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[bookmark: _Toc777544]Introduction
Physics simulations and collision detection are important for all modern games. Without these, game objects would be unable to interact with each other or the player input [1, pp. 51-52]. Games make use of rigid body dynamics (rigid; non-deforming, dynamics; following newtons laws of motion) to create a simplified simulation of real-world forces on game objects [2, pp. 519-520]. This report will detail the implementation of integration methods for simulating linear motion, common 3D vector and plane methods, and basic bounding sphere collision detection.
1. [bookmark: _Toc777545]Dragster Simulation
1.1 [bookmark: _Toc777546]Task background
The task involved the simulation of a spring powered dragster driving forward until it came to a stop. The motion of the car was modelled using basic Newtonian physics. To calculate the acceleration of the car the following equation was used:
 
Where F is the sum of forces acting on the car, m is the mass of the car and a is the acceleration. 
The acceleration is then used together with timestep to numerically solve a new value for the velocity using the equation:

Where vn is the new velocity, vn-1 is the old velocity and dt is the timestep used to iterate the simulation. 
From this the position is calculated:

Where xn is the new position, xn-1 is the old position and vn is the new velocity from the previous equation. These calculations were used to update the car’s position as time passes.
1.2 [bookmark: _Toc777547]Euler’s method
1.2.1 [bookmark: _Toc777548]Description
The process described above is known as Euler’s method. It is a numerical integration method used to solve differential equations known as initial value problems where we know:
· the initial values
· a derivative function for these values 
· and a time interval, h. [2, p. 525] 
Euler’s method uses a known initial value and approximates the next value by measuring a tangent along the curve of current values at a length of the time interval, h.
1.2.2 [bookmark: _Toc777549]Advantages & Disadvantages
The advantage to using Euler’s method is the small number of calculations required to gain a “close-enough” approximation of the update value. As game physics for many genres does not have to be realistic, only convincing to the player, this tolerable level of inaccuracy makes it cheaper to use than other methods.
The disadvantage to using Euler’s method is the level of inaccuracy obtained when using large timesteps as this is not a desirable trait when performing complex physics calculations such as bullet trajectories in a first-person shooter game. When the timestep is small enough the error in the results decreases, however this removes the original benefit of requiring fewer calculations for its approximation. It may be more advantageous to use a different numerical integration method to achieve better accuracy.
1.2.3 [bookmark: _Toc777550]Implementation
The method was implemented as a function that takes a value for the timestep as an argument and utilizes global constants for determining the total forces on the car.
[image: ]
Figure 1. Integrator function calls with timestep arguments
[bookmark: _GoBack][image: ]
Figure 2. Constants for dragster simulation
This implementation of Euler’s method (or Explicit Euler) calculates values for position and velocity using the equations in section 1.1.
[image: ]
Figure 3. Algorithm for Explicit Euler
Below are the functions used to calculate the total forces and the acceleration.
[image: ]
Figure 4. Acceleration() Function
[image: ]
Figure 5. TractiveForce() function
[image: ]
Figure 6. DragForce() function
1.3 [bookmark: _Toc777551]Other Integration methods
Many other numerical integrators are used in the game development industry. The main factors for choosing an integration method are its accuracy and its resource cost. Some games require more accurate physics simulation, other games require a method with a low performance impact. 
1.3.1 [bookmark: _Toc777552]Semi-Implicit Euler
[image: ]
Figure 7. Algorithm for Semi-Implicit Euler
Semi-Implicit Euler or symplectic Euler calculates the velocity first in the same way as Explicit Euler but uses the new velocity to calculate the new position [2, p. 535].
1.3.2 [bookmark: _Toc777553]Midpoint
[image: ]
Figure 8. Algorithm for Midpoint
The midpoint method uses the Explicit Euler method with a half timestep and uses the results of this to calculate a new acceleration value which is then used to obtain a new position and velocity [2, p. 530].
1.3.3 [bookmark: _Toc777554]Velocity Verlet
[image: ]
Figure 9. Algorithm for Velocity Verlet
The Velocity Verlet method calculates the acceleration twice, once using an old position and velocity, and again using a velocity calculated using a half timestep [2, p. 533].
1.3.4 [bookmark: _Toc777555]Runge-Kutta 4
[image: ]
Figure 10. Algorithm for Runge-Kutta order 4
Runge-Kutta calculates the acceleration at four different states using positions and velocities at different timestep values and takes the weighted average of the values calculated using these new acceleration values [2, p. 531]. It completes 4 times the integrations per timestep used in Euler’s method. 
1.4 [bookmark: _Toc777556]Numerical Integrators – Analysis
All the numerical integrators were first tested at a very small timestep (h = 0.00006s) to obtain a good approximation of the real distance travelled. 
	Integrator
(h=0.00006s)
	Time
(s)
	Velocity
(ms-1)
	Acceleration
(ms-2)
	Position
(m)

	Explicit Euler
	6.85836
	-8.13152e-05
	-2.0601
	43.2033

	Semi-Implicit Euler
	6.85794
	-4.87688e-05
	-2.0601
	43.198

	Midpoint
	6.85782
	-5.95186e-05
	-2.0601
	43.1963

	Velocity Verlet
	6.85824
	-9.45347e-05
	-2.0601
	43.2016

	Runge Kutta 4
	6.85806
	-3.33525e-05
	-2.0601
	43.1993



After taking an average of the results the car appears to have travelled approximately 43.20m at 6.586s, the method closest to the average being Runge-Kutta 4. 
Using these values, all the methods can be examined at the original 0.06s timestep to see which methods achieve the best accuracy.
	Integrator
(h=0.06s)
	Time
(s)
	Velocity
(ms-1)
	Acceleration
(ms-2)
	Position
(m)

	Explicit Euler
	7.26
	-0.0982511
	-2.0601
	48.9358

	Semi-Implicit Euler
	6.84
	-0.0634949
	-2.06011
	43.4566

	Midpoint
	6.78
	-0.0645269
	-2.06011
	41.8295

	Velocity Verlet
	6.96
	-0.0548192
	-2.06011
	45.1525

	Runge Kutta 4
	6.84
	-0.0204642
	-2.06011
	43.4901



1.4.1 [bookmark: _Toc777557]Measuring inaccuracy
The deviations from the h = 0.00006s approximation (43.20m) are below:
	Integrator (h=0.06s)
	Deviation

	Explicit Euler
	+5.7358

	Semi-Implicit Euler
	+0.2566

	Midpoint
	-1.3705

	Velocity Verlet
	+1.9525

	Runge-Kutta 4
	+0.2901



From this table it can be seen that Explicit Euler has the greatest error and Runge-Kutta 4 has a very small error as a fourth order integrator. A surprising result is the high accuracy of the Semi-Implicit Euler method. This could be due to an error in implementing the RK4 function as this was expected to have the highest accuracy.
With this taken into account, for its simplicity and its accuracy, Semi-Implicit Euler appears to be a very good choice of numerical integration method for a game physics engine.
1.4.2 [bookmark: _Toc777558]Plotted Results
To illustrate the differences between these integrators, the data from each simulation is written into a .csv file which can be used in Microsoft Excel to plot graphs of the variables over time with a timestep of 0.06s.
1.4.3 [bookmark: _Toc777559]Explicit Euler (h = 0.06)

Figure 11. Graph of Explicit Euler's method
1.4.4 [bookmark: _Toc777560]Semi-Implicit Euler (h = 0.06)

Figure 12. Graph of Semi-Implicit Euler's method
1.4.5 [bookmark: _Toc777561]Midpoint (h = 0.06)

Figure 13. Graph of Midpoint method
1.4.6 [bookmark: _Toc777562]Velocity Verlet (h = 0.06)

Figure 14. Graph of Velocity Verlet method
1.4.7 [bookmark: _Toc777563]Runge-Kutta 4 (h = 0.06)

Figure 15. Graph of Runge-Kutta order 4 method


2. [bookmark: _Toc777564]Vectors & Planes
The provided vector class contains several functions required for basic vector math. Below are implementations of methods that are frequently used in vector classes found in physics engines.
(In this premade vector class, the attributes for the x, y and z components are made private to preserve data encapsulation).
2.1 [bookmark: _Toc777565]Task 1 – Distance between two points
In two-dimensional space, the length of a line between two coordinates is calculated using the equation:

The length of this line is equal to the distance between the points 1 and 2. 
Similarly, the three-dimensional distance between two points or vectors is calculated using:

The equation is identical with the addition of the three-dimensional Z axis component. The distance between vector points is also the magnitude of the vector joining them.
Below is the method implemented to calculate the distance between two vectors.
[image: ]
Figure 16. Method for pToPDistance()
2.1.1 [bookmark: _Toc777566]Test of pToPDistance() method
The method was tested using two vectors, v0 (0, 0, 0) and v1 (4, 0, 0). The distance between the two will equal 4 as the vectors differ only along the x-axis by 4.
[image: ] 
Figure 17. Test for pToPDistance()
[image: ]
Figure 18. Result of pToPDistance() test
The method has correctly returned the distance between v0(0, 0, 0), and v1(4,0,0) as 4.
2.2 [bookmark: _Toc777567]Task 2 – Distance Squared between two points
The purpose of using squared distance is to reduce the number of times a square root function is called as it is an expensive operation to use. If a comparison of two lengths is required, then it is cheaper to use the squared distance.
Below is the method implemented to calculate the squared distance between two vectors.
[image: ]
Figure 19. Method for pToPDistanceSqd()
2.2.1 [bookmark: _Toc777568]Test of pToPDistanceSqd() method
Here the method was tested using the same vectors used in the earlier test for pToPDistance. The result should be the square of the distance from the previous test. The result of this test should equal 42 = 16.
[image: ]
Figure 20. Test of pToPDistanceSqd()
[image: ]
Figure 21. Result of pToPDistanceSqd()
The method correctly returned the square of the distance as 16.
2.3 [bookmark: _Toc777569]Task 3 – A plane class
The plane class contains two vectors that represent the normalized plane normal and a point on the plane.
[image: ]
Figure 22. The plane class
The class includes two methods, pointOnPlane() and DistToPlane(). The pointOnPlane() method is responsible for checking if a point lies on the plane by using the equation of a plane and the plane normal. The DistToPlane() method uses the normalized plane normal to calculate the distance a separate point is from the plane. 
2.4 [bookmark: _Toc777570]Task 4 – Projection of one vector onto another
Projection of one vector onto another is useful in game development. It allows a vector to be decomposed into components of the same direction as another vector. This is useful for physics when evaluating the total forces in a direction, or in graphics where projection matrices are used to cast light or shadows onto objects.
To calculate the projection of a vector onto another, the dot product of the two vectors is needed. The dot product equation for two vectors, a and b, is:


The dot product has been implemented in the method below:
[image: ]
Figure 23. Vector Dot Product method
The equation for the projection of a vector a onto a vector b is:

This has been implemented by the projecting vector A calling the method and vector B being called as an argument. The method multiplies the vector B by the result of the division of the two dot product operations and returns the projection as a Vector.
[image: ]
Figure 24. Vector Projection method
To make the calculation easier to view, the * operator has been overloaded to allow a vector to be scaled in a format like scalar multiplication.
[image: ]
Figure 25. Overloaded * operator
2.4.1 [bookmark: _Toc777571]Test of ProjectionTo() method
To test this method two vectors will be used, v1(3, 3, 0) between the x and y-axes, and v2(6, 0, 0) lying on the x-axis. The projection of v1’s x component onto v2 should produce a vector of (3, 0, 0).
[image: ]
Figure 26. ProjectionTo() test
[image: ]
Figure 27. Result of v1.ProjectionTo(v2)
The method returned a vector to v3 with the correct x, y, z components (3, 0, 0).

3. [bookmark: _Toc777572]Task 3 – Sphere to sphere collision detection
3.1 [bookmark: _Toc777573]Class structure
[image: ]
Figure 28. The BoundingSphere class
The structure of the sphere class contains a Vector to store the position of the sphere’s center point in 3D space, and a float that contains the length of the sphere’s radius.
There is one class method that checks if the two sphere objects passed into it are close enough to have collided and returns a Boolean value based on the result.
3.2 [bookmark: _Toc777574]Collision Detection method
The method used to implement sphere to sphere collision takes advantage of spheres having a smooth surface with the distance from the center, the radius, being the same in all directions. 
Therefore, we can see how far the surfaces of two spheres are from each other by using the following equation:

Where the x, y, z are the center coordinates of each sphere and r is the radius of each sphere.
However, as we are only comparing distances, we can make use of the squared distance method from the earlier vector class in task 2.2 and use the sum of the circle radii squared instead. 

This has been implemented by checking the sumRadii2 against the pToPDistanceSqd() between the two center points. If the radii of the circles are greater than or equal to the distance, then the bounding spheres are either in contact or have collided with one another.
[image: ] 
Figure 29. Collision detection method
3.3 [bookmark: _Toc777575]Testing
The method was tested by creating two vectors that were separated from each other by 3. These vectors were then used to construct bounding spheres, each with a different radius.
The method was tested by using an if statement that checks the bool output from the hasCollided() method and outputs the result. 
[image: ]
Figure 30. Test for hasCollided() method
The method was also tested by outputting the distance apart the center points and sphere surfaces were and the sum of the radii to confirm the collision. 
[image: ]
Figure 31. Further checks for collision


3.3.1 [bookmark: _Toc777576]Test 1
The spheres were initially given a radius of 1, and a distance of 3 apart. The test should output no collision.
[image: ]
Figure 32. Sphere values in test 1
[image: ]
Figure 33. Collision test 1 result
The spheres have a gap between them of 1 so are not touching. The method has correctly returned “No collision”.
3.3.2 [bookmark: _Toc777577]Test 2
The spheres were kept in the same location, but both given a radius of 2.
[image: ]
Figure 34. Sphere values in test 2
[image: ]
Figure 35. Collision test 2 result
The spheres are intersecting each other by a distance of 1. The method has correctly returned “Collision”.
3.3.3 [bookmark: _Toc777578]Test 3
One sphere was given a radius of 1, the other a radius of 2.
[image: ]
Figure 36. Sphere values in test 3
[image: ]
Figure 37. Collision test 3 result
There is no gap between the spheres, so they are touching. The method has correctly returned “Collision”.
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Semi-Implicit Euler

Velocity (ms^-1)	0	0.06	0.12	0.18	0.24	0.3	0.36	0.42	0.48	0.54	0.6	0.66	0.72	0.78	0.84	0.9	0.96	1.02	1.08	1.1399999999999999	1.2	1.26	1.32	1.38	1.44	1.5	1.56	1.62	1.68	1.74	1.8	1.86	1.92	1.98	2.04	2.1	2.16	2.2200000000000002	2.2799999999999998	2.34	2.4	2.46	2.52	2.58	2.64	2.7	2.76	2.82	2.88	2.94	3	3.06	3.12	3.18	3.24	3.3	3.36	3.42	3.48	3.54	3.6	3.66	3.72	3.78	3.84	3.9	3.96	4.0199999999999996	4.08	4.1399999999999997	4.2	4.26	4.32	4.38	4.4400000000000004	4.5	4.5599999999999996	4.62	4.68	4.74	4.8	4.8600000000000003	4.92	4.9800000000000004	5.04	5.0999999999999996	5.16	5.22	5.28	5.34	5.4	5.46	5.52	5.58	5.64	5.7	5.76	5.82	5.88	5.94	6	6.06	6.12	6.18	6.24	6.3	6.36	6.42	6.48	6.54	6.6	6.66	6.72	6.78	6.84	1.08	2.0304199999999999	2.9695100000000001	3.8919999999999999	4.7926900000000003	5.6665400000000004	6.50868	7.3144099999999996	8.0792800000000007	8.7990899999999996	9.4698899999999995	10.088100000000001	10.6503	11.153499999999999	11.5952	11.973100000000001	12.2852	12.53	12.3872	12.2448	12.1029	11.9613	11.8202	11.679500000000001	11.539199999999999	11.3993	11.2598	11.120699999999999	10.9819	10.8436	10.7056	10.5679	10.4306	10.293699999999999	10.1571	10.020899999999999	9.8850099999999994	9.7494499999999995	9.6142099999999999	9.4792900000000007	9.3446800000000003	9.2103900000000003	9.0763999999999996	8.9427099999999999	8.80931	8.6762099999999993	8.5433900000000005	8.4108499999999999	8.2785899999999994	8.1465899999999998	8.0148600000000005	7.8833900000000003	7.7521800000000001	7.6212200000000001	7.4904999999999999	7.3600300000000001	7.2297900000000004	7.0997899999999996	6.9700100000000003	6.8404600000000002	6.7111299999999998	6.5820100000000004	6.4531000000000001	6.3243999999999998	6.1958900000000003	6.06759	5.9394799999999996	5.8115500000000004	5.6838100000000003	5.5562500000000004	5.4288699999999999	5.30166	5.1746100000000004	5.0477299999999996	4.9210000000000003	4.7944300000000002	4.6680099999999998	4.5417399999999999	4.41561	4.2896099999999997	4.1637599999999999	4.03803	3.9124300000000001	3.78695	3.6615899999999999	3.53634	3.4112	3.2861699999999998	3.1612399999999998	3.0364100000000001	2.91168	2.7870400000000002	2.66248	2.5380099999999999	2.4136099999999998	2.2892899999999998	2.1650499999999999	2.04087	1.91675	1.7926899999999999	1.66869	1.5447500000000001	1.4208499999999999	1.2969999999999999	1.1731799999999999	1.04941	0.92566999999999999	0.80195899999999998	0.67827400000000004	0.55461199999999999	0.43096800000000002	0.30733899999999997	0.183722	6.0111600000000001E-2	-6.3494900000000007E-2	Acceleration (ms^-2)	0	0.06	0.12	0.18	0.24	0.3	0.36	0.42	0.48	0.54	0.6	0.66	0.72	0.78	0.84	0.9	0.96	1.02	1.08	1.1399999999999999	1.2	1.26	1.32	1.38	1.44	1.5	1.56	1.62	1.68	1.74	1.8	1.86	1.92	1.98	2.04	2.1	2.16	2.2200000000000002	2.2799999999999998	2.34	2.4	2.46	2.52	2.58	2.64	2.7	2.76	2.82	2.88	2.94	3	3.06	3.12	3.18	3.24	3.3	3.36	3.42	3.48	3.54	3.6	3.66	3.72	3.78	3.84	3.9	3.96	4.0199999999999996	4.08	4.1399999999999997	4.2	4.26	4.32	4.38	4.4400000000000004	4.5	4.5599999999999996	4.62	4.68	4.74	4.8	4.8600000000000003	4.92	4.9800000000000004	5.04	5.0999999999999996	5.16	5.22	5.28	5.34	5.4	5.46	5.52	5.58	5.64	5.7	5.76	5.82	5.88	5.94	6	6.06	6.12	6.18	6.24	6.3	6.36	6.42	6.48	6.54	6.6	6.66	6.72	6.78	6.84	18	15.840299999999999	15.6516	15.374700000000001	15.0115	14.5642	14.035600000000001	13.428900000000001	12.7479	11.996700000000001	11.18	10.3027	9.3701399999999992	8.3878299999999992	7.3616299999999999	6.2975599999999998	5.2018199999999997	4.0807099999999998	-2.3803800000000002	-2.3731200000000001	-2.3659699999999999	-2.3589199999999999	-2.3519700000000001	-2.3451200000000001	-2.3383799999999999	-2.3317299999999999	-2.3251900000000001	-2.31874	-2.3123800000000001	-2.30613	-2.2999700000000001	-2.2938999999999998	-2.2879299999999998	-2.2820499999999999	-2.2762600000000002	-2.2705600000000001	-2.2649499999999998	-2.2594400000000001	-2.2540100000000001	-2.2486600000000001	-2.2434099999999999	-2.2382399999999998	-2.2331599999999998	-2.2281599999999999	-2.2232400000000001	-2.21841	-2.21366	-2.2090000000000001	-2.2044100000000002	-2.19991	-2.1954899999999999	-2.1911499999999999	-2.1868799999999999	-2.1827000000000001	-2.1785899999999998	-2.17456	-2.1706099999999999	-2.1667299999999998	-2.1629299999999998	-2.1592099999999999	-2.1555599999999999	-2.15198	-2.1484800000000002	-2.1450499999999999	-2.1417000000000002	-2.1384099999999999	-2.1352000000000002	-2.1320700000000001	-2.129	-2.1259999999999999	-2.1230799999999999	-2.1202200000000002	-2.1174400000000002	-2.1147200000000002	-2.1120800000000002	-2.1095000000000002	-2.1069900000000001	-2.1045500000000001	-2.1021800000000002	-2.0998800000000002	-2.0976400000000002	-2.0954700000000002	-2.0933600000000001	-2.0913300000000001	-2.0893600000000001	-2.08745	-2.08561	-2.0838399999999999	-2.0821299999999998	-2.0804900000000002	-2.07891	-2.0773899999999998	-2.0759500000000002	-2.07456	-2.0732400000000002	-2.0719799999999999	-2.0707900000000001	-2.0696599999999998	-2.0686	-2.06759	-2.0666600000000002	-2.0657800000000002	-2.0649700000000002	-2.0642200000000002	-2.0635300000000001	-2.06291	-2.0623499999999999	-2.0618500000000002	-2.06141	-2.0610400000000002	-2.06073	-2.0604800000000001	-2.0602900000000002	-2.0601699999999998	-2.0601099999999999	Distance (m)	0	0.06	0.12	0.18	0.24	0.3	0.36	0.42	0.48	0.54	0.6	0.66	0.72	0.78	0.84	0.9	0.96	1.02	1.08	1.1399999999999999	1.2	1.26	1.32	1.38	1.44	1.5	1.56	1.62	1.68	1.74	1.8	1.86	1.92	1.98	2.04	2.1	2.16	2.2200000000000002	2.2799999999999998	2.34	2.4	2.46	2.52	2.58	2.64	2.7	2.76	2.82	2.88	2.94	3	3.06	3.12	3.18	3.24	3.3	3.36	3.42	3.48	3.54	3.6	3.66	3.72	3.78	3.84	3.9	3.96	4.0199999999999996	4.08	4.1399999999999997	4.2	4.26	4.32	4.38	4.4400000000000004	4.5	4.5599999999999996	4.62	4.68	4.74	4.8	4.8600000000000003	4.92	4.9800000000000004	5.04	5.0999999999999996	5.16	5.22	5.28	5.34	5.4	5.46	5.52	5.58	5.64	5.7	5.76	5.82	5.88	5.94	6	6.06	6.12	6.18	6.24	6.3	6.36	6.42	6.48	6.54	6.6	6.66	6.72	6.78	6.84	6.4799999999999996E-2	0.18662500000000001	0.36479600000000001	0.59831599999999996	0.88587700000000003	1.22587	1.61639	2.05525	2.5400100000000001	3.0679599999999998	3.6361500000000002	4.2414300000000003	4.8804499999999997	5.5496600000000003	6.2453700000000003	6.9637599999999997	7.7008700000000001	8.4526699999999995	9.1959	9.9305900000000005	10.6568	11.3744	12.0837	12.7844	13.476800000000001	14.1607	14.8363	15.5036	16.162500000000001	16.813099999999999	17.455400000000001	18.089500000000001	18.715299999999999	19.332999999999998	19.942399999999999	20.543600000000001	21.136700000000001	21.721699999999998	22.2986	22.8673	23.428000000000001	23.980599999999999	24.525200000000002	25.061800000000002	25.590299999999999	26.110900000000001	26.6235	27.1282	27.6249	28.113700000000001	28.5946	29.067599999999999	29.532699999999998	29.99	30.439399999999999	30.881	31.314800000000002	31.7408	32.158999999999999	32.569400000000002	32.972099999999998	33.366999999999997	33.754199999999997	34.133600000000001	34.505400000000002	34.869500000000002	35.2258	35.5745	35.915500000000002	36.248899999999999	36.574599999999997	36.892699999999998	37.203200000000002	37.506100000000004	37.801299999999998	38.088999999999999	38.369100000000003	38.641599999999997	38.906500000000001	39.163899999999998	39.413699999999999	39.655999999999999	39.890799999999999	40.118000000000002	40.337699999999998	40.549900000000001	40.7545	40.951700000000002	41.141399999999997	41.323599999999999	41.4983	41.665500000000002	41.825200000000002	41.977499999999999	42.122300000000003	42.259700000000002	42.389600000000002	42.512	42.627000000000002	42.7346	42.834699999999998	42.927399999999999	43.012700000000002	43.090499999999999	43.160899999999998	43.223799999999997	43.279400000000003	43.327500000000001	43.368200000000002	43.401499999999999	43.427300000000002	43.445799999999998	43.456800000000001	43.4604	43.456600000000002	Time (s)





Midpoint

Velocity (ms^-1)	0	0.06	0.12	0.18	0.24	0.3	0.36	0.42	0.48	0.54	0.6	0.66	0.72	0.78	0.84	0.9	0.96	1.02	1.08	1.1399999999999999	1.2	1.26	1.32	1.38	1.44	1.5	1.56	1.62	1.68	1.74	1.8	1.86	1.92	1.98	2.04	2.1	2.16	2.2200000000000002	2.2799999999999998	2.34	2.4	2.46	2.52	2.58	2.64	2.7	2.76	2.82	2.88	2.94	3	3.06	3.12	3.18	3.24	3.3	3.36	3.42	3.48	3.54	3.6	3.66	3.72	3.78	3.84	3.9	3.96	4.0199999999999996	4.08	4.1399999999999997	4.2	4.26	4.32	4.38	4.4400000000000004	4.5	4.5599999999999996	4.62	4.68	4.74	4.8	4.8600000000000003	4.92	4.9800000000000004	5.04	5.0999999999999996	5.16	5.22	5.28	5.34	5.4	5.46	5.52	5.58	5.64	5.7	5.76	5.82	5.88	5.94	6	6.06	6.12	6.18	6.24	6.3	6.36	6.42	6.48	6.54	6.6	6.66	6.72	6.78	1.08	2.02732	2.9607000000000001	3.8748900000000002	4.7648400000000004	5.6256199999999996	6.4525399999999999	7.2411000000000003	7.9870599999999996	8.6864600000000003	9.3356200000000005	9.9311900000000009	10.4701	10.9498	11.367800000000001	11.722200000000001	12.0115	12.234299999999999	12.092000000000001	11.950699999999999	11.809900000000001	11.6694	11.529299999999999	11.3896	11.250299999999999	11.1114	10.972899999999999	10.8347	10.696899999999999	10.5595	10.4224	10.2857	10.1493	10.013299999999999	9.8775700000000004	9.7421900000000008	9.6071200000000001	9.4723799999999994	9.3379499999999993	9.2038200000000003	9.07	8.9364699999999999	8.8032299999999992	8.6702899999999996	8.5376200000000004	8.4052299999999995	8.2731100000000009	8.1412600000000008	8.0096699999999998	7.8783399999999997	7.7472700000000003	7.6164399999999999	7.4858500000000001	7.3555099999999998	7.22539	7.09551	6.9658600000000002	6.8364200000000004	6.7072000000000003	6.5781999999999998	6.4493999999999998	6.3208000000000002	6.1924000000000001	6.0641999999999996	5.9361899999999999	5.8083600000000004	5.68072	5.5532500000000002	5.4259500000000003	5.2988299999999997	5.1718700000000002	5.0450699999999999	4.9184200000000002	4.7919299999999998	4.6655899999999999	4.53939	4.4133300000000002	4.2874100000000004	4.1616200000000001	4.0359600000000002	3.9104199999999998	3.7850000000000001	3.6597	3.53451	3.40943	3.2844500000000001	3.1595800000000001	3.0348000000000002	2.91011	2.7855099999999999	2.661	2.5365600000000001	2.41221	2.2879299999999998	2.16371	2.0395699999999999	1.9154800000000001	1.7914600000000001	1.6674800000000001	1.54356	1.4196899999999999	1.29586	1.1720600000000001	1.0483100000000001	0.92458099999999999	0.80088400000000004	0.67721100000000001	0.55355900000000002	0.429923	0.30630099999999999	0.18268699999999999	5.90795E-2	5.90795E-2	-6.4526899999999998E-2	Acceleration (ms^-2)	0	0.06	0.12	0.18	0.24	0.3	0.36	0.42	0.48	0.54	0.6	0.66	0.72	0.78	0.84	0.9	0.96	1.02	1.08	1.1399999999999999	1.2	1.26	1.32	1.38	1.44	1.5	1.56	1.62	1.68	1.74	1.8	1.86	1.92	1.98	2.04	2.1	2.16	2.2200000000000002	2.2799999999999998	2.34	2.4	2.46	2.52	2.58	2.64	2.7	2.76	2.82	2.88	2.94	3	3.06	3.12	3.18	3.24	3.3	3.36	3.42	3.48	3.54	3.6	3.66	3.72	3.78	3.84	3.9	3.96	4.0199999999999996	4.08	4.1399999999999997	4.2	4.26	4.32	4.38	4.4400000000000004	4.5	4.5599999999999996	4.62	4.68	4.74	4.8	4.8600000000000003	4.92	4.9800000000000004	5.04	5.0999999999999996	5.16	5.22	5.28	5.34	5.4	5.46	5.52	5.58	5.64	5.7	5.76	5.82	5.88	5.94	6	6.06	6.12	6.18	6.24	6.3	6.36	6.42	6.48	6.54	6.6	6.66	6.72	6.78	18	15.7887	15.5563	15.236599999999999	14.8324	14.346399999999999	13.7819	13.1426	12.432700000000001	11.656599999999999	10.8194	9.9261700000000008	8.9824900000000003	7.9940800000000003	6.9668799999999997	5.9069900000000004	4.8205900000000002	3.7139500000000001	-2.3710300000000002	-2.3548800000000001	-2.34802	-2.34124	-2.3345600000000002	-2.3279800000000002	-2.3214999999999999	-2.3151199999999998	-2.3088299999999999	-2.3026300000000002	-2.2965300000000002	-2.29053	-2.2846199999999999	-2.2787899999999999	-2.2730600000000001	-2.26742	-2.26187	-2.2564099999999998	-2.2510400000000002	-2.2457500000000001	-2.2405499999999998	-2.23543	-2.2303999999999999	-2.2254499999999999	-2.2205900000000001	-2.2158099999999998	-2.2111100000000001	-2.2065000000000001	-2.2019600000000001	-2.1975099999999999	-2.19313	-2.1888299999999998	-2.1846199999999998	-2.1804800000000002	-2.1764199999999998	-2.1724299999999999	-2.16852	-2.1646899999999998	-2.1609400000000001	-2.1572499999999999	-2.1536499999999998	-2.1501100000000002	-2.1466500000000002	-2.1432699999999998	-2.1399499999999998	-2.1367099999999999	-2.13354	-2.1304400000000001	-2.1274199999999999	-2.12446	-2.1215700000000002	-2.11876	-2.1160100000000002	-2.11334	-2.1107300000000002	-2.10819	-2.1057199999999998	-2.10331	-2.1009799999999998	-2.0987100000000001	-2.0965099999999999	-2.0943700000000001	-2.0922999999999998	-2.0903	-2.0883699999999998	-2.0865	-2.0846900000000002	-2.0829499999999999	-2.08128	-2.0796700000000001	-2.0781200000000002	-2.0766399999999998	-2.0752299999999999	-2.0738799999999999	-2.0725899999999999	-2.0713699999999999	-2.0702099999999999	-2.0691099999999998	-2.0680800000000001	-2.06711	-2.0661999999999998	-2.0653600000000001	-2.0645799999999999	-2.06386	-2.0632100000000002	-2.0626099999999998	-2.06209	-2.06162	-2.06121	-2.06087	-2.0605899999999999	-2.0603799999999999	-2.0602200000000002	-2.06013	0	-2.0601099999999999	Distance (m)	0	0.06	0.12	0.18	0.24	0.3	0.36	0.42	0.48	0.54	0.6	0.66	0.72	0.78	0.84	0.9	0.96	1.02	1.08	1.1399999999999999	1.2	1.26	1.32	1.38	1.44	1.5	1.56	1.62	1.68	1.74	1.8	1.86	1.92	1.98	2.04	2.1	2.16	2.2200000000000002	2.2799999999999998	2.34	2.4	2.46	2.52	2.58	2.64	2.7	2.76	2.82	2.88	2.94	3	3.06	3.12	3.18	3.24	3.3	3.36	3.42	3.48	3.54	3.6	3.66	3.72	3.78	3.84	3.9	3.96	4.0199999999999996	4.08	4.1399999999999997	4.2	4.26	4.32	4.38	4.4400000000000004	4.5	4.5599999999999996	4.62	4.68	4.74	4.8	4.8600000000000003	4.92	4.9800000000000004	5.04	5.0999999999999996	5.16	5.22	5.28	5.34	5.4	5.46	5.52	5.58	5.64	5.7	5.76	5.82	5.88	5.94	6	6.06	6.12	6.18	6.24	6.3	6.36	6.42	6.48	6.54	6.6	6.66	6.72	6.78	6.4799999999999996E-2	0.18643899999999999	0.36408099999999999	0.59657499999999997	0.88246500000000005	1.22	1.6071599999999999	2.04162	2.5208400000000002	3.04203	3.6021700000000001	4.1980399999999998	4.8262499999999999	5.4832400000000003	6.1653000000000002	6.8686400000000001	7.5893199999999998	8.3233800000000002	9.0488999999999997	9.7659500000000001	10.474500000000001	11.1747	11.8665	12.549799999999999	13.2249	13.891500000000001	14.549899999999999	15.2	15.841799999999999	16.4754	17.1007	17.7179	18.326799999999999	18.927600000000002	19.520299999999999	20.104800000000001	20.6812	21.249600000000001	21.809899999999999	22.362100000000002	22.906300000000002	23.442499999999999	23.970700000000001	24.4909	25.0032	25.5075	26.003900000000002	26.4923	26.972899999999999	27.445599999999999	27.910399999999999	28.3674	28.816600000000001	29.257899999999999	29.691400000000002	30.1172	30.5351	30.9453	31.3477	31.7424	32.129399999999997	32.508600000000001	32.880200000000002	33.244	33.600200000000001	33.948700000000002	34.2896	34.622700000000002	34.948300000000003	35.266199999999998	35.576500000000003	35.879199999999997	36.174399999999999	36.4619	36.741799999999998	37.014200000000002	37.279000000000003	37.536200000000001	37.785899999999998	38.028100000000002	38.262700000000002	38.489800000000002	38.709400000000002	38.921399999999998	39.125999999999998	39.323099999999997	39.512700000000002	39.694699999999997	39.869300000000003	40.036499999999997	40.196100000000001	40.348300000000002	40.493099999999998	40.630299999999998	40.760199999999998	40.8825	40.997500000000002	41.104999999999997	41.204999999999998	41.297600000000003	41.382800000000003	41.460500000000003	41.530900000000003	41.593800000000002	41.6492	41.697299999999998	41.737900000000003	41.771099999999997	41.796900000000001	41.815300000000001	41.826300000000003	41.829799999999999	41.833399999999997	41.829500000000003	Time (s)





Velocity Verlet

Velocity (ms^-1)	0	0.06	0.12	0.18	0.24	0.3	0.36	0.42	0.48	0.54	0.6	0.66	0.72	0.78	0.84	0.9	0.96	1.02	1.08	1.1399999999999999	1.2	1.26	1.32	1.38	1.44	1.5	1.56	1.62	1.68	1.74	1.8	1.86	1.92	1.98	2.04	2.1	2.16	2.2200000000000002	2.2799999999999998	2.34	2.4	2.46	2.52	2.58	2.64	2.7	2.76	2.82	2.88	2.94	3	3.06	3.12	3.18	3.24	3.3	3.36	3.42	3.48	3.54	3.6	3.66	3.72	3.78	3.84	3.9	3.96	4.0199999999999996	4.08	4.1399999999999997	4.2	4.26	4.32	4.38	4.4400000000000004	4.5	4.5599999999999996	4.62	4.68	4.74	4.8	4.8600000000000003	4.92	4.9800000000000004	5.04	5.0999999999999996	5.16	5.22	5.28	5.34	5.4	5.46	5.52	5.58	5.64	5.7	5.76	5.82	5.88	5.94	6	6.06	6.12	6.18	6.24	6.3	6.36	6.42	6.48	6.54	6.6	6.66	6.72	6.78	6.84	6.9	6.96	1.08	2.0333399999999999	2.9779	3.9083600000000001	4.8194400000000002	5.7059800000000003	6.5629600000000003	7.3855199999999996	8.1690299999999993	8.9090399999999992	9.6013900000000003	10.2422	10.8279	11.3552	11.821099999999999	12.223100000000001	12.559100000000001	12.8271	12.683400000000001	12.540100000000001	12.3972	12.254799999999999	12.1128	11.9712	11.8301	11.689399999999999	11.548999999999999	11.4091	11.269600000000001	11.1304	10.9916	10.853300000000001	10.715199999999999	10.5776	10.440300000000001	10.3033	10.166700000000001	10.0305	9.8945399999999992	9.7589500000000005	9.6236899999999999	9.4887499999999996	9.35412	9.2197999999999993	9.0857899999999994	8.9520800000000005	8.8186699999999991	8.6855399999999996	8.5526999999999997	8.42014	8.2878600000000002	8.1558499999999992	8.0241000000000007	7.8926100000000003	7.7613799999999999	7.6303999999999998	7.4996700000000001	7.3691800000000001	7.2389299999999999	7.1089099999999998	6.9791100000000004	6.8495499999999998	6.7202000000000002	6.5910599999999997	6.4621399999999998	6.3334200000000003	6.2049099999999999	6.0765900000000004	5.9484599999999999	5.8205299999999998	5.6927700000000003	5.5651999999999999	5.4378000000000002	5.3105799999999999	5.1835199999999997	5.0566300000000002	4.9298900000000003	4.8033099999999997	4.6768799999999997	4.5506000000000002	4.4244599999999998	4.2984499999999999	4.1725899999999996	4.0468500000000001	3.9212400000000001	3.79575	3.6703800000000002	3.5451299999999999	3.4199799999999998	3.29494	3.17001	3.0451700000000002	2.9204300000000001	2.7957800000000002	2.6712199999999999	2.5467399999999998	2.4223400000000002	2.2980200000000002	2.1737600000000001	2.0495800000000002	1.9254599999999999	1.8013999999999999	1.6774	1.55345	1.42954	1.30569	1.18187	1.0581	0.93435400000000002	0.81064099999999994	0.68695399999999995	0.56329099999999999	0.43964599999999998	0.31601600000000002	0.19239800000000001	6.8787399999999999E-2	-5.4819199999999998E-2	Acceleration (ms^-2)	0	0.06	0.12	0.18	0.24	0.3	0.36	0.42	0.48	0.54	0.6	0.66	0.72	0.78	0.84	0.9	0.96	1.02	1.08	1.1399999999999999	1.2	1.26	1.32	1.38	1.44	1.5	1.56	1.62	1.68	1.74	1.8	1.86	1.92	1.98	2.04	2.1	2.16	2.2200000000000002	2.2799999999999998	2.34	2.4	2.46	2.52	2.58	2.64	2.7	2.76	2.82	2.88	2.94	3	3.06	3.12	3.18	3.24	3.3	3.36	3.42	3.48	3.54	3.6	3.66	3.72	3.78	3.84	3.9	3.96	4.0199999999999996	4.08	4.1399999999999997	4.2	4.26	4.32	4.38	4.4400000000000004	4.5	4.5599999999999996	4.62	4.68	4.74	4.8	4.8600000000000003	4.92	4.9800000000000004	5.04	5.0999999999999996	5.16	5.22	5.28	5.34	5.4	5.46	5.52	5.58	5.64	5.7	5.76	5.82	5.88	5.94	6	6.06	6.12	6.18	6.24	6.3	6.36	6.42	6.48	6.54	6.6	6.66	6.72	6.78	6.84	6.9	6.96	18	15.8889	15.742800000000001	15.5076	15.184699999999999	14.775700000000001	14.282999999999999	13.7094	13.058400000000001	12.333500000000001	11.539300000000001	10.680099999999999	9.7612299999999994	8.7879100000000001	7.7658100000000001	6.70085	5.5991400000000002	4.4669499999999998	-2.39575	-2.3882699999999999	-2.3809	-2.3736299999999999	-2.3664700000000001	-2.35941	-2.3524500000000002	-2.3456000000000001	-2.3388499999999999	-2.3321999999999998	-2.3256399999999999	-2.3191899999999999	-2.3128299999999999	-2.3065699999999998	-2.3003999999999998	-2.2943199999999999	-2.2883499999999999	-2.2824599999999999	-2.2766600000000001	-2.2709600000000001	-2.2653400000000001	-2.2598199999999999	-2.2543799999999998	-2.2490399999999999	-2.24377	-2.2385999999999999	-2.2335099999999999	-2.22851	-2.2235900000000002	-2.21875	-2.2139899999999999	-2.20932	-2.2047300000000001	-2.2002199999999998	-2.1958000000000002	-2.1914500000000001	-2.1871800000000001	-2.1829900000000002	-2.1788699999999999	-2.1748400000000001	-2.1708799999999999	-2.1669999999999998	-2.1631900000000002	-2.1594600000000002	-2.1558099999999998	-2.1522299999999999	-2.14872	-2.1452900000000001	-2.1419299999999999	-2.1386400000000001	-2.1354299999999999	-2.1322800000000002	-2.12921	-2.1262099999999999	-2.1232799999999998	-2.1204200000000002	-2.1176300000000001	-2.1149100000000001	-2.11226	-2.10968	-2.10717	-2.1047199999999999	-2.1023399999999999	-2.1000299999999998	-2.0977899999999998	-2.0956199999999998	-2.0935100000000002	-2.0914700000000002	-2.0894900000000001	-2.08758	-2.0857399999999999	-2.0839599999999998	-2.0822500000000002	-2.0806	-2.0790199999999999	-2.0775000000000001	-2.07605	-2.0746600000000002	-2.0733299999999999	-2.0720700000000001	-2.0708700000000002	-2.0697399999999999	-2.06867	-2.0676600000000001	-2.0667200000000001	-2.0658400000000001	-2.0650200000000001	-2.06427	-2.06358	-2.0629499999999998	-2.0623800000000001	-2.0618799999999999	-2.0614400000000002	-2.0610599999999999	-2.0607500000000001	-2.0604900000000002	-2.0602999999999998	-2.0601799999999999	-2.0601099999999999	Distance (m)	0	0.06	0.12	0.18	0.24	0.3	0.36	0.42	0.48	0.54	0.6	0.66	0.72	0.78	0.84	0.9	0.96	1.02	1.08	1.1399999999999999	1.2	1.26	1.32	1.38	1.44	1.5	1.56	1.62	1.68	1.74	1.8	1.86	1.92	1.98	2.04	2.1	2.16	2.2200000000000002	2.2799999999999998	2.34	2.4	2.46	2.52	2.58	2.64	2.7	2.76	2.82	2.88	2.94	3	3.06	3.12	3.18	3.24	3.3	3.36	3.42	3.48	3.54	3.6	3.66	3.72	3.78	3.84	3.9	3.96	4.0199999999999996	4.08	4.1399999999999997	4.2	4.26	4.32	4.38	4.4400000000000004	4.5	4.5599999999999996	4.62	4.68	4.74	4.8	4.8600000000000003	4.92	4.9800000000000004	5.04	5.0999999999999996	5.16	5.22	5.28	5.34	5.4	5.46	5.52	5.58	5.64	5.7	5.76	5.82	5.88	5.94	6	6.06	6.12	6.18	6.24	6.3	6.36	6.42	6.48	6.54	6.6	6.66	6.72	6.78	6.84	6.9	6.96	3.2399999999999998E-2	0.1258	0.27613700000000002	0.48272500000000002	0.74455899999999997	1.0603199999999999	1.42839	1.84684	2.3134800000000002	2.8258200000000002	3.3811300000000002	3.9764400000000002	4.6085500000000001	5.2740400000000003	5.9693199999999997	6.6906499999999998	7.4341200000000001	8.1957000000000004	8.9610199999999995	9.7177199999999999	10.4658	11.205399999999999	11.936400000000001	12.659000000000001	13.372999999999999	14.0786	14.775700000000001	15.464499999999999	16.1448	16.816800000000001	17.480499999999999	18.1358	18.782900000000001	19.421700000000001	20.052199999999999	20.674499999999998	21.288599999999999	21.894500000000001	22.4923	23.081900000000001	23.663399999999999	24.236699999999999	24.802	25.359200000000001	25.9084	26.4496	26.982700000000001	27.5078	28.024899999999999	28.534099999999999	29.035399999999999	29.528700000000001	30.014099999999999	30.491599999999998	30.961200000000002	31.422999999999998	31.876899999999999	32.322899999999997	32.761200000000002	33.191600000000001	33.614199999999997	34.0291	34.436199999999999	34.835500000000003	35.2271	35.610999999999997	35.987099999999998	36.355600000000003	36.716299999999997	37.069400000000002	37.4148	37.752600000000001	38.082599999999999	38.405099999999997	38.719900000000003	39.027099999999997	39.326700000000002	39.618699999999997	39.903100000000002	40.179900000000004	40.449199999999998	40.710900000000002	40.965000000000003	41.211599999999997	41.450600000000001	41.682099999999998	41.906100000000002	42.122599999999998	42.331600000000002	42.533000000000001	42.726900000000001	42.913400000000003	43.092399999999998	43.2639	43.427900000000001	43.584400000000002	43.733499999999999	43.875100000000003	44.0092	44.135899999999999	44.255200000000002	44.366999999999997	44.471400000000003	44.568300000000001	44.657800000000002	44.739800000000002	44.814500000000002	44.881700000000002	44.941400000000002	44.9938	45.038699999999999	45.0762	45.106299999999997	45.128999999999998	45.144199999999998	45.152099999999997	45.152500000000003	Time (s)





Runge-Kutta 4

Velocity (ms^-1)	0	0.06	0.12	0.18	0.24	0.3	0.36	0.42	0.48	0.54	0.6	0.66	0.72	0.78	0.84	0.9	0.96	1.02	1.08	1.1399999999999999	1.2	1.26	1.32	1.38	1.44	1.5	1.56	1.62	1.68	1.74	1.8	1.86	1.92	1.98	2.04	2.1	2.16	2.2200000000000002	2.2799999999999998	2.34	2.4	2.46	2.52	2.58	2.64	2.7	2.76	2.82	2.88	2.94	3	3.06	3.12	3.18	3.24	3.3	3.36	3.42	3.48	3.54	3.6	3.66	3.72	3.78	3.84	3.9	3.96	4.0199999999999996	4.08	4.1399999999999997	4.2	4.26	4.32	4.38	4.4400000000000004	4.5	4.5599999999999996	4.62	4.68	4.74	4.8	4.8600000000000003	4.92	4.9800000000000004	5.04	5.0999999999999996	5.16	5.22	5.28	5.34	5.4	5.46	5.52	5.58	5.64	5.7	5.76	5.82	5.88	5.94	6	6.06	6.12	6.18	6.24	6.3	6.36	6.42	6.48	6.54	6.6	6.66	6.72	6.78	6.84	0.97603899999999999	1.92598	2.8650799999999998	3.7880699999999998	4.6897599999999997	5.5651299999999999	6.4092799999999999	7.2175500000000001	7.9854599999999998	8.7088199999999993	9.3836899999999996	10.006399999999999	10.573700000000001	11.0825	11.530200000000001	11.914400000000001	12.2334	12.4854	12.402900000000001	12.2607	12.1189	11.977600000000001	11.836600000000001	11.696	11.555899999999999	11.4161	11.2768	11.1378	10.9992	10.861000000000001	10.723100000000001	10.585599999999999	10.448499999999999	10.3117	10.1752	10.039099999999999	9.9033300000000004	9.7678799999999999	9.6327599999999993	9.4979499999999994	9.3634599999999999	9.2292699999999996	9.0953900000000001	8.9618099999999998	8.8285199999999993	8.6955200000000001	8.5627999999999993	8.4303500000000007	8.2981800000000003	8.1662800000000004	8.0346399999999996	7.90327	7.7721400000000003	7.6412599999999999	7.5106299999999999	7.3802399999999997	7.2500900000000001	7.1201600000000003	6.9904599999999997	6.8609799999999996	6.7317200000000001	6.6026800000000003	6.47384	6.3452000000000002	6.2167700000000004	6.0885300000000004	5.9604799999999996	5.8326200000000004	5.7049399999999997	5.5774400000000002	5.4501099999999996	5.3229499999999996	5.1959600000000004	5.0691300000000004	4.9424599999999996	4.8159400000000003	4.6895699999999998	4.5633400000000002	4.4372600000000002	4.3113099999999998	4.1854899999999997	4.0598099999999997	3.93424	3.8088000000000002	3.6834799999999999	3.5582699999999998	3.4331700000000001	3.3081700000000001	3.1832699999999998	3.0584799999999999	2.93377	2.8091599999999999	2.6846299999999998	2.5601799999999999	2.43581	2.3115100000000002	2.18729	2.0631300000000001	1.93903	1.8149900000000001	1.6910099999999999	1.56708	1.4432	1.3193600000000001	1.19556	1.07179	0.94806400000000002	0.82436200000000004	0.70068399999999997	0.57702799999999999	0.45339000000000002	0.32976499999999997	0.20615	8.2541000000000003E-2	-2.0464199999999998E-2	Acceleration (ms^-2)	0	0.06	0.12	0.18	0.24	0.3	0.36	0.42	0.48	0.54	0.6	0.66	0.72	0.78	0.84	0.9	0.96	1.02	1.08	1.1399999999999999	1.2	1.26	1.32	1.38	1.44	1.5	1.56	1.62	1.68	1.74	1.8	1.86	1.92	1.98	2.04	2.1	2.16	2.2200000000000002	2.2799999999999998	2.34	2.4	2.46	2.52	2.58	2.64	2.7	2.76	2.82	2.88	2.94	3	3.06	3.12	3.18	3.24	3.3	3.36	3.42	3.48	3.54	3.6	3.66	3.72	3.78	3.84	3.9	3.96	4.0199999999999996	4.08	4.1399999999999997	4.2	4.26	4.32	4.38	4.4400000000000004	4.5	4.5599999999999996	4.62	4.68	4.74	4.8	4.8600000000000003	4.92	4.9800000000000004	5.04	5.0999999999999996	5.16	5.22	5.28	5.34	5.4	5.46	5.52	5.58	5.64	5.7	5.76	5.82	5.88	5.94	6	6.06	6.12	6.18	6.24	6.3	6.36	6.42	6.48	6.54	6.6	6.66	6.72	6.78	6.84	18	15.8931	15.7568	15.5319	15.219900000000001	14.8226	14.342599999999999	13.7829	13.1469	12.438599999999999	11.6624	10.823	9.9253800000000005	8.9750300000000003	7.9775799999999997	6.9388899999999998	5.8650200000000003	4.7621599999999997	3.6366000000000001	-2.37392	-2.3667600000000002	-2.3597100000000002	-2.35276	-2.3459099999999999	-2.3391700000000002	-2.3325200000000001	-2.3259699999999999	-2.3195199999999998	-2.3131599999999999	-2.3069000000000002	-2.3007399999999998	-2.29467	-2.2886899999999999	-2.28281	-2.2770100000000002	-2.2713100000000002	-2.2656999999999998	-2.26017	-2.25474	-2.24939	-2.2441300000000002	-2.2389600000000001	-2.23387	-2.2288600000000001	-2.2239399999999998	-2.2191000000000001	-2.21435	-2.2096800000000001	-2.2050800000000002	-2.2005699999999999	-2.1961400000000002	-2.1917900000000001	-2.1875200000000001	-2.1833300000000002	-2.1792099999999999	-2.1751800000000001	-2.1712099999999999	-2.1673300000000002	-2.1635200000000001	-2.1597900000000001	-2.1561300000000001	-2.1525400000000001	-2.1490300000000002	-2.1456	-2.1422300000000001	-2.1389399999999998	-2.1357200000000001	-2.1325799999999999	-2.1295000000000002	-2.12649	-2.1235599999999999	-2.1206999999999998	-2.1179000000000001	-2.1151800000000001	-2.11252	-2.1099299999999999	-2.1074099999999998	-2.1049600000000002	-2.1025800000000001	-2.1002700000000001	-2.09802	-2.0958399999999999	-2.0937199999999998	-2.0916800000000002	-2.08969	-2.08778	-2.0859299999999998	-2.0841400000000001	-2.08243	-2.0807699999999998	-2.07918	-2.0776599999999998	-2.0762	-2.0748000000000002	-2.0734699999999999	-2.0722	-2.0710000000000002	-2.0698599999999998	-2.0687799999999998	-2.0677699999999999	-2.0668199999999999	-2.0659299999999998	-2.0651099999999998	-2.0643500000000001	-2.06365	-2.0630199999999999	-2.0624400000000001	-2.0619299999999998	-2.06149	-2.0611000000000002	-2.0607799999999998	-2.0605199999999999	-2.0603199999999999	-2.06019	-2.0601099999999999	Distance (m)	0	0.06	0.12	0.18	0.24	0.3	0.36	0.42	0.48	0.54	0.6	0.66	0.72	0.78	0.84	0.9	0.96	1.02	1.08	1.1399999999999999	1.2	1.26	1.32	1.38	1.44	1.5	1.56	1.62	1.68	1.74	1.8	1.86	1.92	1.98	2.04	2.1	2.16	2.2200000000000002	2.2799999999999998	2.34	2.4	2.46	2.52	2.58	2.64	2.7	2.76	2.82	2.88	2.94	3	3.06	3.12	3.18	3.24	3.3	3.36	3.42	3.48	3.54	3.6	3.66	3.72	3.78	3.84	3.9	3.96	4.0199999999999996	4.08	4.1399999999999997	4.2	4.26	4.32	4.38	4.4400000000000004	4.5	4.5599999999999996	4.62	4.68	4.74	4.8	4.8600000000000003	4.92	4.9800000000000004	5.04	5.0999999999999996	5.16	5.22	5.28	5.34	5.4	5.46	5.52	5.58	5.64	5.7	5.76	5.82	5.88	5.94	6	6.06	6.12	6.18	6.24	6.3	6.36	6.42	6.48	6.54	6.6	6.66	6.72	6.78	6.84	2.99127E-2	0.11701400000000001	0.26081399999999999	0.46050200000000002	0.71495600000000004	1.02275	1.38215	1.79114	2.2474400000000001	2.74851	3.2915299999999998	3.87351	4.4911899999999996	5.1411800000000003	5.8198699999999999	6.5235300000000001	7.2482899999999999	7.9901999999999997	8.7386499999999998	9.4785599999999999	10.209899999999999	10.9328	11.6473	12.353199999999999	13.050800000000001	13.74	14.4207	15.0932	15.757300000000001	16.4131	17.060600000000001	17.6999	18.3309	18.953700000000001	19.568300000000001	20.174700000000001	20.773	21.363099999999999	21.9451	22.519100000000002	23.084900000000001	23.642700000000001	24.192399999999999	24.734100000000002	25.267800000000001	25.793600000000001	26.311299999999999	26.821100000000001	27.323	27.8169	28.302900000000001	28.781099999999999	29.251300000000001	29.713699999999999	30.168299999999999	30.614999999999998	31.053899999999999	31.484999999999999	31.908300000000001	32.323900000000002	32.7316	33.131700000000002	33.524000000000001	33.908499999999997	34.285400000000003	34.654600000000002	35.015999999999998	35.369799999999998	35.715899999999998	36.054400000000001	36.385199999999998	36.708399999999997	37.024000000000001	37.332000000000001	37.632300000000001	37.9251	38.2102	38.4878	38.757800000000003	39.020299999999999	39.275199999999998	39.522500000000001	39.7624	39.994599999999998	40.2194	40.436700000000002	40.6464	40.848700000000001	41.043399999999998	41.230600000000003	41.410400000000003	41.582700000000003	41.747500000000002	41.904899999999998	42.054699999999997	42.197200000000002	42.332099999999997	42.459600000000002	42.579700000000003	42.692300000000003	42.797499999999999	42.895200000000003	42.985500000000002	43.068399999999997	43.143900000000002	43.2119	43.272500000000001	43.325699999999998	43.371400000000001	43.409700000000001	43.4407	43.464100000000002	43.480200000000004	43.488900000000001	43.490099999999998	Time (s)
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image1.png
ExplicitEuler(0.06);
SemiInplicitEuler(0.06);
MidpointMethod (0.06);
VelocityVerlet(0.06);
RK4(0.06);

7/ Explicit Eulers method
// semi-Tnplicit Eulers method
7/ midpoint method

/1 Velocity verlet method

// Runge-Kutta 4 method
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const
const.
const.
const.
const.
const

double
double
double
double
double
double

m=1.0;
g = 9.51;
coRolIR = 0.21;
cobrag = 0.34;
airDensity = 1.2;
frontArea = 0.01;
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accel = Acceleration(curr.x, curr.v);
curr.x 4= curr.v * dt;

curr.v 4= accel * dt;




image4.png
double Acceleration(double x, double v)//Calculates acceleration based on the sum of Tractive Force [Ft] and Drag Force [Fd] and the mass of the car [m]

{

return (TractiveForce(x) - DragForce(v)) / m;
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double TractiveForce(double x)//Calculates Tractive Force based on distance travelled [x].

{

//Tf car has passed 8m it no longer experiences Tractive Force from the spring.
If (x > 8.0)
{

1

/Tf car hasn't passed 8m it still has Tractive Force from the spring.
else

{

| return (1.5 * (12.0 - x));

1

return 0.0
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double DragForce(double v)//Calculates drag force based on current velocity [v].

{

/T car is stopped there is no drag.

| if (v <= 0.0)
{
return 0.0
1
/3 car is moving it experiences drag.
else
{
return (coRollR * m * g) + 0.5 * (coDrag * airDensity * frontArea * (v * v));
1
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accel = Acceleration(curr.x, curr.v);
curr.v 4= accel * dt;

curr.x 4= curr.v * dt;
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/1 Midpoint method calculates derivatives using a half time step
mid.x = curr.x + (dt / 2) * curr.v;
mid.v = curr.v + (dt / 2) * accel;

1/ Calculates acceleration using new derivatives
accel = Acceleration(mid.x, mid.v);

/1 Calculates new position and velocity based on new acceleration
curr.y 4= dt * accel;
curr.x += dt * curr.
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accel = Acceleration(curr.x, curr.v);
half_de.v = curr.y + accel * (dt * 0.5);
half_d.x = curr.x + half_dt.v * dt;
accel = Acceleration(curr.x, curr.v);
curr.v = half_de.yv + accel * (dt * 0.5);

curr.x = half_dt.x;
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accel = Acceleration(curr.x, curr.v);

KlLx = curr.x;
KL = curr.v;
Kl.a = Acceleration(kL.x, kL.v);

K2.x = curr.x + kLv * (0.5 * dt);
K2.v = curr.v + klL.a * (0.5 * dt);
K2.a = Acceleration(k2.x, k2.v);

K3.x = curr.x + k2.v * (0.5 * dt);
K3.v = curr.v + k2.a * (0.5 * dt);
K3.a = Acceleration(k3.x, k3.v);

Ka.x
ka.v
ka.a

curr.x + k3.v * (d6);
curr.y + k3.a * (d6);
Acceleration(ks.x, kd.v);

currox 4= (KLv + 2.0 * k2.v + 2.0 * k3.v + ka.v) * (dt / 6.0);
curr.y 4= (Kl.a + 2.0 * k2.2 + 2.0 * k3.a + ka.a) * (dt / 6.0);
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- //Calculate the distance between *this vector and another vector(SQRT).
float Vector: :pToPDistance(Vector & v2)
{
return SqrEF((x - V2.x)%(x - V2.%) + (y - V2.y)*(y - V2.y) + (z - v2.2)*(z - v2.2));
b
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Vector v1(@, @, );
Vector v2(4, 0, 0);

loat dist = v1.pToPDistance(v2.getVector());
stdsicout << "distance = " << dist << std::endl;
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dist = 4
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//Calculate the distance between *this vector and another vector(SQRD).
Sfloat Vector: :pToPDistancesqd(Vector & v2)

return ((x - V2.X)%(x - v2.%) + (y - V2.y)*(y - v2.y) + (z - v2.2)*(z - v2.2));
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Float distsqd
std::cout << "distance squared

v1.pToPDistancesqd(v2. getVector());
" << distsqd << std

ndl;
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distSqd = 16
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#include "Vector.h™

class Plane

{

public:
11111111111111111111111111111111111111111111010010001
1{Constructors

11111111111111111111111111111111111111111111101010001
Plane(Vector vPoint, Vector vPlormal);

Plane(void);

~Plane();
11111111111111111111111111111111111111111111000000001
11Methods
11111111111111111111111111111111111111111111000000001
bool pointOnPlane(Vector &, Vector 820, Vector 8x);
float DistToPlane(Vector &, Vector &0, Vector &x);
11111111111111111111111111111111111111111111111111711
1/attributes
11111111111111111111111111111111111111111111100000001
Vector vPoint;

Vector vPNormal;





image18.png
Efloat Vector: :DotAtoB(Vector & A, Vector & B)

{
¥

return (A.x * B.x + Ay * By + A.z * B.2);
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//Return the projection of *this onto a vector B.
EVector Vector: :ProjectionTo(Vector & &)

{
return B * (DotAtoB(*this, B) / DotAtoB(S, 5));
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//0verloaded [*] to allow
Vector Vector

{

‘cleaner” scaling of vectors.
operator*(float scale)

Vector result;
result.x = scale * x;
result.y = scale * y;
result.z = scale * 23
return result;
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vl.setVector(3, 3, 0);
va.setVector(6, 0, 0);
Vector v3 = vi.ProjectionTo(v2. getVector())
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rew
iew

Value
{x=3.00000000 y=3.00000000 2=0.000000000 }
{x=6.00000000 y=0.000000000 z=0.000000000 }
00000000 y=0.000000000 2=0.000000000 }

Fiis
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#include "Vector.h™

class BoundingSphere

{

public:

11111111111111111111111111111111111111111111010010001
1{Constructors
11111111111111111111111111111111111111111111011000001
BoundingSphere(float radius, Vector vector);
BoundingSphere(void);

~BoundingSphere();
11111111111111111111111111111111111111111111110000001
//Properties
11111111111111111111111111111111111111111111001010001
Vector getCenter();

void setCenter(float x, float y, float 2);

float getRadius();

void setRadius(float newRad);
11111111111111111111111111111111111111111111110010007
11Methods
11111111111111111111111111111111111111111111011010001
bool hasCollided(BoundingSphere <1, BoundingSphere <2);
11111111111111111111111111111111111111111111111111111
1/attributes
11111111111111111111111111111111111111111111001010001

private:

Vector center;
float radius!
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//Check if two spheres have collided.
bool BoundingSphere: :hasCollided(BoundingSphere s1, BoundingSphere s2)
{

1.radius + =2.radius;
1.0rigin.pToPDistancesqd(<2.origin);

| if ((sumRadii * sumRadii) >= distance)
{

1

else
return false;

return true;
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if (s1.hasCollided(s1, s2))
std::cout << "Collision” << std::endl;
else
std: :cout << "No Collision” << st

endl;
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float centerDist = v1.pToPDistance(v2);
std: :cout << "Distance between center points = " << centerDist << st

float sumRadii = s1.getRadius() + s2.getRadius();
std::cout << "Sum of radii = " << sumRadii << std::endl;

float surfaceDist = centerDist - sumRadii;
std: :cout << "

istance between sphere surfaces = " << surfaceDist << std::endl;
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Vector vi(1, @,
Vector v2(4, 0,

BoundingSphere s1(1, v1.getVector());
BoundingSphere s2(1, v2.getVector());
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istance between center points = 3

un of radii = 2

istance between sphere surfaces = 1
Collision
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BoundingSphere 51(2, v1.getVector());
BoundingSphere s2(2, v2.getVector());
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Distance between center points
sum of radii - 4

Distance between sphere surfaces
Collision
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BoundingSphere s1(1, vl.getVector());
BoundingSphere s2(2, v2.getVector());
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Distance between center points = 3
sum of radii = 3

Distance between sphere surfaces = @
Collision




