Torsion                             		Engineering Science
Torsion
When the moment of a force is applied to a shaft, it will tend to turn or twist.  This is referred to as a turning moment of torque.  Torsion is the twisting deformation produced when a torque is applied to a shaft.  When a shaft twists, if any thin circular cross section is considered it will rotate slightly relative to the next section.  The material therefore undergoes shear stain and shear stress, as thin circular cross sections of material tend to slide over each other.
There is a similar equation for the torsion of shafts to that of beam bending.  This equation relates to the applied torque to the shear stress and twisting distortion of the shaft in a similar matter that the bending equation relates the bending moment to direct stress and bending distortion of the beam.  Torque is the twisting moment applied to the shaft and is a product of applied force and the distance of the applied force to the central axis of the shaft.  The symbol for Torque is T and the units are Nm.  When the shaft is transmitting power, it is subjected to a torque at the input end from the drive such as an engine and gearbox, and a resisting torque at the output from the machinery being driven such as an axle and wheels.
Angle of Twist
When a torque is applied to a shaft it twists. There is a relative movement between adjacent cross sections of the shaft.  If a straight line is drawn down the shaft parallel to the axis, when the torque is applied this deforms to a helix.  The relative angular twist between the different cross sections is called the angle of distortion α.  See figure 1:
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A torque T is applied to the shaft whilst one end is kept fixed.  A point ‘a’ on the end section is displaced to a position ‘a1’.  The angle of twist at the shaft face is .
The angle θ is measured in radians.  If a length of one radius r is laid along the circumference of the circle, then the angle θ, between each end of this length and the circle centre is one radian.  As the circumference of a circle is equal to πd, then in 360˚ there are 2π radians.
Shear Stress
The value of the shear stress is proportional to the radius, zero shear stress occurring at the shaft section centre and maximum shear stress occurring at the outer edge.
/r= constant
Torsion Equation
The above constant is used as the basis of the torsion equation, the full equation as follows:


T = Twisting moment or torque [Nm]
J = Polar second moment of area [m4]
 = Maximum shear stress at the outer fibres [N/m2]
r = radius to the outer fibres [m]
G = Modulus of rigidity [N/m2]
θ= Angle of twist [radians]
l = length of shaft under torsion [m]






Polar Second Moment of Area
In bending theory of beams, the second moment of area is taken from the neutral axis.  The resistance to twisting depends on the polar second moment of area, J.  The polar second moment of area is the second moment of area of the shaft cross section about the central point rather than an axis.  When you are dealing with shafts there are usually only two cases; either a solid circular shaft or a hollow circular shaft with an annular &doughnut shaped) cross section. 
For a solid circular shaft,

	where D is the diameter.
For a hollow circular shaft,

	where d is the inner diameter.

Examples
1.  When a torque of 100 Nm is applied to a solid shaft, the angle of twist at the shaft face is 1˚.  The shaft is 1m long and for the material, G= 83GN/m2.   Calculate the diameter of the shaft.


2.  If a drive shaft 2m long is to be subjected to a torque of 3.3kNm and the maximum shearing stress must not exceed 48MN/m2, calculate the solid shaft diameter required to satisfy these conditions. G=80GN/m2.



 
Torsional Resilience
Torsional resilience is the elastic strain energy stores in the shaft when work is done to twist the shaft.  As with direct resilience this energy is only stored if the strain is below the elastic limit.  If a torque is gradually applied from zero to T, then the average torque applied is:


The work done to twist the shaft is therefore equal to:


As with direct resilience, this can be expressed in terms of stress.






For a solid shaft, and 

Then 



Substituting from 


Then using the formula for Torsional resistance:





The volume, 

Therefore 
Example
If a drive shaft of diameter 83.3mm and length 2m is to be subjected to a torque of 3.3kNm, calculate the torsional resilience. G=80GN/m2.
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