Example 1

If y=+x2+1 find

let u=x*+1

f  y=e* > find

So by the Chain Rule

[:\KathrynP\AGE\Nigel DavigsiTha Chain Rule.doc

&y
dx
Then y= u =u'?
and H_1 e
u 2
L2
dx
y=e
Q:e"
dx
v _ by o
dc du dx
ﬁfy—=e".2x
dx
Q.:erxz'3
ax
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The Chain Rule (function of a function)

Consider the above composite function when:

g(x)=x%+1
f(x) = +/x
Then fg(x) =1f(g(x))

=f(x*+1)

fg(x) = Vx? +1

Thus note the function X + 1 lies within the square root function.
We now consider how to differentiate such composite functions.
If y = f(g(x)) then

Let u=g(x) then y=1(u)

— %‘. = 91()() and :;iz. = f1(u) ’n‘\&. Dex ;\J' C{.l'\\MS

=
)

So—y
dx

D au
du ' dx

— % =f(u).g'x) = ' (@) . g'()
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4 When x is large the gradient gets very small. When x is very small the gradient is very
large. '
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yRe) Differentiation of In x

i
l"‘-llllll.I..IIIII..-'..'lll'll...l.lIII...'l...l.ll‘l.l.l...ll.l."l.!'ll..l.ll.l...I

r&f fé 1 Differentiate:

. (@ 3inz . (i) —6lnx (i) %lnx
(iv) 7+Inzx (v) £+2Inx

—f 2 Find the gradient of the following curves at the points indicated:

‘i;__*__l"

¥ ’ (i) y=71nx+1whenx=4 (ii) y='5xz_._-_~]nx_whenx~=1
(iif) y=E:32—]nfwhenx=2 (iv) y=]%f—4e’whenx=o.1
V) y= -3— l——lruc when x =4

t"—ﬂIIIII-.'.......-‘-I..I..I.-‘.......I.II-.III....III.-.-.....l...‘.....l....-..-....
L
£

i
;5 £ 3 A group of students suggest four possibilities for the derivative of y=In(2x + 1).
W One of them is correct. The suggestions are:

2 2x+1 1 g
2x+1° 2 ' 2¢'
Investigate the gradient of the curve graphically and dec1de which of the four
formulas is correct.

%‘}‘:’e:.I....'...lll..'...l....'I....l.......l...tt.I'.l.'...l-I‘Ill...‘.l.'...........I
Tgﬁ" 4 Use the derivative of Inx to describe what happens to the gradient of the curve
B y = Inx when x gets very large. What happens to the gradient when x is very small?
j / 5 Use properties of logs to simplify these expressions and hence find the derivatives:
o
¥ () n10x (i) 1n§ (i) Ina

(iv) Ine (v) In5% vi) Invz

(@ RaclZUEWE 4 | EVEL PURE MATHEMATICS: YEAR 1 RESOURCE PACK



oo g

M, e e

DIFE

Pt -g,p,s.—-:.nn,. P i,

leferentlatlon of ln x

Example 2
Find the gradient of the graph of y = 3Inx + 2x* when x = 3.

Solution
y=3Inx+ 2%

:i}i=§+4x

dx
dy
Whenx=3, =—=1+12=13.

dx
Example 3 1
Find the gradient of the curve y = 4x — glnx when x = 0.2.

Answer
2.33.

... Example 4

Find the derivatives of: (i) In(x?) ; (ii) In 5x.

Solution
These, and other expressions involving Inx, can be differentiated after applying the
properties of logs.

(i) In(x*) can be written 2Inx.
So, the derivative is 2 x % or %
(ii) In5x can be written In5 +Inx.

So, the derivative is % (In5 is a constant, so its derivative is zero.)
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Prerequisites Lesson 6.1: logarithms; lesson 6.2: logarithmic and exponential functions; lesson

7.2: differentiation; lesson 7.4: differentiation of €".

Objectives

Students should be able to differentiate In x.

...l..-..-..!I..II.I-..I'...D.I.I..l-I'ICII'........I.l....l.l'l.l...l.......'.-....-.
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Result

N o dy 1
Ify—lnxthendx—x.
Proof
Ify=Inxandx>0:

x=¢e’
L
..-a;—e
W1
--dx—'ey
B _1
dx T x

This proof relies on the fact that &—‘; = -&7}7‘5 This result is not pfoved as part of the
AS-level Core, but it is proved as part of the A-level Core.

Class activity

The above result can be justified in the same way as for other derivatives. Students
should plot the graph of y = Inx and find the gradient of the graph at the points with
x coordinates 0.5 and 4. They should agree that when x = 0.5 the gradient of the
graph is 2 and when x = 4 the gradient of the graph is 0.25. Other points can be
checked.

Example 1
Find the gradient of the graph of y = 5Inz at the point with x coordinate 2.

Solution
y=5lnx
dy 1 5
0 E Tk

o, W_5
Whenx—z,a—iorzi.







Logarithmic differentiation

Using the laws of 1035 and remembering that % (Inx) = L can help in
X

finding the derivative of some difficult functions.

Taking logs both sides to base'e® ———>

Iny = In x3.sinx
[ i1+x2 :]

In ¢ +1n (sinx) —In (1 +x3)%

Iny = 3In';.{+ln(sinx)-%ln(1+x2)
—Iny=3.l+c?5x—l 2x2
x sinx 2 (+x%)
i(lny)d—y =i+cotx- x2
ax x 1+x%)
L& 3 + cotx- x,
y dx x 1+
d _ .. — 3 | x
—_—> = =Y — + cotx- )
dx Ex' 1+x ]
dy _ x’sinx 3 4 x
— > L = = T cofx-
e 1+ x [x 1+x° :l

I"RathrmPAGENIasl Daviss\Lanardhms.dos Q , V4 -



Exercise 10: Selve the simultaneous equations:-'

xy = 80 ——1
logk—2logy = 1 i
from I logx—logy* = 1
log (%) = 1
Yy
S—— e 101
y2
—_—  , x=10y I

Substitute this into I
(10y) y = 80
= YE

= 8

y = 2

10y* thenin IO

as X

10(2)*

bod
||

40

>
I

1\KathrynP\AGEWIgel Daviss\Logarithms.dac . * k 5 /



Example 9; Solve 3% 42 = X2

Take logs both sides:-

In (3X4%*") = In (6"

In 3*+1In 4%*! = In 62
xIN3+(2x+1)In4 = (x+2)In6
xin3+2xIn4+In4 =xIn6+2In6
xIn3+2xIn4-xIn6 = 2In6—-In4
xIn3+xIN4*-xIn6=In6*~In4

¥(N3+M16-In6) = INn36-In4

i x (In (16x3)~In6) = In (%)

% (In (i?) = Ing

xIn8=1In9
In9
X b= P
Ing
x = 1.0666 4dp's

-
KathymPAGENIge! Daviesoparithms.doc b = 42 ;
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Example 7:- Solve 2%+ 3(29-4=0
Write as: (22 +3(29)—-4=0

Lety=2" ——>

y?+3y—4=0
(y-1) (y+4)=0
—> ejthery=1 or =-4
2% =1 2*=-4
logio 2* = log1o 1 This has no solution as you
x logse® =0 can’t have logs of

—» x=0 -ve numbers.

Example 8: Solve e*-6e*+8=0
Write as:  (€9*—-6(&")+8=0
let y=¢& —

y*—6y+8=0

y—-2) (y-4)=0

TS y=2 y=4
ef=2 and e*=4
Xx=In2 and ‘,t(_=ln4

Fs .
A
2 ]
IKathrynP\AGEINigal DavlesiLogarithms.das PO &.v
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Example 5 Solve:- 47 = 3

log1g 4%*! = logio 3

(2x+ 1) loge4 = login 3

ox+ 4 = Bu3
log,, 4
2 = logw3 _
logy, 4
1 ,log,3
X = = (—— -1
e 2 (logm4 )

x =-0.1038 4dp’s

Example 6 Solve:- In (x+1)—In (-1
+1
— (= = 1
(xz_l)
x+1 -
x* =1

x+1=e(E-1)
ex*—x—e—1=0

e(®)—x—-(1+e)=0 |

_ +1+)1-4(e)(1+e)

2e

KathrynE\AGEWNInel Davies\Logarthms.doe o T A y .

)=1

via Quadratic formula
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Exponential and logarithmic equations

- Example 1 10* = 1000
Take logs both sides to base 10:

logio 10* = log4p 1000
x logig 10 = loge 1000

X = 3

X
Example 2 solve 5 = 10

logio 5° = logya10

xlogwd = 1
1
x f—
logyy 5
x = 1.43 (3sf)
Example 3 e =7
Ine*=1In7

xlne=In7

x = 1.9459

x = 1.952dp’s
Example 4 e* =5

Ine* =1In5

2x = Ind

X = %Ind

x = 0.805 (3 dp’s)

EKathrynP\AGENige] Devies\Logarithms.doz v %Q/



Laws of logs

If logab = X Then b = & and
logac =y Then ¢ = &'
Then:-
b.c = a%.a’
be = &

———> loga(bc) = x+y

loga (b.c) = logab +loga C Law I
Similarly: - = —
a
.é = ax"y
Cc
b
—— loge (2) = %y
b ; Law II
loga (=) = logab - 10gsC
C
Now let loga b=z
—> b" = &*
b = a"
logab = =
r
nlogsb = z
nloga b = log, b” Law III
And lastly: logza = 1 Law IV
ie. a =a



Frequently used logarithms

If the base of the logarithm of a number X’ is “10’, then this is referred fo as a
common logarithm.

i.e. logiox — common logs
very often the base is omitted

i.e. logx —— logigX

Natural logarithms

This uses 'e’ — eulers number

e = 2.71828.............. then

loge X s referred to as the natural logarithm of x.
very often loge is written as In Qx )

Y

Note: .Inxisthe
Inverse of &

and LA (e¥) =e*and
dx

d 1
— (Inx)=—
dx( ) x

1KathrynP\AGENigel Davi=siLogarithms.doc S} /
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Logarithms

A logarithm is another word for an Index or Power.

Le. 2 3,=\8
Base No Index

That is 3 is the Index/Power to which the base number 2 must be raised to
obtain 8.
This can also be written as:-

3 = ]ng 8

Further examples

52 = 25 <«— 2 = logs 25
3*=81 > 4 = logs 81
10° = 1000 <> 3 = logo 1000

(64)% = 8 > 1% = loges 8

a® =o¢ “—> b = logaC
Exercise I Exercise I
Write as logs Write in index form
¥ =9 2 = logs 36
4° = 64 % = logss 7
(25)* = 5 3 = logy (%)
b*=¢c y = logx2
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Mlscellaneous
Exercise

-lIll!'IlIcI.l.l-cl.'..pl)l.l.l...-l.IillIII-Cllll.lll.-up--.l..-cua-!-Illnlnns.--.l'.

s ;
1 @ 23 (i) 2—;‘-—2xi+c

2 gl
2y =%+f’x——§

-.l-lllQIOIIOIIIII---i.t..all.....--.cqlcllCitl-l........l-l-.clucl-.t..-.ll.lhllonoll

37
3 75 5¢ units
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5 @ W30, (~vZ0) @ 3+3v2

6 e—e?+6

n'-l---Ill.-Il.onul--l--ssllp'---ll..alululc'!--il-'s-II-.ln.llc!..ull.!ns.ln.sll-.-.l

Y P R g..—z L
7 (x Ay +2.~>.c
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© 2 s
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€& Calculate the area enclosed by the curve y = &° + 2, the x-axis and the ordinates
x=-2x=1

CEemNoaEE SO EEDlEP BB REECTEA DN IR E RN LR B ORRENEE R A UV E YRR EN PR AP NOCERNEE RIS TR

7 Find/—(—‘@;—z)idx

FAODOCEBODNGEECeEdACEAaaRDBEORUBNAESEEREPREAdEEdAERAdDARBRRREREDEEENERNGSEdERBdRPEDRDRERARRBUBRES

dx

3 =
8 Evzluate / xe:- 1

2

DEANEAUE N PN ADORPONODOARNADVEEERYEN O RGN AR DO SRR APEERAT AR AT TR RO AP EEEREREEAAN AR RE

© Find /x(ﬁ+2)(~/5—3) dx

IR T RN R e N P R N R N R N R R E NN R RN R RN RS L R L

10 (i) Find the area enclosed by the curve y = %, the x-axis and the ordinates x = %,

- (ii) The liney = 2 intersects the curve y = -E— at peint P. Find the coordinates of P.

”»

Hence, find the area enclosed by the curvey = %, the liney = 2 and the ordinate
1 *
2 :

x =

ﬁ) s

L=

i
T
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W
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Mlscellaneous
Exercise

.-II.IIII-l!lltl--ii--n.lnlllll.n..nl-lc.CII-..-llllsl'nl.-.nlllnqciucoltlnblll.l-l-uc

1 Find each of the followins:
Q) /x(xz—S)dx (i) fvl—g(x—l)dx

-lll'..l-Ill.!clllll-..-..ll.n.l.-...-!!lIIl..o..-lb.l.ll-c-.l.llllll-l'lbl-...‘llnoll

2 A curve has a gradient function given by % = x + 2+/%. Given that the curve passes
through the point (4, —1), find the equation of the curve.

"D’--ll.lllll.lIIlI-u.’.‘sullnltnlIIIlnil!i."!'n‘l.oln....-n-CO!I-.-.UltlbnlliI.-nun

3 Shown below is the graph of the function y =" — 52* + 6x. Find the total shaded
area.

YA

X

.-I‘..II'-...'IDIIII.I-II.I'CCI-'UJ'...Illllll.......ﬂl..l-"'..ll.‘ll"l....lﬂl-iI.U‘l

. r2
4 Evaluatef 47 —x*dx
o

5 (i) Write down the coordinates of the points where the curvey = x* —2 intersects
the x-axis.
(i) Calculate the shaded area shown in the diagram below:

YA

SH¥he

y

PHILIPALLAN
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l'.Il.llll.l.lIIlII..l.llS."DDIII.II..I.I.....Il..llll.‘...li..'li..'.l

1 ¢ %— @ 36 ) 1.22

(iv) }%4— (v) 0414 : (vi) =

2 @ 734 (i) 2.69 (i) 2.19
(v) 2.86 v) —2.83 (vi) —0.55.

srRsREVsRIuTSsEEsSSdAsduRRREFRRaTARARS .

3 0 3 @ @ -3

(iv) 19.95 ) 137 (vi) 1.61

.Iclli'll.O.tl.-..li.......q..-----....-!.I.DOOOCQi.crltic#t.t..-lnll.t'l-..lcGIIi!tl..'

a o 2 CE- @) 1645

iv) 05 ) %

e P A BB PO BRI AN S NENAAEGRRERDRPROORSRASSERNAAIRBRATRRAD

(vi) 5.35
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_‘f g 1 Evaluate each of the following integrals:

"":T 2 3 2
o) /dex (i) /x’+4dx (i) /ﬁdx
1 -1 1
2 2 l 1
- . 2 = = de
® [@-e @ [gp o) [ A
;-I:‘m‘.---".....'."‘.‘.'.--..‘I......-‘. .‘...-......’-'.‘....--' ..... S EBUPEEB RSO A ReERS
,{if’ 2 Evaluate each of the following integrals:
. 2l b 5| 2+ 1
@ [ edx ) ]—+1dx (iff) /de
=3 1
. foxad 512, L peE_ne
™ [ ) / o [ g

2 Find the area under each of the following curves between the ordinates given and

the x-axis:

() y=#5=-2,2=3 () y=x;2=0=x=1
() y=#-3;a=-1,2=1 (iv) y=¢5x=-2,x=3
) y=e‘—2;x=—i,x=0. (vi) y=%;x=1,x=5

In each case sketch the graph and indicate with shading the area calculated.

4 Find the area under each of the following curves between the ordinates given and

the x-axis:

(@ y=2-2%;2=0,x=5 () y=ax=-1x=2
(@) y=e-1;2=-1,x=3 (iv) ‘y=%+2;x=—1,x=—%
" y=x-F-2x;x=-1,x=1 (vi) y=€-3x==-1,x=2

In each case sketch the graph and indicate with shading the area calculated.

'\-%;&‘ ;
:
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Definiie Integr

Result2°
b 1 5
[ 5 &=k
In other words, we find the modulus of # when the integral is definite.
Back to the example, and we have
-1 -
Sdr=[n el
-3
=In|-1| - In|-3|
=Inl-In3
= —In3, as expected.
This result tells us that the area is In3 and it lies below the x-axis.

Example 6
Find the area under the curve y = &° between the ordinates x = —1, x =3 and the

x-axis.

Soluticn
The required area is shown below:

y=x

Calculating / # dx gives
-1

473 4 4
H Y 8L 1.,
~1

4

In example 3 we found the shaded area above the x-axis to be E}, which is greater
than our answer of 20! There is obviously a problem. Because the required area
comprises part below the x-axis and part above, two separate evaluations are

required.

0 40 4
g 2] oD 1
-[lxadx_[4]_1— 4 - 4

A 81
/ % dx = (from example 3).

The required area is i—+ = %—?— = 20.5 sq units.
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Discussion
Is the area under the curve y = 2° between the ordinates x = 0 and ¥ = —3 and the x-

axis the same?

0 470 4 4
e [ A de 2] = rEeieih i
Calculatmbfsx de = [4]_3—4 yaalt allC units.

Noftice that —3 is the lower limit here: -3 < 0.

In fact, the answer —%l tells us that the area is % sq. units and the minus

sign tells us that the area is below the x-axis.

Example 4
Find the area under the curve y = &° — 2 between the ordinates x = 0 and x = 1 and

the x-axis.

Solution 1
Calculating / e” — 2 dx gives YA

a
[e" —2xJ = [¢' — 2(1)] — (" - 0)
e—2—-1=e-3=-0.28.
This is a negative value, indicating that
the area is below the x-axis.

y=e*-=2

We write: Area = 0.28 sq. units.

Exampie 5 1
Find the area under the curvey = N

between the ordinates x =1, x = 3 and
the x-axis.
Solution 51
Calculating / N dx gives
1
[.ll'.l x]f: In3-Ini
=In3.

Note

We know that because of

the symmetry of the graph of

y= ;1; the area under the curve between

the ordinates x = -1, x = —3 and the
x-axis will also be In 3.

-1
However, calculating / % dx gives [Inx]3=In(—1) — In(-3).
-3

Now, the function y = Inx is not defined for negative values of # and In(—1) and
In(—3) cannot be calculated.

To overcome this problem we have the following result.

PHILIPALI AN
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Result 1

b .
f(x) dx represents the area under the curve  ,

y =f(x) between the ordinates x =g, y=1x
x = b and the x-axis.
\.
Example 2 . ) x
Interpret the result xz =
1
Solution
Y
A yx?
area= —g-sq. units

T

Example 3

Find the area under the curve y = #° between the ordinates x = 0, x = 3 and the
x-axis.

Solution

3 Wb 4 4
g 0

4 4 YA y=x°
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Find the co-ordinates of the points of intersection of:

1) x+2y=2 and 3x-2y=14
2) y+2x=5 and y=3x-5
3) y=2x-1 and y=x+1
4) y=x+2 and 2y =3x+1

Find Where the following lines and curves intersect:

2

1 y=x, y=x
2) y:xz : = and y-'l-3x=4
3) y=x>+1 2y = 5%

4) y=x-3 and y+xy=5



Find where the following lines intersect

1) X+y=95
X—y=2
2) x+y=7
X—y=3

4) Xx+3y=4

5) ay+px=y

Sy —ex=y

i x
\KathrynPVAWGEWNigel Davies\Coardinale Gzametry.doc ’ 2 !%b/



Intersection of Lines

If y=myx+cy and y=mpX+Cz are2 straight lines then their point of
intersection is given by the solution of the two simultaneous equations.

i.e. y=miX+Cy @

y=mpX+Cz @
Sub 0 =(mq—mg) X+ (c{—C2)
—> (cz— 01) . (m1 - mz) X

(c;—c) %
(my —my)

B my(e; =€)

+ G
(my —m,)

m(c, _e)tg (m, —m,)

(ml - mz)

y:

_ MGy — MG G — MG

(m; —m,)

- (mye, —mycy)
(m, —m,)
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no real solutions

5 /33
It 1

(ii) mo real solutions

® -3
(i) - V13
i*71

(i)
(vi)
(ix)

1,2

no real solutions

7 V73
§X 75




..--nl-llI-I-IlIIIIl---!'ln-tllllIn--n-.l-c--cl'ls'.l-.ltli!lll!l.c-u..;llbsp..

1 @ #+8+12 (i) «*—10x4-28 (i) 2 —4x-1
5 37

(iv) 22 +2x+1 (V) 5¢— 1 +iz

2 (@ -2,-6 (ii) no real solutions (iif) 1:!:\/2

i . 3 1
(iv) no real sclutions (V) 7 + 4 /1_0

sereaENeNsEsANEARNCRAEKARNRRI S REIREEIRAN s aAYASANmASIEARAIASNSOIRNEIASSLRSANLNTESREE 3

3 @ 4o @ @-3 (i) (2 —5) —20
@v) (x+57—25 ) (x+-g_l) 2w (x—%) -2

(i) (x+121-)—1—i—5 (vi) ( -%’-)2—323 (X)) (x+0) -3

l‘l'.l'.iillllilIc'li-.-"n..l.l'l-.l.ll.llil..a'ls'alll..‘.ttlllll‘l--l.lbl-lll.il...-

4 () —4xVIS ) 3 @) 5%2V5

(iv) —10,0 (¥) —-—gi\/gg

2
(il )-ﬂﬂ:r”—‘c (i) 0, 13 @ V3

(M) L,6

-D.b:"IIIIIllll!l-!-l--.-p.-aa.l-i.-ul.dll!ii--..-...ll..-Dll.lllcgl---.---a-.IIu‘---

5 @ 3@kx+1)7°*-7 a=3b=10¢c=-7

1ILIP ALLAN
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£ * 1 Express each of the following in the form ax® + bx + .
@ y=@E+4'-4 () y=@E-5+3 @) y=2(-1)-3

(iv) y=2(x+%)z+% (V) y=5(x—%)2—%

—

2:1;'-..5’.!!..-.'-".“!l'l"..‘DI.'DIII.‘I."‘l-l'...‘SIDI’IISD.D..IIICUC "EYERE R ER NN N N
.

£ & .

o i 2 Using the given form, solve, where possible, each of the equationsy = 0 in question
T 1, leaving your answer in surd form.

aaaaa skbP32FEPAOISTAARAIIIIRASRID

g 2 Express each of the following quadratic functions in the form (x+b)* +
() y—r+8x—a (i) y=#—-62+9 (i) y=a"—10z+5
(iv) y=x"+10= (v) y=*"+52-7 (vi) y=&"—-Tx+6
i) y=#+1lx-1 (viil) y = — 13x (ix) y=«"-3

-l'iiil!IU.lt:i::snnna,.:;igu-’iali:-!ol:.!DDI.-I..-I;!I!it'ibb’l;)l'Ds.l!..lllslI-lio)ui

e ;’!' A Use the form (z + &) + ¢ to solve each of the equatlons y = 0 in question 3, leaving
- your answer in surd form.

,"-‘!'IQHIQIII!IIi'l'.-...'l,lll.l.l!l@l.!Il”l'!‘...llll.-l.Il!il!lg..ll..’l.II..!I!II

.;tr ..

— F 5 Express each of the following quadratic functions in the form afx + b)? + c, stating
= the values of a, b and ¢

@ y=3"+6-4 (@ y=2x"—5x+6 (i) y=-+"+32-2
(v) y=-52+32—15 (v) y=5x+22-3 (Vi) y=T#-2x+1
(i) y=-20+5x+1 (vii) y=3-2x-4F (X y = =32 + Tz +2

IE;T‘:J:I'-Iﬁ-.--'.’.-.-..--.-I-.’..-‘....I."-...'--"-"-’....-.'...'.‘l.’ll. llllll [ I B
.;;; B 6§ Use the form a(x + b)* + ¢ to sglve, where possible, each of the equations y = 0in .
T question 5, leaving your answer in surd form.

PUBLISHERS A-E
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Exampie 3

*

Express each of the following quadratic functions in the form a(x + b)* +c:

Hy=«+8x—-1 {)y=x*+x—6 (ifi) y = 5a% + 2% + 10
(iv)y = -3x" + 62 +7

Oty -17 @ (+3)-F @3(=+3) +3

2 5
(iv) —3(x — 1)+ 10

ccccc ‘I--.l-louhl;..a-'-.!llI..u‘...ss.D.lli.l'liil!l!.c!-.nsl.ns.n..l.-

Discussion
Why is the formy ="+ 2x +4 = (x+1)* + 3 useful?

This form gives us a lot of information about the graph of the quadratic function. We
will look at this in the Functions section. It is also a useful form for solving the
associated quadratic equation.

s BaYSLABAMERARIABIT IR ADES SEEupsSssadnsmIsRFTLPIASED :n..---:---!---Dcin.i-‘-'s'l----u-.;-:--.n

Exampie 4
Express y = x* + 6z + 2 in the form (x + b)* + ¢ and hence solve the equationy =0
for x. :
Sclution
y=x'+6x+2=(x+3)7—-9+2
y=(x+ 3)2 -7

The equation y = 0 becomes

(x+3)*—7=0.
ie. (x+3P=7

CoE+3=2VT
na=—3%V7

Exampie 5

Using the form a(x + b)* +c, solve each of the equations y = 0 in example 2.

Answers

() 3++v12 (i) no real roots (iii)—z:l:\/g- (iv)—%i\/%i GEERE

g PHILIPALLAN
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Objectives Students should be able to:
(i) express a quadratic function f(x) in the form a(x + b)* +¢;
(i) use the form in (i) to solve the equation f(x) = 0.

smmSs3mSARASBAIIRISSARYUSISANSIIZARISS AN epasaBEAIEESYUSRIRSSAIALIG CEEBEEERNRENEER BRI s®asssss sa=sba

Lesson . We know that 9, 16, 25 are examples of perfect squares since 9 = 3%, 16 =47 and
25 = 5%, Similarly, ¥° is a perfect square since ¢ = (*)%. In fact, #* + 22 + 1 is also a
perfect square since s’ + 26+ 1= (¢ + 1) Not all quadratic expressions are perfect
squares. For example, the expression «* +2x +4 cannot be written in the form
(x + k)*. However, it can be written in the form (x + b)* + ¢, which proves to bea
useful form for writing a quadratic expression.

Example 1

Expressy =#* + 2% + 4 in the form (x + b)Y +c.

Selution
The terms #* + 2 can be generated from (¢ + 1)” since (= + 12 =a"+2¢+ 1.

Therefore, #* + 2% = (z+ 1) =1
and y=#+22+4=@+1)-1+4
s y=(x+1)7+3, the required form.
This technique is called ‘completing the square’.
The following examplé should be used very carefully. A suggested approach is to
focus on types (i) and (i) first before exploring non-unity 2 terms. :
Exampie 2
Express each of the following quadratic functions in the form a(x+ b)’ + ¢
(i) y=#"—6x—3 (similar to example 1)
(i) y=+*+32+4 (introduces fractional term)
(i) y=2%"+8x+3 (introduces a value of a other than 1)
(iv) y = 3% + 42 — 9 (introduces fractional x terms)
(v) y = —#* + 6% — 3 (introduces 4 value of @ which is negative).

Answers 2
) (-3 - 12 (ﬁ)(x+§)+-1— (i) 2(2+2) — 5

(iv) S(x +§)2—. 3% ) —(x. ~32+6

& B ey A-LEVEE-BE






assou0eRIR AT ELIANSESIDARED '-.l.-u-.ln.-ll-lu!-!l.hb"!l.!!Il-l'lllllii!ll -------- ave

1 O -2, -5 @) —3,7 (i) -5, 1

) -2 - M 53 &) —3 6
1

-pa'aaas!-lll!al-ai‘.it...lt.a..ll.l:cnsls!-ist‘-naann.a‘-ali--ill-.l'nn----anaainlaul

2 (@) -811, 111 (i) -1.83, 3.83 (i) 0.35,5.65

(iv) é— -2 ") -1,14

.ii!allila!t.sz.sl.s:lgs.aI!aiialsa,.n!a.t.:lllIcI.IicC’I!:;
>

3 (@) -53 () —1.14, 2.64 @) 2,5
(v) —2.79, 1.79 (v) —1.58,7.58 () —0.5,3

POREBBOISARAGIZUIFTASASAASNRD

(vii) —3.65, 1.65 (viii) 1 (ix) —2, -4

—133
® 3=~

’Ata.-aa-iwd-Iscislii--gaatn.-xl:n.at'isll'liinll-aalaabal:.'--c

A4 () 4,81 (i) 9,16 () =£v3
(iv) +v2Z, £2v2 ") 13 40 ) —@4p

(vi) -3, 1 (vitl) 0,25 (i) 0’116

o () ()

2
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: f 1:"2“ 1 Solve each of the following using factorisation methods:
() @+72+10=0 (i) #—4x—21=0 (i) #*+4x—5=0
C o (iv). 28 +5x+2=0 (V) 26 +9x—-5=0 (vi) 3x*—17x—6=0
(vH) 1082 4x—2=0 (vil) & —72=0 (ix) #—25=0
) 62+8x=0
_Fi £ 2 Solve gach of the following giving answers to two decimal places where appropriate:
i
(i) x*+7x—9=0 ({) #—-2¢x-7=0 {{li) £—-6x+2=0
(v) 35+5x-2=0 () 52 _22—7=0
i "f ff 3 Solve each of the following equations for x:
b : 15 W 22 3 o ®—3 2
() Set e 2este @) x+2 =% (1) 2¢x—5 &
., 2x+1 x+4 z+2 x+3 - 5 4
x —_— = — —_ =2
W 3z %13 ) 2= -9 ™) ZterI
1 2 2 3 2 1
. _ 1
V) T=3=z3zT! W 1737 3- x(”‘) *+1 %45

2c+1 x=+7 70

2,
l,‘.“'.IOllllll.'.l'.l!I’llll'll..!'i.‘alI.ill'----.li.Dsl"l..l.l.Il.il.---.ull.l'-lnuull

s fﬂa 4 Solve each of the following equations for x:

- @ x+7/%=18 () x—x=12 (i) 2x*+2-21=0
iv) &*=10x*—16 (v) 36=25x" —4* (i) - 2+ 8 +16=0
(vii) 26x° =27 —=«° (vill) x =5v% (ix) 4x—+F=0

(x) 65 —522—-6=0

= PHILIPALLAN
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The original equation has simplified to give a standard quadratic equation,
Solving now gives

L —4x+4=(x-2)(x+2)=0
je. x—2=0 or x4+2=0
x=2 or x=-2.
It is worth noting that the cross-multiplication technique could have been used on
the original equation. This would have given 4(x — 1) = x*, missing out a step.

(i) In this case cross-multiplication will not work because the fraction on the LHS
is not expressed in terms of a single denominator. We first multiply by the LCM,
which is (2 + 1)(2x + 1). This gives

=3 x(x+1)(22+1)

(2 +1)(22+1) x

5
+ 1)@+ 1) X

fe. 6(22+1)+5(+1)=3(x+1)(2%+1)
7%+ 11=3(2F +3x+1)
S8 —-8x—-8=0
2035 —4x —-4) =

6.
x+1

Solving gives s
3t —dx—4=(3x+2)(x—-2)=0
32+2=0 or x2—-2=0

. 2
¥=— OT x=2,
3.

Discussion )
How do we solve an equation such as x — 5/ +6=07

On first viewing this does not appear to be a quadratic equation, butif welet ¥ =
then the equation becomes

(B -5 +6=Y"-5Y+6=0
We see that it is a quadratic equation in 2,

Now solving Y>~5Y+6=0 ie. (Y -2)(Y—3)=0, gives
Y=2o0rY =3

ButY:xé, c d=20r3
S.x=4o0rS.

!lll'llt..ili'q'l.iu'-.-t...Dllla.l.llil!lllll.l‘)b..!l.lI.Ol'l]iliculllnlbnllI.ll‘)l'
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Exampie 5
Solve each of the following equations for x:
@ —57—-14=0 (Hf)z—10/x+25=0 (ii)»"-65"=0

Answers

O +/7 ()25 (i) 0, (36)} fff_’“"* .




Example 3
Salve each of the following:
() +3x—10=0 (i) 2% -52-6=0.

Solution
(i) Comparing with @z +bx+c=0weseethata=1, b=3,c=-10.
Using Result 1 now gives

3+, /F_24(1)(-10) -3xV40 _-3+7
2(1) -2 T 2

T i—

x = = or x=

2

We see that the two solutions are whole numbers. This tells us that the original
quadratic equation could have been solved by factorising the LHS. In fact

£ +3x—10=(x+3)(=—2).
(if) Comparingwiﬂ}axz+bx+c=0wesee1‘hata=2,b=—-S,c=—6.

Using Result 1 now gives
(D5 -4 575 _5+854
- 2(2) T4 T 4
5+8.54  5-—-854
x= 7 =339 or == Bt = 0.89.

In this case the solutions have been rounded to two decimal places.

- .
lu!-.sllal!-aI..III-u-i-u----ll-.!.l.l-Iaaaln.-...--vullsslll ----- aEsanFEsERIEEEAEEIAISAISADID

¥ Discussion i 4y
A Sometimes equations do not lock like quadratic equations because they are not
expressed in the standard form ax* + bx +¢ = 0 . However, after algebraic mani-
pulation their identity becomes clear.
Exampie 4
Solve each of the equations:
~ 4 x . O 5
—_— -+ =
(l)x -1 (u)x+1 "2x+1 3
Solution , . ;
(i) In this case we must aim to express the equation in a form which does not
invalve fractions. Muliiplying both sides by the LCM of xand z+ 1 gives
4 x :
x(x—1) x;-_x(x—l) X——7
ie. 4@x-1)=x
ie. 2 —4x+4=0.
3 ,
25) N ATHEMATICS: YEAR ¥ RESOURCE PACK GRGrastoes —
7
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Quadratic Equations

ibl.-.olli.l..lll!Il-!‘ll-.alll.naluulll!lldcll-tni»l.nl..l--lliIlacl!ll»l'l

Prerequisiies Backeround knowledge: elementary algebra; lesson 1.4: algebraic fractions.

--.::I-.-l--lciqg.-l--b----.aucllllnlntsa----t-t.-at ------- seenannes AMespERIBGEREIARIDRSEDN

Gbjectives - Students should:
() know the two standard methods for solving quadratic equations, namely

factorisation and the formula method;
(i) be able to manipulate equations involving algebraic fractions which give rise to

quadratic equations; .
(ili) be able to recognise and solve quadratic equations in functions of x.

s»ma’!l'ﬂlllliaaill-aaa-nstsbaolsniiiyiillIlq--uaa.si aaaaaa IFEEEEERERFERERNEEER B EAILE N IR

Lesson We know that expansion of the brackets (x +3)(x+5) will give the quadratic
expression #° -+ 8x <+ 15. The reverse technique is called factorisation. The techni-
que of factorisation is used to solve quadratic equations.

Exampie 1
Solve the quadratic equation & 4 8 +15 = 0.

Solution

Factorising the LHS gives

£4+8x+15=0

ie. x+3)(x+5=0
x+3=0 or &
1=-3 or

Exampie 2

Solve each of the following:

i) #+52x—6=0 (i) #*+4x=0 (i) £ —6x+9=0 (iv) #¥-9=0
(v) 24> =52 —-3=0

Answers 1
Mm1,-6 (@0, -4 ()3 iv)3, -3 W3 -3

=.
Eﬂaill."ll.'Il!!l’l'...ll...'.l'lllll'.ll”lll---..IIIII---.lllilllliil..‘.'.'l'l.‘!l

Discussion
Nat all quadratic expressions will factorise in this way. However, this does not mean
that the associated quadratic equation cannot be solved. In such cases we use the

‘quadratic formula’.

Result 1 T
If ax® +bx+c=0 ﬂ'ienx=—b"' LA 4ac.Alﬂ10ughﬂ'ﬁs.

formula locks complicated, it is very easy to use.

P%HLIPAIJ.AN-
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Example 3
Find k' such that the equation:

X+kx+1=0 has Complex Roots.
Discriminant = b?—4ac
= kK2-4 (1) (1)
= kK -4

for Complex Roots b? —4ac <0
— > K-4<0

—3 k>-=2 and k<2 -

Example 4

Show that the equation:

(a+2b)®—(a+b)x—b=0 always has 2 Real, Rational and distinct
Roots.
Here: b? — 4ac {- (a+ b):|2 —4 (a+2b) (-b)

= (a+b)? +4b (a ¥ 2b)

= 22 + 2ab + b? + 4ab + 8b?
= 52 + Bab + 9b®

= (a + 3b)?

ie. a Perfect Square, thus, 2 Real, Rational and distinct Roots will be
obtained.

A 4



Example 1

Find k such that:
X2+ 4x+k=0 has equal Roots

here a=1, b=4, c=Kk
Forequal Roots ~ b?—4ac=0

— #-4(N) (=0

16 -4k =0
—> 16=4k
4=k
Check
X +4x+4=0

—> (x+27=0

> x=-2 (twice)

Example 2

Find *k’ such that the equation: ; :
ld+5x+6=0  has Real Roots.

For Real Roots - b*—4acz0
—> 52-4(k)(6)=0
2524k =0

25 > 24k

KahrynFIAGENigal Davias\e P Jans.dos
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Case IV
If b? — 4ac <0 then the roots are said to be complex (imaginary)

and distinct.

Example

Discuss the nature of the roots of:-

42 +T7x+5=0
Here a=4, b=7, c=5
Discriminant = b*— 4ac

= 72— 4-(4) (5)

= 49 - 80

= - 31

<0

Roats are Complex & Distinct.



Case lll

If b?>-4ac=0 then 2 Real, Rational and Coincident Roots will be
obtained.

Example

Discuss the nature of the Roots of

A2 +20x+25=0

~ Here  a=4, b =20, c=25
Then: b2 — 4ac =(20)* — 4 (4) (25)
= 400 — 400 !
=0

2 Real, Rational and Coincident roots are produced.

Check
<= —b+A/b* —4ac
2a
. e —20@/6
2(4)
— x=.:_22.
8
-5
x: [

2

x ='— 2% (twice)

[KathrynPMGENige! Davies\ e Eq doe 2'0




Case Il b2 —4ac>0 butnot a Perfect Square.

Then 2 real, unequal and irrational roots will be obtained.

Example

Discuss the nature of the roots of:
3¢ +5x+1=0
Here a=3, b=5, c=+1
So Discriminant = b? - 4ac
= 5431

25-12

= 13
> 0 but not a Perfect Square

Thus 2 Real, Irrational but distinct Roots will be obtained.

Check
Lo =543
23
- ~54413
5
either or
- —5-413 Y= =8 13



Consider the following cases

Case |l

If b2 —dac>0 and is a Perfect Square, then 2 Real, Rational and

unequal Roots will be obtained.

Example

Discuss the nature of the roots of the quadratic equation 22 +3x-9=0

Here a=2, b=3, c=-9
Discriminant = b? — 4ac
=32-4(2) (-9)
=9+72
=81

= (9)? (i.e. a Perfect Square)

Therefore, 2 Real, Rational & unequal Roots will be obtained.

Check

_ —3+43? -4

Using formula — x=

2(2)
= —3+4/81
4
—-3+9
X =
4
either or
—~3-9 -3+9
X= X =
4 4 -
-12 _ 6
X=— X = —
4 4
x=-3 )<=E
2

LKathrynPVAGEWigal Davi i Equations.doc 18




The Nature of the Roots of a Quadratic Equation

The solution of the equation ax*+bx+c=0 is given by the formula:
¥ = —bt+/b* —4ac
2a

upon studying this formula it becomes apparent that the quantity residing
within the square root is the entity which determines the roots of a quadratic.

For if b?—4ac>0 we have Real Solutions.
But if b*—4ac<0 then no Real Roots are possible as we
cannot obtain the square root of negative numbers.

The Quantity = b%*—4ac is called the ‘Discriminant’.



Example 3

Einstein’s famous equation E = mc? is quadratic in nature. It explains how
galaxies are formed in our universe and also explains how energy is released

from atomic bombs!
If E=7.20 x 10"® Joules and m = 80 kg find ‘c’.

. 7.20x10" = 80 xc?

7.20x10%
80

_ o c=3x10%ms? (Speed of Light])

KathrynFAGENige! Davies\Quadratl jans.dos . 1”5'
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Example 2

The Power dissipated through a resistor ‘R’ when a current ‘T passes throi_xgh
it is given by the equation P = I°R.

If the Power P = 100 watts and R.= 5 ohms, find L.

P =TIFR
100 = I°5
Eﬂ:fi
5
20 = I
V20 =1
NAxs =1
258 =1



In Physics

Example 1

The displacement of an object from a fixed origin ‘6’ is give by the equation:
s=20-7t+3
Find (i) swhent=4
(i) the time when the displacements =0
Solution
) whent=4, s=2(4)*-7(4)+3
§=32-28+3

s = 7 units

() whens=0 T~ 0=22-T7t+3

0=(2t—1) (t-3)

—> gither or
2t—-1=0 t—-3=0
'[:.1_ —> =3
2

LKathymPAGEWigal Davies\Quadratle Eq doa - 14




42 = (1-x(B-X
42 = 5—BXx—X+X
4E = 5-6x+ X

—» 3C+6x-5=10

_ =6 +./6% —4(3)(-5)

2(3)
—6++36+60
x =
6
y _ —6£4%6
5
X = —6+4/16x6
6‘
= —6E4E
‘ 6
—3+246
y> X = —————
3
either or
(= =3-2/6 - _=3+246
3 3

not possible x =0.63 moles (2 dp)

PUedhror A CE Nae! Davies\@uedetis 2qansimns doe ﬂa



In Chemistry:

Example 2

How many moles of Ethanoic acid will be present when 1 mole of Ethyl
Ethanoate is added to 5 moles of water and allowed to reach equilibrium. The
equilibrium constant ke = 4.

CH; COOH +Cz Hs OH —_— CH5; COO™ G, H; +H: 0
Initially 0 0 1 mole 5 moles

Let the number of moles of ethanoic acid obtained at equilibrium be x then:-

Equilibrium
X X S (1-% - (8—=x)moles

Concentration at equilibrium

R @-x G-
Vv y v Vv
« = (CHCOO C,H])H;0)
(CH,COOH)(C,H,OH)
1-x)(6-x)
_ 4 = vV v
X2
v ) v

e (26D

INKathynPAGENigel Davies\Quadratic Equations.dec - 1 2



In Chemistry

Example 1

The number of electrons in each shell is defined by the quadratic function:

n = 2s? where

n is the number of electrons in each shell
5 is the shell number
l.e. when:
s=1, n=2(1?%= 2
s=2, n=2(2)° = 8
s=3, n=2(3)" = 18
s =4, n=2(4)* = 32

50 etc

s=5, n = 2(5)*



Example 2

Consider an object thrown vertically upwards with a speed of 29.4ms™. Find
the times at which the object is at a height of 9.8m above the floor.

From the equations of motion

V=
/N u = 29.4ms™
a=—9.8ms”
29.4ms™ s=9.8m
=7
-
Using s=ut+ % at?.
38=Qa®t+%@a&f
dividing through by 8.8 —

1=3t— = 2

2
Multiplyingby 2 —>
2=6t—1
£-6t+2=0

(=B (— \2 -
(o ZCOEJCO - 4DE)
2D

o 6++/28

2
i=5i2J?

2

—> t= 3iﬁ seconds

1\KathrynPAGEWNigel Davies\C ic Eq doc 10



In Mechanics

Example 1
Consider the Kinetic Energy (KE) of an object of mass mkg.

Then KE = % mv?, where v is the speed of the object.

Consider an object travelling at a speed vms™ having a KE of 72J. If its mass
is 1kg, find its speed.

1 kg

e e e e e



Examples of Quadratic Equations in Nature

In Geomeilry:

If the Area of a Square is 49m?, what must be the length of each side?

If square is of side ‘X’ metres then

Area = X
Area 49 =x2
X ' = 49m2 '\/?45- =X
7m =X

X
Likewise the Area of a Circle is a quadratic function as Area = I1r* where T is

the racli'izus and also the Surface Area of a sphere if's Surface Area being equal
to 4111,

Example 2

In Mathematics and Computing

n(n+1)

The solutionto thesum  1+2+3+........ .tn = a quadratic

function. The answer to this sum is of importance to computing students who
often employ ‘looping’ procedures in their calculations. The time required to
perform these often complex procedures can be calculated using this formula.

RathrynPAGEWigs! Daviss\Quadratic Equati dos 8




Example

Salve by the formula -x—-1=0
Compare with ax?+bx+c=0
— a=1, b=-1, c=-—1
from formula:
b +/b* — 4ac
2a

— (- £(-1)? - 4)(-D)

2(1)
il +1x41+4
2

e 1£4/5

2
either or
- ll==/5] x=1+5

2 2

—> x=-0.62(2dp) x=1.62 (2 dp)

Lo IO



The Formula

a +bx+c=0

+ Throughoutby & as a=0

2+ 2 xs =0
a a

Completing the square — >

b 2 bz [
X+ —¥—-—++—=0
( 2a) 44° a
2
(x _b_)z—_bT_E
2a Ag” a
(x+i)2= b1—4ac
-2 4a*
. x+i=:‘-: b* —4ac
2a 4a’

X+ =
2a 2a
x=—i ++/b% —4ac
2a 2a
« = —b++/B? —dac

o

2a

This formula will solve any Quadratic equation and is approximately 6,000
years oldl!

1\KathrmP\AGE'Nkgal Darvies\Quadratic Equations.doe s .



Example 2

Solve by completing the square:-
2x* —4x-5=0
2(X-2x)-5=0

2[(}(—1)-2—1]—5:0

2 (x-12-2-5=0

2 (x—172=7
7
x—1P2= =
(x=17= 5
x—1=% 7
2
x=1% N
2
Either or
x=1- s x=1+
2

x=-0.87(2dp's)

7

2

x =2.87 (2 dp’s)



Completing the Square

Here we attempt to write the quadratic equation:
a?+bx+c=0  intheform
o(Xt |3)2 +y=0

Where a, p and ¥ are to determined.

Example 1
Solve: X2 +6x—-2=0
(x+3%-11=0
(¢ + 3 =11
x +3=+4/11
X -3l
gither ‘ or
x=-3 =411 =—3+411
x =—6.32 (2 dp) x = 0.32 (2 dp)

IAK=hrynPAGENige] Davies\Quadratic B dne. 4




Case |l

The full Quadratic equation of the form ax® +bx+c=0 can be solved

(a) graphically (b) lteratively (c) by factorising
(d) by completing the square (e)  bythe FORMULA.

Usually we attempt to factorise first.

Example
Solve X+ 3x+2=0

We try to write this as a product of 2 brackets.

We think of two numbers which when multiplied give (+2) and when added
give (+3) '

je. 1x2=2 and 1+2=3
Thus the equation factorised becomes:-

x+1).(x+2)=0

Thus . gither or
x+1=0 x+2=0
x =1 x=-2

Graphical and lterative methods will be considered at a later date.

MR ARTPAGE NG Davies\t \= Eq doe ? F N




Case |l
c=0 —» ax*+bx=0

This type c_aﬁ be solved directly by factorising

ie. a +bx=0
X(ax+b)=0
— either or
x=0 ax+b=0
ax=-b
= =
Example
Solve: 3% +27Tx=0
xx+9)=0
—> gither or
3x=0 | x+9=0
x=0 x=-—8

IKathrynFVAGENigel Davk dral iuns.dac g



Quadratic Equations

These are an important type of equation which occur naturally in science
subjects as well as being fundamental in mathematics.

They are of the form:-
ax®+bx+c=0 ' where

a,b and_c are constants and a = 0 and ALWAYS have 2 solutions.

Methods of solution:

Casel] - K b=0 then axX+c=0.

This type-can be solved by using the J— function.

Example
Solve: 2% —8=0
—> 22=38
=4
EEN
X=%2

as (+2) x (+2) =+4

and (-2)x(-2)=+4

KahrymPAGSNige! Deviss\Quartic Equations.doa ‘z‘}
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ersEssususERREATTRORNCCPESTSESS SR REEREER XN R R sewsusw s EABAASSARDNS RN SEEEREREENNENERERER] Badanmw
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8 @ 5+3V/3 @@ —-1++5 (i) —9v3
(iv) 7+8v2 V) —1-16v3 '

4 (i) 2v2+2 @ 1-v3 @) 18 —20vZ
(iv) —31-43v2 (v) 60—31/3

5 @ ‘/77 @@ -2+v5 (i) ——%——f—lﬁ

W) z+%ﬁ ) —§+g 3 @) —17—7—1"’—7\/5

. oo A5 :
(vii) —E+%~/§ (vii) ':%T'E%ﬁ (ix) 23-16v2
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i‘v"DIDIIIIIIQII.-I‘."l.l.'l..ll..l"ililI‘ll.l.'bll..lll.III'II!‘!"Q‘ --------- saenaud

e

j :fi 1 Simplify:
a 0 V35 @ vi2 @) 182
' (iv) V150 ) V216
;{%’1 2 Simplify:
0 2v3+2vIZ - () 4/50-+F (@) 3vV2+VI8
(iv) 5v45—2v20 v) 332 +3v50—-2v20

;rﬁllﬂ.i.ﬂ'a.i.g‘,a"‘a'..'-.i.--..,i.l,“.’.‘........l‘.i-.’.....I‘...-..!...'.I“.’.
s,

£ B
L 3 ress each of the following in the form a + by

B =]

Gl

= @) 4V3+(5 —'\/3) @) (1+3v5) - (2+2V5)
(i) (5—6v3)—(5+3v3) (W) (4-2v2)+(3+5V8)
! +4«/—) - (2+6\/4—)

;: ‘i‘ &4 Express each of the following in the form a+ b\/—

o vaeed @ E-vAE+E
(i) (1-3v2)(6-VE) (v) (5+2v2)(1-3VIE)
M (3-2v/3)2-3V2)

‘Iai'II'-nl-lsl'.--..tilllili-l.l'li’!-n-.ln-:l-I-IUI-’Il.s-lnl!ci--.l-lal.IIIII:UI

5 Express each of the following in the form a + b+/1:

.:'i-:‘;l__—,‘;g{‘h '!il::.,g._"?
Rer

I
=
w

. . 1
W i 2 2++/5 (m), 1-2v3
1

+v2 ) 3-2v/3 B RV
z-ﬁ V' 153
—+/5 e V3

i) 1+\f_ (vit) 2+3/75

-;m-'%i‘rﬂah. -

1\

£ I
4 P
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Example 3

Rationalise: &
| cib

Multiply top and bottom by b

a _ a (c—-\/—b—)
c+~/b (c+w/3) ' (c—«ﬁ;)

_ a(c—«fg)
c? +c\f3—c1ﬁ.’;—b

a(c—+/b)

¢t =5

Example 4

Without using a calculator find the value of:

Sin B0° % Cos 45° x Tan 30°

3,1 1
2

X X —

2B

N
243

w

Ql

2

1
242

| l—.

&l

)

Al'ﬁl



Rationalising Surds (S\Mpufw;\g)

It is custornary to remove all Surds from the denominator in an expression.

e.g. torationalise =
.g. 5

Multiply top and bottom by NE)

1.1 43
BB B
el

3
Example 2
Rationalise: e
3 . ] ’\[5_“_3

Multiply top and bottom by ~/5 +3

2 _ 2 (/5 +3)
J5-3 (5-3) (5+3)

_ 2543
5-345+3/5-9

2(J§+3)
-4

It

—(5+3)
2

1“KathrnPWAGENiget Davies\Surds.doc ; 4
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Consider the square of side 1 unit.
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Then

2
From Triangle ABP
Using Pythagoras' Theorem BP =43
Sin 600 = Ef_ . 2[_5_
AB 2
Cos 600 = ifi = l
AB 2

4P 1
Also
Sin30=£:l
B 2
Cos30°=£’P_=£'
AB 2

ARathymPAGENgel Davies\Surdz.dos



Surds are expressions such as:
V2, V3, J5 L L etc

Things like J2 are known as Irrational numbers meaning they cannot be

expressed exactly as a ratio (fraction) in the form 5;— where ‘a’ and ‘b’ are both

Integers (whole numbers) in their lowest form; i.e. hef (a,b) = 1. They also
possess an infinite and non repeatable decimal expansion. Others are IT and

. ]

e.

Mathematicians would often rather work in Surds rather than approximate
decimal expansions.

ie. +2 isexact 1:414........:.. is only an approximation.

Uses of Surds

Surds have a particular use in representing certain angles

i.e. Consider the following Equilateral Triangle.

JAKhy A GENige] Davies\Surds.dos 30



Example 2

Simplify the following:

0 G+vD+(B+2v2) @ 2-v5-(3 +5v5) (i) (1+v3)(5 +2V3)
Each answer should be given in the form a + bv/1.

Answers.

@) 8+3vZ () —1-6V5 (i) 11+7V3

,-i,':gf?'.;.---.-"-...... ------ A EEREEER] EEEEE RN ssmssmEwRetRITEIBPESEI SRR RES aeasaraaw ...‘. ......
i}i f"" Discussion 1
5 How do we express in the form a+bv5 ?
: expres 1+\/_§m e fo +
Multiplying both numerator and denominator by 1 —+/5 is exactly the same as
1-v5
multiplying the fraction by 1 since
plying the fraction by scl—\/g
So we have
1 1-v5_ 1 I 1-+v5
1445 1-v5 I
__1.¥s
4 4
which is in the required form.
Exampia 3
Express each of the followmumthe fonna+b\/_
L1 1++v2 -3
M)—p H—p )z @@
2-v3 2+v2 f 1+3f
Answers
: e ; 1 -
@ 2+3 (u)o+lﬁ (m)o+7‘f (1v)_L+j—J5
2 26 26
Can +/8 be simplified? ,
The answer is yes because 8 can be wntten as 4 x 2, where 4 is a square nmumber.
Therefore
VB=vEx2=vExV2

=2V2.
This then enables expressions such as V2 ++/38 to be simplified further. In other
words V2 + VB = vZ +2V2 =32

--l.n‘.---‘----:-.---------al'-luu--lI-I-u-.-l-I.nl..!lill.ll

Example 4
Simplify each of the following:

(@) V32 (i) v50 (i) 3v/3 + V48 —2V27

IIOCCIII--I-Ila-.----q-.--'

Answers -
() 4v2 (i) 5vZ (i) V3

=y PHILIPALLAN gy
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. Prerequisiies None.

) --.n-..--ll.cl;lslI'i.it-..a'-... ----- Ia-n-l----_n.--ta.---5.iil'lilll---it-.::---.ug..n

" Objectives ~ Students should:

(i) know what is meant By rational and irrational numbers;
(i) be able fo manipulate surds via the four rules +, —, X, &}
(iii) simplify surds.

 ewsgaasAAGEIPRBISRESOVESA i!iiiiaesaac::::asaeaaaanll-lllI-ilDID!a!l!li.inlll-cqcicu-.ga

Lesson Using the calculator it is easy to see that v/2 and = are not exact numbers when

written in decimal form.

. . ; 5 a
In other words, neither can be written In the fraction form 3 where a and & are
whole numbers.

However, each of the following decimals can be written in fraction form

0.3= 58S required.

52 13 .
- 0.52 = 100 = 25 as required.
Definilion

Numbers which can be written in the form %, where g and b are whole numbsrs, are
called rational mumbers. Numbers which canmot be written in this form are called
irrational numbers.

Exampia 1
State, with a reason, which of the following are rational:

©v3 () T/LE (i) 032 (iv) 0.245

Solution 1 1

= L] va e " ] sas —_ - 3 1
(@) Irrational (i) T 7 rational  (iif) 0.32 100 rational
(iv) 0.245 = < rational.

1000’

Deflinltion A
Aroot, such as v/2, v3, /5, which cannot be syritten in fraction form is called a surd.

Result 1
Properties of surds ) e
@ ayAtbyi=(akb)yi () vAx VA=V (T ="7

Note: /71 + /7t 7 +/m + 7! This is a common error and many students K :
write simplifications which are not frue, such as V22 +4=x+2. ["\1

FUBLISHERS &



Example 4

ir=am [
g

Make ‘L' the subject.

Square both sides 2>

12 =42 2
g

Now multiply both sides by g
T2.g = 4TI°L

Now divide both sides by 4 TT?
2

T .g _ L
ATT?

C:\DGCUMEineID\LDCALS—ﬂTHTIp\XPGm\MSE\Slmp(u Linear Equsations.doc



Re-arranging Formulas

Example 1

If V=u+at makea the subject.

Try to isolate the term with the ‘@ in it, by subtracting ‘U’ from both sides:-

v—u=at
Now +b.s. by t
v—u

=a (‘a' is now the subject of the formula)

t

Example 2
IfP=mgh

Make ‘g’ the subject
P=mxgxh

+ both sides by mh

Example 3

If = —;—m\i2 make v the subject

Multiply by 2 >
2k = mv?
Now divide b.s. by m

2% _
m

Now square root both sides
{21:
— =Y
m

CIDACUME=1NigelDLOCALS~{\TempXP GreWise\Simpla Linear Equetions.doc
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Class Exercise

Solve the following simple linear equations:

1.

10.

2x =12

-3x=86

X+2=-3

2x+1=19

2x~2=14

xX+1=x+19

xX-1=2x+ =

CADCQUME~1\NigsiDLOCALS~-1\Temp\XFGpNise\Stmple Lingar Equalions.des



Example 4

Solve:
X +p=y
_B=_.l_3)
«x=y =B
> x=1=f
(54

Harder linear equations

3x+1=x-9

The same idea applies, try to get the X's on one side, all the numbers the
other, thus subtracting ‘1* from both sides ->

X+1-1=x-98-1
3x=x-10
Now subtract ¢ from both sides
3x-x=x-x-10
2x=-10

Now + both sides by 2 >

P ] PR e PR L R Bk o R e~ RS {1 ) 5, SRS I S—— tame Ane




Example 2
2%x—1=11

Here add 1 to both sides:-

2x—-1=11
+1  +1

2x =12

Now + both sides by 2

2 12
2 2
Xx=86
Example 3
ly+3=7
2
.__3=_3
= -lx=4
2
X2 =2
x=4%x2
X=8

CDOCUME~1\NigelDLOCALS~1\TempXPGraWise\Simpla Linear Equalions.doc



But what if the equation is more complex?
We need a method of obtaining the solution if we are asked to find X’ in :-

@x+L=47
e

Method of solution of simple linear equations of the form ax + b=¢

Example

x+1=3
Try to get the X's on one side, the numbers on the other.
So subtracting '1’ from both sides gives:

x+1=3

Subtracting from both sides

e rreden 1 iMERE doc

29



Simple Linear Equations

An equation Is a statement of equality so that what is on the left hand side
(LHS) of an equation is the same (equal) to what is on the right hand side

(RHS).
Examples
4=4
1+#3=2+2

WE USUALLY think of equations like BALANCE SCALES.
Usually we have to find a value (x) which satisfies an equation i.e.

x+1=2
Then x=1 because
LHS=1+1
=2

=RHS

CADOCUME-1\NigelD\L OCALS~ I\ TempFGpWise\Simple Linear Squations.doe
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Rational Indices

X% = 4Jx Square Root
* = ix Cubed Root
X = 4x Fourth Root
X" = 1fx n" Root
Examples

95% = 25 = 5

I
o
M~

Il
N

g4%

=
o)
[y
1l
w

g1%

11In=;ﬁ=1

C:ADOCUME=1\NigelD\L OCAL S~1\Temp\XP GrpWisa\Basic Algebra.doe
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Example 3

10

3x*xehx® _ 12%x
. 223 6x°

Simplify:

Example 4

(2x°)’X(3x*)’
36x~2

Simplify:
% xox*
36x 72

72x"
36x72

1l

Il

2x{ 34{-2)

= 2x'°

CADAC I Bt W sl (Al St T ame P e rmWies\Basic Algehrados
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Harder Examples

Example 1
~.3 4
Simplify: SN x?x
3x

deal with numbers first, then the indical expressions.

2x3x6x* _ (2XO)X(x*%x*)

i.e.

3x’ 3xx’
_ 12y
3x°
—_ 4x7-5
= 42
Example 2

Simplify:  (2x%)? = (23) x (2¢°)
= (2Xx2) X (¢ xX)

=4x°

CADOCUME~1\Nige!D\LOCALS~{\TempXP GreWisa\Basic Algsbra.doc
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Example =

1. Simplify  x2xx*=x"%=Xx =_1?

. . 1 1 _ 1 _ r
2. Simplify ;?X;?‘"E?‘;?‘X
=3t -7
3. Simplfy o=l =xTP=x
x x
impli 2w X o-(-5) _ 14
4. Simplify = =—3-=x*”=x
x z
2 3 4 2434 1
H H XI XI x X 0
5- Slm h 2 = ==X = 1
. P fy x‘jmsﬁ x—-5+ﬁ x]
fx=0

CADOCUME=1\NigalD\LOCALS~{\Tamp P GrpWise\Basic Algsbrados
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NEGATIVE INDICES

Consider the following:-

X

)

XS

X

=1

- 1

x1:_
X

- 1

Xz_—z'
X

N 1

X3=——;
x
1

X-4=T
X

. 1

Xn':—;‘
X

C:\DOCUME—‘l\hﬁgeID\LOCALS—1\Témp\XFGrﬁWsa\Bési= Algebradoc
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The Power ‘0’

20 =1 30=1 107 =1 (=) =1

]
2

In fact any base number (APART from ‘0) raised to the power of zero has a
value of 1.

o%=7 (NOT DEFINED)

Examples

1. Simplify 22x 2% x 2! =274 = 27
2. Simplify Rxx ==

3. Simplify P xxt = xxF =X =X

3
4. simplity  EX =X ==

5. Simplify

)
by

CADOCUME~1\Nigall\LOCALS~1\Temp\XP GrpWisa\Basic Algebra.dac
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Division

5
Consider simplifying 2—3 then:

’ 2%2
2 B 2=

p&y IXIX2

A quicker way would be to subtract the bottorn power from the top one.

s
ie. 2—3 =953 =52

IN GENERAL X+ xT=x

Raising by a Power

Consider simplifying (2°)°

(2% = (29 x (2°)

- 23+3

=25'

In general

(xn)m = xnxm = xanl

C:\DOCUME—1\Nigelp\LDCALS-1‘\Temp\XFGrp\Mse\Easl: Algebra.dec
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BASIC ALGEBRA

INDICES

Consider 4°=16
4 —is called the base number

2 —is called the index or power

Manipulation of Indical Expressions

Consider simplifying:-
2 x2R=(2x2)Xx(2x2x2)

=25

An easier way would be to add the powers
Le.‘ 2xP=22"3=2°
% Likewise

ar 34y 35 =34*5=3°

N In general

X xxm=x

CADOCUME-1\NigelD\LOCALS~1\TempP GroWise\Basic Algebra.dos
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(iv) 125 (v) 3125t
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(iv) —6,6 v) 24
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F_':" f & 1 Soalve each of the following for x:
&7 i) 8F=24 () 3t =4
(iv) 23=5 (v) 2+4=10
i 2 Solve each of the following for x:
O &=2 () 4=8
@v) 32°=8 (v) 625 =125

3 Solve each of the following for x:

- 0 27 @) &=

4
(v) 216% =

1
3
1

36

125°
3

L
15

(i)

mltitt.a-t'n::a'lullill‘!ll!gnu.n.:-:l-..!. llllll ansa

#& Solve each of the following for x:
d () 4xi=1

) -

(vid) -

Sxt=4

S
(viil) 3= =728

23 PeBRBIERRARPRAEZIRALS

v) 3*

5% = 25°

i-::;‘l.’?;!llluiuiusnnlaslun-----llni-------
o

5 Solye each of the following for x:
@) 5° = 1257

725°
812

2% =1

&y

@v) 5 =(125)" v F =

----------------------

(i) 817 =729

({i) 16%=38"

8 _z

2 2
24017=7

(i)
(vi)
(ix)

pawvuissB3EBIGERERAdINSFLASCEWERAD

1331* = 1217

(i) 7% =49




Indices I

The technique used for solving such an eciuaﬁon is to express both sides of the
equation in terms of the same base number.
So,if 2° =38

then 2°=2°

Now, comparing indices gives x = 3, as expected.

-l-III-IIl.l.-.-ln-ln..-.l.-n-c!tti-.-n-.l:.-...lI-I--II-i.lt-l..ln.-!.-‘lclcu-------.

Example 2
Solve: (i) 27° = 9 (i) 625" = 3125
Solution
(i) Both sides can be expressed as POWeTs of 3, thus giving
(33): — 32
ie. =3
Jx=2
2
3
(iiy Both sides can be expressed as powers of 5, thus giving
(54): - 55 )
ie. 5%=5
4x =25
)
T4
Example 3 1 1
Solve: (i) 8 =15 (if) 81 ==
Answers
. 4 .03
= @3
Example 4 5
Solve: (i) 27 =8 ({)5° =%

Answers |
@3 @)-21
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n..l-l.l-n..-.|.llic.ll...llll--ll-n--lllcll!l!--.lnnbngng....

Prerequisiies Background knowledge: elementary algebra; lesson 1.1: indices L.

......I-IllIlIn.ilililtnt..:il-un-.....qq.q--a---n..:l!-l-ll--liQII!-I.--’.-----.--..’

Objectives  Students should be able to use their knowledge of indices to solve equations in
which:
(i) the x term is raised to a fractional power;
(i) the unknown is an index

-1c..ic--u:'a--:------'-n-‘;---au-:--s-sai-:n-.ig---:-in-a-l--:lt--l-ainananaaaaniaaaaaa;=

Lesson Suppose we want to solve equations in which the x term is raised to some power.
The following example illustrates some of the techniques that are used for solving

such equations.
Example 1 .
Solve: (i) 2x4 =3 (if) 5% =45

Solution .
(i) Given2:t=3

raising both sides to the power 4 gives

e el

_a
16
(i) Given 5xi =45 then »# — 9. Raising both sides to the power 3 gives

%

)P =9
=729
x = 729
z=27
%;.................-,.......................................-..........................
FF Discussion
"é“ If 2° = 8 what is the value of 7

This is a straightforward example and the answer is x = 3. However, in mamny cases
the answer is not guite as obvious.

-3)
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5 Without the use of a calculator, simplify each of the following:

;i-ta:.i--ilbnl.lil-illilcl

G stxz () 3*x9™ (i) 472 x2°

] _ gt x4? L 27 ExF x4

(iv) & %277 ®) —— (vi) T

- 642 x 3° x 8 (i) 25 x 372 x 272 . 4% 2 x25%
278 x 64 & %97 x 187 10t x5

'I-l.D.III.:'I.CI!.III!’II...D’l'.“.l'..!ll‘l.lIIII-

£ Simplify each of the following:

2 et

FPHILIPAILAN =
PUBLISHERS &

6 E+1E-2)
@) (2 — By 4 4ad)

(1) (—z—i‘_—3> : X8z~

3 R Al

(].V) (Sﬁxz) S (33:)—1
3 27#5

(v) =




indices i

'L;?-;""".-......'...--.."‘.-'..ll-.....f-ﬂ---.-..".‘,..-.....--..‘.-.?‘-".“.. ----- .
£ 1  Simplify each of the following:

I8 £ xx (i) =*x& (i) 3z x 2
(iv) 4x* x 2x (v) 5x° x 3% (vi) 2x* x 5x*

K - 4 . 32 5z
(vii) szxz (viti) —7—><28:c (ix) S5 X F

'l..nu-.'-lnnaaniIcl.llnt..lln..-lt

&;ﬂ.l!.'ll.l)illl"lb‘h ------- FE R ]
iy
_T.; g 2 Simplify each of the following:
G =tex @) o +x° () 3% +x

o ) ‘ o N 124

iv) 152 +%° (v) 4x° = 8x . (¥i) e

.y 1427 e B . 4x"

M =z i) 35 &) 268
g.?ﬂ‘illti!li..ti..l.-.IIIlll!lllll.l.-lll...-III'.Il!I!I-.l-..I...I.-I'll.lllll!l.-.l.
iy 3 Without the use of a calculator, simplify each of the following:

6 4 @ 8t G 27

) (%)1 | 0 & o) o4

(vi) 252 | (vid) ( L] )5 - (_,9;_)5

o
f:‘;!lll.l'lll.ll--I|.--.-....a.--..'l.'-lllIII.'..Q-.I.lll..-0!'!!!!1.-..I..lnb.b-l.ll.
= . '

Cf o .
—:j !;" ' 4 Without the use of a calculator, simplify each of the following:

M 47 @ 17° (i) (%) )

@) 57 ) (%)% o (3) )

o |
o) (35) (i) 2773 ® 1o
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x‘“=% for all = (x # 0).

Example 4 -3 133 3
s 05 @ (3 @ (g 0
AnNSWers

05 @2 @y @8 OF

Exampia S
Simplify each of the following:

3 A
O @ (;9-_—,) () == (;)

Answers

() =7 (i) 3= (i) 227y
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indices |

Definltion 1
x'" = §z , ie. the nth root of x.

Example 2 4
Simplify: @) 25¢ (i) G)

Answers 1

O5 @3

Definition 1 can now be extended to show that
2 = (I = P

Alternatively, we have 2™ = (#™)™ = (¢%)".
Stmplir 081 (0 &) %)
énswars 1 5

M27 @z @3

Discussion
What is the meaning of 3°?

Start with the fact that 3+ 3 =1, but we also know that 3'+3'=3""' =5
Therefore, we take 3° to be equal to 1.

0

A A AP N SN SN NP R AT EACTRAURABRARRINANDANERERIRRSAEDA nas

Result i
' =1 forallxexceptx=0.

i‘."-fl.cl!v-v.l-l'---‘----.-a:..-.-l‘uulblbl.I---lllilll'-.-‘l'llnln.l-II-I'l'aliiI.--..l
Bk
P E éf’ . Discussion

‘What is the meaning of 37?7

We know that 3° = 3! = 3% = 37, but we also knowthat 3" =1.
1 .
—3- -

Therefore 3°=-3'=1=+3 =—;— and we take 37 =

=
L
_‘w%?ll.'.l!l!l'lll'.-lII'IIIQIIIUF..l‘-'DIIII.IIIII.II-‘!I

FER What is the meaning of 37 ?
= o
- We know that 3° + 3* =3"2 =37, -
_ : 1 1 a2 1
L B't;-"’:l;ﬂla:afoze,?i—l‘-z:l+32=-ﬁ=—gfandwetake3 =%-
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Prerequisiies Background knowledge: the laws of indices for positive integer exponents.

l'il-.’...l.-ll-llII‘lIIl-ll‘.l))IIII.IDII‘

~ Objectives  Students should understand the meaning of:
(i) fractional indices and be able to evaluate expressions involving fractonal

indices;
(i) negative indices and be able to evaluate expressions involving negative indices.

A MPPEIIIRNT2IDIERABAINCAIATS BRAND

ala-liiiIoul)alll:n:nujllnIiililcn‘liis=======aaaagllll--

. ilesson Start the lesson with a review of the laws of indices.
Example 1
Simplify each of the following:

. T - s
Mo xa (i) 32° x2¢° (i) Z @) 5= ") (=)

Answers
@& (H)6x® @) (@) 5z (V) &7

?ég“’.'!....ﬂ.‘ﬂ-'.I-..I!i-l“l-’-".."‘.'..D.l‘.I.I‘II-----’.-...I.-I-"l‘l“!.-s-l’.
W

N 1

TER Discussion

q%

Can we express 2° X 5° in the form #7?

A common error is to write 2° x 5% = 10°, Evaluation of both the LHS and the RHS
shows that this is not true. It is important to stress that because'the 2 and the 5 are
different then the law 2" x #™ =&™™" cannot be used.

E Ilq'-a----n.n-..acu.!--llﬁcl-i-g-.t".n::-la-:nlliila------;I-ann---l-p\ccilgI-lll-
s v

j ik What is the meaning of 91?
Start with a discussion around the fact that
gtxoi=giti=0%

Therefore, 9% is the square root of 8.

?&i‘-l.ii--..I'..'..-..I'I-’.-'..-...-.....II'.I.’..I.I'.I'-.'-.."'...IIIIIIQIII.I....’
r‘::'_\--.- I‘i' [ -

YE What is the meaning of 5%?

In this case 9 x 98 x ot = 9",

Therefore, o} must be the cube root of 9.
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In this next example we show how to work out an unknown angle when two lengths
are known.

Example 2
Find the angle of O in this triangle:
Hyp
25
Opp
0
15
Adj

et

Label the sides Hyp, Adj and Opp.
2. We know the hypotenuse and the adjacent. Which trigonometric ratio links these
two? The answer is Cos.
3. Now do the calculation:
cosf = ﬂ
hyp
_Ls
25
=0.6

To work out the value of 6 we need to work out the INVERSE COS of 0.6. To
do this we use the INV key on the calculator.

8 = 1INV COS(0.6)
= 531
To do this calculation on your calculator you will need to do one of the following:
PRESS 0.6 INV COS =
PRESS INV COS 0.6 =
PRESS 2" F COS 0.6 =
Ay



Example

2
Make y the subject of the formula: =z = ’Zx -
2y +1

Firstly we must get rid of the square root, to do this we square both sides:

x2

2y+1

22 =2x-

To get rid of the fraction we must multiply both sides by (2y + 1)
2
) x(2y+1)

+1

x2
2y +1
222y +1) =2xQy+1)-x*

z? ><(2y+1)=(2x— ad
2y

222y +1)=2xxQy+1) -

x(2y+1)

Now we need to expand the brackets
2yz% +22 =4xy +2x—x°
Let’s get all terms involving y on the LHS and the rest on the RHS. To get rid of +
4xy we use — 4xy
2yz% 4+ 2% —4xy =4xy +2x—x* —4xy
2yz —4xy+2z* =2x—x*

To get rid of + z* we use —z2°
2yzt —dxy+z2 -2 =2x-x* - Z°

2yz2 —4xy =2x—-x* - 2°

Now let’s factorise out the y term on the LHS:
y(ZZ2 - 4x)= 2x—-x*-2°

To undo the x (22% — 4x) we use + (2z° — 4x), this gives
y(2z° —4x) 2x-x*-Z°
(222 -4x)  (2z% -4x)

_2x- x*-z*

T (22 -4x)

X

Note: The question in your GCSE examination will probably be easier than the above
example.



22. Rearranging Formulae

Consider the formula
3z—x=5y+2p

We could re-arrange this formula so that we had

x = “something”
where there is no x on the right hand side. We say we have made x the subject of the
formula.

Alternatively we could rearrange to obtain

y = “something”
where there is no y on the right hand side. This time we’ve made y the subject of the
formula.

You could also make x or p the subject of the formula.

To re-arrange formulae we use the same methods that we used when we learnt to
solve equations.

Example

Make p the subject of the formula: P __y4
pty
Firstly we multiply both sides by (p + y) to get rid of the fraction:

r
pty

x(p+y)=4x(p+y)
p=4p+ay

To get rid of + 4p we use — 4p
p-4p=4p+4y—4p

—-3p=4y
To undo x -3 we use + -3 which gives
=B &
-3 -3
__ 4
p= 3)’

Y



21. Function Machines
An example of a function machine is

IN "OUT
——pl 3 p X5 |—p| -2 |—>»

The secret of a function machine is to write down what is coming out from each box.
If we put 3 in the above machine we’d have

3 6 30 28
—p t3 |—» X5 —» -2 —>

Put 3 in the 1* box 3+3=6 6 comes out.
Put 6 in the 2™ box 6x5=30 30 comes out.
Put 30 in the 3 box 30-2=28 28 comes out.
Example
What comes out if you put x in?
x x+3 5(x+3) 5(x+3)-2

—l T Lyl x5 L =2 >
Put x in the 1¥ box x+3 x+ 3 comes out.
Put x + 3 in the 2" box 5x(x+3) 5(x + 3) comes out.
Put 5(x + 3) in the 3% box  5(x+3)-2 5(x + 3) — 2 comes out.
What comes out can be simplified as follows:

5x+3)-2 = Sx+15-2
= 5x+13

Sometimes you may be told what comes out and asked to find what was originally put
in the machine. To do this you simply use the machine from right to left and do the
opposite operations.

Example
For the above machine what would you need to put in to get 48 out.

Working from right to left and doing the opposite operations gives.

48 goes in. 48 +2=50 50 comes out.
50 goes in. 50+5=10 10 comes out.
10 goes in. 10-3=7 7 comes out.

So you need to put 7 in.



Example 3
Solve the equation

X +x-12=0
Ans
Firstly we must factorise the quadratic:
& &)

We want to find two numbers that multiply to give -12 and add to give 1. Since -12 is
negative the numbers must have different signs and since they add to give 1 the bigger
number must be positive. Let’s try and find them:

-1x12 = -12 and -1+12 = 11 [No good]
2x6 = -12 and 2+6 =4 [No good]
-3x4 = -12 and 3+4 =1 [Success!!!]
Hence
X +x-12 = (x-3)x+4)
Thus
x-3)x+4) = 0
So we have
x-3 =0 OR x+4 =0
x =3 x = -4
Example 4
Solve the equation
x*-4x-12=0
Ans
Firstly we must factorise the quadratic:
G )= )

We want to find two numbers that multiply to give -12 and add to give -4. Since -12
is negative the numbers must have different signs and since they add to give -4 the
bigger number must be negative. Let’s try and find them:

1x-12 = -12 and 1-12 = -11 [No good]
2x-6 = -12 and 2-6 = -4 [Success!!!]
Hence
#-4x-12 = (x+2)(x-6)
Thus
x+2)x-6) = O
So we have
x+2 =0 OR x-6 =0
x = -2 % =6

3(\/



Example 1
Solve the equation
X +7x+10=0

Ans
Firstly we must factorise the quadratic:

e ) )

We want to find two numbers that multiply to give 10 and add to give 7. Since 101s
positive the numbers must have the same sign and since they add to give 7 they must
both be positive. Let’s try and find them:

1x10 = 10 but 1+10= 11 [No good]
2x5 = 10 and 2+5 =17 [Success!!!]
Hence
P+Tx+10 = (x+5)(x+2)
Thus
E+5)x+2) = 0
So we have
x+5 =0 OR x+2 =0
x = -5 x = -2
Example 2

Solve the equation
x*-5x+6=0

Ans
Firstly we must factorise the quadratic:

@ )& )

We want to find two numbers that multiply to give 6 and add to give -5. Since 6 is
positive the numbers must have the same sign and since they add to give -5 they must
both be negative. Let’s try and find them:

-1x-6 = 6 but -1+-6 = -7 [No good]
2x-3 = 6 and 2+-3 =5 [Success!!!]
Hence
P -5x+6 = (x-2)(x-3)
Thus
x-2)x-3) = 0
So we have
x-2 =0 OR x-3 =0
x =2 x = 3



20. Solving Quadratic Equations

20.1. Whatifaxb=0"7?

An important fact that you should know is: “If two terms multiply together to give
zero then at least one of them must be zero”, i.e.

If axb=0 then either a=0 OR b=0

This can be useful in solving some types of equations. OR (=0 ocwnd b=0

Example
Solve the equation
(x+3)x-7)=0

From above we know that either
x+3 =90 OR x—17
X = .3 X

~3 O

Example

Solve the equation
(x-5)@+11)=0

From above we know that either
x-5 0 OR x+11
X 5 X

-11

20.2. Solving Quadratics
A quadratic equation is one that looks like
ax’+bx+c=0
In the quadratic equations you will consider we will always have a = 1, namely
P+bx+e=0
Examples of such equations include:
X —2x+1 X +5x-3 X —11x+22

To solve a quadratic equation you need to factorise it using the method below:

o First write the equation in the form x* + bx +c =0

e Qur aim is to write the equation in the form (x ) )=0

e To achieve this we need to find two numbers that multiply to give ¢ but also
add to give b.

o If cis positive then both number must have the same sign, but if ¢ is negative
the numbers will have different signs.

e Once the equation has been factorised it can then be easily solved.

3‘1'/



19.4. Equations with Brackets

If an equation involves brackets always multiply out the brackets first before you

attempt to solve the equation.

Example
Solve 2(x +5)=5(x—-17)
Ans
Firstly we expand the brackets, this gives
2x+ 10 = 5x—35
Subtract 2x from both sides:
2x+10-2x = 5x—35-2x
10 = 3x-35
Add 35 to both sides:
10+ 35 = 3x—35+35
45 = 3x
Divide both sides by 3:
45 3x
3 3
15=x
Check:
LHS: 2(x+5) = 2(15+5) RHS: 5x-7) = 515-7)
= 2 x 20 = 5x8
= 40 = 40

Since LHS = RHS, our answer is correct.

19.5. Equations with Fractions

If an equation involves a fraction it is easier to get rid of the fraction first before

attempting to solve the equation.

Example
Solve 2x3—1 =7
Ans
Mu1t1p1y each side by the denomlnator 3:
-~ (2x-1) 37
3
2x—-1=21
Add 1 to each side
2x—-1+1 = 21+1
2x = 22
Divide both sides by 2
2x_22
2 2
x=11

As always you should check this answer, we leave this as an exercise.



19.3. More Complicated Examples

Example
Solve2x+5=11
Ans
To get rid of + 5 we use — 5, so we subtract 5 from both sides:
2x+5-5 = 11-5
2x = 6

To undo the x2 we use +2, so we divide both sides by 2:

2:_6
2 2
x=3
Check:
LHS: 2x+5 = 2x3+5 RHS: 11
= 6+5
= 11
Since LHS = RHS our answer is correct.
Example
Solve3x+4=7-2x
Ans
To get rid of — 2x we use + 2x, so we add 2x to both sides
3x+4+2x = 7-2x+2x
5x+4 = 7 '
To get rid of + 4 we use — 4, so we subtract 4 from both sides
5x+4-4 = 7-4
' S5x = 3

To undo the x5 we use +5, so we divide both sides by 5

Sx_3
5 5
x=§=06
5
Check:
LHS: 3x+4=3x0.6+4=5.8 RHS:7-2x=7-2x0.6=5.8

Since LHS = RHS our answer is correct.

3%



Example

Solve 4x =8
Ans
To undo the x 4, we use + 4. So we must divide both sides by 4.
x_8
4 4
Now since 4 + 4 =1 we have
x=2
Check:

LHS: 4x = 4x2 RHS: 8
= 8
Since LHS = RHS our answer is correct.

Example
Solve Z =3
7
Ans «
To undo + 7, we use x 7. So we must multiply both sides by 7.
Ex7=3x7
7
Now since %x 7 =1we have
x=21
Check
x_21
LHS: 7 7 RHS: 3
=3

Since LHS = RHS our answer is correct.



Example
Solvex+3=7

Ans
To get rid of + 3 we use — 3. So we subtract 3 from both sides of the equation:
x+3 -3 = 7-3
X = 4
Let’s check that this answer is correct by using substitution:
LHS: x+3 = 4+3 RHS: 7
= 7

Since LHS = RHS our answer is correct.

Example
Solvex-4=10
Ans
To get rid of - 4 we use + 4. So we add 4 to both sides of the equation:
x-4 +4 = 10+ 4
x = 14
Let’s check that this answer is correct by using substitution:
LHS: x-4 = 14-4 RHS: 10
= 10

Siﬁce LHS = RHS our answer is correct.

19.2. Inverses of x and +
Recall that x means 1 x. Sometimes after rearranging your equation the letter term
may have a coefficient that is not 1. For example,

3x has a coefficient 3; it means 3 x x

x . . x
— has a coefficient % ; it means 5

We will want to make the coefficient equal to 1. The inverses of x and + will help
you do this:
The inverse of x is +. So to undo a multiplication use a matching division. For
example:

If you have a coefficient 3 then you need to divide by 3 since3 +3 =1

The inverse of + is x. So to undo a division use a matching multiplication. for

example:
If you have a coefficient ¥ then you need to multiply by 2 since /2 x 2 =1

3?,/



19. Solving Linear Equations

An equation is a statement containing an “=" sign, such as

x+4=17 12x+3=2x
In the above equations x is the unknown. A linear equation is one that has no
squares or higher power of the unknown.

A solution of an equation is a number which, when put instead of the letter, makes the

equation true. For example,
x+4=17 has the solution x=3 because 3 +4 =7

19.1. Keeping the Balance

You should think of an equation like a set of scales in balance.

LHS = RHS

The equation, like scales, will still balance if
whatever you do to one side you also do to the other

The balance will be unchanged if you
I. add the same quantity to each side
II. subtract the same quantity from each side
IOI. multiply each side by the same quantity
IV. divide each side by the same quantity

In order to solve an equation the idea is to get all the “letter terms” on one side and all
the “number terms” on the other. To obtain this you may need to get rid of unwanted
terms from each side of the equation.

The inverse of +is -. So to get rid of a ‘+ term’ use the matching ‘- term’. For
example,
to get rid of “+2” use ‘-2’ because +2-2=0

The inverse of —is +. So to get rid of a ‘- term’ use the matching ‘+ term’. For
example,

to get rid of ‘-3’ use ‘+3’ because —3+3 =0

Once you have solved the equation always check your answer by substitution.



18. Factorising

This is the exact opposite of multiplying out brackets. Now instead of getting rid of
brackets we are interested in putting them back in. The idea is to find common
factors amongst the terms and bring them out. This is best learnt by example:

Example
Factorise Ox + 12x%y

e What is the highest common factor of 9 and 127
3 can be brought out as a common factor.

e What is the biggest power of x that can be brought out from each term?
We can bring an x out of each term but we can’t bring x? out of each term. So
x can be brought out as a common factor.

¢ Since y doesn’t occur in each term it won’t be able to come out as a common
factor.

Hence we can bring out 3x as a common factor. We then need to work out what will
be left once we’ve taken out the 3x:

ox +12x%y = 3x (3 + 4xy)
We need 3 \ We need 4xy to
to get 9x get 12x%y
Example
Factorise 15x*y + 20x%°z — 35x%y7°

e What is the highest common factor of 15, 20 and 35?
5 can be brought out as a common factor.

e What is the biggest power of.x that can be brought out of éach term? -
x* can be brought out as a common factor.

e What is the biggest power of y that can be brought out of each term?
y can be brought out as a common factor. :

e Since z doesn’t occur in each term it won’t be able to come out as a common
factor.

Hence we can bring out 5x°y as a common factor. Then work out what is left:

155"y +20x%%2 = 35¢°yz> = 5x%y (3% + 4y:z —Tx2%)

Weneed 3x® | | Weneed 4’z || Weneed 73xzz
to get 15x"y | | to get 20x%°z || to get 35x7yz

3y



17.2. Brackets Multiplied by Brackets

To expand an expression like (2x + 1)(x + 2) you need to multiply each term in the
first bracket by each term in the second:

(Zixi)m) = 2xxx + 2xx2 + Ixx + 1x2
— = 2%  + & + x + 2
= 2  + 5 + 2
Example

Expand and simplify (3x + 7)(5x - 2)

3xx5% + 3xx-2 + Tx5x + 7Tx-2
15x% - 6x + 35x - 14
15x* + 20x - 14

(3x+7)(5x = 2)

17.3. Squared Brackets

To expand something like (5x + 3)? you need to remember that
(5x + 3)* = (5x + 3)(5x + 3)

Then we can use the same method as above.

(5x +3)° = (5x+3)(5x+3) |
= BSxx5x + 5xx3 + 3x5x + 3x3
= 25x* + 15x + 15x + 9
= 25x + 3x + 9
Example
Expand and simplify (x —4)°
Ans
(-4 = (x-4)(x-4) _
= XXX + xx-4 + -4xx + -4x-4
= ¥ - 4 - 4x + 16

* - & + 16



17. Expanding Brackets
17.1. Multiplying Out Brackets

Recall that when letters are multiplied together then we just write them next to each
other:

XXy = xy XXYXzZ = Xyz
Also remember from our work on indices that:
XXX = 3 XXXXX = X

Finally don’t forget the important effect of brackets:
xy2 = XXYyXy (xy)2 = XXXXYXY

When expanding brackets the term outside the bracket multiplies each separate term
inside the bracket:

3(5x+2) =3x5x +3x2 = 15x+6

44 +y) = -4x4x*+ Axy -16x% — 4y

Ax(By+2x) = dxx3y + 4xx2x = 12xy+ 8%

To expand a bracket that just has a minus sign outside the bracket you simply change
the signs of each of the terms inside the bracket:

-(xty) = -x-y -(x-y) =xty
-r-y) = -xty -(xFy) = x-y
Example
Expand and simplify 7x+ 8y + 3(2x + 4y)
Ans
Firstly we expand the bracket:
32x+4) = 3x2x+3x4y
= 6x+12y
Hence we have
Tx+8y+3(2x+4y) = Tx+8+6x+12y
= Tx+6x+8y+12y [Group together like terms]
= 13x+20y [Combine like terms]



16. Simplifying Expressions

Consider the expression
5x—7y—y2—x+ 3y2

We say
5x is an x term
- Ty is ay term
-y is ay? term
-x is an x term
3y is ay? term

The idea here is to first collect like terms together, so we would write:

Sx—Ty—y —x+3y’ =@

x terms y terms y2 terms

Next we combine like terms:
5x-x = 4x -7y = -Ty Y +3F =2y

So we have
5x—7y2——x+3y2=4x—7y+2y2

WARNING: Don’t be confused into thinking that y and y* are both y terms!!! They
are different and hence cannot be combined.

Example
Simplify Txy +9yz - 3xy —3yz + Txy—2yz

Firstly we collect the like terms together:

Txy +9yz —3xy —3yz + Txy - 2yz

( ect like terms together)

1lxy +4yz (Combine like terms)



15. Substitution

Prior to doing substitution we need to understand some of the notation used in
algebra:

15.1. Notation

o 4x means 4xx [The multiplication sign is often left out]
e S5y means Sxy

e xyz means XXyXz [The multiplication sign is often left out]
o x means XXyXxy [It is only the y that is squared)

e (xy) means XXYyXXXy [Both the x and y are squared]

o x(y—z)> means xx(y—z)x(y—z)
[Only the brackets get squared]

15.2. Substitution
Imagine you were given the formula

X=34+2B
and asked to find the value of X when 4 = 5 and B=7. All you do is write down the
formula again but this time you substitute numbers for letters on the right hand side.
So we would have

X = (3 x 5) + (2 x 7)
= 15 + 14
= 29

Make sure you do it in stages as we have done above. DO NOT TRY TO DO IT
ALL IN ONE GO!!! :

Example
If C= $(F —32) find the value of C when F =59.

Ans c = 5(59-32)

= (27 [Remember we do brackets first]
= 15

L/



14. Indices
We use indices as a shorthand method
3x3x3><3><3x3x3=37
3 is called the BASE and 7 is called the INDEX. We say “3 to the power 7”.

Examples

6x6 = 6 (6 squared)
Tx7x7 = 70 (7 cubed)
8x8x8x8 = 8 (8tothe power4)

9x9x9x9x9 = 9° (9 tothe power5)

You can work out indices on your calculator using the XY or Y* button. To work out

8* you would press:
8 XY 4 =

14.1. Rules for Working with Indices

e When multiplying numbers with the same base you add the indices:

32 x3*=3"=3° 52x 5" =5
e When dividing numbers with the same base you subtract the indices:
33.32=33"2=3! §8. 5l =581 53
e When raising one power to another you multiply the powers:
e Any number to the power 1 is just itself:
33'=33 99' =99
: \
e Any number to the power 0 is 1: ( Pt?@*‘{ QW“W\ O LKQ\{' ’ 3
100°=0 9561°=0 5

o = ?
o Fractional Powers: 4
The power %2 means square root: 252 = J25 =5

The power % means cube root: 647 = 364 = 4

e Negative Powers:

1 1 1 1
5-6-—_— -2=— 2-1=__=_
58 6* )
Example
Write 272 as a decimal. Answer: 27 = -212— = % =0.25
Example

Simplify 7° x 32 x 7° Answer: 7P x 32 =78 x 3



13. Square Roots and Cube Roots
13.1. Square Roots

When we square a number we multiply it by itself. So

32 = 3x3 =9
42 = 4x4 =16
x2 = XXX

To find the square root of 9 you want to know what number times itself gives 9, the
answer is 3 because 3 x 3 = 9.We write

J9=3

Example
What is /49 ? Since 7 x 7 = 49, we have J49 =7.

You can also work out square roots using the \/— button on your calculator.

Depending on your calculator you may have to press the number before or after the
number you want the square root of.

Example
Using a calculator find V36

13.2. Cube Roots

When we cube a number we multiply it by itself 3 times. So

22 = 2x2x2 = 8
32 = 3x3x3 = 27
.X.'3 S XXXXX

To find the cube root of 27 you want to know what number times itself three times
gives 27, the answer is 3 because 3 x 3 x 3 =27. We write

327 =3

Example
What is 3/64 ? Since 4x4x4=64wehavei/_6—4=4

You can find out cube roots on your calculator by using the 3\/— button.

Exercise

Using you calculator work out 3125

25,



Example

If I divide £100 in the ratio 2:3:5 how much is each part worth?

Answer

Total number of parts:

Value of each part:

Hence

2 parts are worth
3 parts are worth
5 parts are worth

Example

9
9
.9

2+3+5=10
100+ 10=£10

2 x 10=£20
3x10=£30
5x 10=£50

A sum of money is split between three people A, B, and C in the ratio 2:3:4.
Assuming that A gets £8 work out how much B and C receive and the total amount of

money.

Answer

This is slightly different because we don’t know the total amount of money. First we
work out the value of each part:

Person A has received 2 parts so each part is worth 8+2=£4
Person B receives: 3x4 = £12
Person Creceives: 4x4 = £16

Hence total amountis 8 + 12+ 16 = £36



12. Ratio

12.1. Introduction

Ratios are basically just fractions on the side and can be treated in much the same
way. If the ratio of boys to girls in a class is 3 : 4 then this means that for every 3
boys there are 4 girls.

Alternatively by dividing both sides of the ratio by 3 we obtain:
1 : 3

This means that for every boy then will be £ of a girl.

So if there were 12 boys there would by

12 X 2 = 16
girls.
If there were 20 girls there would be
20 =+ 4 = 20 X% 3
= 15

boys.

Ratios are usually easier to deal with when they are in the form 1 : » and they can
always be got into this form by dividing both sides by the smallest side.

Exercise

1. A drawing of a house is drawn to a scale 1:100.
a. If the height of a wall on the drawing is 2.8 cm what will it be in the house?
b. If the length of a room in the house is 450 cm what will it be on the drawing?

12.2. Splitting into Ratios

Imagine you were asked to divide £9100 into the ratio 2:4:7. How would you go
about doing this? The method is as follows:

e Work out the total number of parts: 2+ 4 +7 =13 parts
e Work out the value of one part: 9100 + 13=£700
e Now find the values of 2, 4 and 7 parts respectively:
2 x 700 = £1400 4 x 700 = £2800 7 x 700 = £4900

As a check we can add up the parts to check we have the right amount:
1400 + 2800 + 4900 = £9100

1%,



11. Simple and Compound Interest

11.1. Simple Interest

In a simple interest account the interest each year is calculated on the initial amount
invested not on your current balance (i.e. unlike a bank account).

Example
Say we invest £50 in a simple interest account that pays 2% interest per annum:

Interest given at end of 1% year: 2% of £50 1_(%6 x50=0.02x50=£1

Balance after 1% year: 50+1 = £5¢
Interest given at end of 2™ year; 2% of £50 = 1—3—0 x50=0.02x50=£1
Balance after 2™ year: 51+1 = £52
Interest given at end of 3™ year: 2% of £50 = %x 50=0.02x50=£1
Balance after 3™ year: 52+1 = £53

Because the interest paid is the same each year it is easy to work out the amount of
interest paid over a period of time. For example over 61 years we would have
received 71 x 1 = £71 in interest.

Exercise

I invest £3000 in a simple interest account that pays 5% per annum. How much
interest will I have received after 10 years? What will be my balance after 10 years?

11.2. Compound Interest

Compound interest works in the same way as most bark accounts. The interest at the
end of each year is calculated on your current balance and not the initial amount
invested.

Example

I invest £250 in a compound interest account at 5% p.a.:

Interest given at end of 1% year: 5%0f£250 = 1—§6x 250=£12.50
Balance after 1* year: 250+12.50 = £262.50

Interest given at end of 2" year: 5% of £262.50 = —1—(5)—0 x262.50 = £13.13

Balance after 2™ year: £262.50 + £13.13 = £275.63



Example
Place the following in order from smallest to largest:
Ya 0.2 23%

Firstly we convert them all to decimals:
A s 1+4=0.25

02 = 0.2

23% = 23 +100=10.23

It is now easy to put them in order:

0.2 23% 1/4
Exercise
Place the following in ascending order:
1. 3 0.41 36%
2. 1 0.8 87%

10.3. Finding Percentages 2

Imagine in an examination you had 23 out of 50. What percentage have you had?

To work this out we calculate

o g 0.46
50

o 0.46 x 100 =46%

Exercise

What percentage is
1. 24 out of 50 2. 56 out of 90 3. 43 outof76

10.4. Percentage Increase or Decrease

Imagine you own a property whose value has increased by 20% t0£72,000. How do
we find what it was originally worth?

Let’s think of the original price as being 100% so if it has increased by 20% we now
have 120%:
£72,000 = 120%

Divide by 120 to find out what 1% is:
£600 = 1%

Multiply by 100 to discover the original value:
£60,000 = 100%

Exercise
After an increase of 10% my house is worth £55,000. What was it originally worth?

2



10. Percentages

10.1. Finding Percentages 1

Percentage means per hundred.

Example

30% means —32 55% means —5—5— 79% means 7—9-
100 100

To work out 30 % of 200 you do the following:

30% of £200 is = x200 =60
100

Exercise

Calculate '
1. 37% of £600 2. 40% of £1.50 3. 93%0f 1200

Example
My car is worth £7000 when I purchase it. It’s value falls by 10% each year. What

will it be worth after one year?

10

Ans: 10% of £7000 = Wx 7000 = £700
Value after 1 year = 7000 - 700
= £6300

Exercise

If my house is worth £70,000 and over a period of time its value increase by 20%.
What will it now be worth?

10.2. Comparing Fractions, Percentages and Decimals

We know how to change fractions into decimals, but it is just as easy to change
decimals into percentages.

To change decimals into percentages you MULTIPLY by 100

To change percentages into decimals you DIVIDE by 100.

Example

1. What is 0.36 as a percentage? 2. What is 59% as a decimal?
0.36 x 100=36% 59 +100=10.59

Exercise

1. Convert 45%, 73% and 22% into decimals
2. Convert 0.55,0.88 and 0.01 into percentages

Hence we can now change fractions into decimals and then into percentages. When
you are asked to compare fractions, percentages and decimals you must first convert
them all into the same type.



Exercise

1. Zx_s_ 2. i.'_g 3. l+g 4, in+_1_
3 8 13 3 3 3 3 5

9.5. Changing Fractions into Decimals
To change a fraction into a decimal you simply divide the top by the bottom.

Example

To change % into a decimal we work out 3 + 5 = 0.6

So —3-=0.6
5

Example
To change 4 1 into a decimal we do the following:

e 1 as adecimal is given by 1 + 5 = 0.2
e Now add the 4 wholes to it 4 + 0.2 = 4.2
So 41=42
Exercise
Write the following fractions as decimals:
1. E 2. —‘}— 3. —19-
5 10 20

9.6. Calculating a Fraction of a Quantity

Imagine you wanted to work out % of £6 to do this we calculate i—x 6

3,818 45-g450
471 4

Exercise

1. Calculate % of £24 2. Calculate % of 10

What if you wanted to calculate 3% of £6? Do it in stages:

e Calculate % of £6 2x6=45
e Calculate 3 lots of £6 Ix6=18
® So 3% of £6 will be 18 +4.5=£22.50
Exercise
1. Calculate 22 of £24 2. Calculate 7% of £10

14,



9.3. Adding Fractions
It is very easy to add fractions if they have the SAME denominator:

Example
1 2 3
— ==
4 4 4

But how would you work out % + % ?

The idea is to replace the fractions by equivalent fractions that have the same
denominator. We use the following method:

LCMof5and31is 15 --~ 50 we look for equivalent fractions with 15 in
the denominator.

% = % (Multiplying top and bottom by 3)
2 10 s
St (Multiplying top and bottom by 5)
1 2 3 10 13
Hence —+—-=—+-—=—
5 3 15 15 15
Exercise
Calculate the following without the use of a calculator:
1. —1—+f'- 25 l+2‘- 3. ML 4. £+—31
2002 3 6 7 8 10 4

9.4. Multiplying and Dividing Fractions
Multiplying fractions is easier still. You simply multiply the numerators and then
multiply the denominators:

Example
4 2 8
—_——=—

2 9 10

People think that dividing fractions is more difficult, but all you do it turn the fraction
you are dividing by upside down and then multiply instead.

Example
To calculate 2 + g > We work out é X -6- = §—Q =1£
8 6 8 3 24



9. Fractions

9.1. Kinds of Fractions

If a cake is cut into 8 pieces and you eat 2, then you’ve eaten 2 of the cake.

The bottom number in a fraction is called the denominator.
The top number is a fraction is called the numerator.

The denominator tells us how many equal pieces the whole is divided into whilst the
numerator tells us how many pieces we are considering. If the numerator is bigger
than the denominator we say the fraction is top heavy.

Example
i is top heavy. The whole is split into 10 equal pieces and we have taken 11 of

them. This means we have 1 whole and ;. Hence we can write{; =155 .

Example
Write 62 as a top heavy fraction.

Here we have 6 wholes and 3 quarters. How many quarters is this in total?
Each whole is 4 quarters and we have 6 wholes = 6 x 4 =24 quarters.
Hence in total we have 24 + 3 = 27 quarters.

3 _ 27
So 62—7

9.2. Equivalent Fractions

Consider if I gave you ¥ a cake. You may say you've been given 2 or even % of the
cake.

We say 1 ,% and & are equivalent fractions because they represent the same

amount. To find equivalent fractions we multiply the top and bottom of a fraction by
the same number.

Example

Find two equivalent fractions of -}

Multiplying top and bottom by 2 yields:

5'“’ o0 | N

Multiplying top and bottom by 3 yields:

Iy



Exercises

1. Write the following as a product of their prime factors:
a. 990 . b. 160

8.4. Lowest Common Multiple (LCM)

The lowest common multiple of a group of numbers is the smallest number that they
all divide. To find the lowest common multiple following the steps below:

o Write down the multiples of each number.

o The smallest number that occurs in all lists is the lowest common multiple.

Example
1. Find the lowest common multiple of 2 and 3:

Multiples of 2 are: 2 4 @ 8 10 @ 14
Multiples of 3 are: 3 @ @ 15 21
The LCMof2and3is 6

2. Find the lowest common multiple of 2 and 6:
Multiples of 2 are: 2 4 @ 8 10 @ 14
Multiplesof 6are: ~ (6) (12) T8 24 30 36 42
The LCM of 2 and 6 is 6.

Exercise
1. Findthe LCM of 8 and 9. 2. Find the LCM of 7 and 9.

8.5. Highest Common Factor (HCF)

The highest common factor of a group of numbers is the biggest number that divides
all of them exactly. To find the highest common factor just follow the steps below:
e Write down the factors of each of the numbers..

o The biggest number that occurs in all lists is the highest common factor.

Example
Find the HCF of 36, 54 and 72:

Factors of 36 are: 4 6 (9) 12 36

Factors of 54 are: 6 @ @ é>7 4 ‘

Factors of 72 are: 4 2 12 @
24 36 72

So the HCF of 36, 54 and 72 is 18.

Exercises

Find the HCF of
1. 10and 12 2. 15and 30 3. 10and1



8. Factors and Prime Factors |

8.1. Multiples

The multiples of a number are just its multiplication table. For example the multiples
of 15 are 15 30 45 60 75 90 105  etc...

Exercise

1. Write down six multiples of 13.
2. Which of the following are multiples of 3: 12 13 14 15

8.2. Factors

The factors of a number are all those numbers that divide the number exactly, i.e.
leave no remainder.

Example
The factors of 12 are 1 2 3 4 6 12

To find the factors of 12 consider which numbers multiply together to make 12:
1x12 = 12 2x6 = 12 3Ix4 = 12

Note that for any even number 2 is always a factor.

8.3. Prime Factors

You should notice that for any number

e 1 is a factor of the number o The number itself is a factor
Some numbers such as 7 only have these factors. That is 7 only has the factors 1 and
7. We call such number prime numbers. Note that 0 and 1 are NOT prime
numbers!!!

Examples
3,5,7, 11 are all prime numbers.

Any number can be written as a product of its prime factors by a factor tree:

Example
Write 420 as a product of its prime factors:

(120
00@@
5k

So we can write 420=2x2%x5%x3x7

5



7) Estimating
Imagine you wanted to get an estimate for

56.5%3
17.3+42.5

First write each of the numbers to 1 significant figure:

17.3 > 20
42.5 > 40
56.5 > 60
3 > 3

Now
56.5%3 . 60x3 '__180_§_3
1734425 20+40 60 6

So we estimate the answer to be 3.

The symbol ~ means approximately equal to.

Example
Estimate 11.52 +13.2+37.35

Round each number to 1 significant figure

11.52 > 10
13.2 > 10
37.35 e 40

So 11.52+13.2+37.35~10+10+40=60

Example
Estimate 135.23 x 25.36 x 37.52

Round each number to 1 significant figure:

135.23 > 100
25.36 > 30
37.52 2> 40

So 135.23x25.36 % 37.52 ~ 100x 30 x 40 = 3000 x 40 = 120000



It is also possible to work out such problems by using brackets. We use brackets to tell
the calculator that we want to divide all of the top by all of the bottom. For the above
example we would enter:

(1 2 + 3 ) = (5 -2 ) =5

If you didn’t enter brackets then because your calculator knows the BODMAS rule it
would do division first and work out:

12+%—2 =12+0.6-2=10.6

But this is not what we wanted so you must use brackets.

Example
1. Use the calculator to calculate the following:
2) 54 b) 5% 28 0 13.6-5.1
11+7 22+18 7-2

d (32-1.5)x(4.1-1.6)

2. Write down the keys you would press to calculate et



6. BODMAS

Consider the calculation 4+2x5

By using brackets we can change what the answer is:
4+2)x5=6x5=30 OR 4+(2x5)=4+10=14

But which oneis 4 +2 x 5? Isit (4 +2) x 50R 4 + (2 x 5)?

To answer this question we need to know the BODMAS rule:
Brackets Or Division and Multiplication then Addition and Subtraction

Soin 4 + 2 x 5 we do the multiplication before the addition:
4+2x5=4+10=14

Example
1) Calculate
a) 4+(8 +2) b) (4+8)=+2 c) 4+8+2

Answer:

a. Brackets first: 4+(8+2)=4+4=8
b. Brackets first: 4+8)+2=12+2=6
¢. Division first: 4+8+2 =4+4=38

Now consider i
2+3

When you need to work out fractions you should
e work out the top
¢ work out the bottom
e divide your answers

So for the above;

Top = 10 Bottom = 2+3
= 5
Answer = 10+5
= 2
Example
12+3
5-2

Top =12+3=15
Bottom =5-2 =3

Answer=15+3=5



2) Consider the number 45.319461
a) To S5 decimal places 45.31946 (5 d.p.)
b) To 4 decimal places 45.3195
¢) To 3 decimal places 45.319
d) To 2 decimal places 45.32

3) Write the following numbers to 4 decimal places. -

a) 4.3014643 Ans: 4.3015(4d.p.)

b) 10.210081 Ans: 10.2101 (4 d.p.)

c) 11.234956
The number in the 4™ decimal place is 9.
In the 5™ decimal place we have 5, which is 5 or more.
We round the 9 up to 10.
Write down O carry the 1. 1 +4=35
Hence we have 11.2350 (4dp.)

5.3. Significant Figures
The 1* significant figure of any number is the first digit which isn’t zero.

Example

The 1% significant figure of 3.562 s 3
The 1% significant figure of 0.023  is 2

The 2™, 3™, 4™ etc. significant figures follow immediately from the 1% regardless of
whether they are zero or not.

Example

Consider 0.054032

The 1% significant figureis 5
The 2™ significant figureis 4
The 3" significant figureis 0
The 4" significant figure is 3
The 5" significant figure is 2

To write numbers to a certain number significant figures you follow the following 3
steps:

Imagine you wanted to write a number to 4 significant figures.
1) Locate the 4™ significant figure.
2) Look at the next digit to the RIGHT.
3) Ifit’s 5 or more, then we ROUND UP the 4" significant figure. Ifit’s 4 or less
then we leave the 4™ significant figure as it is.

Example

4 SF 3 SF 2 SF 1SF
1) 54.7651 54.77 54.8 55 50
2) 17.0067 17.01 17.0 17 20
3)0.0045902  0.004590 0.00459 0.0046 0.005
4) 30895.4 30900 30900 31000 30000

1,



5. Rounding Off

5.1. Nearest 10, 100, 1000, etc.

Examples

37 to the nearest 10 is 40 --- 37 is closer to 40 than 30.
537 to the nearest 100 is 500 --- 537 is closer to 500 than 600.
537 to the nearest 10 is 540 --- 537 is closer to 540 than 530.

If we are exactly half way between two numbers the convention is to round up!!

3350 to the nearest 100 is 3400 --- 3350 is half way between 3300 and 3400
7500 to the nearest 1000 is 8000 --- 7500 is half way between 7000 and 8000
Exercise
1) Write these numbers to the nearest 10:

a) 4624 b) 624 c) 58

2) Write these numbers to the nearest 100:
a) 4624 b) 624 c) 58

3) Write these number to the nearest 1000:
a) 4624 b) 4500 c) 850

5.2. Decimal Places

Writing numbers to a certain number of decimals is easy as long as you remember the
following 3 steps: '

Imagine you wanted to write a number to 3 decimal places.
1) Locate the 3™ decimal place.
2) Look at the next digit to the RIGHT. )
3) Ifit’s 5 or more, then we ROUND UP the 3" decimal place. Ifit’s 4 or less then
we leave the 3™ decimal place as it is.

Example
1) Write the following to 3 decimal places:
a) 7.432543
The number in the 3™ decimal place is 2.
In the 4™ decimal place we have 5, which of course is 5 or more.

We round up the 2to 3
Hence we have 7.433 (3dp.)
b) 0.001232

The number in the 3" decimal place is 1.

In the 4™ decimal place we have 2, which is 4 or less.
We leave the 1 as it is.

Hence we have 0.001 (3d.p.)



Examples

1) Calculate 5 x -3 Weknow 5 x3=15
From the table our answer should be negative.

So5x-3=-15

2) Calculate -7 x 3 We know 7 x 3=21
From the table our answer should be negative.

So-7x3=-21

3) Calculate -5 x -6 We know 5 x 6 =30
From the table our answer should be positive.

So~-5x-6=30

Note: When the signs are different the answer is negative, but when they are the
same the answer is positive.

4.3. Dividing Negative Numbers

To do these calculations first ignore the signs and then use the following table to work
out what sign your answer should take:

+ + + = +ve answer
+ + - = -Ve answer
- £ + = -Ve answer
= + . = +ve answer
Example
1) Work out-9 +3 Weknow 9+3=3
From the table the answer should be negative.
So-9+3=-3
2) Work out—-10+-5 Weknow 10+5=2
From the table the answer should be positive.
So-10+-5=2

4.4. Using a Calculator with Negative Numbers

To enter negative numbers on your calculator you need to press the +/-| key on your
calculator. Whether you need to press this button before or after you enter the number
will depend on your calculator.

Exercise
Redo all the exercises and examples in this section using a calculator.

\.’9



4. Negative Numbers
4.1. Introduction

You will probably have seen negative numbers when looking at thermometers or
perhaps even your bank balance! If the temperature falls below 0 then we have negative
temperatures. If your bank balance falls below 0 then you have a negative balance.

Exercise

1) Put these temperatﬁres in order (lowest first)
a) 2°C,-2°C,-5°C b) -7°C, -4°C, -10°C

2) What is the difference in temperature between
a) 3°Cand 4°C c) —1°Cand-13°C
b) 12°C and -5°C d) 1°Cand-7°C

Note that if you are taking away a minus number you are actually adding the number.
This is because TWO NEGATIVES MAKE A POSITIVE!!!

3) Calculate
a) 3—(-4) c) -5-17 e) -5+ (-7)
b) 3+ (-4) d) -5-(-7)

4.2. Multiplying Negative Numbers

To work out multiplication problems involving negative numbers is no harder than with
positive numbers. You simply ignore the signs and do the calculation as normal. Then
use the following table to work out what sign your answer should be:

+ X + = +ve answer
+ X - = -Ve answer
- X + = -ve answer
- X - = +ve answer



3.3. Multiplication

Examples
50 . 2 3 6 4
X 3 X 5
1 50 . 6 8 2 0
3 2

3.4. Division

When we do divisions with decimals we keep on going until there is no remainder
left. If necessary we can add extra zeros onto the end of the number as long as we are
to the right of the decimal point.

Example
3.96 could be written as 3.960
or 3.9600
or 3.96000 etc.
Examples
1) Workout5.36+4
Ans: 1. 3 4
45 . '3 16

2) Workout96.2+5

Ans: 1 9 . 2 4
519 46 . 12 20

Method: 5 goes into 9 once with 4 left over.
5 goes into 46 nine times with 1 left over.
5 goes into 12 twice with 2 left over.
We now need to add an extra O!!!!
5 goes into 20 four times exactly.
Since there is nothing left over we are finished.

3) Workout1.0+4

Ans: 0. 2 5
411 . '0 %0

Method: 4 goes into 1 zero times with 1 left over.
4 goes into 10 twice with 2 left over.
We now need to add an extra O!!!
4 goes into 20 five times exactly.
Since there is nothing left over we are finished.

ty



3. Using Decimals

Doing calculations using numbers that involve decimal points is no harder than earlier
as long as you remember to keep the decimal point in the same place.

3.1. Simple Calculations

10 x 3.653 = 36.53 [Everything moves 1 place to the left]
100x3.653 = 3653 [Everything moves 2 places to the left]
1000 x 3.653 = 3653 [Everything moves 3 places to the left]
10,000 x 3.653 = 36,530 [Everything moves 4 places to the left]
370+ 10 = 37 [Everything moves 1 place to the right]
370 = 100 = 3.7 [Everything moves 2 places to the right]
370 + 1000 = 0.37 [Everything moves 3 places to the right]
370 + 10000 = 0.037 [Everything moves 4 places to the right]

Multiplying by 0.1 moves everything 1 place to the right.
Multiplying by 0.01 moves everything 2 places to the right.
Multiplying by 0.001 moves everything 3 places to the right.

Examples

0.1 x 360 = 36 0.001 x360 = 0.36

0.01 x 360 = 36 0.0001 x 360 = 0.036
Slightly harder examples include:

Examples

Calculate 02x5 Calculate  0.003 x 7

Weknow 2x5 = 10 Weknow 3x7 = 21
So 02x5 = 1 So 0.003x7 = 0.021

3.2. Addition
Examples

1. Add2.7+3.9+14.65 2 70
3 9 0
1 4 6 5
2 1 2 5
1 2
2. Add2.95+3.7+13 2 9 5
3 7 0
[Note that 13 can be written 13.00 1 3 0 0
and 3.7 can be written 3.70]
1 9 6 5
1



2.5. Short Division

Example Method :
Calculate 861 + 3 1) 3into 8 goes twice with 2 left over.
2) 3into 26 goes 8 times with 2 left
7 8 7 over.
]' 2> 21 3) 3into 21 goes 7 times with 0 left
<} RIS over.
Example Method
Calculate 123 + 7 1. 7 doesn’t go into 1.
2. 9into 12 goes once with 5 left over.
1 774 3. 7into 53 goes 7 times with 4 left
711 1 ) 5 5 over.

2.6. Long Division

Example
Calculate 325 + 21 using long division.

5r10 Method:

5 1) 21 doesn’t go into 3.

v 2) 21 goes into 32 once.
3)1x21=21.

5 4)32-21=11.

5

0

21] 3
2
1

1 5) Bring down the 5.
6) 21 goes into 115 five times
7)5%x21=105

8) 115-105=10

— O == N =

Example
Calculate 702 + 33 using long division.

ro Method:

1) 33 doesn’t go into 7.
2) 33 goes into 70 twice.
3)2 x 33 =66.
4)70-66=4.

5) Bring down the 2.

6) 33 goes into 42 once.
7)1x33=33
8)42-33=9
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We can also handle slightly harder problems:

Examples
Calculate 300 x 4
Ans: We know 3x4 = 12
So 300x4 = 1200
Calculate 5000 x 40
Ans: We know 5x40 = 200
So 5000 x40 = 200,000
2.4. Long Multiplication
Example 1 Example 2
2 3 2 3
. 3 x 4 0
Method: Method:
1)3x3=9 1) Write down O
2)3x2=6 2)4x3=12
3) Write down 2 and carry 1
4)4x2=38
5)8+1=9
Example 3
Method:
5 92 1)3x2=6
2)3x5=15
At 3) Write down 0
1 56 4)4x2=8
2 0 80 5)4x5=20
2 2, 3 6 6) Calculate 156 + 2080
Example 4 Method:
1)3x8=24
7 8 2) Write down 4 and carry the 2
3)3x7=21
x 5 3 4)21+2=23
2 3 4 5) Write down 0
3900 6)5x8=40
4,1 3 4 7) Write down O carry the 4
8)S5x7=35
9N35+4=39

10) 234 + 3900 =4134



2. Mental Arithmetic

2.1. Addition

You should already know how to add numbers. If you can’t remember how then here
are some examples that will remind you:

Example Example
1 3 2 6
+ 21 + 9 6
3 4 1 % 2
Method: Method:
s 1)6+6=12
2)1+2=3 2) Write down 2 and carry 1
3)2+9+1=12

2.2, Subtraction

You should also be familiar with the method used for subtraction. Here are 2 examples
that illustrate it:

Example Example

4 7 £ 3
- 25 = 4 3

2 2 1
Method: Method:
1)7-5=2 1) 3 is smaller than 5
2)4-2=2 2)13-5=38

3)5-4=1

2,3. Multiplication
Multiplying a number by 10 is easy because all the digits move one place to the lefi:

Examples
10 x 36 =360 10 x 520=15,200 10 x 1,100 =11,000

e Multiplying by 100 moves all the digits two places to the left.
e Multiplying by 1000 moves all the digits three places to the left.
Ete.

Examples
100 x 52 = 5200 1000 x 62 = 62,000 10,000 x 6 = 60, 000



7. Write the number seven hundred thousand six hundred and fifty four in
numerical form;

Hundred | Ten | Thousands | Hundreds | Tens | Units
Thousands | Thousands
7 0 0 6 5 4
So the number is 700,654.
Exercise

1) Write these numbers as words:
a) 8000
b) 33200
c) 503 000
d) 503100
e) 503010
f) 503001
g) 800500 300
h) 909 606 303

2) Write these numbers in numerical form:
a) Five thousand
b) Five thousand, two hundred and thirty three
c) Seventy seven thousand, six hundred and five
d) Three hundred thousand and one
e) Ninety two million and three thousand



1. Number System

Consider the number
37,256

37 thousand 2 hundreds 5 tens 6 ones (units)

This can also be written by using column headings:
Ten Thousands | Thousands | Hundreds | Tens | Units
3 7 2 5 6

You will need to be able to read and write numbers in both numerical and word form.
An important point to remember is that a million has 6 zeros.

Examples
1. 835 Reads: Eight hundred and thirty five
2. 57,325 Reads: Fifty Seven thousand, three hundred and twenty five.
3. Five thousand, three hundred and twenty =~ Numerical Form: 5,020
4. Seventy five thousand and fifty two Numerical Form: 70,052

Using Columns Headings can be very helpful when writing numbers as words or vice
versa:

Examples
5.
Thousands Hundreds Tens Units
2 6 2 1
We have Two thousands

Six Hundreds

Two Tens i.e. Twenty

One Unit

So the number we have is Two thousand, six hundred and twenty one.

Ten Thousands | Thousands | Hundreds | Tens | Units
4 2 6 0 3

We have Four ten thousands, i.e. Forty thousand
Two thousand
Six Hundred
Zero Tens
Three Units

So the number we have is Forty two thousand, six hundred and three.
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