criteria should be (more 000 after the decimal). A compromise must always be made without additional coding.
· Another method of FDM is the implicit method but the equations are more complex to solve. 
The app 
· As the brief detailed that user inputs would be necessary it was decided to make a MATLAB app as to improve the authors MATLAB skill set.
· As a higher degree of usability has been added more programming techniques have been implemented.
· The result is an app that anyone can use, and more settings can be adjusted but the execution of the FDM is far slower.
· This is due to the high graphics demand every button and box has a colour, location and font. These all take up computing power limiting what’s available for the FDM modelling. The application does run better in it’s exported form this may be because the code has been compiled and it no longer refers to it in the manner it was created in the app designer.
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properties (Access = public)

end

a % alpha
h % Grid spacing

y % user input y dimension

X % user input x dimension

k % Material Conductivity

D % Material Density

© % material Specific Heat

To % Temperature for main part of Plate

T1 % Either max Gaussian or Top Linear Temp
T2 % Either min Gaussian or Bottom Linear Temp
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It Tor

Temperature max 50
Temperature Min 0

Conductivity: k (Wim.C) 43
Density:p (x10°3 kg/m'3 28
Specific Heat - ¢ (Jkg.c) | 795

app.CalculateButton.Visible = "off’
if app.PlatePropertiesDropDown.Value

app.k = 143;
app.D = 2.8;
app.c = 795;
elseif app.PlatePropertiesDropDown.Value
app.k = 86;
app.D = 7.8;
app.c = 5543
elseif app.PlatePropertiesDropDown.Value
app.k = 400;
app.D = 8.96;
app.c = 385;
elseif app.PlatePropertiesDropDown.Value
app.k = 326;
app.D = 19.3;
app.c = 136;

end

app. ConductivitykumCEditField.value = app.
app.Densitypx163kgn3editField.value = app.
app. SpecificHeatclkgeEditField.value = app.c;
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st = app.StopCriteriaslider.value;
Stop_cri = 10%-(round(st));




image12.png
%
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Fou = app.Fourierslider.value;
t_step = (Fou*(app.h~2))/app.a;

app.ChoosenaTimeStepsEditField.Value = t_step;
late size:
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% Creating Linear Plate=:
if app.PlateTypeDropDown.Value == 'z
Plate(1:Y,1:X) = app.To;
N_S_Bound = linspace (app.T1,app.T2,((app.x/app.h)+1));
Plate(:,1) = N_S_Bound;
Plate(:,end) = N_S_Bound;
Plate(1,:) = app.T1;
Plate(end,:) = app.T2;
app.UITable.Data=Plate;
o
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% Results plate to check against in future
Plate_Results=Plate;

% creates a while loop counter
While_count=0;

% plate of matrix of zeros to check against
Plate_zero=zeros(Y,X);

Check=0;

st = app.StopCriteriaSlider.Value;

Stop_cri = 10"-(round(st));
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if app.PlateTypeDropDonn.Value == 'z°
tic
while Check==e
for x-1)
for j=2:(v-1)
Tneplate((3-1),1);
Ts=Plate((3+1),1);
Tu=plate(3,(1-1));
Te-plate(3, (i+1));
Tp=Plate(3,1);
Tpoints=(TwsTesTn+Ts-((4-(1/Fou))*Tp))*Fou;
Plate_Results(j,1)=Tpoints;
end

end
% stop criteria met plate check becomes zeros
Plate_check = abs (Plate_Results-Plate)>Stop_cri

% if plate check is zeros (stop crit met) then as zero
% plate is zeros check becomes 1 logical stoping loop|
Check=isequal (Plate_check,Plate_zero);

% add 1 2 Number of times calculated
wWhile_count=While_counts1;

%replace previous matirx with latest calculation for
%rechecking
Plate=plate_Results;
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Figure 1: Mesh points for the FDM grid.
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end

Flate=riatc_Results,

%Display Image

final_Plate_flip=flipud(Plate_Results);

contourf(app.UIAxes, (final_Plate_flip))

C= colorbar(app.UIAxes);

colormap( app.UIAxes, 'jet' )

C.Label.String = ‘Temperature (C"0)';

pause(@.001);

app.UIAxes.XTick = ([(1) (((X-1)*@.25)+1) (((X-1)/2)+1) (((X-1)*@.75)+1) X]);
app.UIAxes.XTickLabel = ([@ (app.x*@.25) (app.x*@.5) (app.x*@.75) (app.x)]);
app.UIAxes.YTick = ([(1) (((Y-1)*@.25)+1) (((Y-1)/2)+1) (((¥-1)*@.75)+1) Y]);
app.UIAxes.YTickLabel = ([@ (app.y*@.25) (app.y*@.5) (app.y*@.75) (app.y)1);
app.UITable2.Data=Plate_Results;
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app.TimetocomputesEditField.Value = toc;

f = uifigure;

message = sprintf('Thermal Equilibrium Has Been Reached');
uialert(f,message, "success’, 'Tcon', "success’);
app.TimetillequilibriumhmsEditField.Value = ((While_count* t_step)/3600);
hr_t = (While_count* t_step)/3600;

min_E = 60*(rem(hr_t,1));
Sec_E = 6@*(rem(min_E,1));
app.EditField.Value = min_E;
app.EditField_2.value = Sec_E;
app.ResetButton.Enable="on";
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elseif app.PlateTypeDropDown.value
Plate(1:Y,1:X) = app.To;
Tig = 2pp.T1+273.1:
T2g = 2pp.T2+273.15;
for Top=1:1:X
Plate(1,Top)=(T1g*(exp((-((Top-((x+1)/2))*2))/(2*((sart((-((1-((x+1)/2))"2))/(2*10g(T2g/T1g))))"2)))))-273.15;
2pp.UITable.Data=Plate;
end
end
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% east left edge
for 3=2:(v-1)

Tn=plate((3-1),1);
Tweplate(3,(2));
Ts=plate((3+1),1);
Tp=plate(3,1);
Tpoints=(TweTwsTneTs-((4-(1/F0u))*Tp)) *Fou;
Plate_Results(j,1)=Tpoint

end

% west right edge
for 3=2:(v-1)

Tn=plate((3-1),end);
Te=plate(3, (end-1));
Ts=Plate((3+1),end);
Tp=Plate(j,end);
Tpoints=(TesTe+TnsTs-((4-(1/Fou))*Tp))*Fou;
Plate_fesults(], end)-Tpoints;

end

% for insulated bottom layer
For i=2:(X-1)

Tn=pPlate((end-1),1);

Te=Plate(end, (i+1));

Tu=Plate(end, (i-1));

Tp=plate(end,i);
Tpoints=(TwsTesTnaTn-((4-(1/Fou))*Tp))*Fou;
Plate_Results(end,i)=Tpoints;

end
% botton left south west node
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