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1 Introduction 
 

For this report, the author used MathWorks® MATLAB to develop a thermal diffusion model 
that takes user inputs and set boundary conditions and calculates the heat transfer 
throughout a plate of aluminium. Within the model, the boundary conditions and material 
properties are pre-set, and the user chooses plate dimensions and configures the Fourier 
Number. The model shall use the explicit finite difference method to calculate the heat at set 
nodes throughout the plate, along a uniform grid. The calculations are time-dependant. 

 

As an extra task, the author used the MATLAB Apps programme to create a standalone 
application to complete this task. This was completed once a fully functioning script was 
finished and tested. The script includes many user-friendly features to make it as easy to use 
as possible, the app takes this a step further and achieves the most user-friendly experience 
available within MATLAB. This opportunity was taken to learn the MATLAB Apps software as 
it will be a useful tool within the author’s major project dissertation.  

 

2 Mathematics Analysis 
 

2.1 Thermal Diffusion Equation 
This model is fundamentally based on the thermal diffusion equation, which governs the 
properties of heat dispersal throughout a 2D material: 

∇2𝑇 =
1

𝛼
.
𝜕𝑇

𝜕𝑡
    ∴     ∇2𝑇. 𝛼 =  

𝜕𝑇

𝜕𝑡
     

Equation 1 - Thermal Diffusion Equation 

The change in temperature (𝛻𝑇) is calculated from the inverse of constant alpha (𝛼) multiplied 
by the differential of temperature (𝑇) with respect to time (𝑡) (Berciu, 2007). 

 

Within the equation, ∇2 is the Laplace operator, defined by the divergence of the second order 
differential equation (Tan and Li, 2018). Therefore, the first equation can be re-written: 

∇2=
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
     ∴      

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
=  

1

𝛼
.
𝜕𝑇

𝜕𝑡
 

Equation 2 - Thermal Diffusion Equation Rearranged 

Within these equations the constant alpha, thermal diffusivity (
𝑚2

𝑠
), is always defined by            

𝛼 =
𝑘

𝜌.𝑐
  where 𝑘 is thermal conductivity (

𝑊

𝑚.𝐾
), 𝜌 is density (

𝑘𝑔

𝑚3), and 𝑐 is the specific heat                 

capacity (
𝐽

𝑘𝑔.𝐾
) (Salazar, 2003). 

This equation shall be used to calculate the temperature of each node throughout the plate 
at a given timestep. The plate will be split into a uniform grid, with both x and y dimensions 
divided by an equal grid spacing value. A node is formed at each intersection of a gridline, and 
here a temperature shall be calculated. 

 

 

  

 

                                    Figure 2 - Plate split into grid Figure 1 - Plate with nodes identified 
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2.2 Finite Difference Method 
 

2.2.1 Background Information 

Solving multiple iterations of second order differential equations is complex and time 
consuming, moreover, MATLAB is much more efficient at solving linear equations than 
differential equations, therefore, an approximative approach can be used; the finite difference 
method. 

With the grid evenly divided, all nodes will have adjacent node locations that can be used to 
calculate the temperature from a previous timestep. The derivatives in the above equation 
can be substituted by the difference of adjacent nodes, known as the forward, backward or 
central differences, according to a Taylor series expansion. 

 

2.2.2 Taylor Series 

A Taylor series expansion serves the purpose of equating a complex expression into an infinite 
number of simplified terms. These terms are calculated from the derivative’s functions and 
continually get smaller, therefore, after a point can be taken as negligible and discarded. This 
method creates a polynomial expression, as the derivatives, and therefore powers of x, 
increase with each term (Magyar, 2003). 

𝑓(𝑥) = 𝑓(𝑥0) +  𝑓′(𝑥0). (
(𝑥 − 𝑥0)1

1!
) +  𝑓′′(𝑥0). (

(𝑥 − 𝑥0)2

2!
) +  𝑓′′′(𝑥0). (

(𝑥 − 𝑥0)3

3!
) + ⋯ 

Equation 3 - Taylor Series Expansion 

∴ This can be more simply stated as:   𝑓(𝑥) = ∑ (𝑓(𝑥0)𝑛 .
(𝑥−𝑥0)𝑛

𝑛!
)∞

𝑛=0  

Equation 4 - Taylor Series - Sigma Notation 

2.2.3 Central Difference Approximation 

Using the first three terms of the Taylor series, and taking f(x) as T, h as grid spacing and X0 as 
Tp (the node of current calculation), the second derivative of the thermal diffusion equation 
can be approximated as: 

𝑓′′(𝑥0) =  
𝑓(𝑥0 + ℎ) − 2. 𝑓(𝑥0) + 𝑓(𝑥0 − ℎ)

ℎ2
 

Equation 5 - Central Difference Approximation 

The first numerator adds one grid spacing in x, hence is with respect to the node to the east 
of Tp; the third similarly is with respect to the node west of Tp. If this equation is written in 
terms of y, the nodes with respect to north and south are used. Therefore, this equation can 
be re-written in two forms and combined back into the original (Croft and Stone, 1989; Lewis 
et al., 1996): 

∴   
𝑑2𝑇𝑝

𝑑𝑥2
=  

𝑇𝐸
𝑡 − 2. 𝑇𝑃

𝑡 + 𝑇𝑊
𝑡

ℎ2
     𝑎𝑛𝑑     

𝑑2𝑇𝑝

𝑑𝑦2
=  

𝑇𝑁
𝑡 − 2. 𝑇𝑃

𝑡 + 𝑇𝑆
𝑡

ℎ2
 

∴   
𝑇𝐸

𝑡 − 2. 𝑇𝑃
𝑡 + 𝑇𝑊

𝑡

ℎ2
+ 

𝑇𝑁
𝑡 − 2. 𝑇𝑃

𝑡 + 𝑇𝑆
𝑡

ℎ2
=  

1

𝛼
.
𝜕𝑇

𝜕𝑡
 

Equation 6 - Central Difference Approximations in X and Y 

 

 

 

 

 

 Figure 3 - Grid demonstrating N,E,S,W nodes 
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2.2.4 Forward Difference Approximation 

Using the first two terms of the Taylor series, the first derivative within the thermal diffusion 
equation can also be approximated, with respect to the timestep ∆𝑡, by finding node 
temperatures at two adjacent times (Pei-baiZhou, 2013). 

 

𝜕𝑇𝑃

𝜕𝑡
=  

𝑓(𝑥0 + ℎ) − 𝑓(𝑥0)

∆𝑡
    ∴     

𝜕𝑇𝑃

𝜕𝑡
=  

𝑇𝑃
𝑡+∆𝑡  −  𝑇𝑃

𝑡

∆𝑡
 

Equation 7 - Forward Difference Approximation 

2.2.5 Forming a Final Equation - Explicit Method 

From the above approximations, a final equation can be formed to find the temperature of a 
chosen node within the plate, using data from surrounding nodes at a previous timestep: 

 

𝑇𝐸
𝑡 − 2. 𝑇𝑃

𝑡 + 𝑇𝑊
𝑡

ℎ2
+  

𝑇𝑁
𝑡 − 2. 𝑇𝑃

𝑡 + 𝑇𝑆
𝑡

ℎ2
=  

1

𝛼
 .  

𝑇𝑃
𝑡+∆𝑡  −  𝑇𝑃

𝑡

∆𝑡
 

Equation 8 - Explicit Method Temperature Equation 

This can then be transposed to make Tp at the next timestep the subject (Croft and Stone, 
1989): 

 

𝑇𝑃
𝑡+∆𝑡 =   

𝛼 . ∆𝑡 

ℎ2
 . (𝑇𝑁

𝑡 + 𝑇𝐸
𝑡 + 𝑇𝑆

𝑡 + 𝑇𝑊
𝑡 − (4 −

ℎ2

𝛼 . ∆𝑡
) .  𝑇𝑃) 

Equation 9 - Transposed Temperature Equation 

The term (
𝛼 .∆𝑡 

ℎ2 ) is referred to as the Fourier Number (𝐹𝑂) . It is dimensionless as it is a ratio, 

comparing the rate at which heat is diffused against the rate at which heat is stored. This 
number ensures this thermal diffusion approximation will work, as to get a result, a stability 
criterion must be within set conditions (Pupeikis, et al., 2012): 

 

0 <  𝐹𝑂  ≤  
1

4
  𝑖𝑛 𝑎 2𝐷 𝑠𝑦𝑠𝑡𝑒𝑚 

 

Therefore, the equation can be written more simply: 

 

𝑇𝑃
𝑡+∆𝑡 =   𝐹𝑂 . (𝑇𝑁

𝑡 + 𝑇𝐸
𝑡 + 𝑇𝑆

𝑡 + 𝑇𝑊
𝑡 − (4 − (𝐹𝑂

−1)) .  𝑇𝑃) 
Equation 10 - Final Temperature Equation 

This is the equation that forms the explicit finite difference approximation method. It is the 
explicit method as the temperatures at a previous timestep are used to explicitly calculate an 
unknown temperature value using the forward difference approximation. This is an accurate, 
reliable and relatively simple method however alpha and grid spacing values are fixed by the 
user, this means there will always be a maximum useable timestep to satisfy the stability 
criterion (Davis, 2010). 

The implicit method uses the backward difference approximation. This means more equations 
are required to be solved simultaneously to calculate the temperature diffusion gradient. 
Moreover, the implicit method allows for much larger timesteps to be used as the stability 
criterion does not have to be satisfied (Ran, 2012).  

However, due to the explicit method only using one equation, it significantly reduces 
computing time and makes for a more coherent, neat code. It is considered to be sufficiently 
accurate to give a trustworthy solution (Davis, 2010). 
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3 Linear and Gaussian Boundary Conditions 
 

3.1 Validation Boundary Conditions - Linear Decrease 
Initially the author implemented boundary conditions starting at 50°C on the left hand side of 
the plate, linearly decreasing to zero on the right hand side along the top edge. The rest of the 
left and right edges, and bottom edges were set to zero. This was a way of validating the 
mathematics used within the script, as it is easy to predict how this heat transfer should look 
at equilibrium. Fundamentally the author expects the linear decrease to be mirrored along 
the bottom edge, with a line of symmetry running along the middle of the plate horizontally. 
If this is seen, the mathematics of the model is validated and can be trusted on more complex 
distributions.  

 

 

 

 

 

 

3.2 Assignment Boundary Conditions - Gaussian Curve 
For this report, the given boundary conditions were as follows:  (Marotin, 2019) 

 

 

 

 

 

 

 

 

 

 

 

 

As figure five shows, the boundary conditions are the same as in section 3.1, apart from the 
top edge which ranges between 10°C and 60°C, its shape characterised by a Gaussian function. 
This shape follows the trends of a symmetrical, normal distribution bell curve defined by: 

 

𝑇(𝑥) = 𝐴𝑒
−(𝑥−𝑥0)2

2 .  𝜎2        
Equation 11 - Gaussian Distribution Equation 

Where T = temperature, x = current column, x0 = amplitude location, A = amplitude (60°C),                                           
𝜎 = standard deviation 

The author rearranged this equation to find the standard deviation required to find the 
correct distribution: (Penn State, 2006) 

𝜎 =  √
−(𝑥 − 𝑥0)2

2 . ln (
𝑇(𝑥)

𝐴
)

 

Equation 12 - Standard Deviation Equation (Penn State, 2006)                                       

Figure 4 - Validated linear decrease heat transfer matrix 

Figure 5 - Initial Boundary Conditions - (Marotin, 2019) 
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The Gaussian curve simulates a single heat source in the centre of the plate, with heat 
propagating to the far edges and down to the bottom. After the user has defined the plate 
dimensions (explained below in section 4.3), the author could implement the boundary 
conditions to the model: 

 
plate = zeros([y_points x_points]);   

x_0 = ((x_points+1)/2);    

Sd = sqrt((-(x_points-x_0)^2)/(2*(log(t1/t2))));  

  

temp_count = 1; 

while temp_count <= x_points 

     

    plate(1,temp_count) = (t2*exp(-((temp_count-x_0)^2)/(2*(Sd^2))));       

                          

    temp_count = temp_count + 1; 

     

end 

 

Initially, a correctly sized matrix of zeros is produced. Next, the x-axis mid-point is found (x_0),  
then the standard deviation equation is implemented. From here a while loop can be formed 
to calculate each value in the top row of the matrix using the original Gaussian equation.  

 

4 Script Details  
 

The following script details apply to the Gaussian distribution and unless stated otherwise are 
the same for the linear distribution. 

 

4.1 User Script Selection 
This model contains three MATLAB scripts. User selection, linear distribution and Gaussian 
distribution. This makes for a more user-friendly experience as the mathematics behind the 
model do not have to be accessed. The user selection script is run, and a message box appears 
to ask the user to select which model to use. Details of this can be found in appendix 1. Details 
of how this is implemented within the app can be found in section 6. 

 

 

 

 

 

 

4.2 Defining Constants  
The script initially defines the required constants for the aluminium plate: 

 
k = 143;             % Aluminium Conductivity (W/m.C) 

p = 2.8e3;           % Aluminium Density (kg/m^3) 

c = 795;             % Aluminium Specific heat (J/kg.C) 

  

t1 = 10;             % Start Temperature (GAUSSIAN) (C) 

t2 = 60;             % Highest Temperature (GAUSSIAN) (C) 

  

alpha = k / (p*c);   % Thermal diffusivity (m^2/s) 

 

The start and end temperatures are defined in the brief, thus are taken as constants. 

 

Figure 6 - User script selection box 
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4.3 User Input and Validation 
To run the script, the user must first input the X and Y dimensions of the aluminium plate: 

 
x_dim = input(' X-axis dimension (m) = '); 

while isempty(x_dim) == 1                    

    warning '* X-axis dimension undefined. Please re-enter *' 

    clear x_dim                                 

    x_dim = input(' X-axis dimension (m) = ');  

end 

 

The above script allows the user to define the x dimensions. As with all user inputs in this 
script, a while loop is used to ensure the user does not press enter without inputting a value, 
as this would stop the model from working. A while loop is used as this means the script cannot 
progress until a suitable value is entered. More input validation can be seen within the script, 
in appendix 1. 

 

The model then asks the user to input grid spacing and timestep. The script checks that the 
grid spacing is not greater than or equal to the plate dimensions, as this would either not work, 
or output just boundary conditions. It also ensures grid spacing is greater than zero. 

 
while grid_space >= y_dim || grid_space >=  x_dim || grid_space <=  0                           

    warning '* Grid Spacing must be less than X and Y dimensions *' 

    clear grid_space                                                        

    grid_space = input(' Please re-enter grid spacing (m) = ');             

end 

 

The script then ensures the grid spacing chosen is a factor of both x and y dimensions, as if not 
the model will not work. X and Y points calculate the rows and columns (+1 to the value to 
include starting at zero). Next, the script rounds the X and Y points ratio is an integer, if so, the 
grid spacing is a factor and can be used. The while loop prompts the user to re-enter if 
incorrect. 

 
x_points = (x_dim/grid_space + 1); 

y_points = (y_dim/grid_space + 1);                                          

x_check = x_points == round(x_points);                                      

y_check = y_points == round(y_points);                                      

 

while x_check == 0 || y_check == 0                                            

    warning '* Incompatible. Please choose a factor of both X & Y dimensions *' 

    clear grid_space & x_points & y_points & x_check & y_check              

    grid_space = input(' Please re-enter grid spacing (m) = ');             

    x_points = (x_dim/grid_space + 1);                                      

    y_points = (y_dim/grid_space + 1);                                      

    x_check = x_points == round(x_points);                                  

    y_check = y_points == round(y_points);                                  

end 

 

With the correct dimensions and grid spacing defined, the user can input a timestep. The script 
calculates the maximum permissible timestep by rearranging the Fourier number inequality 
and displays this to the user. 

 
max_time_step = ((grid_space^2)/(4*alpha));        

fprintf('Time step must be between 0 and %7.5f seconds',max_time_step)  

 

The ‘frpintf’ function allows a variable to be displayed to the user, imbedded in text. ‘%7.5f’ 
displays seven significant figures, to five decimal places. 
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4.4 Fourier Number Calculation and Validation 
Initially, the script calculates the Fourier number value for the user’s inputs using the equation 
in section 2.2.5. Following this, the value is checked against the stability criterion: 

 
while Fo >= (1/4) || Fo < 0 

    warning '* Stability criterion broken. Please try different timestep value *' 

    fprintf('Time step must be between 0 and %7.5f seconds',max_time_step) 

    clear time_step & Fo                                                    

    time_step = input(' Please re-enter time step (s) = ');                 

    Fo = (alpha*time_step) / (grid_space^2);                                

end 

 

The while loop checks the value, displays a warning if not satisfied, reminds the user of the 
maximum permissible timestep, clears incorrect values then allows them to be correctly re-
defined. 

 

4.5 Heat Transfer Modelling Matrix  
After an initial boundary condition matrix is created under variable ‘plate’, as explained in 
section 3.2, this is assigned to ‘plate_old’, from which the plate of the next timestep’s values 
can be calculated. By implementing the explicit finite difference approximation (equation 10), 
two while loops can calculate the interior values of the matrix: 

 
while column < x_points 

         

        row = 2; 

        while row < y_points 

             

            Tp = plate(row,column);                            

            plate(row,column) = Fo * (plate_old(row -1,column) + ... 

                plate_old(row,column + 1) + plate_old(row + 1,column) + ... 

                plate_old(row,column - 1) - (4 - (1/Fo)) * Tp); 

            

            row = row + 1;                        

        end 

         

        column = column + 1; 

end 

 

where the colours represent north - east - south - west. 

 

The boundary conditions of the Gaussian plate include undefined edge temperatures; this 
means the equation cannot be implemented as one of the four directions required will be 
missing. To solve this, the boundary conditions state that the outside edges are perfectly well 
insulated, therefore, no heat transfer occurs. Because of this, the equation can be adapted so 
that for the left and right edge west = east, for the bottom edge south = north,  and for the 
bottom left and bottom right nodes west = east and south = north (Széchenyi István University, 
2009). For example, to calculate the bottom edge values: 

 
row = y_points;                                         

    column = 2;           

    while column < x_points             

         

        Tp = plate(row,column);                

        plate(row,column) = Fo * (plate_old(row - 1,column) + ...         

            plate_old(row,column + 1) + plate_old(row - 1,column) + ... 

            plate_old(row,column - 1) - (4 - (1/Fo)) * Tp); 

                 

        column = column + 1;                                

    end 
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4.6 Stop Criterion 
The script has to stop the heat transfer simulation when thermal equilibrium is reached, or as 
close to it as possible. To establish this point, the difference between each node within the 
matrix at adjacent timesteps is compared. At thermal equilibrium, no change will be seen. To 
implement this the script creates a second correctly sized matrix of zeros and sets the top, 
boundary condition nodes to 1’s. Another matrix of equal dimensions is also created 
containing all 1’s. Finally a variable ‘stop_criterion_comparison’ is defined at 0.9999999. After 
some trial and error testing, the author found this to give a good balance between an accurate 
value and sufficiently small computing time. This is changeable by the user within the app, as 
detailed in section 6. 

 
stop_checker = zeros([y_points x_points]);                               

stop_checker(1,:) = 1;                                               

exit_condition = ones([y_points x_points]);                         

  

stop_criterion_comparison = 0.9999999;    

 

At the end of each node calculation, the current ‘plate’, value is compared to the previous, 
‘plate_old’ value to see if they are within tolerance of the stop criterion comparison. 

 
stop_criterion = plate_old(row,column) / plate(row,column); 

 

if stop_criterion > stop_criterion_comparison            

    stop_checker(row,column) = 1;                         

end 

 

When the if statement is satisfied for the current node, a 1 is placed in the stop_checker matrix 
at the corresponding location. Once the sum of stop_checker and exit_condition are equal, 
the script stops calculating. This is controlled by every temperature calculation placed within 
one while loop: 

 
while sum(stop_checker, 'all') < sum(exit_condition, 'all')   

 

* temperature calculations - see appendix 1 * 

 

end  

 

4.7 Heat Transfer Matrix Graphical Display 
As well as viewing the matrix of nodal temperatures, the user can also evaluate the results 
through a contour plot. Before the calculations begin, the user is asked whether to view a live 
plot throughout the calculation, or a plot of just the final plate: 

 
plot_display = questdlg(...                                  

    ' Would you like to see a live plot of the simulation? ', 'Yes','No'); 

switch plot_display 

    case 'Yes'                              

        plot_display = 1; 

    case 'No'                            

        plot_display = 0; 

    case 'Cancel'                             

        plot_display = 0; 

end 

 

This displays the question to the user with the three possible answers. The code defines the 
plot_display variable according to each answer, to be implemented into an if statement later 
in the code. If ‘no’ is chosen, the user only sees a plot of the final plate. 
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At the start of the temperature calculation equations, the variable ‘iteration_counter_plot’ is 
defined as 1. This counts how many plates are being calculated throughout the calculation. 
Once the current plate’s interior and exterior values have been calculated, 1 is added to this 
value, this is used for the live plot. If the matrix was plotted every iteration, when a small 
timestep was chosen the plot would take an extremely long time to complete. To shorten this 
time, the author’s code analyses the size of the timestep chosen by the user by comparing it 
to the maximum permissible timestep. From here, the code plots the matrix every given 
amount of calculations, resetting the counter after each plot.  

A trial and error experiment was carried out to find a good value for each category: 

 

X = 2m | Y = 1m | h = 0.1m | max Δt = 38.92s 

Δt (s) (Δt / max Δt) 
Total number 

of plates 

1 0.0257 48447 

10 0.2570 6298 

20 0.5139 3366 

30 0.7709 2328 

38 0.9765 1877 

 

From this, a suitable figure for each range could be tested and implemented. It was found that 
the following work best: 

 
if(time_step/max_time_step) > 0 && (time_step/max_time_step) <= 0.1     

        plot_iteration = 1000; 

 

    elseif(time_step/max_time_step) > 0.1 && (time_step/max_time_step) <= 0.5  

        plot_iteration = 100; 

 

    elseif(time_step/max_time_step) > 0.5 && (time_step/max_time_step) <= 1   

        plot_iteration = 10; 

 

end 

 

 

From here, an if statement checks if the user selected to see a live plot, and if the iteration is 
correct to plot: 

 
if plot_display == 1 && iteration_counter_plot == plot_iteration 

 

* plotting code - see appendix 1 * 

 

End 

 

At the end of the calculations and plots, the script displays a dialogue box prompting the user 
to view the final plate matrix and displaying real time taken until thermal equilibrium. This is 
calculated by multiplying the amount of plates (variable ‘iteration_counter_time’ multiplied 
by timestep): 

 
total_time = ((iteration_counter_time)*(time_step))/(3600); 

 

end_msg = sprintf...                                       

    ('Simulation complete. Time until thermal equilibrium: %4.2f hours.'... 

,total_time); 

end_msg = [end_msg newline 'Open variable "plate" to view matrix.'];       

end_msgbox = msgbox(end_msg);                           

 

X = 8m | Y = 6m | h = 0.4m | max Δt = 622.66s 

Δt (s) (Δt / max Δt) 
Total number 

of plates 

10 0.0161 144152 

100 0.1606 19643 

250 0.4015 8689 

500 0.8030 4658 

600 0.9636 3950 

Table 2 - Plot iteration calculations 2 Table 1 - Plot iteration calculations 1 
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5 Evaluation - Initial Linear Code Results and Analysis 
 

Because the linear boundary conditions were only for validation, results shall be analysed from 
the Gaussian boundary conditions set in the assignment specification. For each test, to 
calculate computing time, the MATLAB ‘tic - toc’ feature was used, with ‘tic’ to start counting 
just before the heat calculations and ‘toc’ finishing the counting just after the final calculation. 
Each test was run twice, and the average computing time calculated. 

 

5.1 Varying Timestep - Linear Boundary Conditions 
 Table 3 - Results: Varying Timestep 

Equation 13 - Graph of Varying Timestep 

 

• As the timestep increases, so does time to equilibrium, computing time decreases. 

• Significant change in time to reach equilibrium - shows timestep is a key factor in 
accuracy of model 

• Increasing Fourier number shows higher time to equilibrium. 

• It is presumed that the lower equilibrium times are more accurate, as a lower timestep 
is a more comprehensive analysis of the problem with closer, thus more accurate 
calculations. Therefore showing an increased timestep decreases accuracy.  

 

X = 2m      |      Y = 1m     |      h = 0.1m 

Test Δt (s) Fo Time to equilibrium (h) Computing time (s) 

1 0.5 3.21e-3 2.43 0.0772 

2 1 6.42e-3 2.67 0.0493 

3 10 0.06 3.48 0.0071 

4 20 0.13 3.72 0.0068 

5 30 0.19 3.85 0.0028 
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5.2 Varying Grid Spacing - Linear Boundary Conditions 
 Table 4 - Results: Varying Grid Spacing 

Equation 14 - Graph of Varying Grid Spacing 

 

• As grid spacing increases, the time to equilibrium increases, computing time decreases. 

• Smaller change in time to equilibrium - showing grid spacing is significant but not as 
key as timestep in accuracy of model. 

• Here a lower Fourier number shows higher time to equilibrium, this disagrees with 
section 5.1 thus showing Fourier number and accuracy cannot be directly correlated, 
rather it influences model accuracy as a result of timestep and grid spacing change. 

• Drawing same conclusions as section 5.1, lower equilibrium time is likely more 
accurate therefore increased grid spacing decreases accuracy. 

 

 

 

 

 

 

 

 

X = 2m      |      Y = 1m      |       Δt = 5s 

Test h (m) Fo Time to equilibrium (h) Computing time (s) 

1 0.04 0.200 3.23 0.1413 

2 0.05 0.128 3.23 0.0586 

3 0.1 0.032 3.24 0.0145 

4 0.2 0.008 3.27 0.0049 

5 0.5 0.002 3.61 0.0031 
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5.3 Constant Fourier Number - Gaussian Boundary Conditions 
 Table 5 - Results: Constant Fourier Number 

 

 
Figure 7 - Constant Fourier Number Graphical Results 

• As per section 5.1, Larger grid spacing and timestep reduces accuracy as far less nodes 
to calculate from. From 5.1, its clear that timestep is the main contributor to this error. 
This is particularly clear in the gaussian plate. 

• Picture 4 reached thermal equilibrium too early as yellow section (around 40°C) comes 
down too far - again showing inaccuracy. 

• With a larger timestep, the point of equilibrium takes longer to reach, and the 
computing time decreases, agreeing with section 5.1 and 5.2. 

• If grid spacing is too small, a very small timestep is required, thus the model will 
become inaccurate as too many calculations can interfere, causing thermal equilibrium 
to be reached too early (Causon and C.G., 2010). This will also increase computing 
time. 

• If grid spacing is too large - it will take too long to reach thermal equilibrium, again 
showing inaccuracy. 

• This shows there are negative impacts of a grid spacing too big or small, thus a figure 
in the middle should be chosen. 

 

 

 

X = 8      |      Y = 6      |      Fo = 0.1 

Test h (m) Δt (s) Time to equilibrium (h) Computing time (s) 

1 0.1 15.566 428.02 8.336 

2 0.5 389.161 631.52 0.325 

3 1.0 1556.643 720.81 0.339 

4 2.0 6226.573 816.37 0.235 
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5.4 Increasing Fourier Number - Gaussian Boundary Conditions 
 Table 6 - Results: Increasing Grid Spacing 

 

 

 

 

 

 
Figure 8 - Increasing Fourier Number Graphical Results 

• When Fourier number = 0.1, the timestep is 15.566. This is a repeat of test 2 in section 
5.3. The results are very similar, this proves consistency and validates results. 

• With a constant grid spacing, changing Fourier number has no noticeable visual effect 
on reaching thermal equilibrium. 

• A large increase in time to equilibrium is seen, which agrees with the findings of section 
5.1, validating results. 

• These tests show a higher Fourier number means higher equilibrium time and smaller 
solving time. 

 

From these four tests, it is clear that too bigger timestep or too bigger grid spacing renders an 
inaccurately large equilibrium time. A larger time step means a bigger difference between 
node values in adjacent plates. This means the calculation is using more outdated data to 
calculate the current nodal value. This explains inaccuracy with a large timestep. If the 
timestep or grid spacing is incredibly small, the tolerance of the stop criterion (0.9999999 by 
default) may stop the calculation before equilibrium. Although this tolerance works in some 
situations, it may need to be altered for others. 

 

 

X = 8      |      Y = 6      |      h = 0.1 

Test Fo (m) Δt (s) Time to equilibrium (h) Computing time (s) 

1 0.01 1.557 283.59 49.675 

2 0.1 15.566 428.02 8.289 

3 0.2 31.133 471.71 4.530 

4 0.25 38.916 485.77 3.543 
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5.5 Varying Stop Criterion Accuracy 
Table 7 - Results: Varying Stop Criterion Accuracy 

Figure 9 - Varying Stop Criterion Accuracy Graphical Results 

The above results show the impact of varying the exit criterion. The lowest accuracy of 
convergence was set to 0.999 (99.9% accuracy). This could be set lower but would render the 
results completely inaccurate. This test shows that test one has reached thermal equilibrium 
95% quicker than test four, figure 9 shows visually this is an inaccurate result. It is clear that 
visually, the linear plate is not affected as much as the Gaussian through tests 2-4. 

The stop criterion should change depending on user input, as the user could then tune both 
result accuracy and computing time. As detailed in section 6, this was basically implemented 
into the app, but could be improved further. 

 

Test 
Stop Criterion Time to equilibrium (h) Computing time (s) 

Linear Gaussian Linear Gaussian 

1 0.999 0.33 0.63 0.040 0.651 

2 0.999999 2.67 9.42 0.156 0.623 

3 0.999999999 5.12 21.54 0.19 1.032 

4 0.999999999999 7.55 33.67 0.236 1.264 



18 

 

6 Extra Work - Creating a MATLAB App 
 

As has been mentioned through this report, the author undertook the extra task of creating a 
MATLAB App. This was created by selecting various user interface features and combining 
them with the existing code from the script. Details of each part are explained below. The 
specific script for the app is not included in this report but can be found within the app 
submitted on Turnitin. 

Figure 10 - Thermal Diffusion Model MATLAB App Interface 

• Initially, global variables were assigned so they worked across each callback 
throughout the app.  

• Fundamentally the only difference in coding within this app and the standard script is 
creating callback functions that are triggered when the user pushes a button, obtaining 
data from ‘edit field’ user input boxes, and obtaining data from a dropdown menu. An 
example of the former two is: 
 

function CalculateMaximumTimeStepButtonPushed(app, event)    % Callback for button press 

                    

    %% SETTING CONSTANTS 

    k = app.ThermalConductivityWmcEditField.Value;    % Conductivity from edit field box 

    p = app.MaterialDensitykgm3EditField.Value;    % Density from edit field box 

    c = app.SpecificHeatCapacityJkgCEditField.Value;    % Specific heat from edit field box 

    app.alpha = k / (p*c);    % Thermal diffusivity from edit field box 

 

end 

Here,  function callback was created for when the user presses the ‘calculate maximum 
time step’ button. Data from user inputs were assigned to variables. 
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• An example of obtaining data from a drop-down menu is the user selecting different 
stop criterion values from the convergence drop-down selection: 

 

%% SETTING STOP CRITERION VALUES 

            if app.ConvergenceDropDown.Value == 'A'    % Sets stop criterion to accurate 

                stop_criterion_comparison = 0.9999999; 

            end 

             

            if app.ConvergenceDropDown.Value == 'F'    % Sets stop criterion to fast 

                stop_criterion_comparison = 0.8; 

            end 

 

• A summary of all app-specific code is: 

 

− Defining global variables 

− Creating button callback functions 

− Defining variables from edit field boxes 

− Selecting stop criterion from drop-down selection 

− Selecting linear or Gaussian script from drop-down selection 

− Ensuring user has not selected 0°C in Gaussian plate 

− Sending plot to app axes with ‘app.UIAxes’ command 

− Sending matrix to app table with ‘app.UITable’ command 

Examples of all the above can be found in the code embedded within the app. 

 

The app interface was created within the design view section of the app creator. The author 
could drag and drop each component into place, aligned with a grid system. Position and size 
of the workspace and each component could be assigned through a coordinate system. A 
custom logo was placed within the workspace and colours and formatting applied. The tool 
tip function was used so the user can hover the mouse over each component to be told what 
it does. 

 

There are some errors and room for refinement within the app, namely the stop button which 
still requires the user to press Ctrl+C to stop the app, however as a first attempt this 
application works well, and produces reliable results. The convergence selection could also be 
refined, with a slider to allow the user to choose a larger variety of accuracy options. These 
improvements will be further researched and can be applied to version 2 in the future. 
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7 Code Limitations, Analysis and Improvements 
 

The stop criterion within this code could be a source of error. By default, the node values 
between plates are assessed to see if they are within 0.9999999 of each other. This was chosen 
as it gives a consistently accurate solution for most inputs. This value, however, will always be 
a compromise. If the value was too small, the simulation would either take far too long to 
compute, or never stop itself due to errors within the calculations preventing thermal 
equilibrium ever actually happening; equally, if this value is too large, the model will reach 
early thermal equilibrium which is again inaccurate. As previously mentioned, this value was 
found through trial and error and is a compromise between these two situations. Moreover, 
if a very small timestep or grid spacing value is chosen, the default tolerance may be too large 
to give an accurate answer. To improve the script, the author should research how to allow 
the script to assess the relative size of the timestep or grid spacing and change the stop 
criterion tolerance accordingly, or allow user-input, like in the app. 

 

A main source of error within this model comes from the fact the calculations are based on 
approximations. The error within the Taylor series expansion used lies within the value of h, 
as defined in section 2. With the central difference method, the error is to the order of grid 
spacing squared ( O(h2) ). This means that if the grid spacing value is below one, the error gets 
smaller as it is being multiplied by less than one. Equally, if the grid spacing is above one, the 
error will increase exponentially. Because of this, the higher the grid spacing, the less accurate 
the result. However, it must also be noted that a very small grid spacing will mean many more 
calculations. Although a smaller error, they exist in much greater quantities and add up to 
make a large overall error, known as a truncation error (Langtangen, 2014). 

This is also apparent in the forward difference method. Here the error lies within the timestep, 
and it is to an order of grid spacing ( 0(h)  ). As this is not squared, it is often a larger source of 
error than in the central difference method, and can be a contributing factor to inaccuracy 
within the model (Smolík et al., 2018) 
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9 Appendices 
 

9.1 Appendix 1a - User Selection Script 
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9.2 Appendix 1b - Linear Plate Script 
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9.3 Appendix 1c - Gaussian Plate Script 
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