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Rules of differentiation

The product rule
This is commonly written:
If  where  and  are functions of , then:

Learn this! Don’t worry if you can’t as I’ll show you a quick way of remembering it shortly.
Let’s do an example to illustrate this.
Example: if , find  .
Having done the easier examples, you would probably say ‘multiply the brackets out first, so as to obtain separate terms.’ Good! That’s what I would do:


But I could have done this question by using the ‘product rule’, like this:

This time, don’t multiply out the brackets, leave it as it is.
Let      and     
Now differentiate each:
    and    
And substitute into the product rule:

Notice that I put brackets around things, to indicate clearly that terms are being multiplied.
Although we have   , most people would expand the brackets:


The same as we had before, but a lot more work!
So in the last example, we could have differentiated  without using the product rule. Often, you have to use the product rule, for example:

Remember that  and  are the two terms with  in, so we write:

This can be the other way around, it doesn’t matter which is  and which is .
Now differentiate both:

Finally, apply the product rule formula:


Another example:



Using the product rule:


Some text books would leave the answer like this, however they may factorise it:

At the start of the product rule, I said there was an easier way of knowing the product rule formula, and this is it:
Remember it ‘in words’:
“  is equals to the first times the differentiation of the second, plus the second times the differentiation of the first.”
It is quite easy to remember and it has the advantage of saving you having to introduce  and , and it gives you the answer straight away.

Example: if   find  .


Example: if  find  .

We could then simplify this:

And then we could factorise it:








The quotient rule
This is usually written:
If  then:


We tend to use this rule when differentiating a fraction containing x’s.
Example: If   find 
First we let  = the numerator (i.e. ), and  = the denominator (i.e. ).
Now we differentiate:





Now all we need to do is substitute these into the quotient rule formula:

Hint: Always use brackets when multiplying, like I have done.
Although we have the solution here, most people multiply out the numerator because often terms simplify. I wouldn’t bother squaring the denominator – leave it as it is.


Be careful with the ‘-‘ in the formula, it often catches people out when multiplying out the final two brackets on the top!
Example: If   find 
(Incidentally, remember that  , so by working this question out, we are essentially differentiating .
Firstly let  and .
Therefore:


Now substitute these into the quotient rule formula:


If you look in most, if not all text books, you will not find the differentiation of  looking like the answer we have just ended up with! Instead, you will see ‘’ as the differentiation of . Although our answer is not wrong, it can be made to look simpler than what we ended up with. Mathematicians always try and simplify answers as much as possible, which is a pain usually! Anyway, this bit of simplification is not too bad.
Of all the nasty identities we considered in our section on trigonometry, without a doubt the most commonly used one is  . So using this, we can write our answer as:

Further,  is , therefore:





Function of a function rule (or Chain rule)
This states that if  is a function of , then:


Of all the rules of differentiation, I always think that this looks the easiest, but in reality it is often the hardest to use. The problem arises as to “what do we let  equals to?” We don’t get such problems with the other rules because for example, in the quotient rule,  is the numerator of the fraction.
So, bear with me when we do an example using the chain rule. I’ll firstly show you ‘the proper way’ of applying the chain rule and then I’ll let you in on a few tricks which will save you a lot of time and effort and will save you having to apply it ‘the proper way’. 
Ok – when do we use the chain rule? Good question, and my answer would be – if you cant get the answer by using the standard derivatives, product rule or quotient rule, then you probably need the chain rule.
Example: if  find   .
We already did this one earlier, remember by multiplying the bracket out first, then differentiating each separate term. But what if we had to differentiate:

I would not fancy multiplying  out 12 times, would you? There must be an easier way, and that easier way is to use the function of a function rule.
The first step is to let  = ‘some function of ’. In this example, I’m going to let  equal to what is inside the bracket:

Therefore:

The second step is to differentiate  and  in the usual way, to give:
    and    
These last two derivatives are what appear on the right hand side of the function of a function formula  , so let’s substitute them in:


Finally, remember that we introduced ‘’ into the equation, so we must get rid of it in our answer. That is easy, because , therefore:

Hopefully you followed that, and that essentially is how you use the ‘function of a function’ rule. Without doubt, the hardest part is to know what to let  equal to in the first place. It is usually put equal to something within whatever we are asked to differentiate, in this case I let  = what was inside the bracket.
Even so, there is still quite a bit of work needed, and although hopefully you followed the last example, I’ll bet you’re thinking to yourself “I’d never have thought of doing all of that!” So now for three tricks which save you having to do all of this and enable you to obtain the answer for  in one line! I call these ‘quick methods’.
Quick method of differentiating a bracket to a power

In words: “bring down the power of the bracket in front of the bracket and replace it with a power of one less than was there in the first place. Then, differentiate whatever is inside the bracket, and multiply both results together.”
So:


Which is the answer!
What about differentiating  ?



Example: 

Watch this one, notice the bracket around the , which needs to be there because it multiplies everything before it.
We could go one step further and write:


Example: 
Remember that this is the same as 





Example: 
The only thing to remember when using this quick method is that the bracket has to be on the top before you start. This example can be written as:





Example:  
I suppose you could use the quotient rule if you like, but lets use the quick method instead. Bringing  up to the top first:


Notice the ‘2’ in front just remains there whilst you differentiate the bracket part, therefore:

Let’s try this again, by the quotient rule instead:


Now substitute into the quotient rule formula:



Example:
Remember that you can write this as:

Now differentiate:


Notice this last example shows that even if you haven’t got a ‘bracket to a power’ to start with, you can often introduce a bracket yourself.

Quick method of differentiating a log to the base e
If you recall earlier, one of the standard derivatives I think you should remember is the differentiation of .

But what if we have to differentiate  or ?
It can be done by function of a function, but we will do it using the quick method.
In words: “differentiate what is inside the logarithm, and having done that divide your answer by what was inside the logarithm in the first place.”
Example: 
Therefore:


Example: 


Example: 







Quick method of differentiating the exponential function
We’ve already met the standard derivative:

where  is any number. This is okay if you have to differentiate  or  etc, but what about differentiating:

For example, if , what would  be? Here is the quick method for one of these. 
In words: “whatever the power of e, differentiate it and put it in front of what is there to start with.”
So if , the power is , which differentiated gives , therefore:


Example: 


Example: 

Use these quick methods ‘with respect’ and remember that when you use one of these methods, as you end up with the answer immediately, there are no ‘workings out’ to be done and so make sure you don’t make any mistakes – because if you do, you will get no marks for your effort!
There are other kinds of differentiation you may be interested in. These include implicit, logarithmic and parametric differentiation. Each require knowledge of everything we’ve covered so far, so make sure you know everything we’ve done already before moving on.
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