Curriculum Development and Enhancement (ECSP7002)
School X is an 11 to 18 school rated in 2018 as Yellow by Estyn. Approximately 12.3 % of pupils are eligible for Free School Meals. The class under investigation was 7y1, a top set year 7 class consisting of  33 pupils, one of whom has speech and language difficulties. I chose to research misconceptions regarding fractions with this class because I am fascinated by the misconceptions which pupils face in this area of secondary school mathematics, and because it coincided fairly well with the class’ position in their scheme of work (though there were some difficulties which will be discussed later). Another motivating factor for me was the desire to see how well primary school had prepared pupils for this topic, or indeed the introduction (or lack thereof) which their primary experience had given them, given that almost all pupils in the class would qualify as highly able. Misconceptions regarding fractions are common even among highly able pupils (Foxman, 1982) and I was interested to see what misconceptions would arise and how they could be addressed through intervention. 
It is believed that most children find internalising the idea of a fraction to be a difficult task (Lean, Clements, & Del Campo, 1990, cited by Geary, 1994; Behr et al., 1992 cited by Nickson, 2000). Indeed, issues with the interpretation of fractions pictorially, simplifying fractions and using equivalence of fractions were observed during research undertaken as part of the Assessment of Performance Unit in the 1980s (Foxman, 1982). Indeed, Foxman et al. (1982) reported that only 39% of 11 year olds surveyed by the APU were able to correctly identify the fraction representing the largest quantity in a list. This is corroborated by Gelman (1992), cited by Geary (1994), who observed that an elementary pupil might assume that three being larger than two would necessitate one third being larger than one half. This is demonstrative of the lack of intuition pupils seem to have regarding fractions in comparison with other mathematical structures they will have encountered in elementary or primary school (Geary, 1994). 
With the above in mind, it follows that many misconceptions can arise during the teaching and learning of fractions as a topic in the secondary school (Aliustaoğlu, Çağrı Abdullah, & Tuna, 2018). Booker (1998), cited by Nickson (2000), suggests that fractions confront pupils with one of the earliest examples of abstract mathematics, thereby leading to misconceptions. However, the precise models employed in the teaching of fractions can have significant effects on the level of intuition pupils have towards fractions (Strother et. al. 2016). Indeed, the use of bar models (informed by mathematics curricula in Singapore) is believed by some educational practitioners to aid pupils’ conceptual understanding of fractions (Leinwand & Ginsburg, 2007). Such methods make the concept of fractions concrete (Flores, Hinton, & Meyer, 2018), thereby alleviating the issues with abstraction noted by Booker (1998). This informed my teaching decisions as I employed visual conceptions of fractions, in particular bar models and circle models, during my class exposition in the early stages of teaching 7y1 this topic (Edry, Lesson 2 of Fractions, 2019). However, it has also been suggested by Prediger (2013), that the number line ought to be reinforced when teaching fractions in order to solidify the fact that a fraction is just one of several ways of representing (rational) numbers, also including decimals and percentages. Indeed, Kieren (1988), cited by Nickson (2000), ventured four concepts linked to the idea of rational numbers, two of which are measure and quotient, which lend themselves very well to representation on a number line. This is corroborated by Siegler, et al. (2010), who suggest that number lines can aid pupils understanding both of representing fractions and of equivalent fractions, as well as the idea of fractions as a means of measuring quantities. This underlay my reasoning for including number lines in my exposition of a fraction in the first lesson of teaching this topic to 7y1 (Edry, Lesson 1 of Fractions, 2019). On the other hand, Bright et al. (1988), cited by Siegler, et al. (2010) suggest that number lines can confuse some pupils, so other visual representations also informed my exposition, namely circle and bar models. I also consistently made reference to fractions as representations of the solution to a division problem, which reinforces the second of Kieren’s (1988) constructs (fractions as quotients). It is believed by some that combining different modes of presentation in instruction can reduce cognitive load on pupils’ working memory (Mousavi, Low, & Sweller, 1995), which supported my choice to employ a number of visual and conceptual models of fractions during my intervention. 
Kieren (1988), cited by Nickson (2000), also includes “ratio number” and “multiplicative operator” (Nickson, 2000, p. 27) in his identified constructs linked to rational numbers. I incorporated these ideas into my intervention, in particular when discussing fractions of an amount with the class (Edry, Lesson 1 of Fractions, 2019), as I wanted to promote the idea of fractions as numbers (and, hence, rational numbers as no less part of the real field than natural numbers). Furthermore, Williams & Ryan (2000) suggest that pupils are uncomfortable with the idea of fractions as divisors. This, coupled with 7y1’s generally high level of ability and an ensuing desire on my part to present fractions in a complete way, led me to include multiplication and division by fractions in my pre-topic diagnostic test, with the expectation that I would include this in my intervention. Indeed, though number skills as applied to real-life should form the emphasis of secondary mathematics instruction , higher-attaining pupils (such as those in 7y1) should have the opportunity to deepen their knowledge and understanding of mathematics wherever possible (ICMI, 1990) (indeed, when teaching a revision lesson to 7y1 before completing this learning sequence I framed equivalent fractions as equations to extend pupils’ interpretation of fractions, Edry, Mini-Whiteboard Task of Revision Lesson, 2019). However, School X’s scheme of work does not include division by fractions as part of the curriculum for Year 7 pupils. Owing to this and time constraints, I was not able to cover this in my intervention; this will be covered in more depth later. The work of the above authors suggests a broader misconception which pupils have regarding the field of real numbers and the place of fractions/rational numbers therein, which I tried to address in my intervention by exposing pupils to questions requiring them to employ integers and fractions in calculations (for example, framing the evaluation of a fraction of an amount as multiplication of a fraction and a whole number (Edry, Lesson 1 of Fractions, 2019)).
In addition to problems with the very idea of what a fraction is, misconceptions regarding the representation of fractions abound. Indeed, Foxman et. al (1982) suggest that equivalence of fractions, and hence ordering, is poorly understood by secondary school pupils, as well as simplification of fractions. In particular, what Misalidou and Williams (2003) refer to as “magical halving” (Misalidou & Williams, 2003, p. 346) in the literature on ratio misconceptions is also evident among many pupils who struggle to simplify fractions by a method other than halving both numerator and denominator. As this method can yield a correct answer when numerator and denominator are both even, I ensured that my pre-diagnostic test included a question not in this category, namely for pupils to simplify which requires division of numerator and denominator by 7. 
As mentioned previously, many misconceptions regarding fractions seen among secondary school pupils belong to the category of misunderstanding the ordering of the real field, or, more precisely, the place of fractions on the number line. Indeed, Foxman et. al. (1982) found in the APU that ordering fractions is widely misunderstood when the denominators are not the same. Booker (1988), cited by Nickson (2000), suggests that pupils often assume that four being larger than three necessarily means that one quarter is larger than a third. I aimed to address this misconception in my intervention by ensuring that pupils were aware that fractions represent the division of one number (the numerator of the fraction) by another number (the denominator) and by use of a number line as a visual prompt during exposition (Edry, Lesson 1 of Fractions, 2019). Equivalent fractions can present misconceptions of their own, namely the “additive tendency” (Ryan & Williams, 2007, p. 73) whereby pupils assume that they can generate equivalent fractions by adding a common additive factor to numerator and denominator (Ryan & Williams, 2007; Boyadzhiev, 2019; Foxman et al., 1982). I appealed to the constructivist school during my exposition of equivalent fractions by allowing pupils to “prove” that fractions were equivalent by calculating quotients (Edry, Lesson 2 of Fractions, 2019). Following from this, I employed a “think, pair, share” (Lyman, 1987) task leading to cognitive conflict which intended to allow pupils to prove that use of additive factors when generating equivalent fractions fails, and why (Edry, Lesson 2 of Fractions, 2019, slide 9). “Think, pair, share” tasks were employed roughly once per lesson during my intervention as a means of “exploratory talk” (Mercer and Dawes, 2008) to reveal misconceptions and encourage pupils to develop their own understanding of fractions by the Generation Effect (Slamecka & Graf, 1978). Given that 36% of pupils in the APU report were unable to correctly generate a fraction equivalent to  (Foxman, 1982, p. 119), and because understanding equivalent fractions is central to ordering, adding and subtracting fractions, I thought it prudent to pay particular attention to this misconception. 
Pupils can experience a number of misconceptions regarding addition of fractions. Pupils who do not correctly recognise fractions as partitions of discrete units may be inclined to simply add the numerators together and denominators together when adding fractions (Strother, Jonathan, Thiede, & Appleton, 2016). Indeed, Aliustaoğlu et al. (2018) noted in a study on the misconceptions of American Sixth Grade pupils that almost 74% of pupils under investigation incorrectly marked as true the following statement: .  I anticipated this misconception and responded to it by teaching unit fractions, the concept of which is identified by some as central to the understanding of fractions at the secondary level (Behr, Lesh, Post, & Silver, 1983). Indeed, Roger Howe (2011) writes: “a lack of unit awareness can wreak havoc in the study of fractions” (Howe, 2011, p. 7). To this end, I introduced part-whole model categorised by various researchers (Kieren, 1988, cited in Nickson, 2000; Mamede, Nunes, & Bryant, 2005) in my second lesson of this learning sequence (Edry, Lesson 2 of Fractions, 2019), which leads naturally into the notion of unit fractions (Nickson, 2000). Following from this, as part of my lesson on improper fractions and mixed numbers before teaching addition and subtraction of fractions (Edry, Lesson Three of Fractions, 2019), unit fractions were introduced; I emphasised, for example, that “3/4 can be represented as 3 lots of ¼” (Edry, Lesson Three of Fractions, 2019, p. 2). On the other hand, resorting excessively to unit fractions during the formative stages in exposition is seen by some to inhibit mathematial meaning (Nickson, 2000), so I aimed to employ several interpretations in my teaching, including fractions as quotients. 
Some researchers discourage the teaching of the arithmetic of fractions by mechanical rules (Clausen-May, 2001) as these are easily forgotten. Indeed, some studies of intervention by direct instruction of the manipulation of fractions have shown poor improvements compared to more relational methods  of instruction (Bottge et al., 2002, cited by Misquitta, 2011; Gersten & Kelly, 1992, cited by Misquitta, 2011; Fazio & Siegler, 2011). As such,  I aimed to test pupils’ understanding of partitioning of units into equal parts, which underlies the conversion between improper fractions and mixed numbers, in my pre-topic diagnostic test (Edry, Diagnostic Test, 2019) and made this visual approach a part of my intervention by employing bar models (Edry, Lesson Three of Fractions, 2019). However, more behaviourist teaching strategies and instrumental methods were certainly not absent from my intervention; the need to cover the scheme of work and to conform to the approaches thereof certainly influenced my intervention. As a compromise I tried at least to give pupils the chance to understand the motivation behind the methods they were being taught. For example, when teaching the addition of fractions, I used a think, pair, share task to ensure pupils understood why a common denominator is necessary in order to add fractions (Edry, Lesson Four of Fractions, 2019). I felt that this provided a reasonable middle ground between covering the scheme of work with sufficient pace and fostering mathematical understanding. I also felt that the method I taught for the addition and subtraction of fractions, if learned to the point of “automaticity” (Tanner & Jones, 2000, p. 18)  would reduce the load on pupils’ working memory when attempting more difficult problems involving the arithmetic of fractions (Logie, Gilhooly & Wynn, 1994; Ashcraft & Krause, 2007). I also made sure that investigative, problem-solving tasks were included in most of my lessons as some have suggested that these sort of tasks foster memory of the underlying mathematical concepts, particularly for more highly able pupils such as those in 7y1 (Krutetskii, 1976, cited by Szabo & Andrews, 2017). Pólya (1945) claims that students at all levels of mathematics education should be exposed to as much independent work as possible, or at least the illusion thereof. Indeed, the starter tasks I employed throughout my intervention were often generated by imagining questions which pupils would naturally ask based on prior knowledge (a frame of mind informed by Pólya’s approach to teaching mathematical problem-solving).

School X’s mathematics scheme of work for set one year 7 pupils stipulates that ratio be taught towards the end of the topic (School X, 2018). On the one hand, this presented me with an opportunity to embed Kieren’s (1988) construct of ratio into my intervention. Indeed, time was dedicated during my intervention to breaking down the meaning of ratio and how it is related to, but distinct from, fractions (Edry, Comparing Numbers using Ratio, 2019); this enabled me to make use of the Singapore bar model in my instruction, further reinforcing the part-whole (Seah, 2009) interpretation of fractions used in previous lessons. I was pleased that my intervention enabled the pupils to first encounter sharing in a ratio with a “relational” (Skemp, 1976, p. 20) method, as opposed to a rote method such as “cross multiply and divide” (Lamon, 2012, p. 260). Indeed, it is suggested by some that pupils’ proportional understanding is helped if they understand ratio thoroughly before learning a standard “cross multiplication” method (Fazio & Siegler, 2011; Lamon, 2012). On the other hand, I did feel that including this topic created additional time pressure, especially so as this topic was not intended to be included in my diagnostic tests.
In addition to the stipulations of the scheme of work, departmental teaching conventions at School X informed my intervention. Namely, the use of the “cross-multiply and smile” method, so named by Harrison (2016, p.1), for the comparison, addition and subtraction of fractions. Appendix A gives an example of a poster created by a pupil at School X which outlines the method, coloquially named “criss-cross-smile” in School X. A cursory look at this method reveals its “instrumental” (Skemp, 1976, p. 1) nature. If taught in isolation, this method does not enable students to understand why common denominators are necessary for the addition of fractions as more visual methods do (Fazio & Siegler, 2011) and does not link the arithmetic of fractions to previous work on equivalent fractions. In this sense, the method is informed by the behaviourist school and does not promote the activation of prior knowledge which can aid understanding and retention of mathematical concepts (Flores, Hinton, & Meyer, 2018; Smith, DiSessa and Roschelle (1993–94), cited by Ryan & Williams, 2007)). There is also a risk that pupils taught this method will assume that an analogous method will hold for the multiplication of fractions, thus introducing a potential misconception later on. Indeed, some pupils did just this in the post diagnostic test following my intervention, which will by discussed later. Ultimately, this method does not promote the foundational understanding of mathematics problems which some suggest underlies the development of critical thinking (Halpern, 1998, cited by Cowan, 2014).
With this said, I found that pupils were able to very quickly grasp the addition and subtraction of fractions by this method, which thereby alleviated some of the aforementioned time pressures. There is also some merit to the idea that the mechanical nature of “criss-cross-smile” allowed the cognitive load on pupils’ working memory to be reduced (Logie, Gilhooly, & Wynn, 1994). Furthermore, my working relationship with pupils and school staff allowed me sufficient freedom in my lessons to promote understanding of why common denominators are needed when adding and subtracting fractions through starters employing cognitive conflict, as well as appeals to visual interpretations of fractions in my exposition (Edry, Addition and Subtraction of Fractions, 2019).
I have decided to employ a pre-intervention diagnostic test and a post-intervention diagnostic test to generate pupil data. Pre- and post- test results were collected to produce two spreadsheets of item-level data arranged by the topic of each question. Furthermore, qualitative remarks on each pupils’ performance in both the pre- and post- test spreadsheets were taken during marking of the tests. Thus, the methodology incorporated both “positivistic” and “anti-positivistic” elements (McAteer, 2013, p. 12). I felt that this was appropriate given the aims of this action research project. Following from Corey (1953), cited by McAteer (2013), one aim of the project was to aim to generate improved attainment between pre- and post- test, or to investigate the effectiveness of my intervention, as is typical in action research projects (Halim, Tan, Subahan, & Meerah, 2014) and seen by Berg & Lune (2012) as one of the chief modes of action research. To this end, quantitative data could demonstrate whether or not this had been achieved. However, another central aim of the project was to identify what misconceptions Year 7 pupils encounter when learning about fractions and the manipulation thereof, and for this to inform strategies to address these misconceptions, which is promoted by some as a central purpose of action research (Beaulieu, 2013). The use of itemised data by question/topic, as well as pupil-specific qualitative data, was appropriate for this aim as it enabled me to note specific misconceptions experienced by pupils and to address them in my intervention.
This research methodology has a number of benefits. Chiefly, the use of a pre-topic test enabled me to tailor my intervention to pre-existing misconceptions. For example, the itemised pre-test results allowed me to notice that comparing fractions was poorly done, so more time was dedicated to this in my intervention during lessons on converting fractions to decimals (Edry, Anonymised pre-test results, 2019). The average result for the ordering fractions question increased from an average mark of 0.27 to 0.33 from pre- to post- test. 
On the other hand, the post-topic test had to be delivered in a single lesson and could not be delivered at a later date to avoid pupils discussing the questions amongst themselves. As such, several absences impacted the post-test data (Edry, Anonymised post-test results, 2019). Furthermore, there was a discrepancy between what was asked in my pre-test, which had been designed to address my research question, and what was specifically asked for in the scheme of work. For example, multiplication and division of fractions were not included in the scheme of work (School X, 2019), but had to remain in the post-test for it to be identical to the pre-test and thus conform with my research methodology. This makes the results of the investigation slightly less reliable, as few pupils could be expected to successfully achieve the two marks available for computing the product and quotient of two fractions. The final section of the scheme of work, concerning ratio, was not part of my pre-test or post-test as it was not under research consideration, which meant that pupils did not complete the test immediately after my intervention. Thus, there were a number of factors which limited the validity of the research data. This is quite often the case in such action research projects as this (Salkind, 2010). Indeed, the lack of a control group would categorise this project as “quasi-experimental in its scope” (Salkind, 2010, p. 14) and put its utility in providing generalised results into question (Shuttleworth, 2009).
Overall, an improvement was seen in average pupil attainment between pre- and post- test. The average pupil percentage increased from 56% to 64% (Edry, Anonymised post-test results, 2019). Whilst promising, a hypothesis test to gauge the significance of this result is beyond the scope of this project. Instead, I will appeal to the item-level data which was recorded on pupil results on each topic and my intervention of these topics.
The average score attained increased by 21.4% between pre- and post- test, with pupils on average seeing an increase in attainment of 27.6% (Edry, Analysis Spreadsheet, 2019). Below is a breakdown of percentage change in attainment between the two tests by question and the topic thereof:
	
	Fraction of an Amount


	Shading a Fraction


	Ordering Fractions
	Fractions to Decimals
	Simplifying Fractions


	Equivalent Fractions


	Arithmetic of Fractions


	Improper Fractions and Mixed Numbers



	Percentage Change (%)
	3.1
	-0.2
	22.2
	15.3
	30.7
	10.4
	112.9
	6.9




Evaluating the fraction of a quantity was examined early in the pre-diagnostic test and discussed early in the intervention. 32 of 33 pupils correctly answered the question in the pre-topic test; all pupils answered it correctly in the post topic test (Edry, Anonymised pre-test results, 2019; Edry , Anonymised post-topic results, 2019). The decrease in performance in shading a fraction is due to a careless mistake from pupil EB and not indicative of a wider trend (Edry, Pupil Responses, 2019, p. 1)
Simplifying fractions and equivalent fractions (as well as an introduction to representing fractions through shading) was taught during the second lesson of my intervention. Respectively, average marks for these questions rose by approximately 31%. Five pupils failed to score any marks for the question which addressed simplifying fractions in the pre-topic test, but most of these pupils went on to achieve at least one of the available marks for this question in the post-topic test (Edry, Analysis Spreadsheet, 2019). WH was one such pupil and exhibited “magical halving” (Misalidou & Williams, 2003, p. 346) in the pre-topic test so struggled to simplify  as numerator and denominator are odd. Despite not showing workings, it is evident that WH simplified this fraction in the post-topic test by noting that 7 is the highest common factor of numerator and denominator, leaving the simplified fraction as . On the other hand, WH still simplified  as  without showing workings in the post-topic test, which suggests that my intervention  did not reinforce problem-solving techniques within this area, which is widely recognised as an important element of mathematics curricula (Anderson, 2009).
Improper fractions and mixed numbers were taught in the second and third lessons of my intervention as I wanted to teach pupils how to represent fractions, both pictorially and in terms of notation, before performing calculations on them. I wanted pupils to be able to understand fractions as a concept before solving problems on them, thereby encouraging Pólya’s (1945) problem solving schema. Only one pupil (GK) achieved only one of the two available marks for the question on improper fractions and mixed numbers; the other pupils achieved either both marks or no marks for this question. EB and TJ achieved no marks for this question in the pre-diagnostic test, but EB achieved both marks for this question in the post-diagnostic test (GK was absent). 90% of pupils achieved both available marks for this question in the post-diagnostic test (Edry, Analysis Spreadsheet, 2019). The constructivist approach to teaching this aspect of the topic paid off in terms of pupil attainment. The diagnostic question concerned visual representation of mixed numbers, which pupils clearly understood well from my intervention (Edry, Lesson Three of Fractions, 2019), which was informed by the Singapore bar model for representing fractions (Spencer & Fielding, 2015). On the other hand, my diagnostic test failed to examine computation involving mixed numbers and improper fractions, focusing solely on representation. As such, it is questionable to what extent these results reflect pupil understanding of converting between improper fractions and mixed numbers.
Addition and subtraction of fractions is a key topic which is widely known for leading to pupil misconceptions (Strother, Jonathan, Thiede, & Appleton, 2016; Aliustaoğlu et al, 2018). In the diagnostic tests, this topic was examined as part of the arithmetic of fractions, which also included multiplication and division of fractions. As pupils were not to be taught multiplication and division of fractions according to the school policy (School X, 2019), only the parts of this question addressing specifically the addition and subtraction of fractions reflect the intervention. Despite this, the average attainment for this question increased by 112.9 % (Edry, Analysis Spreadsheet, 2019). Some pupils also deployed prior knowledge effectively in this question: PF correctly answered the first part of the question in the pre-topic test by correctly calculating , suggesting prior knowledge successfully recalled from primary school, but did not answer any other parts of the question (Edry, Pupil Responses, 2019)As such, the results of this aspect of the intervention are interesting. Fifteen of the thirty-one pupils examined in the post-diagnostic test saw an improvement in attainment in this section of the test; furthermore, of these pupils, five saw an improvement by two or more marks (Edry, Analysis Spreadsheet, 2019). The pupils who saw this more dramatic increase will be examined in detail. BP correctly answered the first part of the question but did not simplify fully her answer. This is, again, indicative of prior knowledge. However, no other parts of the question were correctly answered (Edry, Pupil Responses, 2019, p. 3). BP attempted to subtract the numerators without paying attention to the denominators being unequal in the final part of the question, echoing Aliustaoğlu et al. (2018), who observed this misconception in the majority of American sixth-graders in their investigation. In the post-diagnostic test, BP achieved three marks, only failing the part of the question on division of fractions. This suggests that an awareness of unit fractions which was not present before which was introduced in my fourth lesson through cognitive conflict (Edry, Lesson Four of Fractions, 2019). CA failed to achieve any marks in the pre-diagnostic test but achieved two in the post-diagnostic test (Edry, Analysis Spreadsheet, 2019). 
In the post-diagnostic test, CA correctly simplified  to  and added two unit fractions with the same denominator correctly. However, CA was unable to subtract two fractions with different denominators, seeming to think that simply using the larger denominator as the common denominator would suffice to produce the correct answer. This suggests that CA understood the concept of unit fractions and their addition based on the part-whole model in my intervention, but not the necessity of common denominators in the addition and subtraction of fractions. The highly instrumental “cross-multiply and smile” method Harrison (2016, p.1) was taught as a method for adding, subtracting and comparing fractions; CA’s results suggest that this method failed to promote understanding of why common denominators are necessary. Indeed, CA did not attempt to deploy this method so it was not learned to the point of “automaticity” (Tanner & Jones, 2000, p. 18) as I had hoped (Edry, Pupil Responses, 2019, p. 4). This raises questions about what sort of exercises ought to be deployed in teaching interventions which will be discussed in the conclusion.
HT successfully multiplied two fractions in the pre-diagnostic test but did not simplify them, and achieved success in no other part of this question. In the post-diagnostic test, HT successfully simplified the fraction and succeeded in adding and subtracting both unit and general proper fractions. As visible in Pupil Responses (2019), p. 4., HT applied “cross-multiply and smile” clearly and accurately when subtracting 4/5 and 3/4, but also attempted to apply this to the question on division, which suggests that the method does not foster understanding of why common denominators are necessary only for the addition and subtraction of fractions; this corroborates Fazio & Siegler’s (2011) work, which promotes the teaching of more relational methods. On the other hand, restrictions placed by the school scheme of work meant that division of fractions was not to be taught, so there is a possibility that HT applied this method in the absence of another strategy having been learned.
 MA did not attempt this question in the pre-diagnostic test, but achieved three of the four available marks in it in the post-diagnostic test (Edry, Pupil Responses, 2019, p. 5). MA attempted to compute  using “cross-multiply and smile”, which, again, suggests that this method can introduce misconceptions rather than alleviate them. Interestingly, MA also attempted to find a common denominator when dividing fractions and, through not entirely clear means, successfully computed . This raises questions about the design of my diagnostic test which will be discussed in the conclusion. 
In the pre-diagnostic test, RG attempted to compute  as 2/3. This suggests a pre-existing lack of awareness of unit fractions and their representation which was alleviated by the time of the post-diagnostic test (Edry, Pupil Responses, 2019, p. 5). This supports my decision to emphasise unit fractions in my intervention as described in the literature review. RG also added fractions with different denominators correctly, showing her method clearly. This suggests successful retention of the method following my intervention, which supports the idea of teaching this method to the point of “automaticity” (Tanner & Jones, 2000, p. 18) through examples. On the other hand, as in the previous several cases, RG attempted to employ “cross-multiply and smile” when multiplying and dividing fractions (Edry, Pupil Responses, 2019, p. 5). This serves to further indict the method as a means of teaching the addition and subtraction of fractions.
Converting between fractions, decimals and percentages formed the next phase of the scheme of work and is the last topic relevant to the diagnostic tests. This topic saw the least increase in attainment, at 15%. Approximately 73% of pupils achieved the mark for converting a fraction to a decimal in the pre-topic test, and four pupils who did not achieve this mark originally achieved it in the post-diagnostic test (Edry, Analysis Spreadsheet, 2019). Furthermore, one pupil (TJ) failed to achieve this mark in the post-diagnostic test despite having achieved it in the pre-diagnostic test. These results will be discussed in more detail.
BC2 failed to achieve the mark for the question on converting a fraction to a decimal in the pre-diagnostic test but achieved it, without showing workings, in the post-diagnostic tests. This suggests that the result 4/5 = 0.8 was remembered, but there is no evidence that BC2 understands how to convert decimals to fractions (Edry, Pupil Responses, 2019, p. 5). On the other hand, MLN went from not being able to attempt this question in the pre-topic test, to answering it correctly in the post-diagnostic test, with a clear method shown (Edry, Pupil Responses, 2019, p. 6). It is clear from her workings that MLN has internalised the idea of fractions as a quotients and, hence, the second of Kieren’s (1988) constructs, as was intended in my intervention (Edry, Fractions, Decimals and Percentages Lesson, 2019). RG correctly converted 4/5 to 80% in the pre-diagnostic test, but the question asked for conversion to a decimal, which was correctly done in the post-diagnostic test (Edry, Pupil Responses, 2019, p. 6). This is suggestive of an improvement in understanding of terminology. The method employed by MLN and RG further suggests an understanding of unit fractions (as both converted 1/5 to 0.2 and then multiplied by four) which some believe underlies properly understanding fractions as a whole (Behr, Lesh, Post, & Silver, 1983). As has been mentioned, promoting this awareness was central throughout my intervention. WH’s results are also promising. In the pre-diagnostic test, WH claimed that 4/5 was equivalent to 4.5, suggesting a lack of understanding of both fractions as quotients and fractional notation (Edry, Pupil Responses, 2019, p. 7). Promisingly, WH correctly answered the question in the post-diagnostic test, and her method intimates an understanding both of fractions as quotients and of the arithmetic of fractions as WH first calculated 4/10 = 0.4 and subsequently multiplied by two to attain 4/5 (Edry, Pupil Responses, 2019, p. 7).
JT achieved the one mark available for converting 4/5 to 0.8 in the pre-diagnostic test, but failed to do so in the post-diagnosic test (Edry, Analysis Spreadsheet, 2019; Edry, Pupil Responses, 2019). In the pre-diagnostic test, JT demonstrated an implicit awareness that  and, hence, of equivalent fractions (Edry, Pupil Responses, 2019, p. 7). Despite showing his method in the post-diagnostic test, JT’s reasoning is unclear in the post-diagnostic test. Given that JT attempted to divide five by four to convert 4/5 into a decimal, having first crossed out 4 as the number to be divided, it is likely that this mistake was a careless error. On the other hand, the fact that a correct method in the pre-diagnostic test was followed by an error in the post-diagnostic test is still notable and concerning. 
Ordering fractions saw a 22% increase in attainment (Edry, Analysis Spreadsheet, 2019). This topic was only mentioned during my intervention during the lesson on converting between fractions, decimals and percentages and the lesson on equivalent fractions. I presumed that pupils would be able to apply their understanding of these topics to ordering fractions, either by converting the fractions to percentages (or decimals) or by employing common denominators. This presumption was based on the notion that, by learning equivalent fractions to the point of “automaticity” (Tanner & Jones, 2000, p. 18) through repeated examples, pupils would be able to apply this to more advanced problems such as ordering fractions without excessive cognitive load (Logie, Gilhooly & Wynn, 1994; Ashcraft & Krause, 2007). In hindsight, this was a poor decision which will be discussed in the conclusion.  Three pupils who achieved the mark available for this topic in the pre-diagnostic test failed to do so in the post-diagnostic test, and twenty-three pupils failed to attain the mark in either test (Edry, Analysis Spreadsheet, 2019). The pupils who improved in attainment and those whose result worsened will be examined in turn. Four pupils saw achieved this mark in the post-diagnostic test who did failed to do so originally. CK was one such pupil. Interestingly, her pre-diagnostic test shows evidence of her attempting to evaluate equivalent fractions to order the fractions as required by the question. However, at this stage CK lacked the confidence to reach a conclusion, as she did in the post-diagnostic test (Edry, Pupil Responses, 2019). With that said, CK did not find the highest common factor of the denominators (twenty-four) to apply the method in-full, but instead used twelve as the common denominator for those fractions whose denominators divided twelve and presumed (correctly) that 3/8 was the smallest fraction in the list. This partially formal method suggests that ordering fractions should have been taught directly in my intervention, as CK’s method relied on guessing that 3/8 was the smallest fraction in the list. RG successfully answered the question in the post-diagnostic test after having failed to do so in the pre-diagnostic test, but her method is clear in neither of the tests. Despite my desire to promote Pólya’s (1945) problem solving schema in my intervention, several pupils failed to show sufficient workings indicating their method in a number of questions in the post-diagnostic test. Indeed, TJ seemed to order the fractions in the post-diagnostic question by inspection without showing clearly how he did so (Edry, Pupil Responses, 2019, p. 9). Much the same situation is evident for WS (Edry, Pupil Responses, 2019, p. 9), whose only evidence of applying a method in both tests was crossing out fractions as their ordering was determined.
Interestingly, three pupils who successfully answered the question on ordering fractions in the pre-diagnostic test failed to do so in the post-diagnostic test (Edry, Analysis Spreadsheet, 2019). DO was one such. DO’s pre-diagnostic answer could be construed as having been done by inspection, whilst his post-diagnostic answer does show evidence of comparison by conversion to percentages. DO only attempted to apply this method to ¾ and ½, suggesting a lack of confidence in converting the other fractions in the list to percentages (Edry, Pupil Responses, 2019, p. 10). CA seemed to have attempted inspection or guessed the answers in both the pre- and post- diagnostic tests; the case is much the same for HB (Edry, Pupil Responses, 2019).
From the results of this piece of action research, conclusions regarding lesson design, teaching methods, test design, school policy and assessment for learning can be drawn. It is clear from the results of several pupils not showing workings that insufficient attention was paid to modelling solutions during my intervention. This is despite my attempts to promote problem-solving throughout my intervention with “think, pair, share” tasks. Going forward, I must recognise that “think, pair, share”, whilst a useful pedagogical tool, is not a replacement for tasks which are “mathematically rich” (Hewson, 2011). Indeed, the provision of such tasks would have created far better opportunities to exemplify Pólya’s (1945) problem-solving schema, which I had hoped to encourage pupils to use.
At the same time, an improvement in attainment was seen in most of the topics taught during my intervention, in particular the arithmetic of fractions and simplifying fractions. My instruction of these topics relied heavily upon the Singapore bar model (Leinwand & Ginsburg, 2007) and the part-whole construction of fractions noted by various researchers (Kieren, 1988, cited in Nickson, 2000; Mamede, Nunes, & Bryant, 2005). As such, the results of this research provide support for the use of these models in the teaching of fractions. However, my teaching of the arithmetic of fractions was marred by the “cross-multiply and smile” method  (Harrison, 2016, p.1),  mandated by school policy which, in several cases noted in the evaluation, created misconceptions as pupils attempted to apply it inappropriately to products and quotients of fractions. It could, therefore, be argued that this method undermined the efforts made during my intervention to promote a progressive understanding of fractions from the part-whole model and the concept of unit fractions believed by many researchers to underly a concrete understanding of fractions (Howe, 2011; (Behr, Lesh, Post, & Silver, 1983). Given the success pupils saw in areas of this topic taught more “relationally” (Skemp, 1976, p.2), such as equivalent fractions (taught through visual models), this serves as a warning to avoid such “instrumental” methods (Skemp, 1976, p.2) in the future, even when their deployment is more expedient than other that of other methods.
The results of some pupils indicate a discrepancy in what I had hoped to impart to pupils in my intervention and what was successfully retained. The question on ordering fractions in my diagnostic tests seemed to have been guessed by several pupils, despite methods making the question accessible having been taught. It is clear that improved Assessment for Learning (Black, Harrison, Lee, Marshall, & Wiliam, 2003) was needed in my intervention. Indeed, pupils were clearly unsure of what method to employ when ordering fractions; I should have recognised this and taught this aspect of the topic more explicitly. Even in a class of more able pupils (such as 7y1), sound Assessment for Learning is still of critical importance.
Finally, the question of the extent to which my diagnostic tests properly addressed what was taught in my intervention must be addressed. From the results discussed in the evaluation, many pupils could successfully convert a fraction to a decimal, but the tests do not show whether pupils can convert decimals to fractions; pupils are tested on their ability to represent mixed numbers and improper fractions, but not convert between these two representations; pupils are asked to compute the product and quotient of two fractions in the tests, but school policy prevented me from teaching pupils how to do this during my intervention. The aim of action research is categorised by some as the collection of data in the hope of generating evidence (Whitehead & McNiff, 2006); the discrepancies, however small, between the diagnostic tests and the content of my intervention hindered this process and put the validity of any results into question.
Ultimately, a general improvement in attainment was seen between the pre- and post- diagnostic tests, largely in areas where relational understanding was promoted in teaching informed by constructivist pedagogy in methods such as the Singapore bar model and the part-whole representation of fractions. However, the validity of the results collected were reduced by a number of factors such as discrepancies between the tests and the intervention content. Furthermore, methods and examples must be modelled clearly to pupils to ensure that they demonstrate the same clarity in test situations. Finally, I would argue that the most important aspect of this piece of research in informing future practice is the necessity of Assessment for Learning throughout learning any learning sequence to minimise the discrepancy between what is taught and what is learned. 
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Appendix A: Poster highlighting school teaching method on the addition and subtraction of fractions:
[image: ]






Appendix B: 
[image: ]






image1.jpeg




image2.png
/-/y‘

Yoar 7: Fractions: Post-Topie Test

Fraction of an Amount
Evaluate the following:
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Shading a Fraction

What fraction of this shape is shaded?
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