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[bookmark: _Toc220750068]Abstract

This study presents the development and validation of a two-dimensional transient heat conduction model for an aluminium plate using the Explicit Finite Difference Method (EFDM). The governing heat equation is formulated under standard assumptions of homogeneous material properties and purely conductive heat transfer, and discretised using forward differencing in time and central differencing in space. Numerical stability is ensured through the application of a Fourier number–based criterion. The numerical model is implemented in MATLAB and advanced in time until thermal equilibrium is reached. Validation is performed by comparing the numerical solution with an analytical solution obtained via separation of variables for a rectangular domain with fixed-temperature boundary conditions. Good agreement is observed, with low maximum absolute and root-mean-square errors. A sensitivity analysis is conducted to examine the influence of grid spacing, time step size, and convergence tolerance on the predicted equilibrium time. The results demonstrate the accuracy, robustness, and limitations of the EFDM approach for transient heat conduction problems.
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	Alternating Direction Implicit 
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[bookmark: _Toc220750071]Introduction
[bookmark: _Toc220750072]Background and Context

Heat conduction is a fundamental physical process governing the transfer of thermal energy through direct contact within solid materials, arising from microscopic interactions between particles such as atoms, molecules, and electrons (Pekař, 2020). Accurate prediction of thermal diffusion is critical in many engineering applications, including structural integrity under thermal loads (e.g., bridges), heat exchangers (e.g., vehicle radiators), and electronic component cooling (Figure 1).
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[bookmark: _Ref220676385][bookmark: _Toc220679209][bookmark: _Toc220749738]Figure 1: CFD Analysis of Heat Transfer Enhancement in a Heat Sink Design (Monolithic Power Systems, 2026).
In solid materials, heat conduction is described by a partial differential equation that governs the transient evolution of temperature within the domain. Closed-form analytical solutions to this equation are only available for simple geometries and idealised boundary conditions. Consequently, the analysis of realistic engineering problems requires numerical methods. Among these, finite difference methods are widely adopted because of their conceptual simplicity, ease of implementation, and natural suitability for structured grids, which aligns well with the rectangular geometry considered in this study.


[bookmark: _Toc220750073]Aim of the Report

This report aims to develop and implement a two-dimensional transient heat diffusion model to compute the time-dependent temperature distribution within an aluminium plate using the Explicit Finite Difference Method (EFDM). The numerical results are subsequently validated against an analytical solution.

[bookmark: _Toc220750074]Objectives

The objectives of this report are to:
· Formulate the governing heat equation for a 2D domain
· Discretise the equation using the EFDM
· Implement the numerical scheme in Matlab
· Apply appropriate initial and boundary conditions
· Simulate transient thermal behaviour until equilibrium is reached
· Validate numerical results against an analytical solution
· Investigate the sensitivity of the solution to key numerical parameters

[bookmark: _Toc220750075]Methodology Overview

The thermal behaviour of the aluminium plate is modelled using the two-dimensional transient heat equation, which is discretised on a uniform grid using the Explicit Finite Difference Method. An appropriate Fourier-number criterion ensures numerical stability, and the system is advanced in time until thermal equilibrium is reached. The resulting steady-state temperature distribution is validated against an analytical solution, and a sensitivity analysis is conducted to assess the influence of key numerical parameters.

[bookmark: _Toc220750076]Report Structure

Chapter 2 introduces the governing heat equation.
Chapter 3 describes the numerical method used to discretise the governing equation.
Chapter 4 presents the initial and boundary conditions applied to the model, along with the corresponding analytical solution.
Chapter 5 explains the implementation of the computational model in MATLAB.
Chapter 6 validates the accuracy of the EFDM by comparison with the analytical solution.
Chapter 7 presents a sensitivity analysis examining the influence of key numerical parameters.
Chapter 8 critically evaluates the limitations of the numerical model.
Chapter 9 discusses potential improvements and extensions to the model.
Chapter 10 concludes the report and summarises the main findings.

[bookmark: _Toc220750077]Governing Equation
[bookmark: _Toc220750078]Physical Description of the Problem

Heat conduction in solids arises from microscopic energy transport driven by temperature gradients. For homogeneous metallic materials, such as aluminium, this process can be accurately modelled as a diffusive phenomenon governed by conservation of energy and Fourier’s law of heat conduction. When the plate thickness is small relative to its in-plane dimensions and temperature gradients through the thickness are negligible, the problem may be approximated as two-dimensional in the plane of the plate.
The temperature within the aluminium plate is therefore assumed to vary as a function of the spatial coordinates 𝑥 and 𝑦, and time 𝑡. No internal heat generation is considered, and heat transfer is assumed to occur solely via conduction within the solid. This modelling framework is commonly adopted in analytical and numerical heat transfer studies of planar media (Han, 2012).

[bookmark: _Toc220750079]Governing Heat Equation

Under the assumptions of constant material properties and negligible internal heat sources, transient heat conduction in a two-dimensional solid domain is governed by the heat equation, a second-order parabolic partial differential equation (Croft and Stone, 1989). The governing equation may be written as

where  denotes the temperature field and  is the thermal diffusivity of the material. The thermal diffusivity is defined as 

with  representing thermal conductivity,  the density, and ​ the specific heat capacity. As discussed by Skinner (2015), the parabolic nature of the heat equation reflects the irreversible diffusion of thermal energy and the smoothing of temperature gradients over time.
The left-hand side of the equation represents the transient rate of change of temperature, while the right-hand side describes spatial heat diffusion driven by temperature curvature. This formulation provides the mathematical foundation for both analytical and numerical treatments of heat-conduction problems.

[bookmark: _Toc220750080]Modelling Assumptions

To obtain the governing equation in the form presented above, several standard assumptions are adopted:
· The aluminium plate is homogeneous and isotropic.
· Thermal properties are constant and independent of temperature.
· Heat transfer occurs solely by conduction.
· No internal heat generation is present.
· The plate thickness is sufficiently small to justify a two-dimensional approximation.
These assumptions are commonly employed in analytical heat-transfer modelling and strike a balance between physical realism and mathematical tractability (Han, 2012).

[bookmark: _Toc220750081]Computational Domain

The computational domain is defined as a rectangular two-dimensional region representing the aluminium plate. A Cartesian coordinate system is employed, with spatial coordinates 𝑥 and 𝑦 aligned with the plate edges. The domain dimensions are specified symbolically at this stage, with exact boundary conditions and initial conditions introduced in Chapter 4.
As analytical solutions to this equation are limited to idealised cases, numerical discretisation techniques are required. The development of the numerical solution method is presented in Chapter 3.

[bookmark: _Toc220750082]Finite Difference Method

Analytical solutions to the heat equation are restricted to simple geometries and boundary conditions, making numerical techniques essential for practical engineering problems. Among these techniques, the Finite Difference Method (FDM) is widely used due to its conceptual clarity and straightforward implementation on structured grids. This chapter derives the Explicit Finite Difference Method (EFDM) for the two-dimensional transient heat equation by systematically discretising the governing equation using Taylor series expansions.

[bookmark: _Toc220750083]Taylor Series and Finite Difference Approximations

Finite difference schemes are derived from Taylor series expansions, which approximate a sufficiently smooth function in the neighbourhood of a point. For a function  about a point , the Taylor series expansion about a point 𝑥 may be written as 

Increasing the number of retained terms in a Taylor series expansion reduces truncation error near the expansion point, thereby improving the local accuracy of the approximation (Burden and Faires, 2011). However, accuracy deteriorates with increasing distance from this point, as illustrated in Appendix 1.
By rearranging the truncated Taylor series, algebraic expressions for the first and second derivatives can be obtained. The accuracy of these approximations depends on the spatial or temporal step size, with smaller step sizes reducing truncation error (Chakraverty et al., 2019).


[bookmark: _Toc220750084]Forward, Backward, and Central Difference Formulae

From the Taylor series expansions, finite difference approximations for derivatives are derived. Forward and backward difference approximations provide first-order accurate estimates of the first derivative, using information from one side of the expansion point. While simple to implement, these schemes introduce numerical bias.
In contrast, central difference approximations are obtained by combining forward and backward expansions, resulting in the cancellation of first-order error terms. Consequently, central difference schemes are second-order accurate and provide a symmetric representation of spatial derivatives (Özışık, 2013). This makes them particularly suitable for modelling diffusive processes such as heat conduction, where unbiased representation of spatial gradients is essential (Chakraverty et al., 2019).

[bookmark: _Toc220750085]Spatial and Temporal Discretisation

The spatial domain representing the aluminium plate is discretised into a uniform Cartesian grid with equal spacing in both spatial directions (Figure 2). Uniform grid spacing simplifies the numerical formulation and ensures consistent accuracy throughout the domain. Each interior grid point interacts with its four nearest neighbours, reflecting the local nature of thermal diffusion.
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[bookmark: _Ref219017843][bookmark: _Toc220679210][bookmark: _Toc220749739]Figure 2: Spatial Discretisation of the Aluminium Plate.

The temporal domain is discretised into equally spaced time steps. Temporal discretisation determines how the solution advances in time and plays a critical role in numerical stability. The choice of time step size must therefore be made in conjunction with the spatial resolution (Ferziger and Perić, 2002).

[bookmark: _Toc220750086]Explicit Finite Difference Scheme

The explicit finite difference scheme is obtained by replacing the first-order temporal derivative in the heat equation with a forward difference approximation and the second-order spatial derivatives with central difference approximations. This results in an explicit time-marching formulation in which the temperature at the next time level is computed directly from known values at the current time step.

Forward‑difference approximation of the time derivative.


Second-order central difference approximation for the second partial derivative with respect to 𝑥.


Second-order central difference approximation for the second partial derivative with respect to y.

The forward difference in time is chosen for its computational simplicity, as it avoids the need to solve systems of equations. Central differences are employed in space to maintain second-order accuracy and a symmetric representation of heat diffusion, consistent with standard finite difference practice (Özışık, 2013).
[bookmark: _Toc220750087]Fourier Number and Stability Criterion

The explicit finite difference formulation introduces the dimensionless Fourier number , which represents the ratio of thermal diffusion over a time step to diffusion across the spatial grid. The Fourier number governs both the physical interpretation of heat transfer and the numerical stability of the scheme.

Explicit Finite Difference Heat Equation.

Definition of the Fourier number for transient heat conduction.

Explicit schemes are conditionally stable, requiring the Fourier number to satisfy a prescribed stability criterion. For the two-dimensional heat equation, von Neumann stability analysis yields the condition

which ensures that numerical errors do not amplify over successive time steps. Violation of this stability criterion results in oscillatory or divergent numerical solutions, as proven by Croft and Stone (1989).







[bookmark: _Toc220750088]Initial Condition, Boundary Conditions and Analytical Solution

[bookmark: _Toc220750089]Initial Conditions

To solve the transient heat conduction problem, an initial temperature distribution must be specified over the entire computational domain. In this study, the aluminium plate is assumed to be initially at a uniform temperature , such that
 for all  in the domain.
This assumption represents a physically realistic scenario in which the plate is initially in thermal equilibrium, providing a well-defined starting state for the explicit time-marching scheme. A uniform initial condition also simplifies interpretation of the transient response, as subsequent temperature variations arise solely from heat diffusion driven by the prescribed boundary conditions.

[bookmark: _Toc220750090]Boundary Conditions

To fully define the transient heat conduction problem, boundary conditions are prescribed along all edges of the computational domain. In this study, fixed-temperature (Dirichlet) boundary conditions are applied, representing idealised thermal contact with surroundings held at a constant temperature (Croft and Stone, 1989). The applied boundary conditions are illustrated in Figure 3.
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[bookmark: _Ref219622237][bookmark: _Toc220679211][bookmark: _Toc220749740]Figure 3: Computational domain showing the applied boundary conditions for the two-dimensional aluminium plate.
The south, east, and west boundaries of the aluminium plate are maintained at a constant temperature of zero, such that
       for 
The north boundary is assigned a prescribed constant temperature 	​, representing an imposed thermal excitation at the upper edge of the plate. This boundary condition is expressed as
         for 
The imposed temperature gradient drives heat diffusion through the domain. All boundary conditions are applied consistently at each time step, ensuring compatibility with the analytical solution and enabling direct validation of the numerical model.

[bookmark: _Toc220750091]Analytical Solution for Model Validation

An analytical solution to the two-dimensional heat equation exists for the present problem due to the simple rectangular geometry, constant material properties, and idealised boundary conditions. Under these assumptions, the governing equation may be solved using separation of variables, yielding a closed-form solution for the temperature distribution within the plate. Specifically, for a rectangular domain with Dirichlet boundary conditions, the temperature can be expressed as an infinite Fourier series:

where ​ is a reference temperature, ​ and ​ are the dimensions of the plate, and  denotes the Fourier mode index (). This solution inherently satisfies the fixed-temperature (Dirichlet) boundary conditions along all domain edges and provides an exact representation of the steady-state temperature distribution (Press et al., 2007; Özışık, 2013).
This analytical solution provides a reference for assessing the accuracy of the numerical Explicit Finite Difference Method. Both models use identical domains and boundary conditions, and the numerical solution is advanced until steady state is reached. This ensures that any differences arise solely from numerical discretisation errors, enabling rigorous validation of the method.

[bookmark: _Toc220750092]Codes’ Details and Explanations 

This chapter presents the MATLAB implementation of the Explicit Finite Difference Method used to model transient heat diffusion.
The program begins with clc, clear, and close commands to clear the command window, remove previously stored variables from memory, and close any open figure windows, ensuring a clean execution environment.
Figure 4 shows the aluminium material properties used as inputs to the program, including the calculated thermal diffusivity.
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[bookmark: _Ref220063964][bookmark: _Toc220679212][bookmark: _Toc220749741]Figure 4: Aluminium Properties Code

The plate dimensions in the 𝑥 and 𝑦 directions are validated using the getPositiveScalar function (Figure 6), which displays an error message if the inputs are not positive numerical values. The grid spacing input is subject to the same validation criteria, with additional conditions to ensure that it divides both plate dimensions exactly and is smaller than each dimension (Figure 5).
[image: ]
[bookmark: _Ref220065458][bookmark: _Toc220679213][bookmark: _Toc220749742]Figure 5: User Inputs Code
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[bookmark: _Ref220065439][bookmark: _Toc220679214][bookmark: _Toc220749743]Figure 6: Inputs Validation Code

Dividing the plate dimensions by the grid spacing ℎ and adding one defines the number of grid points in each direction, as shown in Figure 7.
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[bookmark: _Ref220065964][bookmark: _Toc220679215][bookmark: _Toc220749744]Figure 7: Rows and Columns Code

A temperature matrix  is constructed using the row and column vectors and initialised with zeros to represent the east, south, and west boundaries, as well as the initial domain (Figure 8). The north boundary temperature is specified as a user-defined value, validated using the getPositiveScalar function, and applied to all interior nodes along the top boundary, excluding the corner points.

[image: ]
[bookmark: _Ref220066973][bookmark: _Toc220679216][bookmark: _Toc220749745]Figure 8: Temperature Matrix T1 Code

The maximum stable time step is first calculated using the two-dimensional stability condition. The user is then prompted to input a time step value, which is repeatedly validated until it satisfies the stability limit, before the Fourier number is computed (Figure 9).

[image: ]
[bookmark: _Ref220067704][bookmark: _Toc220679217][bookmark: _Toc220749746]Figure 9: Time Step Input Code

Before the EFDM calculations, the index values for the graphical plots are converted to metres. Then, a filled contour plot of the temperature field is generated using contourf, with the temperature matrix flipped to ensure correct spatial orientation. The contour object handle is retained to allow subsequent graphical manipulation (Figure 10).
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[bookmark: _Ref220068321][bookmark: _Toc220679218][bookmark: _Toc220749747]Figure 10: Live EFDM Plot Code

This section of the code (Figure 11) advances the temperature field in time using the Explicit Finite Difference Method. At each iteration, interior grid points are updated based on neighbouring temperatures and the Fourier number, while boundary values remain fixed. The solution is iterated until convergence is achieved, defined by the maximum absolute change between successive time steps falling below a specified tolerance. The temperature field is visualised dynamically throughout the simulation, with the final equilibrium solution reported numerically in the command window.
[image: ]
[bookmark: _Ref220068557][bookmark: _Toc220679219][bookmark: _Toc220749748]Figure 11: EFDM Temperature Update and Convergence Loop

Figure 12 displays the code used to calculate convergence time. Using conditional logic, the script updates the variable TTout to three decimal places and automatically selects the most appropriate time units.
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[bookmark: _Ref220068910][bookmark: _Toc220679220][bookmark: _Toc220749749]Figure 12: Convergence Time Code

The analytical solution is evaluated by computing a truncated Fourier series at each grid point, using many terms to ensure accuracy. Spatial coordinates are mapped from the computational grid to physical space, and the resulting temperature field is stored for validation of the numerical model. The analytical solution is also reported numerically in the command window (Figure 13).

[image: ]
[bookmark: _Ref220070007][bookmark: _Toc220679221][bookmark: _Toc220749750]Figure 13: Analytical Solution Code

Figure 14 presents the code for quantifying the discrepancy between numerical () and analytical () temperature distributions, with the resulting matrix presented numerically in the command window. The script calculates the Maximum Absolute Error and Root Mean Square Error (RMSE), then uses fprintf to display the previously discussed variable TTout. 
[image: ]
[bookmark: _Ref220070268][bookmark: _Toc220679222][bookmark: _Toc220749751]Figure 14: Comparing Numerical Accuracy with Analytical Solution

The final section of the script (Figure 15) generates a figure with three subplots: the Numerical Solution , the Analytical Solution , and the calculated error. The colormap function maps specific colour gradients to data values, visually representing the temperature distribution and its discrepancies.

[image: ]
[bookmark: _Ref220071102][bookmark: _Toc220679223][bookmark: _Toc220749752]Figure 15: Figure Plots Code


[bookmark: _Toc220750093]Validation of the Model

In this chapter, the accuracy of the EFDM model is assessed by comparing it with an analytical solution to the two-dimensional heat conduction problem. Validation is performed using a square aluminium plate measuring 10 m x 10 m, discretised with a uniform grid spacing of 0.5 m. A fixed temperature of 50 °C is applied along the north boundary, while the remaining boundaries are maintained at 0 °C. A time step of 850 s is selected to satisfy the explicit scheme's stability criterion.
The numerical solution is advanced in time until a steady state is achieved, defined by a convergence criterion of 0.001 based on the maximum absolute change between successive iterations. The total simulated time required to reach steady state is 4.91 days. Figure 16 compares the numerical and analytical solutions, demonstrating good agreement throughout the computational domain. Figure 17 presents the distribution of absolute error across the computational grid; the maximum absolute error is 0.364 °C, while the root mean square error is 0.096 °C. Boundary nodes are excluded from the error calculation to ensure the reported error reflects the accuracy of the numerical solution within the interior of the domain.
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[bookmark: _Ref220133213][bookmark: _Toc220679224][bookmark: _Toc220749753]Figure 16: Numerical and Analytical Temperature Distributions at Steady State.
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[bookmark: _Ref220243420][bookmark: _Toc220679225][bookmark: _Toc220749754]Figure 17: Absolute Error Distribution Between Numerical and Analytical Solutions.

These results indicate that the EFDM implementation provides an accurate approximation of the analytical solution for the chosen discretisation and time step. As shown in Figure 17, errors remain small throughout the interior of the domain, with larger discrepancies confined to regions near the boundaries. These deviations are attributed to spatial discretisation error and truncation of the analytical series solution, thereby confirming the overall validity of the numerical model.




[bookmark: _Toc220750094]Sensitivity Analysis of Key Numerical Parameters 

This chapter investigates the sensitivity of the EFDM model to key numerical parameters. Sensitivity analysis provides insight into how numerical choices influence the predicted time required to reach thermal equilibrium and allows assessment of the robustness of the numerical implementation. In each analysis, only one parameter is varied while all others are held constant. All simulations are performed using a square plate of dimensions 12 m × 12 m.

[bookmark: _Toc220750095]Influence of Grid Spacing

The influence of grid spacing on the thermal equilibrium time is analysed by running the model using progressively finer spatial discretisations. The results, illustrated in Figure 18, show that reducing the grid spacing initially increases the computed equilibrium time, after which further refinement yields diminishing changes, indicating grid convergence. This behaviour is attributed to the reduction of spatial truncation error associated with the central difference approximations used for the spatial derivatives. Finer grids provide a more accurate representation of temperature gradients, resulting in a solution that converges towards the true physical behaviour. This trend is consistent with the findings of Suárez-Carreño and Rosales-Romero (2021), who demonstrated that spatial refinement improves convergence and stability in finite difference simulations of the heat equation.
[image: ]
[bookmark: _Ref220249343][bookmark: _Toc220679226][bookmark: _Toc220749755]Figure 18: Relationship Between Grid Spacing and Thermal Equilibrium Time

[bookmark: _Toc220750096]Influence of Time Step

The effect of time step size on the equilibrium time is examined while maintaining a fixed grid spacing and tolerance. The results presented Figure 19, show that larger time steps generally reduce the number of iterations required to reach equilibrium, but may slightly alter the predicted equilibrium time. This behaviour reflects the explicit scheme's conditional stability and first-order temporal accuracy. As noted by Bergman and Levine (2019), explicit finite difference methods are sensitive to time-step selection, with excessively large values potentially reducing accuracy even when stable. The observed trend highlights the trade-off between computational efficiency and temporal accuracy.
[image: ]
[bookmark: _Ref220250287][bookmark: _Toc220679227][bookmark: _Toc220749756]Figure 19: Relationship Between Time Step and Thermal Equilibrium Time

[bookmark: _Toc220750097]Influence of Convergence Tolerance

The model’s sensitivity to the convergence tolerance is analysed by varying the tolerance criterion while keeping the grid spacing and time step constant. As shown in Figure 20, reducing the tolerance leads to a significant increase in the computed thermal equilibrium time. This occurs because stricter convergence criteria require progressively smaller changes between successive iterations before equilibrium is declared. As noted by Ferziger and Perić (2002), convergence tolerances define a numerical rather than a physical steady state, and excessively small tolerances can substantially increase computational cost without yielding meaningful improvements in solution accuracy. These results highlight the need to balance numerical reliability with computational efficiency when selecting a convergence tolerance.
[image: ]
[bookmark: _Ref220251141][bookmark: _Toc220679228][bookmark: _Toc220749757]Figure 20: Relationship Between Tolerance and Thermal Equilibrium Time


[bookmark: _Toc220750098]Limitations of the Numerical Model 

While the EFDM implemented in this study provides accurate results for the validation cases considered, several limitations arise from both the numerical method itself and its computational implementation. These limitations restrict the applicability and efficiency of the model when applied to more complex or demanding scenarios.

[bookmark: _Toc220750099]Limitations Associated with the Numerical Method

The EFDM is subject to truncation error resulting from the discretisation of both space and time. Spatial derivatives are approximated using central-difference schemes, whereas a forward-difference approximation is employed for the temporal derivative, yielding first-order temporal accuracy. Consequently, reducing grid spacing and time step size improves accuracy but increases computational cost. Additionally, explicit schemes are conditionally stable, requiring the time step to satisfy a restrictive stability criterion linked to the Fourier number. As noted by Özışık (2013), this limitation can lead to inefficient simulations when fine spatial grids are required.
Round-off error may also accumulate over the large number of time steps required to reach thermal equilibrium, particularly when small time steps are used. Furthermore, the use of a structured Cartesian grid restricts the model to simple geometries, limiting its applicability to realistic engineering components with complex shapes. Similar limitations associated with spatial discretisation and stability constraints have been reported by Suárez-Carreño and Rosales-Romero (2021).




[bookmark: _Toc220750100]Limitations Associated with the Computational Implementation

A further limitation arises from the definition of thermal equilibrium used in the computational implementation. In this model, steady state is identified when the maximum absolute difference between successive temperature fields falls below a specified tolerance. While this provides a practical numerical stopping criterion, it does not necessarily correspond to true physical equilibrium. Ferziger and Perić (2002) highlight that convergence criteria define numerical, rather than physical, steady state, and that overly strict tolerances can significantly increase computational time without improving physical accuracy. As demonstrated in the sensitivity analysis, the predicted equilibrium time depends on the user-defined tolerance value, thereby introducing an additional source of uncertainty.

[bookmark: _Toc220750101]Suggested Improvements and Future Developments 

Several improvements and future developments could be implemented to address the limitations identified in the previous chapter and enhance the robustness and applicability of the numerical model.
One significant improvement would be the use of an implicit finite difference scheme or the Alternating Direction Implicit (ADI) method. Unlike explicit schemes, implicit methods are unconditionally stable and permit larger time steps, thereby significantly reducing computational cost for fine spatial discretisations. The ADI method is particularly well-suited to two-dimensional heat conduction problems, offering improved efficiency while maintaining numerical stability (Özışık, 2013).
To overcome the geometric limitations of the structured finite difference grid, alternative numerical methods could be considered. The Finite Element Method (FEM) and Finite Volume Method (FVM) provide greater flexibility for modelling complex geometries and irregular boundaries, making them more suitable for realistic engineering applications (Ferziger and Perić, 2002).
Finally, the modelling of thermal equilibrium could be improved by adopting more physically representative convergence criteria. Rather than relying solely on a numerical tolerance between successive temperature fields, convergence could be assessed using energy-balance or heat-flux-based criteria, which better reflect true physical steady-state behaviour (Ferziger and Perić, 2002).

[bookmark: _Toc220750102]Conclusion 

This report has presented the development, implementation, and validation of a two-dimensional transient heat conduction model for an aluminium plate using the Explicit Finite Difference Method (EFDM). The governing heat equation was formulated under standard modelling assumptions and discretised using forward differencing in time and central differencing in space, with numerical stability ensured through the Fourier number criterion.
The numerical implementation in MATLAB successfully simulated transient heat diffusion and was validated against an analytical solution for a rectangular domain with fixed-temperature boundary conditions. Validation results demonstrated good agreement between numerical and analytical solutions, with low maximum absolute and root mean square errors, confirming the accuracy of the EFDM for the chosen discretisation.
A sensitivity analysis highlighted the influence of grid spacing, time step size, and convergence tolerance on the predicted thermal equilibrium time, illustrating the trade-offs between accuracy, stability, and computational efficiency. The study also identified key limitations related to conditional stability, discretisation error, and the numerical definition of thermal equilibrium.
Overall, the results demonstrate that the EFDM provides a reliable and effective approach for modelling transient heat conduction in simple geometries, while highlighting opportunities for further improvement using more advanced numerical methods.
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clc
clear
close all

%% Aluminium properties

k = 143;             % Conductivity measured in W/m.C
p = 2.8e3;           % Density measured in kg/m3
c = 795;             % Specific heat measured in J/kg.C
TD = k/(p*c);        % Thermal diffusivity calculation

%% User Inputs

xdim = getPositiveScalar('Enter the x dimension in m: ');
ydim = getPositiveScalar('Enter the y dimension in m: ');

hStr = input('Enter the grid spacing in m: ','s');
h = str2double(hStr);

while isnan(h) || ~isscalar(h)  || ~isfinite(h) || h <= 0 || ...
        mod(xdim,h) ~= 0 || mod(ydim,h) ~= 0 || ...
        h >= xdim || h >= ydim         % loop validates the grid spacing input by ensuring it is a positive, finite scalar 
                                       % that evenly divides both plate dimensions and is smaller than the domain size.

    hStr = input(['Please enter a positive numeric value for h that divides both ' ...
        num2str(xdim) ' and ' num2str(ydim) ...
        ' evenly and is smaller than both dimensions: '],'s');
    h = str2double(hStr);
end

%% Calculating the number of rows and columns

rows = (ydim/h)+1;
columns = (xdim/h)+1;

%% Creating temperature matrix T1

T1 = zeros(rows,columns);

TBoundNorth = getPositiveScalar('Enter the north temperature boundary value in degrees C: ');  

T1(1,2:end-1) = TBoundNorth;       % Asigns north boundary temperature values to all columns in the top row of 
                                   % maxrix T1, except the 1st and last values.

%% User input for temporal consideration

MaxTs = h^2/(4*TD);    % Calculates the maximum allowable time step based on the 2D explicit stability criterion.

Ts = getPositiveScalar(['Enter a time step value less than ' num2str(MaxTs) ' s: ']);

while Ts > MaxTs
    Ts = getPositiveScalar(['Invalid time step. Enter a value less than ' ...
        num2str(MaxTs) ' s: ']);
end

Fo = (TD*Ts)/h^2;       % Fourier number equation for transient heat conduction.

%% Live EFDM Plot

XMetres = (0:rows-1) * h;               % Converts graph indexing to metres.
YMetres = (0:columns-1) * h;

[~, Tplt] = contourf(XMetres,YMetres,flip(T1),20);   % Filled contour plot of the temperature distribution
colormap('jet');                        
colorbar
annotation('textarrow',[0.95,0.95],[0.5,0.5],'string',['Temperature (' char(176) 'C)'], ...
      'HeadStyle','none','LineStyle','none','HorizontalAlignment','center','TextRotation',90);

%% Calculating temperature values using the Explicit Finite Difference Equation

T2 = T1;
count = 0;
cc = 0.001;                          % Convergence Criterion.
Diff = cc+1;

while Diff >= cc                    % Loop iterates until the maximum difference between successive temperature matrices 
                                    % is less than the prescribed convergence criterion.
    T1 = T2;
    Tplt.ZData = flip(T1);          % Updates the temperature contour plot at each time step.
    title("Explicit Finite Difference Method Temperature Diffusion at "+Ts*count/3600+ " Hour(s)");
    drawnow;
    for i=2:(rows-1)                % Range based on all rows, except the boundaries.
        for j = 2:(columns-1)       % Range based on all columns, except the boundaries.
            T2(i,j) = Fo*( T1(i-1,j)+T1(i+1,j)+T1(i,j+1)+T1(i,j-1)-( 4-(1/Fo) )*T1(i,j) ); % Explicit Finite Difference Heat Equation.
        end
    end
    Diff = max(abs(T2-T1),[],'all');        % Maximum absolute difference between successive temperature matrices.
    count = count + 1;
end

disp('----------------Matrix of the numerical solution (T2)----------------');
disp(" ");
disp(T2);        % Displays the matrix of the numerical solution in the command window.

%% Calculating the total time to reach convergence and displaying the value in the most appropriate units.

TTsecs = count * Ts;

if TTsecs < 60
    TTout = sprintf('%.3g seconds', TTsecs);
elseif TTsecs < 3600
    TTout = sprintf('%.3g minutes', TTsecs/60);
elseif TTsecs < 86400
    TTout = sprintf('%.3g hours', TTsecs/3600);
else
    TTout = sprintf('%.3g days', TTsecs/86400);
end

%% Calculating the Analytical Solution

Nsum = 100000;   % Number of terms
T0 = TBoundNorth;   % This matches the top boundary

TA = zeros(rows, columns);

for i = 1:rows
    y = (rows-i)*h;                      % Physical y coordinate
    for j = 1:columns
        x = (j-1) * h;                  % Physical x coordinate
        S = 0;
        for n = 0:Nsum
            k = 2*n + 1;
            num = exp((k*pi*(y-ydim))/xdim) - exp((-k*pi*(y+ydim))/xdim);
            den = 1 - exp((-2*k*pi*ydim)/xdim);
            S = S + (1/k) * sin(k*pi*x/xdim) * (num/den);     % Analytical equation
        end
        TA(i,j) = (4*T0/pi) * S;
    end
end

disp('----------------Matrix of the analytical solution (TA)----------------');
disp(" ");
disp(TA);        % Displays the matrix of the analytical solution in the command window.

%% Comparing the numerical temperature distribution (T2) with the analytical solution (TA)

T2NB =   T2(2:rows-1, 2:columns-1);      % Numerical matrix, without boundaries.
TANB =   TA(2:rows-1, 2:columns-1);      % Analystical matrix, without boundaries.
Error = abs(T2NB - TANB);                % Absolute error between numerical and analytical matrices.
disp('----------------Matrix of the absolute error----------------');
disp(" ");
disp(Error);

maxError = max(abs(Error(:)));
disp(['The Max Absolute Error is ', num2str(maxError)]);

RMSErr = rmse(T2NB,TANB);
maxRMSErr = max(abs(RMSErr(:)));
disp(['The Max Root Mean Square Error is ', num2str(maxRMSErr)]);

fprintf('The total time required to reach steady state with a convergence criterion of %g is %s.\n',cc,TTout)

%% Plotting figures

subplot(1,3,1)
hmT2 = contourf(XMetres,YMetres,flip(T2),50);        % Creates the heatmap and stores the object
title('Numerical Solution T2');
colormap('jet');                                  
colorbar
annotation('textarrow',[0.35,0.95],[0.5,0.5],'string',['Temperature (' char(176) 'C)'], ...
      'HeadStyle','none','LineStyle','none','HorizontalAlignment','center','TextRotation',90);

subplot(1,3,2)
hmTA = contourf(XMetres,YMetres,flip(TA),50);                      
title('Analytical Solution TA');
colormap('jet');                                   
colorbar
annotation('textarrow',[0.63,0.95],[0.5,0.5],'string',['Temperature (' char(176) 'C)'], ...
      'HeadStyle','none','LineStyle','none','HorizontalAlignment','center','TextRotation',90);

subplot(1,3,3)
hmer = heatmap(Error);
title('Absolute Error (T2 - TA)');
hmer.Colormap = parula;
hmer.CellLabelColor = 'none';

%% Inputs Validation Function

function val = getPositiveScalar(prompt)

str = input(prompt,'s');          % Read as string
val = str2double(str);            % Convert to number

while isnan(val) || ~isscalar(val) || ~isfinite(val) || val <= 0     % Checks the input a positive, numeric value, that is not infinite.
    str = input('Invalid input. Enter a positive numeric value: ','s');
    val = str2double(str);
end

end
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%% Aluminium properties

k = 143; % Conductivity measured in W/m.C
p = 2.8e3; % Density measured in kg/m3
c = 795; % Specific heat measured in J/kg.C

TD = k/(p*c); % Thermal diffusivity calculation
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%% User Inputs

xdim = getPositiveScalar('Enter the x dimension in m: ');
ydim = getPositiveScalar('Enter the y dimension in m: ');

hstr = input('Enter the grid spacing in m: ','s');
h = str2double(hStr);
while isnan(h) || ~isscalar(h) || ~isfinite(h) || h<=o || ...
mod(xdim,h) ~= @ || mod(ydim,h) ~=© || ...
h >= xdim || h >= ydim % loop validates the grid spacing input by ensuring it is a positive, finite scalar

% that evenly divides both plate dimensions and is smaller than the domain size.

hStr = input(['Please enter a positive numeric value for h that divides both ' ...
num2str(xdim) ' and ' num2str(ydim) ...
' evenly and is smaller than both dimensions: '],'s');
h = str2double(hstr);
end




image8.png
%% Inputs Validation Function

function val = getPositiveScalar(prompt)

str = input(prompt,'s'); % Read as string
val = str2double(str); % Convert to number
while isnan(val) || ~isscalar(val) || ~isfinite(val) || val <= @ % Checks the input a positive, numeric value, that is not infinite.

str = input('Invalid input. Enter a positive numeric value:
val = str2double(str);
end

2's')s

end
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%% Calculating the number of rows and columns

rows = (ydim/h)+1;
columns = (xdim/h)+1;
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%% Creating temperature matrix T1
T1 = zeros(rows,columns);
TBoundNorth = getPositiveScalar('Enter the north temperature boundary value in degrees C: ');

T1(1,2:end-1) = TBoundNorth; % Asigns north boundary temperature values to all columns in the top row of
% maxrix T1, except the 1st and last values.
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%% User input for temporal consideration

MaxTs = h*2/(4*TD); % Calculates the maximum allowable time step based on the 2D explicit stability criterion.

Ts = getPositiveScalar(['Enter a time step value less than ' num2str(MaxTs) ' s: '])

while Ts > MaxTs
Ts = getPositiveScalar(['Invalid time step. Enter a value less than
num2str(MaxTs) ' s: '1);

end

Fo = (TD*Ts)/h"2; % Fourier number equation for transient heat conduction
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%% Live EFDM Plot

XMetres = (@:rows-1) * h; % Converts graph indexing to metres
YMetres = (@:columns-1) * h;

[~, Tplt] = contourf(XMetres,YMetres,flip(T1),20); % Filled contour plot of the temperature distribution

colormap('jet');

colorbar

annotation('textarrow',[0.95,0.95],[0.5,8.5], 'string',['Temperature (' char(176) 'C)'],
'HeadStyle', 'none', 'LineStyle', 'none', 'HorizontalAlignment', 'center’','TextRotation',90);
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%% Calculating temperature values using the Explicit Finite Difference Equation

2 =T1;
count = 0;

% Convergence Criterion.

while Diff >= cc % Loop iterates until the maximum difference between successive temperature matrices
% is less than the prescribed convergence criterion.
1=7T2;
Tplt.zZData = flip(T1); % Updates the temperature contour plot at each time step.
title("Explicit Finite Difference Method Temperature Diffusion at "+Ts*count/36@8+ " Hour(s)");
drawnow;
for i=2:(rows-1) % Range based on all rows, except the boundaries.
for j = 2:(columns-1) % Range based on all columns, except the boundaries.
T2(i,3) = Fo*( TL(i-1,3)+T1(i+1,3)+T1(1,3+1)+T1(i,j-1)-( 4-(1/Fo) )*T1(i,j) ); % Explicit Finite Difference Heat Equation.
end
end
Diff = max(abs(T2-T1),[],'all"); % Maximum absolute difference between successive temperature matrices.
count = count + 1;
end
disp('-
disp(”

disp(T2); % Displays the matrix of the numerical solution in the command window.
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% Calculating the total time to reach convergence and displaying the value 1n the most appropriate units.

TTsecs = count * Ts;

if TTsecs < 6@

TTout = sprintf('%.3g seconds', TTsecs);
elseif TTsecs < 3600

TTout = sprintf('%.3g minutes', TTsecs/68);
elseif TTsecs < 86400

TTout = sprintf('%.3g hours', TTsecs/3608);
else

TTout = sprintf('%.3g days', TTsecs/86400);
end

fprintf('The total time required to reach steady

state

with a convergence criterion of %g is %s.\n',cc,TTout)
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%% Calculating the Analytical Solution

Nsum = 100000; % Number of terms
© = TBoundNorth; % This matches the top boundary

TA = zeros(rows, columns);

for i = 1:rows

y = (rows-i)*h; % physical y coordinate
for j = 1:columns
x = (3-1) * h; % physical x coordinate
S =9;
for n = @:Nsum
k = 2*n + 1;
num = exp((k*pi*(y-ydim))/xdim) - exp((-k*pi*(y+ydim))/xdim);
den = 1 - exp((-2*k*pi*ydim)/xdim);
S =S + (1/k) * sin(k*pi*x/xdim) * (num/den); % Analytical equation
end
TA(i,3) = (4*Te/pi) * s;
end
end
disp('---------==---n- Matrix of the analytical solution---------------- )
disp(" ");

disp(TA); % Displays the matrix of the analytical solution in the command window.
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%% Comparing the numerical temperature distribution (T2) with the analytical solution (TA)

T2NB =  T2(2:rows-1, 2:columns-1); % Numerical matrix, without boundaries

TANB =  TA(2:rows-1, 2:columns-1); % Analystical matrix, without boundaries

Error = abs(T2NB - TANB); % Absolute error between numerical and analytical matrices.
disp('- -Matrix of the absolute error-- -')

disp(" ");

disp(Error);

maxError = max(abs(Error(:)));
disp(['The Max Absolute Error is ', num2str(maxError)]);

RMSErr = rmse(T2NB,TANB);
maxRMSErr = max(abs(RMSErr(:)));
disp(['The Max Root Mean Square Error is ', num2str(maxRMSErr)]);

fprintf('The total time required to reach steady state with a convergence

criterion of %g is %s.\n',cc,TTout)
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%% Plotting figures

subplot(1,3,1)

hmT2 = contourf(XMetres,YMetres,flip(T2),50); % Create the heatmap and store the object

title('Numerical Solution T2');

colormap('jet');

colorbar

annotation('textarrow',[0.35,0.95],[0.5,8.5], 'string',['Temperature (' char(176) 'C)'],
'HeadStyle', 'none', 'LineStyle', 'none', 'HorizontalAlignment', 'center’','TextRotation',90);

subplot(1,3,2)

hmTA = contourf(XMetres,YMetres,flip(TA),50);

title('Analytical Solution TA');

colormap('jet');

colorbar

annotation('textarrow',[0.63,0.95],[0.5,8.5], 'string',['Temperature (' char(176) 'C)'],
'HeadStyle', 'none', 'LineStyle', 'none', 'HorizontalAlignment', 'center’','TextRotation',90);

subplot(1,3,3)

hmer = heatmap(Error);
title('Absolute Error (T2 - TA)');
hmer.Colormap = parula;
hmer.CelllLabelColor = 'none’;
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