 
Data Manipulation
1.Introduction  
The R program is a structured program exercise aimed at calculating and analyzing the first 200 members of the Fibonacci sequence of numbers including (Fn) and the Pell sequence including Pn. The script calculates the two sequences iteratively using the (gmp) package to handle integer arithmetic using arbitrary precisions to ensure that the results are accurate when dealing with large numbers. It subsequently takes the Pell numbers to obtain a sequence of rational approximations to the square root of 2. The last analysis is a quantification of the accuracy of these approximations by computing the absolute error of the true value of the square root of two and figuring out the number of correct decimal places of each term. The final outcomes containing the sequences and their accuracy are stored in the final Pell data in the data frame.  
2.Code explanation  
2.1 Initialization  
[image: ] The initialization stage of the R script is the preparation of the environment in which to calculate the Fibonacci and Pell sequences as well as approximating the square root of two. The code defines the number of terms, n terms to 200, and the indices are by the number of terms n=0,1, 2...199. Fibonacci numbers (Fn) and Pell numbers (Pn) have been initialized as Big Integers (as.bigz) with the gmp package. This is an important measure to avoid integer overflow, thus providing arbitrary precision to the large numbers of the sequences. Vectors of the results of the analysis are the rational approximation, error difference, and accuracy, all indicated using standard R numeric and integer types. Then the real value of truesqrt2 or sqrt 2 is stored to be used for convergence analysis.  
  
Testing: In the pre-allocation and setting of initial values, the main test that should be done is the test of correct allocation and initial value setting. The data to be tested in this case is the specified length, n terms = 200 and the explicit verification of the first two indices in the Big Integer vectors Fn and Pn to ensure that they are initialized to the base values: Fo = 0, F1 = 1, Po = 0, P1 = 1. We as well ensured that the truesqrt2 variable is accurate in taking the value of √2  of the sqrt () function of R.  
   
   
[image: ]
Figure 1:  Initialization of Variables and Big Integer Vectors
2.2 calculate Fibonacci and Pell numbers using loops  
[image: ]  In this part of the code is dedicated to the Sequences calculations. It initially sets the initial values required to define the sequences as big Integers, P0=0, P1=1 to Pell numbers and F0=0, F1=1 to Fibonacci numbers. The rest of the 198 terms are then calculated in a for loop. Within the loop, the corresponding recursive equations are executed using Big Integer arithmetic Fn = n1 + n2, Pn = n1 + n2 + n1. and then   calculated vectors of big Integers Fn and Pn are expressly transformed to standard character vectors in another for loop without use of the family of functions beginning with apply.  
   
Testing: To test the recursive calculation loop, manual calculation checks were conducted on the first few known, small terms of both the sequences. As an illustration, the test data validated P4 = 12 according to recurrence relation: P1 = 2(P3) + P2 = 2(5) + 2 = 12. These starting values are confirmed by the output table, which pits n = 0... n = 9, as the loop logic and the Big Integer arithmetic are present with the help of the gmp package.  
   
Output:  
[image: ]  
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Figure 2: Iterative Computation of Fibonacci Fn and Pell Pn Sequences
   
   
   
   
   
2.3 calculate approximation to sqrt of 2  
[image: ] Calculate approximation to square root of 2 and it involves the calculation of the rational approximations of the square root of two based on the previously generated Pell numbers. A for loop is applied to go through the sequence beginning with n=1 (index I=2) since the formula is not defined at value 0. The essence of the calculation is the formula, P n -1 + P n /P n, which is implemented with the help of big Integer division (bigq) to guarantee mathematical precision and then the result is converted to a typical double-precision value (as.numeric). The reason this conversion is needed is that the standard numeric type of R is the desired result of the eventual Approx vector, but it restricts the number of significant digits that it can display to about 15-16 significant digits. The approximate values are produced in this process and stored to be analyzed further in the process of error analysis.  
  
Testing: The rational approximation formula was tested by testing the few known results with the first few terms. The test data employed in the case of n = 2 (Index 3) was P1 = 1 and P2 = 2. The manual check: A2 = P1+P2/ P2 = 1+2 /2 = 1.500000. This finding can be verified in the output provided below which confirms that the loop is using the formula appropriately and the case of n = 0 which is NA.  
   
   
Output: [image: ]  
[image: ]
Figure 3: Calculation of the Rational Approximation to sqrt2 using Pell Numbers
2.4 calculate difference   
[image: ]Calculation will be done of the Difference between actual and actual square root of two which will be used to measure the error in the approximation. This calculation is performed iteratively, starting from n=1 index I=2. The loop involved calculating the actual difference between the current approximation and the stored actual value of the square root of two (truesqrt2). This absolute error is then rounded off to five decimal values and put in a different vector. Since in the earlier steps, the value of n=0 is NA since there is no valid approximation of the value of this term. Then the results are combined into the intermediate data frame; dfstep4 and initial 10 rows are presented as a check.  
   
Testing: The difference calculation was tested by putting emphasis on the rounding requirement and the rate of convergence. The test data took the calculated approximation of n = 2, A2 = 1.50000 and the truesqrt2 that was stored. The absolute error, which was calculated, 1.5 - √2 [cite start] = 0.08578644, was supposed to be rounded to 0.08579. The result is checked using the output table: the value of n = 2 was expected to be 0.08579, which proves that the abs () and round (..., 5) functions are used correctly in the loop.  
   
Output: [image: ]  
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Figure 4: Calculating Absolute Error (Difference) and Rounding to Five Decimal Places
2.5 calculate accuracy  
[image: ]This section of the code determines the Accuracy of the approximations of the square root of two, by counting the number of correct decimal places of each term. This mathematical principle was used as an approximation is correct within the first k decimal places when the absolute error is less than 0.5(100-n). The absolute error is determined on a term-by-term basis. This error is then tested against increasingly smaller thresholds by an inner loop. The greatest integer, which is denoted as Accuracy, is the largest integer in which the error is less than the threshold. This column thus clearly demonstrates the rate at which the Pell sequence approximation tends to the true value of the square root of two.  
   
Testing: The calculation of accuracy was tested on the pre-calculated error (Difference) as test data of specific low-indexed terms. For n = 5, the Error = 0.00042. The maximum k, which satisfies the condition (Error < 0.5 x 10-k), is k = 3, because 0.00042 < 0.5 x 10-3 = 0.0005. The output table shows accuracy of n = 5 term to be k = 3 (Correct DP = 3) confirms the logic behind the nested loop and the break condition accurately tell how many correct decimal places there can be.  
Output: [image: ]  
   
[image: ]
Figure 5: Accuracy Calculation - Determining Correct Decimal Places (k) using a Nested Loop
2.6 Final complete result  
[image: ]
This is the Combine results into the Pell data frame, which takes the necessary action of summing all the data that has been calculated into one large table which is called Pell data. This data frame will be created based on all the vectors created previously n index, the character vectors of the high-precision Fibonacci Fn char and Pell Pn char numbers, the approximation of the square root of two (Approx), the error difference calculated (Difference), and the correct decimal places calculated (Accuracy). In the end, the script shows the initial 20 rows of the final Pell data frame that can be checked and verified to confirm the complete procedure of the calculations.  
   
Testing: This last part is tested to ensure that the Pell data structure has been aggregated and been correctly integrated. The test data will be manually inspected by looking at the first 20 rows (as presented in the output below) to verify that three primary conditions have been satisfied: 1) The data frame contains all six desired columns (n, Fn, Pn, Approxsqrt2, Difftosqrt2, Correct_DP). 2) n = 200 (0-199); they are just 200 rows. 3) There is consistency of data types (e.g., Fn and Pn are character strings because they have high precision) and there is consistency in placing any NA values in the n = 0 row with the approximation-dependent columns.  
   
Output: [image: ]  
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Figure 6: Final Data Aggregation and Creation of the Pell Data Frame
Sequences Calculations and Initialization   
The essence involving the calculation of the first 200 terms of the Pell sequence and the Fibonacci sequence is made possible by setting them up as Big Integers through the gmp package. This is a key step to avoid integer overflow since both sequences produce numbers of an exceptionally large size. The process determines the number of terms to 200 (n=0 to n=199) and the initial values P 0 = 0, P 1=1 and F 0 = 0, F 1=1. The remaining 198 terms are then calculated with a single for loop, and the recursive equations of Fn = Fn-1 + Fn-2 and Pn = 2Pn-1 + Pn-2 are calculated using arithmetic of Big Integers. It is also achieved by converting the high precision big integer vectors using a second for loop to character vectors to meet the constraint of the project that it does not use the family functions of * apply.   
Approximation of Sqrt 2 to the rational numbers  
In this section, the calculation of rational approximations of the square root of 2 is performed in terms of Pell numbers, and the calculations provide more precise estimations as the number of Pell numbers increases. The loop with the for loop is repeated because the approximation formula is not defined by the index value of 0 (when n=0)10. The formula here is: An = (P n -1) + Pn/Pn. The splitting of the Big Integers gives a high precision rational number (bigq) that is changed to standard R, double-precision value (as.numeric) that can be added to the Approx vector.   
Calculate Difference between Actual and Approximation of sqrt (2)    
This aims to measure the error by calculating the absolute difference between the approximation and the actual value of sqrt (2) sqrt2truesqrt2 which was stored in the process of initializing. It is performed with the help of a for loop, which computes the absolute error of each term in the form of the approximation of n x=nth root of 2 - sqr2 of the true value of the root, which here is the squared root of 2. The values of the resulting errors, which are also kept in the Difference vector, tend to converge to zero fast, which is evidence of the high degree of accuracy of the Pell approximation method.   
Calculate Accuracy    
This last calculation calculates the Accuracy of the Approximation by counting how many terms18 are correctly approximated to the decimal point (k). The process uses the mathematical threshold: an approximation is correct to the number of decimal places of k when the absolute error. The process uses the mathematical threshold as an approximation is correct to the number of decimal places of k when the absolute error is less than 0.5. This is computed in the form of a nested for loop. The first use calculates the error of every term, and the second use executes a for loop (j=1:16) that compares the error to a successively smaller threshold. A break and if/else statement are employed to make sure that the error condition was reached at the highest possible integer, which is stored in the variable k, to exhibit the rate of convergence correctly.   
Reflection on the Challenging, Learning and Future   
The biggest problem that I faced in this task was based on the compulsory limitations, especially the avoidance of the use of user-defined functions and the family of * apply functions. This meant less logical R code was needed, and explicit sequential for loops and indexing vectors were used. The second challenge was to effectively apply the mathematical meaning of the word accuracy; this had to be in the form of a complex nested loop program with a check to ensure that the maximum number of correct places in the decimal point was accurately arrived at depending on the error tolerance. Third challenge is  Exerting a count of decimal places to determine the accuracy of the approximation posed another unique challenge. Because of possible accumulation of floating-point errors, the initial approach of simple comparison lacked fidelity, since working with minor differences can be less accurate. Cumulatively checking the value of each decimal place of the approximation against the value of √2 required careful formatting, as well as string manipulation. precision handling is the issue, especially when computing the approximations to √2.  
One of the principal learning experiences was the practical need to use the gmp package of arithmetic with big Integer. This was important in avoiding overflowing integers as the Pell and Fibonacci numbers were fast surpassing the limit of the standard 53-bit integer used by R in the 200 terms needed. This procedure strengthened the fact that preliminary data types must be chosen to ensure numerical stability.   
The way I would have done it differently would be to accept the inherent abilities of R. Had the restrictions been removed, I would have used custom functions to implement modularity and have used the use of vectorized functions rather than a series of sequential loops. This would lead to cleaner, faster, and more maintainable code. I would make sure that the resulting data frame of Pell data is explicitly written to a permanent file format to say, CSV file. This would provide the high-precision Pell data with easy accessibility to be visualized, reported on, or used in other software packages, which would be indicative of mastery in data pipeline management.  
Use of AI   
I agree that I did not rely on the work of generative AI systems (like ChatGPT) in any section of the writing or programming in this assignment. The entire code and written explanation were generated alone as per the module instructions that do not allow the use of AI to write and code. I would have recorded the process here if I had been using it either in research or structuring.   
Conclusion   
It was necessary to combine new concepts of advanced statistical programming with its strict implementation. Sequential for loops were used on all the main tasks, requiring close attention to control flow and indexing logic, especially in computation of accuracy as well as data conversion. Most importantly, gmp package was necessary to operate the big Pell and Fibonacci numbers, which makes the computer computationally accurate and eliminates overflow. The script was successful in computing the needed sequences, finding the rational approximations of the square root of two, measuring the error within five decimal places, and in finding mathematically the number of correct decimal places of each term. The capability of translating complicated mathematical sequences and principles of convergence to compliant, working statistical code was indeed exercised successfully in this task.   
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## Q.3. For each value of n calculate the difference between the approximation to V2 and the value for V2 as calculated usin
g R’s sqrt() function. Add this as a column to the pelldata dataframe that shows the difference to five decimal places. Give
the column a suitable column name.

# 4. Compute Difference from actual sqrt(2)

# Calculate the absolute difference between the approximation and the true sqrt(2), rounded to five decimal places.

# This column quantifies the error in the approximation, showing how close the estimate is to the actual value of sqrt(2).

# The Difference for n=6 (index 1) is NA, as no approximation exists.
Difference[1] <- NA_real_

# Loop from n=1 (index 2) to n=199 (index 266)

for (i in 2:n_terms) {
# Calculate absolute difference and round to 5 decimal places
Difference[i] <- round(abs(Approx[i] - true_sqrt2), 5)

¥

# Intermediate Check after Difference
df_step4 <- data.frame(df_step3, Diff_to_sqrt2 = Difference, stringsAsFactors = FALSE)
print("Output after with Difference - First 10 Rows")
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## 0.4. For each value of n calculate the accuracy of the approximation as the number of decimal places to which the approxi
mation is correct. Add this as a column to the pelldata dataframe and give it a suitable column name.##

# 5. Compute Accuracy Decimal Places Correct

# Calculate the number of correct decimal places (k) based on the mathematical error threshold: |Error| < 0.5 * 104(-k).

# Accuracy is the Largest integer 'k’ for which the absolute error is less than half the value of 107(-k).

# The Accuracy for n=0 (index 1) is NA, as no approximation exists.
Accuracy[1] <- NA_integer_

# Loop from n=1 (index 2) to n=199 (index 200)
for (i in 2:n_terms) {

# For Get the absolute error

error <- abs(Approx[i] - true_sqrt2)

k <- @ # Initialize correct decimal places count

# Loop up to 16 places R's typical precision Limit
for (j in 1:16) {
threshold <- 0.5 * (10 ~ (-j))

# If error is less than the threshold, the approximation is correct to j places
if (error < threshold) {

k<3
} else {

# Stop if the error is too large for the current place (j)

break

Accuracy[i] <- k

}

# Intermediate Check after Accuracy
df_steps <- data.frame(df_stepa, Correct_DP = Accuracy, stringsAsFactors = FALSE)
print(" output after with Accuracy - First 10 Rows™)
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# 6. Combine results into the pelldata dataframe
# Final Dataframe 'pelldata’ creation and column naming.
# This is the final aggregation of all calculated data into the required 'pelldata’ structure with appropriate column names.

pelldata <- data.frame(
n = n_index,
Fn = Fn_char,
Pn = Pn_char,
Approx_sqrt2 = Approx,
Diff_to_sqrt2 = Difference,
Correct_DP = Accuracy,
stringsAsFactors = FALSE

# Display the final pelldata DataFrame
print("Final pelldata DataFrame (First 20 Rows)")
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# 1. Initialization

# In this section im prepares the environment by setting the required length and initializing all necessary data vectors wh
ich include n, Fn, Pn, Approx, Difference, Accuracy.

# First 1 am Set the required number of terms (n=6 to n=199)
n_terms <- 200

# Initialize vectors for data storage to pre-allocation for efficiency.
n_index <- @:(n_terms - 1)

# Fn and Pn are initialized as Big Integers bigz to maintain precision.
Fn <- as.bigz(rep(@, n_terms))
Pn <- as.bigz(rep(@, n_terms))

# After that calculated other columns remain standard numeric and integer types
Approx <- numeric(n_terms)

Difference <- numeric(n_terms)

Accuracy <- integer(n_terms)

# Store the true value of sqrt(2) for Later comparison
true_sqrt2 <- sqrt(2)
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## Q.1. Calculate the first 200 Pell numbers and place them in a dataframe pelldata that has three columns. The first column
should contain the index n, the second column should contain the Fibonacci number Fn, and the third column should contain th
e PelL number Pn. Give the three columns appropriate column names for ease of use in Later tasks.##

# 2. Compute Fibonacci and Pell sequences using Loops

# First Calculate the first 200 Fibonacci and Pell numbers using Loops. The Pell sequence Pn is calculated using Pn = 2*P[n-
1] + P[n-2]. The Fibonacci sequence Fn is calculated using Fn = F[n-1] + F[n-2].

# Set initial values P6-0, P1-1 and FO-9, F1-1 as Big Integers
Pn[1] <- as.bigz(0)
Pn[2] <- as.bigz(1)
Fn[1] <- as.bigz(0)
Fn[2] <- as.bigz(1)

# Loop from n=2 up to n=199 index 260 to calculate sequences
for (i in 3:n_terms) {
# Fibonacci formula: Fn = Fn-1 + Fn-2 Big Integer addition
Fn[4] <- Fn[i-1] + Fn[i-2]

# Pell formula: Pn = 2%Pn-1 + Pn-2 Big Integer arithmetic
Pn[i] <- 2 * Pn[i-1] + Pn[i-2]
¥

# Conversion to Character Vectors (To avoid *apply() and display Big Ints)
# Convert the calculated Big Integer vectors Fn, Pn into standard R character vectors using a Loop, which strictly adheres t
o the "no *apply()" constraint.

Fn_char <- character(n_terms)

Pn_char <- character(n_terms)

for (i in 1:n_terms) {
Fn_char[i] <- as.character(Fn[i])
Pn_char[i] <- as.character(Pn[i])
¥

# Intermediate Check
df_step2 <- data. frame(

n = n_index,

Fn = Fn_char,

Pn = Pn_char,

stringsAsFactors = FALSE
)

print("Output after n, Fn, Pn sequences - First 10 Rows")
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Set initial values: FO =0, 1,
F1-1-1, P0=0, P1-1

Loop from
i =2 to nterms
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End
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## Q.2. Calculate this approximation for its first 200 terms and add this as a fourth column in the pelldata dataframe. Give
the column a suitable column name.##

# 3. Compute Approximation to sqrt(2)
# Calculate the approximation to sqrt(2) using the formula (P[n-1] + P[n]) / P[n] for n >= 1.
# The rational approximation provides increasingly accurate estimations of sqrt(2) as 'n' increases.

# For n=@ (index 1), the approximation is undefined.
Approx[1] <- NA_real_

# Loop from n=1 (index 2) to n=199 (index 266)

for (i in 2:n_terms) {
# The operation performs division on bigz, resulting in a bigq rational number.
# as.numeric() converts the rational result to machine-level
# double precision approx. 15-16 significant digits, which Limits the maximum
Approx[i] <- as.numeric((Pn[i-1] + Pn[i]) / Pn[i])

¥

# Intermediate Check after Approximation
df_step3 <- data.frame(df_step2, Approx_sqrt2 = Approx, stringsAsFactors = FALSE)
print("Output after with Approximation - First 10 Rows")




