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[bookmark: _Toc8222829]ABSTRACT
The purpose of this project to test implementations of an algorithm in both linear and parallelized forms to determine the difference in completion time. The algorithm in question is a backtracking method for solving Sudoku puzzles, a grid-based logic puzzle. 
Although not specifically used in Sudoku puzzles, backtracking is one of the most common methods used to solve them, both in practical use and through computer programs. Backtracking in computerized solvers are separated into 2 categories, linear and parallelized. Theoretically, the linear algorithm should be more time consuming to execute compared to the parallelized algorithm, as the parallelized variant is able to solve many different grids simultaneously as opposed to the ‘one at a time’ approach the linear algorithm is restricted to.
Functional implementations of the algorithms are highly complex and are not readily available online, and thus no testing can be performed. Based on the accounts of other developers, linear backtracking is significantly slower than parallelized backtracking, with the parallelized variant at least halving the time taken to solve a puzzle.
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[bookmark: _Toc8222832]Introduction
As people, we come across puzzles almost constantly in our lives. A measure of a person’s intelligence is often quantified by a person’s ability to solve puzzles of varying complexity as quick as possible, so much so that recreational puzzle solving has become a common pastime for many. A popular type of puzzle used found frequently in recent years has been the Sudoku, a grid-based logic puzzle. Puzzles of varying complexities present seemingly countless possibilities, providing unique challenges for the most daring puzzle solvers.  A variety of different methods have been developed since the puzzle’s inception, many of which are applicable both as a manual method or as a program. This project will explore current literature and the methods in which sudoku puzzles are solved, so that a linear and parallelised system can be implemented and compared to one another to determine if there is any difference in the rate in which a puzzle can be solved.
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[bookmark: _Toc8222834]Sudoku [1]
[bookmark: _Toc8222835]Background information
The Sudoku puzzle originates from Switzerland, where Leonhard Euler created the “Carre Latin”, a simpler form of the puzzle, in the 18th century AD. Sudoku as we know it today was first published in 1979 by American architect Howard Garns; however, it was popularized by the Japanese in 1986. It was this Japanese popularisation that garnered the name Sudoku, which is an abbreviation of Su-ji wa dokushin ni kagiru, which translates to “the numbers must be single”. The puzzle offers an astounding 6,670,903,752,021,072,936,960 possible combinations of puzzles.
[bookmark: _Toc8222836]Rules of Sudoku
Sudoku puzzles are made up of 81 cells separated into a 9 by 9 grid, with some cells filled with clue values which cannot be altered. Players are tasked with filling the cells with numbers of value 1 to 9, such that each row, column and 3 by 3 region of the grid features each number within that range just once. 
Clues are distributed randomly and must conform to the rules of the puzzle. A maximum of 40 clues may be included in a puzzle and a minimum of 17 clues, with any more or less than these values respectively will either make the puzzle too complex or too simple to solve.
[image: C:\Users\Steffan Benson\AppData\Local\Microsoft\Windows\INetCache\Content.MSO\7A45162C.tmp]
[bookmark: _Toc8220785]Figure 1 - Unsolved Sudoku puzzle with 30 clues
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[bookmark: _Toc8220786]Figure 2 - Solved Sudoku puzzle with user values highlighted in red
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[bookmark: _Toc8222838]Linear Backtracking[2][3]
Backtracking is an algorithm for determining solutions to a problem by incrementally building and testing candidate solutions. Once a candidate solution has been built, it is tested for validity; and should it fail, the candidate is rejected. Once a candidate is rejected, the test will return to the last positive test candidate, which gives the algorithm its name. 
Backtracking can be represented by a tree of possibilities utilising a depth first search method. The root node of the tree is the first empty cell, for example an empty cell in the top left corner of the grid. The first branch in the tree will be inputting the value 1 into the cell. Should the test return positive, a branch from the leaf node will perform the same test. Should the test return negative, the next leaf node will be tested along the current branch, for example replacing the value 1 with a 2. 
[image: https://cdn-images-1.medium.com/max/1000/1*TBN_HH658zzTtOQCW3g6zQ.png]
[bookmark: _Toc8220787]Figure 3 - Example of a tree of possibilities
In figure 3, white circles represent possible candidates, green circles represent successful candidates and red circles signify rejected candidates. The single lines connecting circles signify potential paths for the solution, doubled lines signify paths that have been backtracked due to rejected solutions and green arrows signify successful pathways for the solution.
[bookmark: _Toc8222839]Parallelization of Backtracking[4]
The software being discussed here is available on Github.com, however this implementation will not work on any programming environment available to the user at UWTSD.
[bookmark: _Toc8222840]Method
The method employed by Duang and Teng in their Parallelization of Backtracking program can be broken down into 2 key stages. Stage 1 performs a breadth first search across the unsolved grid to determine all possible grids with a specified number of empty cells filled. Stage 2 will attempt to solve each of these grids separately in threads on the GPU. Once a solution to the grid is determined, the process is terminated, and the solution is returned.
[bookmark: _Toc8222841]Generation kernel
The program utilises a kernel specifically to generate each separate grid to be searched as well as where these grids are stored. The grid will test each cell for valid inputs. Each valid input will then have a board generated for that possible combination. For example, if a cell has the values 1, 2, 4 & 7 valid for it, the kernel will generate 4 boards to be tested. This operation typically produces around 50 thousand possible boards to be tested.
[bookmark: _Toc8222842]Backtracking Kernel
The backtracking kernel is responsible for taking the grids generated by the Generation kernel and counting the exact number of grids to be searched. For each grid, the number and location of empty spaces are also determined. Each grid is given a thread which will perform linear backtracking as described above. Once a solution is determined, a global flag notifies all other threads of the solution, closing each unsuccessful thread. 


[bookmark: _Toc8222843]Theoretical Speed increase
In theory, as each thread is performing the linear backtracking method individually, the factor by which the solution speed increases is determined by the number of threads being run. This means that the number of grids being tested equals the factor by which the speed increases. As GPUs can handle thousands of threads, this factor should be in the order of thousands.
[bookmark: _Toc8222844]Realistic Speed Increase
According the Duang and Teng, the parallelized sudoku solver implementation saw an approximate increase in solve speed by a factor of 4 when compared to the linear equivalent. Linear backtracking provided solve times ranging from ~4ms to ~3s and parallelized backtracking saw solve times between ~1ms and ~800ms.
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