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[bookmark: _Toc220766285]Abstract
Heat diffusion modelling is widely used in engineering to predict temperature evolution in solids where conduction dominates, supporting design decisions where thermal gradients affect performance and reliability. This report presents the development of a two-dimensional transient heat diffusion model for an aluminium plate using an explicit finite difference method (EFDM). The governing heat equation is discretised on a uniform grid using a forward-in-time, central-in-space (FTCS) formulation with a five-point stencil, and the simulation advances in time from a uniform initial temperature field under prescribed Dirichlet boundary conditions. Stability is enforced through a Fourier-number time-step restriction, consistent with the conditional stability of explicit diffusion schemes. (Langtangen and Linge, 2016).
Thermal equilibrium time is estimated using a convergence tolerance based on the maximum change between successive temperature fields, with equilibrium reported as . The steady-state numerical temperature distribution is validated against an analytical series solution obtained from Laplace’s equation for a rectangular domain, with agreement assessed visually using temperature surface plots and quantitatively using maximum absolute error and root mean square error (RMSE). (Hancock, 2006; NIST, 2010).
A sensitivity study investigates the influence of grid spacing, time step and convergence tolerance on the reported equilibrium time. The results indicate that equilibrium time becomes relatively insensitive to grid spacing once the mesh is sufficiently refined, but can vary strongly with time step and tolerance due to the convergence definition being based on step-to-step changes. These findings highlight key trade-offs of EFDM: the stability constraint links spatial refinement to smaller allowable time steps, increasing computational cost, while convergence-based equilibrium estimates require careful interpretation. (Recktenwald, 2014). Overall, the work demonstrates that EFDM provides an effective and transparent approach for modelling diffusion in simple plate geometries, while also motivating improvements such as residual-based stopping criteria and implicit methods for greater efficiency and robustness. (Langtangen and Linge, 2016).
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[bookmark: _Toc220766288]Introduction
Heat diffusion modelling is a foundational tool in engineering because it predicts how temperature evolves in solids due to conduction, supporting design decisions where thermal gradients affect performance and reliability (Speck, 2011). This report develops a two-dimensional transient heat diffusion model for an aluminium plate using an explicit finite difference method (EFDM) to compute both the steady-state temperature distribution and the time required to reach thermal equilibrium under prescribed boundary conditions (Strang, 2006). 
The overall aim is to implement and validate a numerical model for 2D heat diffusion in a plate. The objectives are to discretise the governing equation on a uniform grid, apply the initial and boundary conditions, enforce stability using a Fourier-number time-step restriction, compute a thermal equilibrium time using a convergence tolerance, and validate the steady-state numerical field against an analytical series solution (Langtangen and Linge, 2016). The report is structured to introduce the governing equation, derive the EFDM scheme and stability criterion, define conditions and the analytical benchmark, present code implementation, validate results, conduct sensitivity analysis, discuss limitations and improvements, and conclude key findings (Hancock, 2006). 



[bookmark: _Toc220766289]Governing Equation
The heat (diffusion) equation describes how temperature changes within a solid when heat transfer is dominated by conduction. (Speck, 2011). In conduction problems, thermal energy moves from hotter regions to cooler regions due to microscopic interactions between particles, and the overall behaviour is captured at the continuum scale using Fourier’s law. (Narasimhan, 1998). Fourier’s law states that heat flux is proportional to the negative temperature gradient, meaning heat flows “downhill” from high to low temperature, and the rate depends on the material’s thermal conductivity. (Vianey, n.d.).
[bookmark: _Toc220766290]Derivation context and key assumptions
The governing equation used in this project can be understood as the result of applying conservation of energy to a small differential control volume inside the material and balancing the heat entering and leaving that volume. (Vianey, n.d.). When Fourier’s law is used to represent heat flow through the faces of the control volume, the resulting expression leads to the heat equation, where the spatial second derivatives describe how curvature in the temperature field drives diffusion. (Hancock, 2006).
To reach the standard form used in the report, several assumptions are made. First, the plate is treated as homogeneous and isotropic, so thermal conductivity and other properties do not change with position or direction. (Hancock, 2006). Second, material properties are assumed constant, which is reasonable when the temperature range is not extreme and property variation is not the focus of the model. (Vianey, n.d.). Third, the model assumes there is no internal heat generation, so temperature changes are driven only by boundary heating and diffusion through the plate. (Hancock, 2006). These assumptions match the MATLAB implementation, where aluminium properties are treated as fixed values and the boundary temperatures are prescribed.
[bookmark: _Toc220766291]2D transient heat equation (no source term)
For a two-dimensional plate with no internal heat generation and constant properties, the governing equation is:

(Hancock, 2006).
Here, is temperature, is time, and and are spatial coordinates. The coefficient is the thermal diffusivity, defined as:

(Langtangen and Linge, 2016).
Thermal diffusivity provides a simple physical interpretation: materials with larger spread heat more quickly, so temperature gradients flatten faster. (Speck, 2011). The Laplacian term represents the curvature of the temperature field, so regions with strong curvature (typically near boundaries or sharp transitions) change more rapidly in time. (Hancock, 2006).
[bookmark: _Toc220766292]Steady state and link to Laplace’s equation
At thermal equilibrium (steady state), the temperature distribution becomes time-independent, so . Substituting this into the heat equation gives:

which is Laplace’s equation. (Hancock, 2006).
This connection is important because it allows the numerical solution to be checked against an analytical benchmark. For rectangular geometries with Dirichlet boundary conditions, solutions to Laplace’s equation can often be constructed using separation of variables, leading to Fourier series forms that satisfy the boundary constraints. (Shen, 2014). In this project, the analytical steady-state series provides the reference field used in the validation stage.



[bookmark: _Toc220766293]Finite Difference Method
A finite difference method replaces the continuous derivatives in the governing PDE with algebraic approximations evaluated at grid points. This converts the PDE into a set of update rules that can be implemented directly in MATLAB. (Langtangen and Linge, 2016). The method used here is an explicit scheme, which is straightforward to program and computationally inexpensive per time step, but requires careful stability control. (Recktenwald, 2014).
[bookmark: _Toc220766294]Taylor series and truncation error (why the approximations work)
Finite difference approximations are typically derived using Taylor series expansions. If the temperature field is sufficiently smooth, the temperature at neighbouring points can be expanded about a grid node, and terms can be combined to approximate derivatives. (Langtangen and Linge, 2016). For example, combining expansions about and produces the standard central difference approximation for the second derivative, with truncation error proportional to . (Langtangen and Linge, 2016).
This is useful in the report because it justifies why mesh refinement tends to improve spatial accuracy: as decreases, the leading truncation error becomes smaller, so the numerical approximation approaches the true derivative. (Causon and Mingham, 2010). The same idea applies to time stepping: the forward difference approximation used for is typically first-order accurate in , so smaller time steps reduce temporal truncation error, although they also increase computation. (Langtangen and Linge, 2016).
[bookmark: _Toc220766295]Discretisation of the domain
The spatial domain is divided into a uniform grid with spacing in both and . Temperatures are stored at discrete nodes , where and represent node indices in the vertical and horizontal directions and represents the time level. (Strang, 2006). In practice, the choice of uniform spacing simplifies the update equation and makes stability limits easier to apply, but it also means the grid is not locally refined in high-gradient regions such as corners. (Causon and Mingham, 2010).
[bookmark: _Toc220766296]Explicit FTCS/EFDM update equation
Using a forward difference in time and central differences in space, the 2D heat equation can be written as an explicit update scheme:

(Langtangen and Linge, 2016).
This 5-point stencil updates each interior node using its four nearest neighbours. A practical way to interpret the update is that each node moves toward the average of its neighbours, which is consistent with diffusion smoothing out temperature differences over time. (Speck, 2011). However, because the update is explicit, the new time level is computed directly from the old one without solving a coupled system, which is why stability constraints are essential. (Recktenwald, 2014).
[bookmark: _Toc220766297]Fourier number and stability (why must be limited)
The update scheme is commonly expressed using the Fourier number:

(Langtangen and Linge, 2016).
For explicit diffusion schemes, stability is usually assessed using von Neumann stability analysis, which examines how error modes evolve in time. (University of Warwick, 2009). For the 2D FTCS scheme on a uniform grid, a typical stability requirement is:

(University of Münster, 2016–2017).
A key implication is that reducing requires a much smaller for stability because . (University of Münster, 2016–2017). This explains why explicit methods can become computationally expensive for fine meshes: not only are there more nodes, but the maximum stable time step becomes much smaller. (Causon and Mingham, 2010).



[bookmark: _Toc220766298]Initial condition, boundary conditions and analytical solution
The simulation starts from a uniform temperature field:

This is a standard initial condition for a transient diffusion problem because it creates a clear transient response driven entirely by boundary conditions. (Speck, 2011).
Boundary conditions used in the MATLAB model
Boundary conditions define how heat enters and leaves the domain. The two most common types are Dirichlet boundaries (prescribed temperature) and Neumann boundaries (prescribed flux or gradient). (Langtangen and Linge, 2016). In this model, Dirichlet conditions are applied: the north boundary is held at a fixed temperature while the east, west, and south boundaries are held at 0°C.
This setup represents a plate heated along one edge while the other edges are maintained at a reference temperature, producing a temperature field that is strongest near the heated boundary and decays into the plate. (Hancock, 2006). It is also a convenient configuration for validation because it corresponds to a classic rectangular Laplace problem at steady state. (Shen, 2014).
A detail that affects the temperature field is the treatment of corners. Because the north boundary is applied excluding corners, the corners remain at 0°C due to the side boundary constraints. This creates a sharp boundary transition near the top corners, producing steep gradients and making those regions more challenging to approximate accurately on a coarse grid. (University of Colorado Boulder, 2016). This also explains why absolute error plots often show higher error concentrations near corners and boundary discontinuities.
[bookmark: _Toc220766299]Why an analytical solution is available (steady-state benchmark)
At equilibrium, the governing equation reduces to Laplace’s equation, and for rectangular domains this can be solved by separation of variables. A typical approach assumes a product form , leading to eigenvalue problems that produce sine terms in and hyperbolic sine terms in for Dirichlet boundaries. (University of Colorado Boulder, 2016).
The resulting solution is usually written as a Fourier sine series in with coefficients chosen to match the imposed boundary temperature distribution. (Shen, 2014). The MATLAB code implements a truncated form of this series using a large number of odd terms, producing an analytical reference map for validation of the numerical steady-state solution. (Shen, 2014).
[bookmark: _Toc220766300]Series truncation and benchmark error
Although the analytical solution is exact as an infinite series, the computed version must be truncated. This introduces a small truncation error, particularly near boundaries where Fourier series convergence can be slower, meaning the analytical field is an accurate benchmark but not mathematically exact in its truncated implementation. (Shen, 2014). This is important when interpreting validation results, since any remaining discrepancy includes both numerical discretisation effects and analytical truncation effects.



[bookmark: _Toc220766301]Codes’ details and explanations
This chapter summarises the key parts of the MATLAB script and shows only the most important code sections used to solve, validate and plot the 2D heat diffusion model. The approach follows an explicit finite difference method (EFDM) with a stability restriction based on the Fourier number. (Langtangen and Linge, 2016).
[bookmark: _Toc220766302]Material properties and thermal diffusivity
The model starts by defining aluminium properties and calculating thermal diffusivity , which controls diffusion rate and influences the stability limit. (Langtangen and Linge, 2016).
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[bookmark: _Toc220765755]Figure 1 - Material Properties
[bookmark: _Toc220766303]Inputs and grid compatibility check
Plate dimensions and grid spacing are collected and checked. The key requirement is that divides evenly into both plate dimensions so the grid aligns with the boundaries. (Causon and Mingham, 2010).
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[bookmark: _Toc220765756]Figure 2 - User Inputs
[bookmark: _Toc220766304]Grid size and physical plotting coordinates
The code defines node counts and creates coordinate grids in metres. The y-grid runs from down to 0 so the first row corresponds to the north/top boundary. (Hancock, 2006).
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[bookmark: _Toc220765757]Figure 3 - Calculating Grid size
[bookmark: _Toc220766305]Time step and stability (Fourier number)
The maximum stable time step is enforced using . (Langtangen and Linge, 2016).
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[bookmark: _Toc220765758]Figure 4 - Setting time step and Fourier number
[bookmark: _Toc220766306]Initial field and boundary conditions
The temperature field is initialised to 0°C and boundary conditions are applied using a local function. Dirichlet boundaries are enforced each iteration. (Hancock, 2006).
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[bookmark: _Toc220765759]Figure 5 - initial grid conditions
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[bookmark: _Toc220765760]Figure 6 - Function for grid conditions
[bookmark: _Toc220766307]EFDM update loop and convergence test
Interior nodes are updated using the 5-point stencil. Convergence is reached when the maximum step-to-step change drops below a tolerance. (Langtangen and Linge, 2016; Recktenwald, 2014).
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[bookmark: _Toc220765761]Figure 7 - EFDM Loop
[bookmark: _Toc220766308]Analytical benchmark (Fourier series)
An analytical steady-state solution is generated using a truncated Fourier series to validate the numerical steady-state field. (Shen, 2014).
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[bookmark: _Toc220765762]Figure 8 - Analytical solution
[bookmark: _Toc220766309]Error field and validation metrics
The absolute error field is computed and summarised using maximum absolute error and RMSE. (NIST, 2010).
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[bookmark: _Toc220765763]Figure 9 - Error & Validation
[bookmark: _Toc220766310]Key plotting call (in metres)
Plots use and , so axes are in metres (not node indices). (Hancock, 2006).
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[bookmark: _Toc220765764]Figure 10 - Plotting results


[bookmark: _Toc220766311]Equilibrium time
Equilibrium time is reported as . (Langtangen and Linge, 2016).
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[bookmark: _Toc220765765]Figure 11 - calculating equilibrium time


[bookmark: _Toc220766312]Validation of the model
Validation checks whether the numerical steady-state temperature field produced by the EFDM solver matches the analytical steady-state solution derived from the Fourier series benchmark. (Hancock, 2006). Validation is presented in two ways: (i) visual comparison of temperature fields and absolute error maps, and (ii) quantitative error metrics. (Langtangen and Linge, 2016).
In this report, discrepancy is quantified using the maximum absolute error and RMSE. RMSE is particularly useful because it summarises the typical error magnitude across the whole grid in the same units as temperature. (NIST, 2010). If both the overall field shape matches and the error metrics are small relative to the imposed boundary temperature, it provides evidence that the discretisation, boundary enforcement and convergence behaviour are correct. (Langtangen and Linge, 2016).
Expected mismatch sources include spatial and temporal truncation error from the finite difference scheme, truncation error from the finite Fourier series used for the analytical benchmark, and localised corner effects where steep gradients exist due to boundary discontinuities. (University of Cambridge, n.d.).



[bookmark: _Toc220766313]Sensitivity analysis of key numerical parameters
This section explains how the reported equilibrium time changes when grid spacing , time step , and tolerance are varied. The behaviour is influenced by the Fourier number and by the chosen convergence definition. (Recktenwald, 2014). In the code:

So the reported equilibrium time is connected to how quickly the step-to-step update magnitude falls below the tolerance, which can be influenced by . (Recktenwald, 2014).
[bookmark: _Toc220766314]Effect of grid spacing 
With and held fixed, the grid study shows equilibrium time changes on coarse meshes and then becomes nearly constant once the grid is sufficiently refined. This suggests the metric reaches a mesh-insensitive region, meaning further refinement does not significantly affect the reported equilibrium time. (University of Manchester, 2010). This is consistent with the idea that discretisation error decreases with smaller , but eventually reaches a point where further improvements are small relative to the reporting metric.
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[bookmark: _Toc220764055][bookmark: _Toc220765766]Figure 12 - Thermal Equilibrium with varying grid spacing
[bookmark: _Toc220766315]Effect of time step 
When is varied while  and are fixed, the equilibrium time changes substantially. This can be explained by the convergence criterion: in an explicit scheme the update size scales with  and therefore with . (Recktenwald, 2014). Smaller produces smaller step-to-step changes, which can cause the tolerance condition to be met earlier. (University of Manchester, 2010).
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[bookmark: _Toc220764056][bookmark: _Toc220765767]Figure 13 - Thermal Equilibrium with varying Time Step
[bookmark: _Toc220766316]Effect of tolerance 
Tightening increases equilibrium time because more iterations are needed before the maximum update falls below the required threshold. Eventually, a plateau can occur where making even smaller produces little change, which may indicate diminishing returns due to numerical resolution or the update size already being below both tolerances. (Recktenwald, 2014).
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[bookmark: _Toc220764057][bookmark: _Toc220765768]Figure 14 - Thermal Equilibrium with varying Tolerance

[bookmark: _Toc220766317]Rounding of equilibrium time in days
When equilibrium time is printed in days to two decimal places, the resolution is 0.01 days, which is approximately 14.4 minutes. Therefore, small differences between cases can be hidden by rounding, potentially giving the impression of an earlier plateau. Using raw seconds or hours in plots and tables improves comparison clarity. (NIST, 2010).
[bookmark: _Toc220766318]Limitations of the numerical model
A main limitation of EFDM is conditional stability: for the explicit 2D scheme, must satisfy a Fourier-number restriction. (Recktenwald, 2014; University of Münster, 2016–2017). This makes fine-grid simulations expensive, because reduction both increases node count and reduces the maximum stable . (Causon and Mingham, 2010).
The method also includes truncation error from the finite difference approximations, and different parts of the solution can converge at different rates, particularly near boundaries where gradients are steep. (Langtangen and Linge, 2016). The analytical benchmark is also truncated, so validation error includes both numerical discretisation and benchmark truncation contributions. (Shen, 2014). Finally, for very strict tolerances and long simulations, floating-point effects can become more noticeable and improvements may saturate. (Langtangen and Linge, 2016).

















[bookmark: _Toc220766319]Suggested improvements and future developments
To reduce stability restrictions, implicit schemes such as Crank–Nicolson can be used for diffusion problems, allowing larger time steps without violating stability limits and making fine meshes more practical. (University of Warwick, 2009). Equilibrium detection could also be improved by using a residual-based stopping condition (linked to the Laplace operator in steady state) rather than relying only on step-to-step change. (Langtangen and Linge, 2016).
For more realistic modelling, Neumann or Robin boundary conditions could represent insulation or convection losses. (Langtangen and Linge, 2016). If the domain becomes more complex than a rectangle, finite element methods provide a more flexible option for irregular geometry and unstructured meshing. (Krysl, 2005).



[bookmark: _Toc220766320]Conclusion
The overall aim of this report was to implement and validate a numerical model for two-dimensional heat diffusion in an aluminium plate. This aim was met by developing an explicit finite difference method (EFDM) solver, validating it against an analytical benchmark and using sensitivity testing to assess how numerical settings influence the outputs. (Langtangen and Linge, 2016).
The first objective was to discretise the governing heat equation on a uniform grid. A forward-in-time, central-in-space (FTCS) EFDM scheme with a five-point stencil was implemented, converting the continuous diffusion problem into an explicit update rule suitable for iterative time marching. (Langtangen and Linge, 2016; Hancock, 2006). The second objective was to apply initial and boundary conditions correctly. The model began from a uniform initial temperature and enforced Dirichlet boundary conditions, with the north edge fixed at a prescribed temperature and the remaining edges held at 0°C, producing a physically consistent diffusion process. (Hancock, 2006).
The third objective was to enforce stability using a Fourier-number time-step restriction. The time step was limited according to the explicit stability requirement, preventing non-physical divergence and reflecting the conditional stability of explicit diffusion schemes. (Langtangen and Linge, 2016). The fourth objective was to compute a thermal equilibrium time using a convergence tolerance. Equilibrium was defined when the maximum change between successive temperature fields fell below the tolerance, and the equilibrium time was reported as . The sensitivity analysis showed this reported time depends on numerical choices, particularly and the tolerance, so it should be interpreted mainly as a convergence-based measure. (Langtangen and Linge, 2016).
The final objective was validation of the steady-state numerical field against an analytical series solution. The steady-state EFDM result was compared with a Fourier series solution of the corresponding Laplace problem using visual field comparisons and error metrics such as maximum absolute error and RMSE. The level of agreement indicates the discretisation and boundary enforcement were implemented correctly, while remaining differences are consistent with discretisation effects and series truncation. (Hancock, 2006; Langtangen and Linge, 2016).
Overall, the project demonstrates that EFDM provides a clear and effective approach for modelling diffusion in simple plate geometries, but also highlights the main limitations of explicit schemes: stability-driven time-step restrictions and the dependence of convergence-based equilibrium time on numerical settings. (Langtangen and Linge, 2016).
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clc
clear
close all

%% -------------------- 1) Material setup --------------------
k = 143;        % W/m*C  Thermal conductivity
p = 2800;       % kg/m^3 Density
c = 795;        % J/kg*C Specific heat capacity
alpha = k / (p*c);   % m^2/s thermal diffusivity
fprintf('Thermal diffusivity alpha = %0.2e m^2/s\n', alpha)

%% -------------------- 2) User inputs + checks --------------------
Xdim = input('Enter plate width (m): ');
while isempty(Xdim) || ~isnumeric(Xdim) || Xdim <= 0
    disp('Invalid input. Please enter a positive number.')
    Xdim = input('Please enter a positive number: ');
end

Ydim = input('Enter plate height (m): ');
while isempty(Ydim) || ~isnumeric(Ydim) || Ydim <= 0
    disp('Invalid input. Please enter a positive number.')
    Ydim = input('Please enter a positive number: ');
end

h = input('Enter grid spacing for plate (m): ');
while isempty(h) || ~isnumeric(h) || h <= 0
    disp('Invalid input. Please enter a positive number.')
    h = input('Please enter a positive number: ');
end

Dim_CompX = mod(Xdim, h);
Dim_CompY = mod(Ydim, h);
while Dim_CompX ~= 0 || Dim_CompY ~= 0
    disp('Grid spacing must divide evenly into plate dimensions.')
    h = input('Enter compatible grid spacing for plate: ');
    Dim_CompX = mod(Xdim, h);
    Dim_CompY = mod(Ydim, h);
end

T = input('Specify north boundary temperature: ');

%% -------------------- 3) Grid + plotting coordinates --------------------
PColumns = (Xdim / h) + 1;   % x-direction nodes (columns)
PRows    = (Ydim / h) + 1;   % y-direction nodes (rows)

xCoords = 0:h:Xdim;
yCoords = Ydim:-h:0;                     % row 1 corresponds to y = Ydim (north/top)
[Xgrid, Ygrid] = meshgrid(xCoords, yCoords);

%% -------------------- 4) Time step + stability --------------------
dTmax = (h^2) / (4 * alpha);
dT = input(sprintf('Choose a time step (<= %.6g s): ', dTmax));

while isempty(dT) || ~isnumeric(dT) || dT <= 0 || dT > dTmax
    fprintf('Time step must be > 0 and <= %.6g s\n', dTmax);
    dT = input('Choose a smaller time step: ');
end

Fo = alpha * dT / h^2;
fprintf('Accepted: Fo = %.4f\n', Fo);

%% -------------------- 5) Initial conditions --------------------
T1 = zeros(PRows, PColumns);   % initial temperature field (all 0°C)
T2 = T1;                       % placeholder for the next step

% Apply BCs to the initial field
T1 = setBoundaries(T1, T);
T2 = T1;

%% -------------------- 6) Solve (explicit FD until it settles) --------------------
tolMaxChange  = 0.00001;
maxStepChange = tolMaxChange + 2;
iterCount     = 0;

while maxStepChange > tolMaxChange
    iterCount = iterCount + 1;

    % Update interior nodes
    for rowIdx = 2:PRows-1
        for colIdx = 2:PColumns-1
            T2(rowIdx, colIdx) = T1(rowIdx, colIdx) + Fo * ( ...
                T1(rowIdx+1, colIdx) + T1(rowIdx-1, colIdx) + ...
                T1(rowIdx, colIdx+1) + T1(rowIdx, colIdx-1) - 4*T1(rowIdx, colIdx) );
        end
    end

    % Re-apply boundaries each step
    T2 = setBoundaries(T2, T);

    % Check convergence
    maxStepChange = max(abs(T2(:) - T1(:)));

    % Step forward
    T1 = T2;
end

disp('T2 ='); disp(T2)
fprintf('Finished after %d steps. Biggest change = %.4f\n', iterCount, maxStepChange);

%% -------------------- 7) Analytical solution (same grid orientation) --------------------
TA = zeros(PRows, PColumns);
Nterms = 10000;

for n = 0:Nterms
    kterm = 2*n + 1;
    num = exp((kterm*pi*(Ygrid - Ydim))/Xdim) - exp((-kterm*pi*(Ygrid + Ydim))/Xdim);
    den = 1 - exp((-2*kterm*pi*Ydim)/Xdim);
    TA = TA + (1/kterm) * sin(kterm*pi*Xgrid/Xdim) .* (num ./ den);
end
TA = (4*T/pi) * TA;

disp('TA ='); disp(TA)

%% -------------------- 8) Error + validation --------------------
E = abs(T2 - TA);
disp('E ='); disp(E)

fprintf('\n--- Checking Numerical vs Analytical ---\n');
fprintf('Max |T2 - TA| = %.4f °C\n', max(E(:)));
fprintf('RMSE(T2 - TA) = %.4f °C\n', sqrt(mean(E(:).^2)));

%% -------------------- 9) Plots --------------------
figure;
surf(Xgrid, Ygrid, T2, 'EdgeColor', 'none');
shading interp
colorbar;
xlabel('x (m)'); ylabel('y (m)'); zlabel('Temperature (°C)');
title('3D Surface Plot of Numerical Temperature T2 (°C)');
view(45, 30);
zlim([0 T])
axis tight

figure;
surf(Xgrid, Ygrid, TA, 'EdgeColor', 'none');
shading interp
colorbar;
xlabel('x (m)'); ylabel('y (m)'); zlabel('Temperature (°C)');
title('3D Surface Plot of Analytical Temperature TA (°C)');
view(45, 30);
zlim([0 T])
axis tight

figure;
surf(Xgrid, Ygrid, E, 'EdgeColor', 'none');
shading interp
colorbar;
xlabel('x (m)'); ylabel('y (m)'); zlabel('Absolute Error (°C)');
title('3D Surface Plot of Absolute Error |T2 - TA| (°C)');
view(45, 30);
zlim([0 max(E(:))])
axis tight

%% -------------------- 10) Time to reach tolerance --------------------
t_eq = iterCount * dT;
if t_eq < 60
    fprintf('Time to equilibrium: %.2f s\n', t_eq);
elseif t_eq < 3600
    fprintf('Time to equilibrium: %.2f min\n', t_eq/60);
elseif t_eq < 86400
    fprintf('Time to equilibrium: %.2f h\n', t_eq/3600);
else
    fprintf('Time to equilibrium: %.2f days\n', t_eq/86400);
end

%% -------------------- Local function --------------------
function M = setBoundaries(M, Tnorth)
    % Sets all outer edges to 0, then applies the top heated boundary.
    M(end, :) = 0;          % bottom edge
    M(:, 1)   = 0;          % left edge
    M(:, end) = 0;          % right edge
    M(1, :)   = 0;          % top edge first (keeps corners at 0)
    M(1, 2:end-1) = Tnorth; % heated part of top edge (no corners)
end
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1) Material setup
143; % W/m*C Thermal conductivity

28005 % kg/m"3 Density

7955 % 3/kg*C Specific heat capacity

alpha = k / (p*c); % m~2/s thermal diffusivity
fprintf('Thernal diffusivity alpha = %0.2e m"2/s\n’, alpha)
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E3 2) User inputs + checks -

Xdim = input(‘Enter plate width (m): ');

while isempty(xdim) || ~isnumeric(Xdim) || Xdim <= @
disp(*Invalid input. Plesse enter a positive number.')
Xdim = input('Please enter a positive number: ');

end

Ydim = input(‘Enter plate height (m): ');

while isempty(vdim) || ~isnumeric(Ydim) || Ydim <= @
disp(*Invalid input. Plesse enter a positive number.')
Ydim = input('Please enter a positive number: ');

end

h = input(*Enter grid spacing for plate (m): ');
while isempty(h) || ~isnumeric(h) || h <= @
disp(*Invalid input. Plesse enter a positive number.')
h = input(‘Please enter & positive number: ')
end

Dim_CompX = mod(Xdim, h);
Dim_CompY = mod(Ydim, h);
while Dim_CompX ~= @ || Dim_CompY ~= 0
disp(*Grid spacing must divide evenly into plate dimensions.')
h = input(*Enter compatible grid spacing for plate: ');
Dim_CompX = mod(Xdim, h);
Dim_CompY = mod(Ydim, h);
end
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PColumns.

~73) Grid + plotting coordinates
(xdim / h) +1; % x-direction nodes (columns)
(vdim / h) + 1; % y-direction nodes (rows)

PRows

xCoords = @
yCoords = Ydim:
[Xgrid, vgrid]

Xdin;
h:o; % row 1 corresponds to y = Ydim (north/top)
eshgrid(xCoords, yCoords);
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3) Time step + stability
(h*2) / (4 * alpha);
input(sprintf(’Choose a time step (<= %.65 5):

L dTen))s

while isempty(dT) || ~isnumeric(dT) || dT <= 0 || dT > dTmax
Fprintf('Time step must be > 0 and <= %.6g s\n’, dTmax);
dT = input(‘Choose o smaller time step: ');

end

Fo = alpha * dT / h"2;
fprintf(‘Accepted: Fo = %.4f\n’, Fo);
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REe
T2

5) Initial conditions --
zeros(PRous, PColumns); % initial temperature field (all °C)
T % placeholder for the next step

% Apply BCs to the initial field
T1 = setBoundaries(T1, T);
T2 =T
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3 ~ Local
Function M = setBoundaries(M,

% Sets all outer edges to
%

%
%
%

end-1) = Tnorth; %

end

Function --
Tnorth)

©, then applies the top heated boundary.
bottom edge

1eft edge

right edge

top edge first (keeps corners at @)
heated part of top edge (no corners)
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3

&) Solve (explicit FD until it settles) -

toliaxChange = 0.00001;

maxStepChange
iterCount

tolllaxChange + 2;
o5

while maxStepChange > tollaxChange

end

iterCount = iterCount + 1;

% Update interior nodes|
for rowldx = 2:PRows-1
for colldx = 2:pColumns-1
Ta(routdx, colzdx) - Ti(rouldx, colide) + Fo * ( .
TA(routdxs1, colidx) + Ta(rouTé-l, colldx) + ...
Ti(rouTdx, <olldxt1) + Ti(rouldx, colldx-1) - 4+T1(rouldx, colldx) )i

end
end

% Re-apply boundaries each step
T2 = setBoundaries(T2, T);

% Check convergence
maxStepChange = max(abs(T2(:) - T1(:)));

% Step foruard
-T2
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~~ 7) Analytical solution (same grid orientation) —-
TA = zeros(PRous, PColumns);
= 10000;

For n = @:Nterms
Kkterm = 2°n + 1;
num = exp((kterm*pi*(vgrid - Ydim))/Xdim) - exp((-kterm*pi*(vgrid + Ydim))/Xdim);
den = 1 - exp((-2%ktern*pi*vdin)/Xdin);
TA = TA + (1/kterm) * sin(kterm*pi*Xgrid/Xdim) .* (num ./ den);

end
TA = (a¥T/pi) * TA;

disp('TA

5 disp(TA)
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E = abs(T2 - TA);
disp('E ='); disp(E)

8) Error + validation

Fprintf(*\n--- Checking Numerical vs Analytical ---\n');
Fprintf(Max |72 - TA| = %.4F “Cin’, max(E(:)));
frintf(‘RIUSE(T2 - TA) = %.4F “Cin’, sqrt(mean(E(:).2)));
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%% -
Figure;

surf(xgrid, Vgrid, T2, 'EdgeColor
shading interp

colorbar;

xlabel('x (m)'); ylabel('y (m)'); zlabel('Temperature (°C)');
title(*30 Surface Plot of Numerical Temperature T2 (°C)');
view(ss, 30);

2lin([0 T])

axis tight

9) Plots

“nane’) 3
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t_eq = iterCount * dT;
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