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Research Question 

Why do pupils form misconceptions within mathematics and what are the misconceptions surrounding Area and Perimeter at Key Stage 3?

Introduction

School X is an English-medium 11-16 comprehensive school situated in an affluent area of Swansea. Free School Meal eligibility at the school is considerably lower than the National average, at 7%. 20.5% of children are reported to have special educational needs, with an above National average of 4% having a statement of special educational needs. 

The school’s 2017 Estyn inspection reported that most pupils are able to recall previous knowledge securely and are able to tackle problem-solving tasks confidently, (Estyn, 2017). The school has been categorised as ‘green’ under the ‘National School Categorisation System’ for a number of years, indicating that the level of support required by the School is minimal (Welsh Government, 2018).

The class selected for the purpose of this assignment was a year 8 top set.  Although top set, a range of abilities remain within the class, with mid-term summative test results ranging from 30% to 98%. The marks obtained in these tests were compared to other classes and resulted in two learners being moved to a lower set, and four learners moving to this class from a lower set. This movement occurred in the lesson following the diagnostic test. Therefore, test results for these pupils will be omitted from the report. 

The decision to research misconceptions in Area and Perimeter blended with the demands of the school’s year 8 Scheme of Work (SOW) for Area, Perimeter and Volume. I was able to set the diagnostic test and deliver the series of lessons without disrupting the flow of the pupils’ learning and development. 
Having previously delivered the topic of volume to year 9 during this teaching experience, many of the misconceptions had been brought to my attention already. This naturally sparked my eagerness to base my research on this topic. 


Literature Review 

Smith et al (1993) discuss Piaget’s (1971, cited in Smith et al, 1993) theory of children perceiving the world differently to adults. They imply that the theory drove much educational research into misconceptions held by children from the 1970’s onwards. Many researchers report that students develop their own ideas and concepts that can actually compete with concepts presented within the classroom, but are inconsistent with accepted mathematical concepts  (Smith et al, 1993; Ozerem, 2012).
Dickson (1989) & Olivier (1989) suggest that misconceptions surrounding area and perimeter develop from an over-generalisation formed in younger years. For example, when children learn formulae to find the area of squares and rectangles, their lack of conceptual understanding leads them to believe that the formula “area = length x breadth” can be applied to other shapes such as triangles (Dickson, 1989; Machaba, 2016). Skemp (1976) & Van de Walle et al. (2004) refer to this method of teaching without addressing reasoning as ‘instrumental’. Ball (2000), Yeo (2008) and D’Amore & Fandino Pinilla (2006) suggest that instrumental teaching occurs due to a lack of deep understanding of topics by the teachers themselves. Tierney, Boyd, Davis (1990) support this theory by suggesting that the belief’s of primary school teachers sometimes coincide with those of the pupils, placing an emphasis on the formula to find area as opposed to the underpinning concept. Booker et al. (1992), Latham & Truelove (1980), Dickson (1989) and Batista (1982) insist that teachers need to lay better foundations through the earlier years of learning Mathematics, to ensure children are learning and understanding underpinning concepts instead of rushing to introduce formulas. A key consideration from Lehrer, Jaslow & Curtis (2003) is providing that children hold a conceptual understanding of formulas such as A = L x W, appropriate use of these formulas may be an efficient method compared with other operations such as counting squares. This is consistent with the National curriculum, which suggests that children at Key Stage 3 should be able to devise and use formulae to calculate area (Welsh Government, 2016).

Tanner & Jones (2000) largely support Ryan & Williams (2007) who categorise reasons for errors and misconceptions in to “modelling”, “prototyping” and  “process-object” linking, as well as the previously suggested “overgeneralising” (Ryan & Williams, 2007, p. 13). 
Modelling refers to a concept where Mathematics is taught through a connection with real-life, referred to by Pollak (1979) as “the rest of the world” (Blum et al, 2002). The idea is that meaning is brought to the mathematical concepts by providing a connection to what the children already know. Hatano (1996) implies that children are motivated to think constructively when mathematical problems are applied to real life problems. 
Blum et al. (2002) suggest that motivation for modelling comes from the OECD’s (Organisation for Economic Co-operation and Development) PISA (Programme for International Student Assessment) Study. The current PISA assessments largely focus on “functional” use of mathematical knowledge relevant to individuals’ real-life situations (Blum et al., 2002).
Tanner & Jones (2000) raise the issue that children may have formed their own connections to real-world problems, often neglected by teachers. They highlight Schoenfeld’s (1992) idea that teachers could take advantage of these prior misunderstandings, by using them to promote learning.  Tanner & Jones provide an extensive list of reasons for using real-life examples, largely categorised in to two groups: to motivate pupils and to improve learning quality. Ryan & Williams (2007) suggest that the most effective way to learn area and perimeter is through practical application. When children are able to make links with real-life situations, their intake of knowledge becomes more ingrained. It may therefore be considered that learning through problem-solving tasks and activities is favourable.
However, upon review of literature, it appears that modelling is not without it’s limitations. Mason (1988) warns that placing too much focus on relevance causes a child to become inquisitive and unsatisfied with simple answers. Tanner & Jones (2000) imply that to challenge pupils and encourage the development of higher order thinking skills would depend on teaching style. They also suggest that more opportunity is required for children to develop these skills because they often don’t know how to start problem-solving questions, and although they may have the underlying knowledge, they fail to identify when these skills are required and which strategies are needed to solve problems. 
In an article based on developing modelling skills, Tanner & Jones (1994) discuss pedagogy based on constructivism, which often takes the form of problem-solving activities. It’s suggested that this type of work requires learners to work independently without much intervention.  Von Glasersfeld’s (1989) argument for Piaget’s theory of constructivism implies that learning occurs when a child acquires ideas in light of its previously developed ideas. Hatano (1996) agrees, insisting that learning occurs efficiently when linked to existing knowledge. Forman & Cazdan (1985) and Wheatley (1991) extend on Vygotsky’s (1978) theory suggesting that learners need to work collaboratively to provide “scaffolding” for one another, developing skills explicitly to solve problems before they are able to solve such problems individually. 

Ryan & Williams (2007) explain their theory that ‘prototyping’ causes misconceptions through use of an experimental example. Consider a sample of simple shapes, these are shown to a child with the command ‘tick all the rectangles’. The child is given the first, such that a rectangle with its longest side lying horizontally is ticked. It is suggested that a child would often disregard rectangles standing vertically and fail to recognise squares as rectangles, with the latter being particularly applicable at Key Stage 3. They conclude that errors arise when children develop their intuition in prototypical ways, not mathematically. Crowley (1987) places students like those discussed in Ryan & Williams’ example at the lowest level ‘visualisation’ (Van de Walle, 2004) of the Van Hiele (1986) model of geometric knowledge. Crowley suggests that most Secondary school geometry lessons are pitched at level 3 of the Van Hiele model, which gives reason to the amount of research targeted at the lower levels. Unlike Piaget’s model, Van Hiele’s five levels are not age-specific and are therefore influenced by the effectiveness of teaching. 

The final consideration by Ryan & Williams (2007) suggests that children encounter problems when completing tasks that require process-object and structural conceptions.  In reference to measuring perimeter by counting units on a square grid, a child may begin to count at the point of origin as opposed to counting the interval taken by the first square, which would actually be the first unit. Similarly in other contexts, younger learners may consider 5 + (-7) to equal -1 from the use of a number line where they would start counting at 5 as opposed to the movement between 5 and 4 on the number line. 

During a year 9 lesson I delivered based on volume, the pupils’ reaction to converting units of volume was remarkable.  Many of the pupils initially found it difficult to believe that one cubic metre equalled one million cubic centimetres, even though they had revised area and conversion in previous lessons. This led me to research literature that discusses misconceptions surrounding converting units of area. Carle (1993) defines this misconception as “conversion conclusion”. Carle talks of this misconception from experience whereby children are unable to identify the need to use different factors when converting between two-dimensional units of measurement compared to linear units of measurement.  Tanner et al. (2002) refer to this as a “failure to recognise the dimensional difference between length and area” (Tanner et al., 2002, p.150).

A closely related concept found by Dickson (1989) is that students often fail to provide the correct units when calculating the area of a rectangle. It’s common for pupils to neglect the fact that area is a two-dimensional product of linear measurements, and thus require a ‘square’ unit. There is a tendency for learners therefore to leave their answers for finding area in terms of metres, centimetres etc (Dickson, 1989; Tan-Sisman & Aksu, 2016).

The Assessment of Performance Unit (APU) Survey (1980) required children to calculate the area of a square where only one side of 3cm was labelled. It’s worth noting that the units ‘cm2’ were provided. Thirty seven per cent were able to correctly calculate the area, however 15% of the11 year olds answered 12cm2, indicating that they had incorrectly calculated the perimeter instead of the area. 
Carpenter et al. (1980) presented results of the National Assessment of Educational Achievement (NAEP) Survey in the USA, which suggested that 23% of 13 year olds seemingly confused area with perimeter.
Dickson et al. (1984) provides a possible explanation for this misconception, which caused 36% of 11 year olds in a survey to match area instead of perimeter (Ryan & Williams, 2007). As previously discussed, learners are subjected to rote learning of formulae and are provided with insufficient opportunities to explore area and perimeter spatially in order to build a concrete understanding of the relationship between the two. 

Area and perimeter are concepts used in every day life, however they are considered to be topics that cause confusion when studied in Mathematics (Watson, Jones, & Pratt, 2013). Ryan and Williams (2007) suggest that problems arise when pupils are unable to define area and perimeter and often forget which is which. 
Dickson et al. (1984) and Rothery (1980) discuss the notion that certain mathematical terminology, which would be seen regularly in non-mathematical scenarios, may bare varying amounts of relatedness in everyday contexts to their mathematical meanings. Examples provided by Krulik (1980) include ‘volume’, ‘mean’, ‘odd’ and ‘prime’. This can cause confusion for children, particularly in earlier years. Dickson et al. (1984) recommends encouraging children to learn the mathematical meanings of these words by use in sentences. 
“Perimeter” and “area” are however, considered to have the same meaning in their everyday and mathematical contexts. According to Rothery (1980), this can also cause problems for children learning mathematics. Two problems noted are that children expect the use of these words in a mathematical setting to take on a new “mystical” meaning; or it’s likely that they don’t fully understand the meaning of the words in their everyday contexts (Dickson et al., 1984). 
Carpenter et al. (1981, cited in Dickson et al., 1984) demonstrate the effect of using simple language to describe the word “perimeter” in a question posed to a group of 9 and 13 year olds in a study conducted in the United States. When asked to find the “distance all the way around” (Dickson et al. 1984, p.103) the rectangle, 40% of 9 year olds were able to give the correct answer compared with 69% of 13 year olds. These numbers significantly reduced when pupils were asked to find the “perimeter” of the same rectangle. Only 8% of 9 year olds and 49% of 13 year olds were able to correctly calculate the perimeter. Dickson et al. (1984) conclude that the results show the increased level of complexity introduced when using the word “perimeter”.  The APU (1980) posed similar questions, but found a lesser difference when using the word “perimeter” in a test for 11 year olds. However, when comparing the use of the term “area” against the descriptive phrase “how many cm squared…”, there was a 30% difference in the number of 11 year olds able to find the correct area (Assessment of Performance Unit, 1985). An observation was made that there was a significant amount of children confusing area with perimeter. However, children were more prone to giving perimeter as an answer for area as opposed to the other way around. 

A misconception discussed extensively throughout literature is the intuitive rule that if two shapes have the same area, they must also have the same perimeter, and vice versa (Tirosh & Stavy, 1999; Tsamir & Mandel, 2000; Van de Walle et al., 2014; Carle, 1993). This rule, labelled “Same A – Same B” by Tsamir & Mandel (2000), which of course applies to squares, is often considered by children to be applicable to other shapes such as rectangles.  Studies conducted by Tirosh & Stavy (1999) extend on this theory. They found that a large percentage of children believed that if the area of a shape was to increase or decrease then so would its perimeter. Machaba (2016) concludes that children may not realise that it’s possible for similar shapes to have the same area but different perimeters. He provides an example of two rectangles of lengths 3 and 2 units, and widths 4 and 6 units respectively. Both rectangles would have areas of 12 units, however the first rectangle’s perimeter would be 14 units and the second 16 units, thus proving that the rule “Same A – Same B” would not stand for all rectangles. 

Carle (1993) presented a misconception that she named “Fallacy of Multiples”. This misconception suggests that if the base and height of a rectangle are multiplied by a common positive integer, then the area of the rectangle will also be multiplied by the same integer. Similar to the first misconception, children neglect the fact that area is a two-dimensional product of linear lengths. Machaba (2016), Kidman (2001) and Zacharos (2006) also draw attention to this same issue whereby children intuitively double the area of a rectangle when the lengths of the edges are doubled. Research by Outhred & Mitchelmore (1996) support this but apply the misconception to a square as opposed to a rectangle.

Hart (1981) discusses the fallacy held by children surrounding the conservation of area. When the rearrangement of a shape takes place, children may believe that because the area remains the same, so does the perimeter. 
Dickson et al. (1984) & Hart (1981) discuss Piaget’s test for understanding of conservation of area. This involved cutting identical holes in different positions out of two square sheets of tin. 80% of 12 and 13 year olds were able to confirm that the two squares still had the same area. 
A study by Kouba et al. (1988) found that a quarter of students tested were unable to find the area of a dissected rectangle even though they were given the original dimensions (Marhsall, 1997).
Hutton (1978, cited in Dickson et al., 1984) believes that children who have difficulties with conservation of area will inevitably struggle to understand the derivation of formulas such as that of the triangle: “area of triangle = half base x height”. It is likely that they will resort to using the formulae meaninglessly. This becomes apparent when children are unable to solve standard area problems in Mathematics (Dickson, Brown, & Gibson, 1984).

In a section titled ‘Teaching to Address Misconceptions’, Tanner & Jones (2000) point out that carefully re-teaching a topic would seemingly resolve misconceptions held by children, however, they advise that clear explanations may possibly not be sufficient to make a child fully understand a concept. For a child to accept that their existing concepts require restructuring can be difficult. It’s suggested that a child needs to have a sense that something is incorrect when comparing their ideas to what is being taught, drawing to their own conclusions of the misconceptions formed (Tanner & Jones, 2000). This is in line with Piaget’s view that children are constructors of their own understanding. Chick & Baker (2005) expand on this, referring to a study whereby students were asked to explain their procedures aloud to probe their thinking. Awareness and connections between topics can become clearer to pupils when they articulate their thoughts and ideas (Tanner et al. 2002).
The teachers’ responsibility is to sufficiently plan open questions in order to highlight these misconceptions. This requires a great deal of research and reading. Tanner & Jones (2000) also recommend seeking advice from experienced teachers. Trainee teachers must be taught how to recognise misconceptions when they arise, to understand why they are formed, and how to deal with them (DfEE, 1988).
Swan (2001) and Tanner & Jones (2000) note that misconceptions and mistakes are two different things. Mistakes are generally random events that occur due to reasons such as lapses of concentration, memory overload etc. Wood (1988) extends on this suggesting that children often lack self-regulation, they rush to answer questions without giving clear consideration to the answers they are providing. Misconceptions however, are deeper misunderstandings or alternative interpretations that would cause a child to continue to make the same errors. Goulding (2004) suggests that it won’t always be clear if a wrongly answered question is the sign of a pupil’s mistake or an underlying misconception. This is where forward-planning from the teacher is key. 

Swan (2001) provides guidelines for diagnostic teaching. Prior to any teaching, assessing pupils’ prior-conceptions is a must. This can be through critical questioning, or a diagnostic test. Baykul (1987, cited in Ozerem, 2012) states that preconditions in Mathematics are imperative, so before teaching a topic, students’ background knowledge should be tested (Ozerem, 2012). Swan emphasises the importance of gaining an insight into how a child came to a conclusion. If they have shown workings, this may be clear, otherwise some questioning may be needed to obtain further understanding. 

Swan’s second stage sets out expectations for the beginning of a lesson/topic. At this stage, misconceptions are made explicit to pupils, this is to allow for long-term learning (Swan, 2001). No teaching occurs at this stage, but children are made aware of their misconceptions. Swan recommends that pupils work individually on activities such as those proposed by STEM. For example, children should decide if a statement is always, sometimes or never true.
Goulding (2004) presents a similar method developed by William (2002). However, the recommendation made here is that pupils are grouped, given time to think and then have the opportunity to engage in reasoning through discussions with their peers. It appears that William’s (2002) method would be a combination of the second and third stage of Swan’s method.
Provoking cognitive conflict is the third stage of Swan’s diagnostic teaching and is possible when pupils are presented with a well-designed activity or when they are instructed to compare their responses with their peers. Bell (1993) extends on this, suggesting that pre-warning learners of the cognitive conflict they’re likely to be faced with is less effective. Tanner & Jones (2000) recommend an activity that allows learners to see for themselves that their answers cannot be correct.
In order to resolve conflict, Swan (2001) recommends whole-class discussion. This sits fourth in the sequence advised for diagnostic teaching. Wood (1988) agrees, suggesting that to avoid further ingraining of a misconception, whole class discussion and interaction should take place. 
The final consideration of Swan’s diagnostic teaching model is the consolidation of learning. Swan recommends the use of problem solving to extend a child’s understanding of a concept. Tanner et al. (2002) also suggest that to apply knowledge in problem-solving scenarios can help to develop a child’s conceptual understanding.

School Improvement Policy

Upon review of the Mathematics departmental development plan at School X, it’s noted that there is a clear conscious effort within the department to address misconceptions. The improvement plan implies that being an area of strength in the department, there are valid approaches in place for highlighting misconceptions appropriately within lessons, and strategies for tackling the misconceptions to enhance learning at all levels. Within Inspection Area 3: ‘Teaching and Learning’”, it’s suggested that peer and self-assessment strategies are fully embedded in classroom practice.  The first strategy in place involving assessment for learning is the use of open questioning, with effective praise, to suitably develop and highlight misconceptions. Tanner et al. (2002) discuss formative assessment as a powerful influence on learning. They highlight William’s (1999) view that using rich questions can gain adequate insight into pupils’ misconceptions. 

As recommended by Tanner & Jones (2000) and Kounin (1970), the department have developed strategies for questioning that keep learners engaged.
The use of lollipop sticks, mini whiteboards and a ‘no hands up’ approach adopted within the classroom allows for all learners to answer questions. This in itself provides the teachers with an insight in to the childrens’ misconceptions.  Kyriacou (1997) also stressed the importance of distributing questions evenly without focusing entirely on children with their hands up.

There is no further discussion within the department’s improvement plan concerning misconceptions. However, within the departments’ SOW for each topic within each year, are suggestions for expected misconceptions and probing/reasoning questions that may be adopted to highlight and/or alleviate these misconceptions. This is yet to be updated for the year 8 SOW so for the purpose of the essay I will refer to the recommendations within the topic of area and perimeter for year 7 and year 9. 

The year 7 SOW for area and perimeter refers to ‘Bloom’s Taxonomy’ questioning. The ‘Remembering’ phase suggesting questions such as “what is the formula for area of a triangle?”. Higher order thinking skills are required from the  ‘creating’ phase of Bloom’s questioning where learners are required to form their own shapes, compare areas and perimeters, and probing questions are used to develop the learners understanding. One question recommended by the SOW is: “Is the following statement always, sometimes or never true? If one rectangle has a larger perimeter than another one, then it will also have a larger area”.  

The applicable misconception highlighted on the year 9 SOW is that pupils confuse units of length, area and volume. Within suggested questions was ‘what units would be used to measure ______? Why?’ Again, the use of ‘why?’ as an open question is designed to probe and challenge the learners in order to deepen their understanding. 

Methodology 

To obtain an insight into the children’s prior-conceptions of area and perimeter, it was necessary to use a short pre-topic test (Appendix A). This was in line with Swan’s (2001) guidance for diagnostic teaching. The second step of the methodology to explore the research question was a series of intervention lessons, which followed School X’s Scheme of Work (SOW), but paid particular attention to the misconceptions highlighted in the pre-topic test. Finally, the pupils attempted a post-topic test in order to assess the success of the intervention.  Prior to the commencement of research, permission was granted by the UWTSD Ethics Committee and by School X. Pupils were informed prior to commencing the test that they had the option to withdraw from the research study. However, they were also informed that the tests and intervention formed an integral part of their Mathematics studies and would therefore not be exempt from the work should they choose to be excluded from the research study. Throughout the study, pupils’ anonymity will remain preserved. The school will also remain anonymous through all aspects of the study. 

The first question of the test was designed to highlight the misconception children hold surrounding the conversion of units of area. Learners were given a square of area 1m2, and were asked for the area in terms of cm2. They were provided with an illustration of a square with an edge labelled 1m. Converting units of area is the first part of the SOW on Area, Perimeter and Volume in year 8 at School X. 

Question two, made up of two parts had the potential to reveal several common misconceptions. The question tells the pupils that the length and width of a rectangle are doubled. The original length is 5cm and area is 15cm2. Learners had to calculate the (i) perimeter and (ii) area of the new rectangle. Inspiration for this question comes from Carle (1993), Kidman (2001), Zacharos (2006), Machaba (2016) and Outhred & Mitchelmore (1996) who all presented the idea that a child would deduce that the area would also be doubled when the lengths of the edges were doubled. 
National Council of Teachers of Mathematics (NCTM) (2011) propose that evidence obtained by the Third International Mathematics and Science Study (1994) indicates that pupils find difficulty in answering multi-step questions involved with area and perimeter.  Since pupils had to find the missing length from the given area before doubling the lengths, they may be susceptible to the difficulty imposed by the additional step in the question. 
Other likely misconceptions considered include the confusion between area and perimeter, the failure to use correct units or the lack of understanding of the terms ‘area’ and ‘perimeter’. 

Dickson et al. (1984) discuss a question posed by the APU Survey (1980) involving finding the area of a shaded triangle inserted in to a rectangle.  The third question on the test was similar, except that the triangle was un-shaded and the remainder of the rectangle was shaded. Pupils were asked to find the area of the shaded regions within the rectangle who’s length and height were labelled 4cm and 6cm. Pupils who understand the underpinning concepts of the formula to find the area of a triangle should be able realise that the shaded region would be half of the area of the rectangle. This question was therefore written to get an indication of the level of understanding of area of rectangles and triangles held within Class Y. 

Question four was an open question, designed to test the children’s conceptual understanding of “area” and “perimeter” without the use of formulae.  Learners had to put in to their own words, definitions of area and perimeter and also, suggest appropriate units for both. As suggested by Machaba (2016), it’s common that a pupil would attempt to define area and perimeter through the use of formulae, which shows a lack of understanding of the underpinning concepts of the terms. Recommendations for suitable definitions include “the amount of surface of a region” for area, and “the distance around the region” for perimeter (Machaba, 2016, n.p.).

Question 5 was an application style question that required children to calculate how much carpet and skirting board was needed for an L-shaped room with dimensions that included decimals. To calculate the amount of carpet, pupils would need to find the area of the compound shape by cutting the shape in to two rectangles. The amount of skirting board referred to the perimeter. In order to find the area, pupils would need to find at least one missing length and have a good understanding of how to find the area of rectangles. Again, this question had the potential to spark several misconceptions. As mentioned previously, it’s possible that a child would confuse ‘area’ with ‘perimeter’. In this particular question, since there are missing lengths, there is a chance that pupils will calculate the perimeter using only the lengths given. Dickson et al. (1984) suggest that stating all lengths explicitly improves a learner’s opportunity to correctly calculate the perimeter. 

Question six was a question concerning conservation of area inspired by Chick & Baker (2005). Two identical rectangles were placed side by side lengthways and the area and perimeter of the whole shape was given. Another illustration showed the same two rectangles, but now they were attached on the shorter edges. Pupils were asked to agree or disagree with a statement claiming that the area and perimeter would not change when the rectangles were repositioned.  

Methodology involving diagnostic testing is a type of formative assessment that supports planning when correctly administered. Widjaja, Stacey & Steinle (2008) recommend differentiating learning activities for individuals based on results of diagnostic testing, this can allow for pupils to receive the required support and for all pupils to be challenged to a suitable level. 


Evaluation of Intervention

The first lesson in the SOW for Area, Perimeter and Volume covered the topic of converting units of area. As part of the intervention, this targeted the misconception associated with question one of the diagnostic test. The class began with a starter quiz converting metric units of length to activate prior knowledge. Kyriacou (2009) and Pritchard (2009) place emphasis on the importance of Piaget’s theory that assimilation occurs when children build upon their existing knowledge. This particular lesson occurred on fourth period of a day when adverse weather conditions meant that lunchtime was brought forward and children were anticipating an early finish. They took a while longer than usual to settle and were excitable throughout, however they responded well to the starter, showing a good level of understanding.
As proposed in the Departmental Development Plan, pupils were selected to answer using lollipop sticks. This method seems to work particularly well within this class. Using lollipop sticks for questioning helped me to acknowledge the suggestions from Tanner & Jonest (2000), Kounin (1970) and Kyriacou (1997) within this setting to be inclusive of all. 
The starter took a little longer than I had planned due to the slow start to the lesson, but I was able to gauge the level of understanding of converting units of length before introducing the concept of converting for area. 
I started the exposition by drawing a square measuring 1m x 1m on the whiteboard, and advised the pupils to copy the square in to their books, not to scale, but labelling a length with 1m.  I then asked them if they could tell me the area of the square, to which they correctly responded with 1m2. Boaler et al. (2017) recommend using visuals in mathematics at all levels, allowing learners to gain a deeper understanding of concepts (Moore & Dwyer, 1994).

Pupils were then instructed to work individually as recommended by Swan (2001), to write down the area of the square in terms of centimetres squared, without discussion. I gave them thinking time and circulated to observe what they came up with. As anticipated, the majority of pupils had written 100cm2.
Following this, they were asked to draw a new square of the same size, labelling the same length in terms of cm2. Now they were given the opportunity to reconsider their answer for the area through discussion with their partners. Tanner & Jones (2000) recommend teaching for cognitive conflict. By illustrating the square, pupils were able to deduce for themselves that the area of the square could not be both 1m2 and 100cm2. Meeting the third stage of Swan’s (2001) diagnostic teaching model, the pupils demonstrated cognitive conflict. Discussion continued in a whole-class manner as advised by Swan (2001) and Wood (1988), and the majority of pupils had now changed their mind from their original answer. However, few were able to provide an explanation as to why their original answer was wrong, and there were still a few who remained bewildered. 
On the whiteboard I drew a large square, one metre by one metre. Within the large square I drew a small square, one centimetre by one centimetre. I continued to draw small squares in a row along the bottom of the large square until pupils could see that the larger square would be made up of a hundred rows of a hundred small squares, at this point they could see that one metre squared was in fact equal to 10,000 square centimetres.
Following further discussion regarding converting between mm2, cm2, m2 and km2, learners were provided with conversion factors, and with reference to a square of length 3m, were shown how converting to cm before finding the area would give the same answer as converting afterwards.
Three example questions were now projected to the whiteboard one at a time. These were completed ahead of a worksheet to provide learners with model solutions. Rycroft-Smith (2017) and Welsh Assembly Government (2010) suggest that providing a model answer can be a form of success criteria to allow learners to self-assess with more ease. For each question, learners were given a minute to attempt, and then lollipop sticks were used again to bring answers together. On each question, I would ask the whole class if they agreed or if anyone had a different answer, asking pupils to explain how they got their answers before giving the correct answer. This gave the opportunity for the pupils to explain their answers, which on occasions prompted them to spot their own errors. On each question I selected a pupil who had answered the question correctly to provide the final solution, pressing for further detail or better use of mathematical terminology where necessary. This seemed to work well, allowing learners to consolidate their thoughts and I was then able step in with probing questions appropriately. Welsh Government (2010) introduced Black & William’s (1998) view that a good question is one that is inclusive to all and can promote discussion to develop thinking for all.   
Following the examples and questioning, pupils appeared ready to attempt a worksheet. This included true or false conversions, straightforward conversion questions and real-life problems. Pupils made a start on the worksheet, but some quickly ran in to problems when they were unsure if they should be dividing or multiplying by the scale factor. At this point I addressed this issue with the whole class as I hadn’t placed enough emphasis on it during the exposition. I was conscious that some pupils could confidently decide if multiplication or division was necessary, so I gave them the opportunity to provide explanations to their peers. The pupils were hesitant to suggest their ideas, so I prompted them with “how did you know when to multiply or divide when you were converting units of length?”. One person responded with “if you’re going from a big unit to a small unit you multiply, if you’re going from small to big, you divide.” A pupil who had been struggling to see the relationship responded with “surely if it’s getting bigger, you multiply”. Interestingly, another misconception had unfolded here. In order to resolve this immediately I re-addressed the visual image of the square that was cut up in to 10,000 smaller squares, allowing the learners to see that multiplication was required when converting from a larger to a smaller unit of area such as m2 to cm2 respectively. Boaler et al. (2017) and Sowell (1989) indicate that teachers who provide and encourage visual representations of mathematical models, see higher achievements from their pupils. 
By this time, the hour was almost over, and pupils hadn’t achieved what I had hoped for. Schön (1987) recommends reflection on action. This involves post-event evaluation giving consideration to what was done, and what would be done differently next time. I used this reflection to inform my planning for the next lesson. Boud, Keogh & Walker (1985) insist that this reflection is important in learning. 

The next lesson was interrupted by Eisteddfod practise and so we only had 30 minutes, but I took the opportunity to ensure the conversion of area units was fully understood. The lesson began with a starter multiplying and dividing by multiples of 10. The learners re-capped conversions of area units via group discussions. Sela & Zaslavsky (2007) and Slavin (1995) suggest that group work allows for mutual feedback between peers, motivating each other to overcome misconceptions and develop better concepts. 
Following discussions, the pupils proceeded with the worksheet from the previous lesson to consolidate. Upon circulating it was clear that pupils had made better progress during this lesson. It was difficult to gauge whether this was due to the opportunity to engage more through discussion, or if it was due to the overall better ambience of the lesson. Verbal feedback from the class teacher after the lesson suggested it may have been a combination of both. Answers for the worksheet were discussed using lollipop sticks. Again this enabled me to assess the pupils’ understanding of the topic. The learners marked their own worksheet answers using green pens. Welsh Assembly Government (2010) suggest that self-marking provides potential for self-assessment and formative feedback. 
The plenary involved a scenario whereby an online purchaser paid $150 in a sale for a 42cm2 television. Pupils were expected to use their understanding of the lesson to explain why the purchaser would not be happy when the television was delivered. With lots of positive discussion from the pupils, who had also found humour in the plenary activity, this ‘mop-up’ lesson appeared to have been successful. Learning objectives had seemingly been met by most, and through questioning and discussions it could have been perceived that the original misconception had been well addressed. 

Throughout the lessons, some of the broader misconceptions such as the correct use of units and the confusion between area and perimeter were continually addressed implicitly. For example when a pupil provided an answer to a question, the importance of specifying correct units when answering would be highlighted. This was an attempt to allow the learners to become automatic in considering the need for units when providing an answer. Tanner & Jones (2000) define automaticity as a process whereby prior skills have been learned repeatedly to the point that when applied, an answer can be reached without conscious effort. Baker & Cuevas (2018) stress the importance of automaticity in mathematics learning. Repeating actions until embedded in our brain creates neural pathways, which don’t require reconstruction every time we re-visit such an action (Watson, 2018). I noticed through the series of lessons that learners became increasingly automatic in providing units when answering. 

The learning objectives for the next lesson were to be able to confidently split compound shapes in to simple shapes; find missing lengths; and find the area and perimeter of compound shapes. The starter focused on the area and perimeter of rectangles and triangles to activate prior knowledge. Smith et al. (1993) suggest that misconceptions provoke conflict where constructivism is concerned, since the prior knowledge to be built upon may contain flaws. Sewell (2002) agrees that if the foundations of knowledge are misunderstood, then it is unlikely that new knowledge will ‘stick’. With this in mind, when reviewing the starter questions, an emphasis was placed on definitions of area and perimeter; finding missing lengths; and appropriate choice of units. An interactive exposition involving the pupils coming to the board to demonstrate how to efficiently split compound shapes in to simple shapes led to the main activity of the lesson. Tanner & Jones (2000) discuss research conducted by Tanner et al. (1999) which revealed that a positive learning environment may be formed when learners have the opportunity to come to the board. The study revealed that learners became motivated through the active involvement. Black (2007) also implies that interactive whole-class teaching can improve the quality of teaching and learning due to improved pupil engagement and active participation. 
 Learners seemed to have a strong understanding and were able to work well with moderate discussion through the worksheet. There was a clear sign of progress from the beginning of the lesson to the end of the lesson. Beere (2016) highlights the need for progress for all children to reach their full potential (Ofsted, 2015).
The plenary involved an image of the front of a house with labelled dimensions, including windows, a door and a roof. The pupils were required to devise their own accompanying question that would be passed on and solved by their peers as a starter in the next lesson. Tanner et al. (2002) advise that a plenary activity should focus on what has been learned during the lesson providing an opportunity to identify any difficulties remaining and to inform future planning.
Pupils appeared to enjoy the plenary activity, many gave similar questions such as “find the area of the house”; others forming problems similar to “how many bricks would it take to build the house” with brick dimensions given; and some posed questions such as “how much would it cost to paint the front of the house?” with given costs of tins of paint that would cover a certain area. Some pupils put a great amount of thought in to their questions and requested to complete at home as they were aware that this would form the beginning of the next lesson. If I was to use this plenary again in future, I would allow more time for ‘debriefing’, identified by Fisher (2002) as the opportunity for pupils to extend their learning. Giving pupils the time to explain how they’ve used their skills to arrive at an answer using appropriate language, and encouraging them to see how the processes may be applied to other areas can develop the learners’ understanding further (Tanner & Jones, 2000; DfEE, 1999).

The final lesson of the series of intervention lessons was based on problem solving. Donaldson (2015) recommends problem-solving activities that require children to transfer knowledge in order to develop creativity and critical thinking. To begin, they swapped books with their partners and set out to complete the question posed by their partner related to the house from the previous lesson. Learners enjoyed the task and were motivated by attempting to solve problems designed by their peers. It was an opportunity for peer-assessment. Tanner & Jones (1994), Donaldson (2015) suggest that peer-assessment provides opportunity for children to explore ideas and develop metacognitive skills through collaboration. 
I decided to set a series of unconnected smaller problem solving style questions as opposed to one long reasoning task that would take the whole lesson. The reason for this was simply that it was a final period lesson on a Friday afternoon, a typical lesson where the children are generally chattier. They were likely to achieve more, remain on task, and hit a variety of questions by completing several smaller tasks rather than one extended question. Learners were allowed to work in small groups. Ryan & Williams (2007) discuss Vygotsky’s theory that group work can allow learners to extend beyond their stage of development by working in the ‘zone of proximal development’ through the aid of ‘scaffolding’ (Bruner, 1985) from their peers. Muijs and Reynolds (2005) further suggest that collaborative group work brings more knowledge, thus improving problem solving. Tanner & Jones (2000) refer to work by Graham et al. (1999) surrounding the ‘collective Zone of Proximal Development’ (collective ZPD). This is much like ZPD where ‘scaffolding’ is involved, but the whole-class would be included in the learning. In collective ZPD, the ‘scaffolding’ as described by Tanner & Jones as ‘temporary support’; is provided by the teacher. Rickard (1996), Lampert (1990) and NCTM (1989) all agree that teaching problem solving in Mathematics should not involve teacher-led demonstrations, but should focus more on modifying ideas developed by the pupils themselves.  With considerations to each theory, I allowed the class to work freely in their groups creating their own ideas. I circulated and provided support where necessary and then employed checkpoints per every two questions. Once they’d had sufficient time to complete the first two questions, I instructed the pupils to put pens down, and allowed them to discuss their ideas as a whole class. I only needed to intervene on occasions to gain further explanations or to ask if anyone had found a different answer. The pupils worked extremely well, and it was interesting to see the different methods they applied to certain questions. 



Findings

The first question involving converting units of area returned poor results in the pre-test. Only 11% of pupils were able to deduce that a square of the size 10,000cm2 is the same as a square of the size 1m2. Of the 89% of pupils who answered incorrectly, 87% provided the answer 100cm2.  The expected misconception was evidently provoked. As previously mentioned, Carle (1993) and Tanner et al. (2002) suggest that children often neglect area as two-dimensional and simply use the linear conversion factors. 
It may be considered that the position of this question in the test was deceiving. Generally, pupils would expect a test, activity or worksheet to be graduating in difficulty (Tanner & Jones, 2000), meaning that the first question could be considered the easiest.  With this particular question, pupils may have overlooked the complexity due to premature location of the question within the test. I would consider placing this question later on in the test in future to avoid misleading children in their consideration of the difficulty level.

It may appear that the intervention based on conversion of area units was successful for several learners, as 63% of the pupils correctly answered 10,000cm2 in the post-intervention test. However, of these 17 pupils, only 6 showed workings. The remaining 11 just gave the answer, which shows that they remember the conversion factor, but it does raise the question: if they are unable to explain their answer, have they fully understood the concept? 

Answers for both parts of question two improved significantly from the pre-test to the post-test.  As detailed in the methodology, there were numerous misconceptions likely to occur. The most common fault in the pre-test was the incorrect use or complete omission of units. Four pupils who answered the pre-test incorrectly failed to read the detail of the question, which stated that the shape was a rectangle and it’s area was given. They assumed that since there was only one edge labelled with a measurement that all sides were of equal length. Interestingly, both pupils who answered question two incorrectly in the post-test had actually answered correctly in the pre-test. One made the mistake of assuming the shape was a square. The other made the error of doubling the area; an error anticipated by Carle (1993), Kidman (2001), Zacharos (2006), Machaba (2016) and Outhred & Mitchelmore (1996). The biggest outcome here is that every single pupil used the correct units in the post-test, suggesting that the persistence and reiteration of correct units throughout the intervention successfully addressed the misconception surrounding confusion over units.  

Just over half of the twenty-seven pupils were able to correctly calculate the shaded region within the rectangle in question three. However, six of these pupils made an error with the choice of units. Again, units did not appear to be an issue in this question in the post-test. The other most common error made here was that pupils gave the area of the whole rectangle, not the area of the shaded regions within the rectangle. Interestingly, the three children who answered incorrectly in the post-test all gave the answer as the area of the whole rectangle instead of the shaded region, but neither had attempted to answer this question in the pre-test. There may be a number of reasons they’ve made this error, however, it may be suggested that they had more confidence to attempt the question following the intervention. Over-all, it could be said that the misconceptions associated with this question had been largely addressed in the intervention. 

The question concerning definitions of area and perimeter and appropriate units highlighted pupils’ difficulties in putting ideas in to their own words. In the pre-test, 37% of pupils were able to provide definitions that included some form of reference to ‘outside’ and ‘length’ or ‘distance’ for perimeter, and ‘inside’ for area. A third of the children provided answers such as “perimeter is all the sides added up” and “area is length times width” (Appendix B); thus confirming the idea presented by Machaba (2016), Dickson (1989) & Olivier (1989) that an over-generalization of the formulae is likely to have occurred in the pupils’ prior-learning. The amount of pupils able to provide more concrete definitions including the use of ‘outside’, ‘length’ ‘distance’ or ‘inside ’ in the post-intervention test had doubled, and the number of pupils using formulae to define reduced from six pupils to three pupils. In neither test was there any mention of ‘surface’ or ‘region’ when defining area. When Machaba (2016) and Dickson (1989) discuss area and perimeter, they define area first, followed by the definition of perimeter, which relates to the back to the “region” used in the definition of area. All of the pupils who gave definitions of this kind, possibly due to the order provided in the question, gave the definition first, followed by the definition of area, which is why the use of ‘inside’ becomes apparent, they have now defined area relating to the ‘outside length’ previously used to define perimeter.
In terms of appropriate units, slightly less than half of the cohort provided suitable examples of units for perimeter and area prior to the intervention. By the post-test, this rose to 56%, however, the number of people providing no answer at all increased from five to eleven. Out of the eleven who failed to give appropriate examples of units in the post-test, six had previously given the correct unit when answering this question in the pre-test. 

In the pre-test, 40% of pupils were able to provide a reasonably comprehensive answer for the question regarding re-placement of rectangles. The majority of the pupils who correctly disagreed with the presented claim and gave sound reasoning did so through re-drawing and labelling the edges of the rectangles. This was a two-part question, with one mark given for disagreeing with the claim, and another mark for a valid explanation. The only pupil to achieve 100% in the post-test altered her method for this question from the pre-test, where she wasn’t able to provide an upholding argument for her decision, and lost her only mark. By re-drawing the rectangles and using these to present her answer, as recommended in the intervention, she was able to provide a worthy explanation. (see Appendix C) Another four pupils were also able to pick up the additional marks in the post-test through use of visuals to aid their explanations in this question. This strongly suggests that Boaler et al.’s (2017) recommendation for the use of visuals provides this class with significant opportunity to enhance their learning and understanding. 

Limitations of the Study

One limitation to this study is that I was the only researcher involved in the study; as well as being the teacher of the intervention, there is potential that the reliability of the study is weakened. If other teachers had conducted the same study with the same pre and post-tests, it’s possible that they would not produce the same findings. Therefore if this study was to be repeated using the same procedures, the same conclusions may not necessarily be drawn. The study and the data obtained could be more reliable if there was more than one researching conducting the same study at the same time.  

The selected sample set may be considered as a limitation to this study. Although there is a range of abilities in the class there is a far wider range across the year group. With two peoples being removed from the set during the study, this further reduced the range within the class. The risk is that the conclusions drawn can only be reflected upon the top set classes and not across the population of a year group. To repeat the study, consideration given to different ability settings may be necessary to get a true reflection.  

Another limitation to the study was the limited time available for planning in between setting the pre-test and delivering the intervention lessons. The first lesson teaching the topic was the day following the pre-test, this meant that the lesson had already been planned when the test was set. Consideration was given to predictions of likely misconceptions, however it may have been possible to analyse the test results further to gain a deeper understanding of individual pupils’ conceptions had more time been available. This would have allowed for further differentiation during the lesson (Widjaja, Stacey & Steinle, 2008), ensuring adequate support where necessary, but also stretching the pupils who already had a considerable understanding of the topic.  In future, it may be beneficial to set the pre-test further in advance of a topic being delivered to allow for this necessary planning. 














APPENDIX A

Year 8 Test –Area and Perimeter



1. 	A
Square A has an area of 1m2. What is the area of square A in cm2?





1m




2.
B
Rectangle B has area 15cm2. 
The length and height of another rectangle, labelled C, are double that of rectangle B. 
a) What is the perimeter of rectangle C?
b) What is the area of rectangle C?





5cm





3.
What is the total area of the shaded regions?

6cm





4cm





4.   Explain in your own words the meaning of the following terms and suggest appropriate metric units of measure for each:

a) perimeter

b) area





APPENDIX A


5. Bleddyn wants a new carpet for the room shown below. How much should he order to avoid any waste and how much skirting board will he need to go around the room? 
3.5m

4m



1.5m

8.5m





6.E
E
D
D



 


D and E are equal rectangular tiles. In the first image the total area of both rectangles is 16cm2 and the perimeter is 16cm. 

Mali insists that the total area and perimeter of the tiles when laid out as per the second image do not change. 

Do you agree or disagree with Mali’s claim? Show your workings. 








		

Appendix B
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Appendix CPost-intervention test
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